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Overview 


Recently, the first author has extended the definition of the zeta function associated 
with fractal strings to arbitrary bounded subsets A of the N-dimensional Euclidean 
space R”, where N is any integer > 1. It is defined by 


Ca(s)= | d(x,A) “dx, 
As 


where d(x,A) denotes the distance from x to A and Ag is a 6-neighborhood of A. 
In this monograph, we investigate various properties of this “distance zeta func- 
tion’. In particular, we prove that the zeta function is holomorphic in the half-plane 
{Res > dimgA}, and that under mild hypotheses, the bound dimpA is optimal. Fur- 
thermore, we show that the abscissa of convergence of €, is always equal to dimgA, 
which generalizes to arbitrary dimensions a well-known result for fractal strings (or 
equivalently, for arbitrary compact subsets of the real line R). Here, dimgA denotes 
the upper box (or Minkowski) dimension of A. Extended to a meromorphic func- 
tion C4, this “distance zeta function” is shown to be an efficient tool for finding the 
box dimension of several new classes of subsets of R%, like fractal nests, geometric 
chirps and multiple string chirps. It is also used to develop a higher-dimensional 
theory of complex dimensions of arbitrary fractal sets in Euclidean spaces. 

For the sake of simplicity, we pay particular attention in this monograph to 
the principal complex dimensions of A, defined as the poles of 4 located on the 
“critical line” {Res = dimgA}. We also introduce a new zeta function, denoted by 
a and called a “tube zeta function”, and show, in particular, how to calculate the 
Minkowski content of a suitable (Minkowski measurable) bounded set A in R™ in 
terms of the residue of a (s) at s = dimg A, the box dimension of A. More generally, 
without assuming that A is Minkowski measurable, we obtain analogous results, 
but now expressed as inequalities involving the upper and lower Minkowski con- 
tents of A. In addition, we obtain a new class of harmonic functions generated by 
fractal sets and represented via singular integrals. Furthermore, a class of sets is 
constructed with unequal upper and lower box dimensions, possessing alternating 
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zeta functions. Moreover, by using a suitable notion of equivalence between zeta 
functions, we simplify some aspects of the theory of geometric zeta functions at- 
tached to fractal strings. 

In addition, we study the problem of the existence and the construction of the 
meromorphic extensions of zeta functions of fractals; in particular, we provide a nat- 
ural sufficient condition for the existence of such extensions. An analogous problem 
is studied in the context of spectral zeta functions associated with bounded open 
subsets in Euclidean spaces with fractal boundary. We introduce transcendentally 
quasiperiodic sets, and construct a class of such sets, using generalized Cantor sets 
with two parameters, along with the Gel’fond—Schneider theorem from the theory 
of transcendental numbers. 

With the help of this construction, we obtain an explicit example of a maximally 
hyperfractal set; namely, a compact set A C R% such that the associated distance 
and tube zeta functions have the critical line {Res = dimgA} as a natural boundary. 
Actually, for this example, much more is true: every point of the critical line is a 
nonisolated singularity of the fractal zeta functions ¢4 and a so that given any 
point s on the critical line, ¢4 and Gi cannot be extended meromorphically (and 
hence, also holomorphically) to some punctured open neighborhood of s. 

Furthermore, we introduce the notion of relative fractal drum, which extends the 
usual notions of fractal string and of fractal drum. The associated definition of rela- 
tive box dimension is such that it can achieve negative values as well, provided the 
underlying geometry is sufficiently “flat”. Using known results about the spectral 
asymptotics of fractal drums, and some of our earlier work, we recover known re- 
sults about the existence of a (nontrivial) meromorphic extension of the spectral zeta 
function of a fractal drum. We also use some of our new results to establish the opti- 
mality of the upper bound obtained for the corresponding abscissa of meromorphic 
continuation of the spectral zeta function. 

Moreover, we develop a higher-dimensional theory of fractal tube formulas, with 
or without error terms, for relative fractal drums (and, in particular, for bounded 
sets) in R, for any N > 1. Such formulas, interpreted either pointwise or distribu- 
tionally, enable us to express the volume of the tubular neighborhoods of the under- 
lying fractal drums in terms of the associated complex dimensions. Therefore, they 
make apparent the deep connections between the theory of complex dimensions and 
the intrinsic oscillations of fractals. Accordingly, a geometric object is said to be 
“fractal” if it has at least one nonreal complex dimension or else, the corresponding 
fractal zeta function has a partial natural boundary along a suitable curve; so that its 
associated fractal zeta function cannot be meromorphically continued beyond this 
curve. We also formulate and establish a Minkowski measurability criterion for rel- 
ative fractal drums (and, in particular, for bounded sets) in RY, for any N > 1. More 
specifically, under suitable assumptions, a relative fractal drum (and, in particular, 
a bounded set) in R” is shown to be Minkowski measurable if and only if its only 
complex dimension with real part equal to its Minkowski dimension D is D itself, 
and it is simple. 

We also obtain certain results about fractal tube formulas and Minkowski mea- 
surability criteria showing the concrete geometric role played not only by the poles 
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but also by the essential singularities of fractal zeta functions, thereby suggesting a 
further possible extension of the notion of complex dimensions. 

Throughout the book, we illustrate our results by a variety of examples, such as 
the Cantor set and string, the Cantor dust, a version of the Cantor graph (i.e., the 
“devil’s staircase’’), fractal strings (including self-similar strings), fractal sprays (in- 
cluding self-similar sprays), the Sierpinski gasket and carpet as well as their higher- 
dimensional counterparts, along with non self-similar examples, including fractal 
nests and geometric chirps. 

Finally, we propose a classification of bounded open sets in Euclidean spaces, 
based on the properties of their tube functions (that is, the volume of their 6-neigh- 
borhoods, viewed as a function of the small positive number 6), and propose a 
number of open problems concerning distance and tube zeta functions, along with 
their natural extensions in the context of “relative fractal drums”. Moreover, we 
suggest several directions for future research in the higher-dimensional theory of 
the fractal complex dimensions of arbitrary compact subsets of Euclidean spaces 
(as well as more generally, of suitable metric measure spaces). 

We stress that a significant advantage of the present theory of fractal zeta func- 
tions, and therefore, of the corresponding higher-dimensional theory of complex 
dimensions of fractal sets developed in this book, is that it is applicable to arbi- 
trary bounded (or equivalently, compact) subsets of R”, for any N > 1. (At least 
in principle, it can also be extended to arbitrary compact metric measure spaces, 
although this is not explicitly done in this work.) In particular, no assumption of 
self-similarity or, more generally, of “‘self-alikeness” of any kind, is made about the 
underlying fractals or, within the broader theory developed here, about the relative 
fractal drums under consideration. 


Preface 


The present research monograph is a testimony to the fact that Fractal Analysis 
is deeply connected to numerous areas of contemporary Mathematics. Here, we 
have in mind, in particular, Complex Analysis, Geometry (including Fractal Ge- 
ometry, Spectral Geometry and Geometric Measure Theory), Harmonic Analysis, 
Number Theory, Oscillation Theory, Mathematical Physics and Partial Differential 
Equations. 

This monograph is a natural consequence of the rapid and exciting development 
of the theory of geometric zeta functions of fractal strings and their complex di- 
mensions over the past twenty years, the foundations of which have been laid out 
by the first author and his collaborators, including especially, Machiel van Franken- 
huijsen [Lap-vFr1—3], since the early 1990s. An important impetus for the present 
work came from an interesting and little known result from 1970, due to Harvey 
and Polking [HarPol, p. 42] in their study of the singularities of the solutions of cer- 
tain linear partial differential equations, providing some sufficient conditions for the 
Lebesgue integrability of the (negative) powers of the distance function x > d(x,A) 
over any bounded open neighborhood Q of a given compact subset A of Euclidean 
space IR, expressed in terms of its upper box (or Minkowski) dimension dimgA: 
for any real number Y, we have that 


y¥<N—dimgA => ) d(x,A)~ "dx < 0, (A) 
Q 
Inspired by this result, in 2009, the first author realized the possibility of introduc- 


ing a new kind of fractal zeta function, expressed as a Dirichlet-type integral and 
denoted by C4, which we call the distance zeta function of A: 


€a(s) := - d(x,A)° "dx. (B) 


Here, s is acomplex number with a sufficiently large real part. Moreover, it immedi- 
ately follows from relation (A) that €4(s) is well defined when Res > dimgA. It has 
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enabled us to extend the existing theory of geometric zeta functions ¢ y (of bounded 
fractal strings &) to zeta functions C4 of arbitrary compact subsets A of Euclidean 
spaces. 

A key consequence of this new definition is the possibility to define the complex 
dimensions of any given bounded (fractal) subset A, as the poles of the distance zeta 
function €,4 (suitably meromorphically extended), analogously to what was done 
earlier in the case of bounded fractal strings in [Lap-vFr1—3]. Clearly, the set of 
complex dimensions of A is at most countable, since the poles of any meromorphic 
function are isolated points in the complex plane. 


This definition has led to a number of fruitful results in Chapter 2 (and elsewhere 
in the book), where, in particular, we have shown that the abscissa of (absolute) 
convergence D(,4) of C4 coincides with dimgA, the upper box dimension of A; see 
Theorem 2.1.11. Also, 64 is shown to be holomorphic for Res > dimgA and hence, 
all of the complex dimensions of A lie on or strictly to the left of the “critical line” 
{Res = dimgA}. Furthermore, the residue of €, computed at s = D, where D is the 
box (or Minkowski) dimension of A (assumed to exist), is very closely related to the 
lower and upper Minkowski contents of A; see Theorem 2.2.3. 

Moreover, our study of generalized Cantor sets (with two parameters) has en- 
abled us to construct a class of quasiperiodic sets with finitely many (and even 
infinitely many) quasiperiods; see Theorem 3.1.15. In order to establish this latter 
result, we have used a deep theorem from Analytic Number Theory, due to Alan 
Baker and for which he was awarded the Fields medal in 1970. The precise state- 
ments of the corresponding results can be found in Chapter 3 and, in a more general 
context, in Chapter 4; see, in particular, Theorem 3.1.20 and Corollary 4.6.28. These 
explicit constructions are used both to explore the boundaries of the notion of “frac- 
tality” in our context (the so-called maximally hyperfractal sets) and to show that 
the bounds obtained earlier by the first author for the abscissae of meromorphic con- 
tinuation of the spectral zeta functions of fractal drums are best possible, in general. 

During our study of bounded fractal strings and their geometric zeta functions, it 
became clear that fractal strings could be viewed from a much broader perspective, 
as relative fractal drums (RFDs) in the real line. In fact, the notion of RFDs can 
even be introduced in arbitrary Euclidean spaces of any dimension, and this is de- 
scribed and investigated in detail in Chapter 4. As was alluded to just above, some of 
the applications include the study of the meromorphic continuations of the spectral 
zeta functions associated with elliptic differential operators defined on bounded do- 
mains with fractal boundary in Euclidean spaces; see Section 4.3 about the spectral 
asymptotics of fractal drums. 

Why are the complex dimensions @ € C of a given bounded subset A of RY 
important? One of the principal reasons lies in the fact that, under fairly general 
assumptions, they enable us to reconstruct the tube function of the set A, defined by 
(0,1) > t+ |A,|; here, A, := {x € R® : d(x,A) < t} is the t-neighborhood of A and 
|A,| is the N-dimensional Lebesgue measure of A;. More specifically, under suitable 
hypotheses, the following fractal tube formula (without error term) holds: 


d= coe 2, (C) 
oO 
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for all t > 0 sufficiently small, where @ ranges over the set of complex dimen- 
sions of A and the complex coefficients c@ depend only on the set A and on the 
ambient dimension JN. (In fact, in the present case of simple poles, we have that 
Cw = tes(C4, @)/(N — @).) Furthermore, the sum on the right-hand side of the iden- 
tity (C) is, in general, an infinite series, and not just a sum involving finitely many 
terms (as is the case for convex and smooth geometries). 

We point out that the nonreal complex dimensions @ always appear in complex 
conjugate pairs, and cg = Cm. Hence, by writing @ = (Rew) +i(Im@) and co = 
|co|exp(i@o), Where Pm € R and i := V/—1, we obtain that 


Goth @ + eat? = 20" Refegt °} = ae"? Refe,¢ 1 
= Olea |st cas ((Im@)(logt”') + Po): 
Therefore, the series in (C) reduces to 


|A;| =2 »y lco| -tY 8°® cos ((Im@) (logt~!) + Ga) 


o,Ima@>0 


+ y eer ©. 


@,Ima@=0 


(D) 


As we can see from (D), any nonreal complex dimension @ of the set A (i.e., such 
that Im @ # 0) is the source of oscillations in the fractal tube formula (C), viewed as 
a function of sufficiently small values of t > 0. The larger the imaginary part of @, 
the greater the oscillation rate (i.e., the frequency of the oscillations) corresponding 
to the complex dimension @. Furthermore, still for small enough t > 0, the larger the 
real part of «, the greater the amplitude |cq|t’ ®*® of the oscillations correspond- 
ing to @. The oscillations of the function 1 ++ |co|-t’-R°® cos ((Im@) (log +) + Qa) 
for small t > 0, corresponding to nonreal complex dimensions @, are called intrinsic 
oscillations in the geometry of A. 

The fractal tube formulas associated with fractal sets (and their generalizations, 
relative fractal drums) are the focus of Chapter 5. They extend in part the classical 
tube formulas due to Steiner, Minkowski, Weyl and Federer, dealing with special 
bounded subsets A of IR“ (namely, convex compact sets, smooth compact submani- 
folds and, more generally, compact sets of positive reach) in which the tube formula 
(C) only involves a sum containing finitely many terms, corresponding to the fi- 
nite set of complex dimensions of A (which happen to all be real numbers and, in 
fact, integers in {0,1,...,N}). They also fully extend to arbitrary dimensions and 
to arbitrary bounded sets (or, more generally, RFDs) in R” the fractal tube formu- 
las obtained for bounded fractal strings in [Lap-vFr1—3] and for fractal sprays, in 
[LapPe3, LapPeWi1]. 


It is often stated that fractals are not well defined mathematical objects. In his 
celebrated book [Man1], Benoit Mandelbrot, in response to such a criticism, has 
proposed to define a “fractal” as a geometric object whose Hausdorff dimension is 
strictly greater than its topological dimension. However, an obvious conterexample 
to this definition (and of which Mandelbrot was aware of) is the classic Cantor 
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curve (or “devil’s staircase”). This paradox has always bothered and intrigued the 
first author. As a result, it has served as a powerful stimulus for developing the 
mathematical theory of complex dimensions. 

Following the earlier work in [Lap-vFr1—3] but now equipped with a general defi- 
nition of fractal zeta function and hence, of complex dimensions (valid, in particular, 
for any bounded subset of R, with N > 1 arbitrary), we say that a geometric object 
is “fractal” if it admits at least one nonreal complex dimension. We also allow in our 
definition for the possibility of more complicated singularities or the nonexistence 
of suitable meromorphic extensions. Therefore, according to the above discussion 
of fractal tube formulas, nonreal complex dimensions are a signature of fractality. 
We will illustrate this statement by a number of examples, including (variants of) the 
Cantor curve, several classic self-similar fractals, and new or known non self-similar 
geometries. Classic Euclidean shapes, such as circles, triangles and squares, or com- 
pact convex sets and smooth subvarieties, will also be shown to be non-fractal, in 
the above sense. 


If we were to select just a dozen of the most important results appearing in the 
present monograph, our choice would be the following: 


Chapter 2 


e Theorem 2.1.11 (abscissa of convergence of the distance zeta function ¢4 and 
Minkowski dimension of the bounded set A) on page 57 

e Theorem 2.2.3 (residue of ¢4 and Minkowski content of A) on page 114 

e Theorem 2.3.37 (meromorphic extension of €4, Minkowski measurable and non- 
Minkowski measurable cases) on page 166 


Chapter 3 


e Theorem 3.1.15 (construction of transcendentally n-quasiperiodic sets) on 
page 198 
e Theorem 3.3.6 (construction of complex dimensions of higher order) on page 213 


Chapter 4 


e Theorem 4.1.7 (abscissa of convergence of the relative distance zeta function 
Ca,Q and relative Minkowski dimension of the RFD (A, )) on page 250 

e Theorem 4.1.14 (residue of €4 9 and Minkowski content) on page 253 

e Theorem 4.2.19 (principal complex dimensions of arbitrarily prescribed finite or 
infinite order) on page 288 

e Theorem 4.6.9 (construction of transcendentally co-quasiperiodic RFDs) on 
page 376 
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Chapter 5 


e Theorem 5.1.11 (pointwise fractal tube formula with error term) on page 421 

e Theorem 5.3.13 and Corollary 5.3.14 (exact pointwise fractal tube formula, via 
Ca.) on pages 446 and 447, respectively 

e Corollary 5.4.26 (characterization of the Minkowski measurability of RFDs in 
terms of the nonreal principal complex dimensions) on page 472 


A more detailed selection of about fifty new results from this book can be found 
on pages XxixX—XXxXi. 


The bibliography provided at the end of the present book represents just a small 
portion of the vast literature concerning various aspects of fractal analysis and frac- 
tal or spectral geometry. This monograph complements (but is independent of) the 
one that the first author wrote in collaboration with Machiel van Frankenhuijsen, 
[Lap-vFr3]. In some sense, it can be considered as its natural continuation, now de- 
veloping the higher-dimensions theory of fractal zeta functions (and the associated 
complex dimensions) as well as opening the door to many new possible research di- 
rections. Therefore, for further study, we would recommend to the reader to consult 
[Lap-vFr3], which contains many other references, as well as a systematic survey 
of numerous results of the first author and his coauthors, obtained during the past 
twenty five years. 

The present book is intended for researchers and graduate students working in 
Fractal Analysis, Fractal Geometry, Geometric Measure Theory, Nonsmooth Ge- 
ometry and Analysis, Harmonic Analysis, Complex Analysis, Number Theory, Dy- 
namical Systems, Oscillation Theory, Mathematical Physics, Spectral Geometry, the 
Spectral Theory of Elliptic Equations, as well as in a number of related areas. Spe- 
cialists in Number Theory may find it interesting to see an application of the well- 
known Baker theorem from the Theory of Transcendental Numbers in the construc- 
tion of transcendentally quasiperiodic sets provided in Sections 3.1 and 4.6. In some 
sense, this construction, involving a countable collection of two-parameter gener- 
alized Cantor sets, can be viewed as a fractal-geometric interpretation of Baker’s 
theorem. 

This monograph is accessible to graduate students of Mathematics and Physics. 
In particular, we only assume that the reader is familiar with the basics of Real 
and Complex Analysis and with the fundamentals of Lebesgue Integration Theory. 
Throughout the book, we have illustrated our main results by a variety of detailed 
examples, in order to facilitate the understanding of the theory. Furthermore, at the 
end of the monograph, we have provided a relatively long list of open problems (see 
Subsections 6.2.2 and 6.2.3), as a stimulus for further research. 

Comments and suggestions concerning the content of the book are welcome and 
can be sent directly to the authors. 


Riverside, California, USA and Paris, France Michel L. Lapidus, 
Zagreb, Croatia Goran Radunovié and Darko Zubrinié 
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Chapter 1 
Introduction 


Das Wesen der Mathematik liegt in ihrer Freiheit. 
[The essence of Mathematics lies in its freedom. ] 
Georg Cantor (1845-1918) 


Abstract This research monograph provides a potentially useful and significant 
extension of the theory of zeta functions for fractal strings (which can be viewed 
as objects associated to bounded fractal sets on the real line), to fractal sets and 
arbitrary compact sets in Euclidean spaces of any dimension. The zeta function on 
which it is based has been introduced in 2009 by the first author (M. L. Lapidus); see 
its definition given below in Equation (1). We denote this zeta function by ¢4 and 
refer to it as a “distance zeta function’. Here, by a fractal set, we mean any bounded 
set A of the N-dimensional Euclidean space R", with N > 1. Fractality refers to the 
fact that the notion of fractal dimension, more precisely, of the upper box dimension 
of a bounded set (also called the upper Minkowski dimension), is a basic tool in the 
study of the properties of the associated zeta functions considered in this book. This 
new class of zeta functions enables us to extend in a useful manner the definition of 
the complex dimensions of fractal strings, introduced by Lapidus and van Franken- 
huijsen, to arbitrary bounded fractal sets and more generally, to arbitrary bounded 
or compact sets in Euclidean spaces of any dimension. More specifically, given any 
bounded set A C RN, its distance zeta function 6, is defined by 


Ca(s)= | d(x,A)* “dx, (1) 
As 


for all s € C with Res sufficiently large. Here, As = {x € R® : d(x,A) < 5} is the 
5-neighborhood of A and d(x,A) denotes the Euclidean distance from x € R to A. 
The dependence of 4 on the choice of 6 is inessential. Note that without loss of 
generality, we could assume that A is an arbitrary compact set in R%. A similar 
comment could be made about the tube zeta function Ce also studied in this book 
and defined by 


7 fo) 
a(s) = [ NA, |dé, (2) 


for all s € C with Res sufficiently large. It involves the tube function (0,6) 3 t+ |A;| 
of the set A, where |A,| is the N-dimensional Lebesgue measure of A;. The basic 
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property of both of these fractal zeta functions (namely, the distance zeta function 
¢, and the tube zeta function €,) is that they are absolutely convergent in the sense 
of Lebesgue for all s € C such that Res > dimgA and define a holomorphic func- 
tion on the open half-plane {Res > dimgA}, where dimgA is the upper Minkowski 
dimension of the set A. More specifically, dimgA coincides with the abscissa of con- 
vergence of both C, and €4; i.e., {Res > dimgA} is the largest open right half-plane 
on which each of the integrals defining ¢, and ‘a in (1) and (2), respectively, is 
absolutely convergent (and hence, convergent). Further, under mild hypotheses, it is 
also the largest open right half-plane on which ¢, and C, are holomorphic. We also 
introduce fractal zeta functions in the more general and more flexible context of rel- 
ative fractal drums (or RFDs) (A, Q), where A C RN is not necessarily bounded and 
Q is an open subset of R of finite volume contained in a 6-neighborhood of A for 
some 6 > 0. Then, the distance and tube zeta functions, €4 9 and an q, are defined 
much as in (1) and (2), respectively, but with As replaced by (2. (See Chapter 4.) 
In this general setting, the aim is to study the corresponding relative tube function 
t+ |A;Q| of the RFD (A, Q), and in particular, to express it as a sum over the un- 
derlying complex dimensions (i.e., the poles of C4 9, or, equivalently, of 4 ‘4.Q); the 
resulting formula is called a fractal tube formula. (See Chapter 5.) New phenomena 
arise in this setting, including the fact that the relative Minkowski (or box) dimension 
dimg(A,Q) may be negative, and even take the value —-9, a property related to the 
“flatness” of the corresponding RFD (A,Q). The special case of a bounded subset 
A of R™ discussed earlier in the text surrounding Equations (1) and (2) then corre- 
sponds to the choice of Q = Ag, i.e., to the RFD (A,A¢g). Fractal strings and their 
higher-dimensional analogs, fractal sprays, are also very special cases of RFDs. As 
was mentioned above, the complex dimensions of a bounded set (or, more generally, 
of an RFD), are defined as the poles of the associated zeta function. As such, they 
form a finite or countable (as well as discrete) subset of the complex plane. The 
main goal of this book is to develop a comprehensive theory of complex dimensions 
(and of the associated tube formulas, see Chapter 5), valid for general bounded sets 
(and RFDs) in R%, with N > 1 arbitrary, as well as to illustrate it via a variety of 
concrete classic and new examples. A number of geometric and spectral applica- 
tions are also provided throughout the monograph. This book should be accessible 
and of interest to experts and nonexperts alike, working in a broad range of areas 
of mathematics (including fractal geometry, dynamical systems, spectral geometry, 
complex, real and harmonic analysis, number theory, partial differential equations 
and mathematical physics) and its physical or engineering applications. 


Key words: zeta function, distance zeta function, tube zeta function, fractal set, 
fractal string, intrinsic oscillations of a fractal set, box dimension, complex dimen- 
sions, principal complex dimensions, Minkowski content, Minkowski measurable 
set, singularity, residue, Cantor string, Cantor function. 
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1.1 Motivations, Goals and Examples 


The mathematical concept of dimension began to be seriously studied during the 
19th century. It has emerged, in particular, out of attempts to define in reasonable 
generality the notions of a ‘line’, a ‘curve’, and of a ‘surface’, as well as of higher- 
dimensional algebraic varieties and smooth manifolds. Below, we present a short 
sketch of the fascinating history of Dimension Theory, by dividing it into the fol- 
lowing three parts: the history of integer dimensions, fractal dimensions and then, 
complex dimensions. 


Integer dimensions. Until the beginning of the 20th century, the notion of ‘di- 
mension’ has been in use exclusively in its usual intuitive meaning, namely, as a 
nonnegative integer. In the 19th century, it was rigorously introduced for linear 
spaces, appearing in Linear Algebra. More specifically, the dimension of a given 
linear space was defined as the number of elements of any of its bases, as we still 
define it today. Soon, several other integer dimensional quantities have been intro- 
duced in much more general situations, in General Topology, in order to study var- 
ious properties of arbitrary subsets of Euclidean spaces and their generalizations. 
These fundamental topological dimensions are now known as the small inductive 
dimension (Menger—Urysohn), the large inductive dimension (Brouwer—Cech) and 
the covering dimension (Cech—Lebesgue). A detailed account of the history of the 
extremely complex subject of topological dimensions can be found in the survey 
article [CriJo]. 


Fractal dimensions. The foundations of the theory of fractal dimensions, which 
may assume arbitrary nonnegative real values instead of just integer values, were 
laid out in the 1920s, in the works of Minkowski, Hausdorff, Besicovich and Bouli- 
gand, in order to better understand geometric properties of very general subsets of 
Euclidean spaces. These developments resulted in the Hausdorff dimension and the 
Minkowski dimension or the Minkowski-Bouligand dimension (also called the box 
dimension), which have become basic tools of contemporary Fractal Geometry and 
related fields. There are also numerous other fractal dimensional quantities, which 
we do not mention here. 

Many distinguished researchers have contributed in various ways to spreading 
and developing this seemingly counterintuitive concept of fractal dimension. See, 
for example, [Man1, Chapter XI]. The methods of Fractal Geometry are today fre- 
quently used in various scientific fields, not only within Mathematics, but in other 
areas as well, ranging from Physics, Engineering, Computer Science, Biology and 
Medicine to Economy and Finance, and even to the Visual Arts. It is therefore not 
surprising that there are now several high-quality professional research journals ded- 
icated exclusively to the study of problems emerging from Fractal Geometry. An 
overview of the history of Fractal Geometry can be found in [Man1], as well as in 
[Lap11]. A history of the notions of fractal dimensions appearing in the theory of 
Dynamical Systems is discussed in [ZupZu]. 


Complex dimensions. The idea of complex dimension of bounded fractal strings 
has been proposed at the beginning of the 1990s by the first author of this book, 
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based in part on earlier work in [Lap1—3, LapPol—2, LapMa1-—2]. A bounded fractal 
string is a bounded open subset Q of the real line R. In most applications, dQ is a 
fractal subset of R. 

A well-known example of a fractal string is provided by the Cantor string Zcs 
or Qcs, whose boundary 0Qcs is the classic ternary Cantor set C. Then, Qcs is 
defined as the complement of C in [0,1] or, equivalently, as the disjoint union of 
the deleted open intervals (the open ‘middle thirds’) in the usual construction of the 
Cantor set. Alternatively, “cs, viewed as a sequence of lengths (or ‘scales’), namely, 
the lengths (repeated according to their multiplicities) of the deleted intervals, is 
given by 


tae ha 4 
N, (1.1.1) 


3°9'9° 27°27? 27' 27 
where the length 1/3” is repeated 2”~! times, for each n € N. 


Les = (bj) Fa1 = ( 


As we shall see in Equation (2.1.79) of Subsection 2.1.4 below, bounded fractal 
strings Y can also be identified with certain bounded subsets Av of the positive real 
line.! In order to define the complex dimensions of a given bounded fractal string 
&, one has to assign to Y the corresponding (geometric) zeta function Cv. More 
specifically, 


Ce(s):= 4, (1.1.2) 
jal 


for all s € C with Res sufficiently large, where Y = (£ ijel is the sequence of 
lengths of the open intervals of which any geometric realization Q of the fractal 
string is comprised. Note that # is independent of the choice of this realization. 

The ‘complex dimensions’ of the bounded fractal string are then defined as the 
poles of a suitable meromorphic extension of ¢v, assuming that the meromorphic 
extension exists. The development of the mathematical theory of complex dimen- 
sions of fractal strings and their generalizations can be found in the extensive mono- 
graph [Lap-vFr3]. See also the earlier books [Lap-vFr1—2]. 

In the present research monograph, we define the notion of “complex dimen- 
sions’ for any nonempty bounded subset A of a given Euclidean space. To this end, 
we introduce a suitable zeta function ¢,4 (see Equation (1.1.6) below), called the 
distance zeta function of A and such that its poles can be considered as the ‘complex 
dimensions’ of a given set A (assuming that a suitable meromorphic extension of 6, 
is possible). 

For example, for the Cantor string -Zcs and in light of Equations (1.1.1) and 
(1.1.2) above, we have that 


ves(8) = oy 2-13-35 FH (2.3781 = - 


' The set Ay := {ay :k € N}, associated to a given bounded fractal string @ := (x) 1, is uniquely 
determined by the following two conditions: (i) a, + OT as k — © and (ii) ay — ag, = x, for all 
k EN. See also Figure 2.7 in Subsection 2.1.4. 
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for all s € C such that Res > log, 2; hence, upon meromorphic continuation, we 
obtain that 


1 
C%,(s) = a for alls € C. (1.1.3) 


It follows that the complex dimensions of Zs are obtained by solving the equation 
3° = 2, s € C, and, hence, are given by” 


: 20 
Des = { log; 2 + log3 


ki:keZ}, (1.1.4) 
where i := \/—1 is the imaginary unit and D := log, 2 is the Minkowski (or box) 
dimension of the Cantor string Zs or, equivalently, of the ternary Cantor set, the 
boundary of Qcs. In the present case, D = log; 2 happens to also coincide with the 
Hausdorff dimension of the Cantor set. 

Note, however, that ¢y and hence also, D and Bes, would remain the same if 
we were to rearrange the intervals of which the fractal string is comprised so that 
the boundary would become a sequence of distinct points in [0, 1] decreasing to zero 
(and with zero as its only accumulation point). Then, as was observed just above, the 
Minkowski dimension would remain invariant under such rearrangements (namely, 
D = log32), whereas the Hausdorff dimension Dy would change from log; 2 to 0 
(namely, Dy = 0), because the boundary would become a countable set. 

It is a general fact that the distance zeta function ¢4, where A = A vy, or OQcs, 
yields the same result as in (1.1.4); that is, the same complex dimensions (except 
possibly at s = 0). See Example 2.1.82 of Chapter 2, where the distance zeta function 
C4 of the ternary Cantor set is computed; see also Example 1.1.2 below. In fact, it 
turns out that for the Cantor string (or, more generally, for any bounded fractal string 
L), we have 


bav(s) = —Ce(s) +¥65), (1.15) 


where v(s) is a holomorphic function on the open right half-plane {Res > 0}; see 
Equation (2.1.85) in Subsection 2.1.4 below.° 


More details about the history of the study of the notions of Minkowski content, 
Minkowski measurability and Minkowski dimension in Euclidean spaces can be 
found in Subsection 6.1.2 of Chapter 6. 


The meaning of the dimension D as a nonnegative integer is intuitively clear for 
the simplest classes of (piecewise smooth) subsets of Euclidean spaces, such as, for 
example, balls and cubes (for which D = 3), polygons (D = 2), lines (D = 1), a point 
(D = 0), etc. In that context, the dimension D can roughly be understood as a de- 
gree of ‘spaciousness’ of the set under consideration. However, for general bounded 


2 In terms of the distance zeta function, the set of complex dimensions Zs is given by Fos = 
Bes {0}; see Equation (1.1.5) and footnote 3 on page 5, along with Equation (1.1.15). 

3 More specifically, v = v(s) can be uniquely meromorphically extended to the whole complex 
plane C, with s = 0 as its only pole, which is simple; see footnote 25 in Subsection 2.1.4, on 
page 90. 
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subsets of RY, it is natural to extend the definition of the dimension D to include 
“fractional” values as well, that is, to take on as possible values all nonnegative real 
numbers in [0,N]. One can think, for example, of subsets of the form of a ‘cloud’ in 
the three-dimensional Euclidean space R?, which are locally highly irregular. In that 
case, the fractal dimension D can take any noninteger value D in [0,3], depending, 
roughly, on the local complexity of A. Intuitively, the more irregular (or ‘rough’) the 
set A is, the larger the value of its fractal dimension D. 

Among the various fractal dimensions that have been introduced in the course 
of the 20th century, the Minkowski (or box) dimension, to be defined by Equation 
(1.3.4) below, is of special significance in this monograph. 

If A is a given 3-dimensional body in R*, it is natural to consider its 3- 
dimensional Lebesgue volume, as a measure of its “3-dimensional content”. More 
generally, if we take any (Minkowski measurable) nonempty bounded subset A of 
RY, of (possibly noninteger) Minkowski dimension D € (0, N], one can nevertheless 
define its D-dimensional Minkowski content (denoted by .@?(A); see Equation 
(1.3.1) below, for r:= D and with the upper limit replaced by a true limit). In- 
tuitively, the “D-dimensional Minkowski content” of A can be thought of as its 
“D-dimensional fractal volume”.* For integral values of D, this “content” coin- 
cides with the usual volume (more specifically, with the N-dimensional Lebesgue 
measure), up to a multiplicative constant depending on N; see Remark 1.3.1 below. 

We will be especially interested in the intrinsic ocillations of a given nonempty 
bounded subset A of R”, with N > 1 arbitrary. Heuristically, these intrinsic oscil- 
lations may be thought as being associated with geometric (spectral, or dynamical) 
waves whose amplitudes (resp., frequencies) are directly connected to the real parts 
(resp., the imaginary parts) of the underlying complex dimensions. 

The existence of intrinsic oscillations is closely related to the existence of nonreal 
complex dimensions of A. By ‘intrinsic (or inner) oscillations’ of A, we mean, for 
example, the oscillations of the tube function t > |A,| as t > 0*, where |A,| is the N- 
dimensional Lebesgue measure of A;, the open t-neighborhood of A (i.e., the set of 
points in the ambient space R which lie within a distance less than t from A). More 
specifically, we are interested, in particular, in the case when the subset A under 
consideration is such that its D-dimensional lower and upper Minkowski contents 
of A (introduced in Equation (1.3.1) of Subsection 1.3.1 below) are (i) not equal 
and (ii) are respectively positive and finite; such a set is said to be (i) Minkowski 
nonmeasurable and (ii) Minkowski nondegenerate. 

As an example, consider a bounded subset A of R such that the corresponding 
tube function has the following asymptotics: 


IA, | = XP (G(logr-") # o(r*)) as t—0t, 


¢ Here, we should note that, for a noninteger dimension D, the “D-dimensional Minkowski content” 
does not satisfy the usual countable additivity property, by contrast to the standard N-dimensional 
Lebesgue measure. 

> When the lower and upper Minkowski contents of A are equal and are nontrivial (i.e., when 
M” (A) := lim,_,9+ |A;|/t%~? exists in (0,+0°)), then A is said to be Minkowski measurable; see 
Subsection 1.3.1. 
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where G is a nonconstant periodic function of positive amplitude and a > 0.° The 
source of the leading oscillations in the geometry of A in this case is the nonconstant 
and multiplicatively periodic function t > f(t) := G(logt—') , which is oscillating 
faster and faster as t + 0*. This class of examples includes the Cantor ternary set, 
the Sierpiriski gasket, the Sierpiriski carpet, the N-Sierpinski carpet in R for any 
N > 3, as well as many other classes of bounded subsets of Euclidean spaces. All of 
them have principal complex dimensions (that is, the complex dimensions s having 
the largest possible real part, i.e., Res = D) of the form 


D+pki for kEZ, 


where p is a positive constant called the oscillatory period of the set A. In other 
words, the principal complex dimensions of A form an arithmetic set (or equiva- 
lently, a vertical arithmetic progression of length p) contained in the critical line 
{Res =D}. 


As was already mentioned above, this research monograph provides a poten- 
tially very useful and significant extension of the theory of zeta functions for fractal 
strings (which can be viewed as objects associated to bounded fractal sets on the 
real line), to fractal sets and arbitrary compact sets in Euclidean spaces of any di- 
mension. The zeta function on which it is based has been introduced in 2009 by the 
first author (M. L. Lapidus); see its definition given below in Equation (1.1.6). We 
denote this zeta function by €, and refer to it as a “distance zeta function”. Here, by 
a fractal set, we mean any bounded set A of the Euclidean space RY, with N > 1. 
Fractality refers to the fact that the notion of fractal dimension, more precisely, of 
the upper box dimension of a bounded set (also called the upper Minkowski dimen- 
sion, Bouligand dimension, or limit capacity, etc.) is a basic tool in the study of the 
properties of the associated zeta functions considered in this monograph. As was 
already mentioned, this new class of zeta functions enables us to extend in a useful 
manner the definition of the complex dimensions of fractal strings, introduced by 
the authors of [Lap-vFr1], [Lap-vFr2] and [Lap-vFr3], to arbitrary bounded fractal 
sets and more generally, to arbitrary bounded or compact sets in Euclidean spaces 
of any dimension. 

More specifically, given any bounded set A C RY, its distance zeta function Cy is 
defined by 


f(s) = | dia Ay de: (1.1.6) 


for all s € C with Res sufficiently large. Here, As = {x € R® : d(x,A) < 5} is 
the 5-neighborhood of A and d(x,A) denotes the (Euclidean) distance from x € RY 
to A. As will be shown in Proposition 2.1.76, the dependence of €4 on the choice 
of 6 is inessential. Note that without loss of generality, we could assume that A 
is an arbitrary compact set in R%. Indeed, replacing A with A, the closure of A, 


does not change the 6-neighborhood or the distance zeta function: Ag = (A)g since 


d(-,A) =d(-,A), and so ¢, = Gj. A similar comment could be made about the tube 


© Then, a posteriori, the function G must be nonnegative and continuous. 
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zeta function Ci studied in Subsection 2.2.2 of Chapter 2. The just mentioned tube 
zeta function of A is defined by 


fo) 
Eats) = fe Madar, (1.1.7) 


for all s € C with Res sufficiently large. It involves the tube function (0,6) 3 t+ |A;| 
of the set A, where |A,| is the N-dimensional Lebesgue measure of Ay. 

The basic property of both of these fractal zeta functions (namely, the distance 
zeta function C, and the tube zeta function a is that they are absolutely conver- 
gent in the sense of Lebesgue for all s € C such that Res > dimgA and define a 
holomorphic function on the open half-plane {Res > dimgA}, where dimgA is the 
upper Minkowski dimension of the set A. More specifically, dimgA coincides with 
the abscissa of convergence of both €, and C4; i.e., {Res > dimgA} is the largest 
open right half-plane on which each of the integrals defining ¢, and by in (1.1.6) 
and (1.1.7), respectively, is absolutely convergent (and hence, convergent). 


As we will now explain, it is also natural and extremely useful to consider not just 
bounded subsets A of IR, per se, but, more generally, suitable ordered pairs (A, Q), 
that we call relative fractal drums (RFDs; see Definition 4.1.2 in Chapter 4.1), in 
which A is a (not necessarily bounded) subset of R”, while Q is an open subset 
of IR of finite N-dimensional Lebesgue measure. In this more general context, the 
aim is to study the fractal properties of the set A relative to Q. More specifically, the 
corresponding relative tube function of the RFD (A,@Q) is now t # |A;NQ|. The 
associated relative Minkowski (or box) dimension dimp(A,Q) of the RFD (A, Q) is 
then defined so that its value can be even negative, i.e., dimg(A,Q) € [—00, N]; see 
Definition 4.1.4 in Section 4.1. The case when the relative Minkowski dimension is 
negative corresponds to the intuitive idea of flatness of A with respect to Q. A spe- 
cial case of the relative box dimension is the so-called ‘one-sided box dimension’, 
introduced independently in 2010 by C. Tricot in [Tri4], where it was noticed that 
it could sometime be negative. In Subsection 4.1.1 of Chapter 4, we shall introduce 
the distance zeta function of a relative fractal drum (A,Q), denoted by C4 a, and 
which will enable us to define the complex dimensions of RFDs. It is defined by 


C4.a(s) = [alway de, (1.1.8) 


for all s € C with Res large enough, where as above, d(x,A) denotes the Euclidean 
distance from x € R™ to A. Similarly, the tube zeta function €4 9 of the RFD (A, Q) 
is defined exactly as in (1.1.7), except for |A;| being replaced with |A;N Q|. 

The special case of a bounded subset A of R% discussed earlier around Equation 
(1.1.6) then corresponds to the choice of Q = Ag, i.e., to the RFD (A,As5). 

We note that the set of complex dimensions of a bounded open set (or, more 
generally, of a relative fractal drum) is a finite or countable set of complex numbers, 
with finite multiplicities (as poles of the associated fractal zeta function). Moreover, 
since it is the set of poles of a meromorphic function, it is a discrete subset of the 
complex plane. 
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Fig. 1.1 The Cantor grill A:=C x (0, 1], where C is the ternary Cantor set, viewed from the open 
squares Q; := (0,1) x (—1,0) and Q) := (0,1), has different respective relative box dimensions: 
dimg (A, Q;) = dimg C = log; 2, while dimg(A, 22) = dimgC + 1 = log; 2+ 1. See Example 1.1.1. 


Example 1.1.1. (Cantor grill). As an example illustrating the notion of relative box 
dimension, let A be a subset of the plane IR defined by A = C x [0, 1] (which we call 
the Cantor grill), where C is Cantor’s ternary set; see Figure 2.15 in Subsection 2.2.4 
of Chapter 2, along with Figure 1.1. Then, for Q; := (0,1) x (—1,0), we clearly have 
dimg(A,Q)) = log; 2, while for Q2 := (0,1)?, we have dimg(A,Q2) = 1 + log; 2. 
Indeed, viewed from Q, the set Q; is ‘seen’ just as the usual Cantor ternary set 
C x {0}, contained in the boundary of Q;, while viewed from Q), the set A has the 
form of the Cantor grill. 


The above example exhibits a situation where the notion of RFD can be useful 
and interesting. Moreover, throughout the book, we will see how in many situations 
the distance zeta function of a complicated fractal set A can be explicitly computed 
by subdividing the set A into a union of simple ‘relative fractal subdrums’ and 
then computing the relative distance zeta function of each subdrum separately. This 
method can be illustrated most prominently in the process of computing the zeta 
function of the Cantor dust (Example 4.7.15), where we also use a result about the 
invariance of the complex dimensions with respect to the dimension of the ambient 
space. 

Even more interestingly, the example of the Cantor dust C x C (i.e., the Carte- 
sian product of two ternary Cantor sets; see Figure 1.2) then shows that not only 


the expected complex dimensions,’ log, 4+ pki, for k € Z and with p := ions are 


7 These complex dimensions are expected since dimg(C x C) = 2log, 2 = log, 4. More precisely, 
some but not all of these complex dimensions which are nonreal may (in principle) be canceled by 
means of zero-pole cancellations. 
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FY F) 


Fig. 1.2 The first two iterations of the sequence of prefractals (F)),>1 defininig the Cantor dust. 


Itis clear that FAT) CFM C [0, 17, forallk>1,andCxC= Mok. Here, F) :=E) x BE“), 
with k > 1, where E) c [0, 1] is the usual k-th prefractal approximation of the ternary Cantor set C. 


obtained by means of the corresponding fractal zeta functions but also the com- 
plex dimensions log, 2+ pki, for k € Z, which actually coincide with the principal 
complex dimensions of the ternary Cantor set C itself. In other words, this is an ex- 
ample in which we can explicitly see how the complex dimensions also ‘encode’ the 
“lower-dimensional fractality’ of the Cantor dust C x C, which evidently coincides 
with an uncountable union of vertical translates of the ternary Cantor set C x {0} in 
the plane; namely, 


CxC=|J(Cx {c}) = LJ (Cx {0} + (0,c)). (1.1.9) 


cEeCc cECc 


Therefore, this geometric fact is naturally reflected in the set of complex dimensions 
of the Cantor dust. 

Many analogous results are discussed throughout the book, where the geometric 
properties of the given bounded sets or of the RFDs are reflected in the correpond- 
ing sets of complex dimensions. We expect this type of phenomenon to be a general 
property of complex dimensions which has yet to be precisely formulated as a suit- 
able principle and then properly established. 


Also, the notion of RFDs provides us with a unified category under which frac- 
tal strings, bounded subsets of Euclidean spaces (of arbitrary dimension) and open 
subsets of Euclidean spaces with fractal boundary (also known as fractal drums) 
fall into. By developing the theory in this generality, we can apply it to all of these 
settings simultaneously, without the need to distinguish them separately; this broad 
fexibility is one of the powers and great advantages of the present theory. 


Example 1.1.2. (The Cantor set revisited: the Cantor string RFD and its distance 
zeta function). We now illustrate the above discussion by revisiting the example of 
the Cantor string from the new perspective of relative fractal drums and the associ- 
ated distance zeta functions. (Some readers may wish to note the main results for 
now and then return to this example later, if and when necessary.) As before, let C be 
the ternary Cantor set constructed in [0, 1] and let J := (0,1), so that our associated 
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y=d(x,C) 
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Fig. 1.3 The graph of the distance function x ++ d(x,C), where C is the ternary Cantor set. The 
intervals I, ,, where k = 1,2,...,2”~!, correspond to the n-th generation of deleted open intervals 
during the construction of the Cantor set. See Equation (1.1.11) in Example 1.1.2. 


relative fractal drum is (C,/). It is now straightforward to compute the distance zeta 
function of (C,/) by integrating over the set I: 


os gn-l 


Scu(s) = fac ea S|) oer om (1.1.10) 


n=1 k=1 Y Ink 


where J, , denotes the k-th open interval removed from / in the n-th step of the 
construction of the ternary Cantor set; see Figure 1.3. Furthermore, for obvious 
reasons of symmetry, for a fixed n > | the integrals over the intervals J, , are all 
equal to each other. Moreover, since J, x is an interval of length 3~” and d(x,C) = 
d(x, O1,,) for all x € I, x, it is easy to deduce, by using local coordinates (see Remark 
1.1.3 on page 13 below), that 


te is i aeey es 


: = (1.1.11) 


~ 3N5 57 


13-n 
=) d(x,0Inx)* | dx=2 [ xl dy 
Thk ; 0 


for all s € C such that Res > 1 (and then, upon meromorphic continuation, wee see 
that Cc,,, is still given by the right-hand side of Equation (1.1.11) for all s € C). 
Combining the above equality with (1.1.10) now leads to 


2-5 @& 2 n QI1-s 
Seals) = = > (=) = 320)’ (1.1.12) 


n=1 


valid initially for all s € C such that Res > log; 2. Clearly, upon meromorphic con- 


tinuation, we deduce that 
qIl-s 
ere 1.1.13 
Ccu (s) 5(38 = 2) ’ ( ) 
for all s € C. As a consequence, the set of all complex dimensions of the RFD (C,/) 
(that is, the set of poles of €c.,7) is given by 


P(Ecr) = {0} U(D+ipZ), (1.1.14) 
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where D+ ipZ := {D+ ikp:k € Z}. Observe that 


gl-s 
Ss 


Scr(s) = C&s(5), (1.1.15) 
for all s €¢ C, where Cy, is the geometric zeta function of the Cantor string. We 
stress that a functional equation precisely analogous to (1.1.15) is actually valid 
for any fractal string , where the associated relative fractal drum we consider is 
equal to (QQ. yv,Qv) and Q is any geometric realization of the given fractal string 
L; ie., Ay is a disjoint union of open intervals of lengths equal to the lengths 
(written in nonincreasing order) of the fractal string & counted with multiplicities; 
see Equation (1.1.27) below. 


Another powerful and very useful way to obtain the expression for Gc; is to 
use the scaling property of the distance zeta function. In short, the scaling property 
gives us a functional equation which connects the distance zeta function of an RFD 
(A, Q) and its scaled version (AA,AQ), where A > 0 is an arbitrary scaling factor 
and AA := {Ax:x € A}. More specifically, the scaling property states that for any 
RED (A, Q), we have 

Caaaa(s) =A%Ca,a(8); (1.1.16) 


this identity is valid on any open connected set U C C to which any of the two 
zeta functions above has a meromorphic continuation. In other words, the complex 
dimensions of an RFD are invariant under scaling. 


Returning to the Cantor set RFD (C,/), we observe that since J = (0,37!) U 
[3-!,2-3-']U(2-3-1, 1), we can subdivide as follows the integral initially defining 
Cc, in Equation (1.1.10): 


oils) = fl d(x,0)" de d(x,C)! dx+ d(x)! dx 
(0,3-!) [3-1 ,2.3-]] (23-11) 


2/3 
= da3 ‘cy art [ d(x,C)*! dx (1.1.17) 
(0,3-1) 1/3 


+f d(x,3-'C+2/3)*! dx. 
(2-3-1,1) 


In the first integral appearing in the second line of Equation (1.1.17), we have used 
the self-similarity of the Cantor set C, i.e., the identity 


c=3"'cu(3"'c+2-3-4), (1.1.18) 


in order to conclude that the part of C contained inside the interval of integration 
(0,3-!) = 3-'/ is equal to 3~'C (except for the values of 0 and 1/3, which are 
inessential). Analogously, in the last integral appearing in Equation (1.1.17), the part 
of the Cantor set C contained in the interval of integration (2-3~!, 1) =3-11+2/3 
is equal to 3-'C +2/3 (except for the values 2/3 and 1, which are inessential as 
well). 
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Note that the fourth and sixth integral appearing in Equation (1.1.17) above ac- 
tually represent the distance zeta functions of the RFDs (G0 ,(0, a1) and 


(3°>'C+2-371,(2-371,1)) = (3°-'C+2/3,(0,3-') +2/3), 


respectively, which are copies of the original RFD (C,J) scaled by the factor 1/3 
(with the second one being translated by 2/3 to the right). In light of this, Equa- 
tion (1.1.17) reduces to 


2/3 
Cc1(s) = C3-1¢3-1)(s) +h, d(x,C)*"! dx + C3-10-42/3,3-114.2/3(S)- (1.1.19) 


By the scaling property of the distance zeta function stated in Equation (1.1.16), 
we now deduce that (see Remark 1.1.4 below) 


2/3 
fests) =Srtesuls)+ f da,0)! det Spiess) 

ue (1.1.20) 

=2-3Corls)+ f d(,cy! ax 
1,1 

valid for all s € C with Res sufficiently large. Recalling that the integral over /) 1 := 
(1/3,2/3) is given by (1.1.11), with n = k = 1 (see Remark 1.1.3 just below) and 
solving the above equation for €c.;, we recover (1.1.13). 


Remark 1.1.3. Note that d(x,C) is in fact equal to the distance from x € (1/3,2/3) 
to the boundary of /;,1, i.e., to the two-point set 0/,,, = {37',2-37'}. Hence, we 
have that 


s-l _ aye s-l _ —1 3-1y)s-1 
a(x dra fi dnc tara fl d(x (912-3)! dr 
oe 52 rae fe (2-3-1 — 3)" a. 


for all s € C with Res > 0. Instead of computing the last two easy integrals im- 
mediately, we can proceed more elegantly as follows. These two integrals corre- 
spond to the distance zeta functions of relative fractal drums ({3~'},(3~!,27')) 
and ({2-3-!},(2~!,2-371)), respectively. Translating both RFDs by —3~! and 
—2-37!, respectively, we see that the corresponding distance zeta functions coin- 
cide with the one associated with the RFD ({0}, (0, 1/6)) (whereby in the case of 
the second RFD, it is convenient to orient the x-axis in the negative direction); so 
that 


Na 


1/6 
d(x,C)""1 dr = 2640) 0,6)(8) =2 f dra 2-6-8571, 
1:1 


for all s € C with Res > 0. See Figure 1.4. 
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Fig. 1.4 Intuitive explanation of the identity C5, , 1, , (8) = 2+ €,0},(0,1/6)(s), for all s € C such that 
Res > 0, appearing in Remark 1.1.3. Here, 41 = (1/3,2/3). 


Remark 1.1.4. It is easy to verify that the distance zeta function of a relative fractal 
drum (A,Q) in R% remains unchanged by translating the RFD. More specifically, 
for any vector a € RY, we have that 64 9(s) = CA+a.Q+a(s), for all s € C with Res 
sufficiently large. A more general statement can be found in Equation (4.2.63) ap- 
pearing in Lemma 4.2.23 of Subsection 4.2.3. In short, the distance zeta functions 
(and hence also, the complex dimensions) of RFDs are invariant under the group of 
displacements of R% (the group generated by the rotations, translations and reflec- 
tions of R¥). 


In general, we stress that the procedure described in Example 1.1.2 above can 
be applied to a wide variety of RFDs exhibiting a self-similar structure, as will be 
shown in many examples in this monograph. See, e.g., Theorem 4.2.17 in Section 
4.2 of Chapter 4 and Equations (4.2.47) and (4.2.48) preceding it (self-similar sprays 
viewed as RFDs), Theorem 4.2.19 and its proof (self-similar sprays and their higher 
order counterparts), as well as Examples 4.2.10 (higher-order Cantor sets), 4.2.24 
(relative Sierpinski gasket), 4.2.26 (inhomogeneous Sierpinski N-gasket RFD, with 
N > 2 arbitrary), 4.2.29 (relative Sierpinski carpet), 4.2.31 (the classic Sierpinski N- 
carpet, with N > 2 arbitrary), 4.2.33 (the 1 /2-square fractal), 4.2.34 (the 1/3-square 
fractal) and 4.2.35 (a self-similar fractal nest). 


For instance, the above procedure, based on using the self-similarity of the RFD 
and the scaling property of its associated fractal zeta function, can be applied to the 
well-known Sierpinski gasket A (contained in the unit triangle), in which case the 
calculation of its zeta function is then reduced to the calculation of the zeta function 
of the RFD (0.Q9, Qo), where {p is the middle open equilateral triangle of side 
lengths 1/2 which is removed in the first step of the construction of A. We encourage 
the interested reader to try to calculate the distance zeta function of A by choosing 
the parameter 6 from Equation (1.1.6) to be greater than 1/4, as an exercise and 
motivation for further reading of this monograph or, alternatively, to see Proposition 
3.2.3 for details. Here, we only give the closed form for the corresponding distance 
zeta function of the Sierpinski gasket: 


_ oa) 2 a 5°-! 
Ca(s) = e—1yars3) $2", 35 (11.21) 
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meromorphic on all of C and with 6 > 1/4. Notice also that the dependence on 6 > 
1/4 on the right hand side of (1.1.21) is inessential, in the sense that it does not affect 
the principal part of the above zeta function in any way. Moreover, observe that it 
follows from Equation (1.1.21) that (independently of 5) the complex dimensions 
of the Sierpinski gasket A are 0, 1 and log, 3+ aki for every k € Z, and that all of 
them are simple. 


An even deeper connection between the complex dimensions of a given RFD 
(or, in particular, of a bounded subset) in RY and its inner geometry can be seen in 
the fractal tube formulas which we obtain in Chapter 5 of this monograph. Roughly 
speaking, a fractal tube formula for an RFD (A, Q) is an asymptotic formula for its 
relative tube function t ++ |A,; .Q| as t > 0*, expressed as a sum of residues of 
Ca,Q (or a) taken over the set of (visible) complex dimensions of (A,Q). These 
formulas are valid under suitable mild conditions, with or without error term and 
pointwise or in the sense of Schwartz distributions. Generally, the validity of these 
formulas for a given RFD (A,Q) depends on the existence of a meromorphic con- 
tinuation of the corresponding distance or tube zeta function to a suitable connected 
open subset U C C and on its growth properties on that set. A large class of RFDs 
satisfy these conditions and, as will be shown in detail in Chapter 5 (and particularly, 
in Section 5.1), we can apply the theory developed in this book in order to obtain 
their fractal tube formulas.® 


For instance, in the case when the zeta function of an RFD (A,Q) in R% can 
be meromorphically extended to all of C with only simple poles and when suitable 
growth conditions are satisfied, we obtain the following exact pointwise fractal tube 
formula: 


N-@ 
JANQ|\= > a res (C4,0,@), (1.1.22) 
oe Abia)" 


valid for all t > 0 sufficiently small. Here, the set A(C4 a) denotes all of the com- 
plex dimensions of (A,Q). 


Example 1.1.5. (The fractal tube formula for the Cantor string RFD). Both the Can- 
tor set RFD (C,/) and the Sierpiriski gasket A discussed above satisfy the appropriate 
conditions and we can use Equation (1.1.22) to obtain their well-known fractal tube 
formulas. In the case of the Cantor set RFD, we have? 


8 We refer the interested reader to the introduction of Chapter 5 (on pages 408-411) for a discussion 
of the history and the geometric interpretation of the classic tube formulas of Steiner, Weyl and 
Federer (among many others) for “nice” subsets of R% (e.g., compact convex sets and smooth, 
compact submanifolds), prior to the advent of fractal tube formulas in the late 1990s. 


° The exact computation is given in Example 5.5.3 of Subsection 5.5.2. 
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t 
lanl= YD pares(écy,0) 
oc P(&.1) 
4 y (2t)!~% 5: 
~ 2log3 ,A“., (1— a) (1.1.23) 


Qpr? =. (ay) 


2log3 fe (1 = My) Oy 
= t'~PG(log,(2t)~') —28, 


where Y(€c7) := {0}U (D+ ipZ) is the set of all of the complex dimensions of the 
RFD (/,C) and a, := D+ ikp for each k € Z; furthermore, D := dimg(C,/) = log, 2 
and p := ron denote, respectively, the relative Minkowski dimension and the ‘os- 
cillatory period’ of the Cantor string RFD (C,/). Here, G is a positive, nonconstant 
1-periodic function, which is bounded away from zero and infinity; specifically, it 
is given by the following Fourier series expansion (which is absolutely convergent 
and hence, pointwise convergent for all x € R): 
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Observe that the presence of the nonconstant periodic function G in (1.1.23) im- 
plies that, as is well known (see [LapPo2] and [Lap-vFr3]), the Cantor set RFD 
(or the Cantor string) is not Minkowski measurable. This fact and the presence of 
nonreal complex dimensions of the RFD (C,/) on the critical line {Res = D} are 
not coincidental but in fact, closely related. More precisely, in this book, we also 
obtain a criterion for the Minkowski measurability of RFDs which is formulated 
in terms of the locations of the principal complex dimensions (i.e., the poles of 
the fractal zeta function with real part D); this criterion generalizes the analogous 
known result for fractal strings (see [Lap-vFr3, Section 8.3]). More specifically, 
it states that under suitable assumptions, the Minkowski measurability of an RFD 
(A, Q) is equivalent to the absence of nonreal complex dimensions on the critical 
line {Res = dimg(A,Q)}, along with the condition that the complex dimension 
D := dimg(A,Q) is simple. 


We point out that in the case when N = 1, the fractal tube formula (1.1.22) be- 
comes the well-known fractal tube formula for fractal strings (see [Lap-vFr3, Sec- 
tions 8.1 and 8.4]). More precisely, under appropriate conditions and in the case 
when the geometric zeta function ¢ y of a given fractal string Y is meromorphic on 
all of C and has only simple poles, we have 
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Here, the term {2¢¢.7(0)} is equal to 2t¢ y(0) if 0 is not a pole of Cv. If, however, 0 
is a simple pole of ¢ v, then we replace {2+¢.7(0)} on the right-hand side of (1.1.25) 
with the term 

2t(1 —log(2r)) res(C.v,0) + 26 y[0]o, (1.1.26) 


where ¢¥[O]o stands for the constant term in the Laurent series expansion of C¥ 
around s = 0. This is in agreement with [Lap-vFr3, Corollary 8.10] under the as- 
sumption of exactness, i.e., the absence of an error term. The last equality in Equa- 
tion (1.1.25) follows from the general functional equation connecting the zeta func- 
tions Cv and C5 Qy,ay Which, as has already been mentioned, is the generalization 
to any fractal string of Equation (1.1.15) obtained above; i.e., we have that 
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a key identity which is valid for all s € C with Res > dimg(0Qy,Q_¢) and hence, 
more generally, on every connected open set U C C to which any (and thus both) of 
the two zeta functions has a meromorphic continuation. 


Going back to the Sierpriski gasket A, since all of its complex dimensions are 
simple, we can obtain its fractal tube formula by using (1.1.22) and (1.1.21): 
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valid for all t € (0,1/2/3), where @ := log, 3 + ikp (for each k € Z) and p := 
21 /log2. The presence of the oscillatory function in (1.1.28) (namely, the noncon- 
stant multiplicatively periodic function represented by its absolutely convergent and 
hence, convergent Fourier series) shows that the Sierpinski gasket is not Minkowski 
measurable, a well-known fact which is reflected in the presence of nonreal complex 
dimensions of the Sierpiriski gasket located on the critical line {Res = log, 3}. 

Many further examples of computations of fractal zeta functions, complex di- 
mensions and fractal tube formulas are provided throughout this monograph, both 
for classic self-similar and non self-similar fractals, as well as for new classes of 
bounded sets and relative fractal drums. 
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Along with several collaborators, the first author has undertaken since the early 
1990s a systematic study of zeta functions associated with fractal strings and their 
counterparts in certain higher-dimensional situations, namely, for fractal sprays; see, 
in particular, his joint papers with C. Pomerance [LapPo1-3]. In a series of papers 
and several research monographs (including three books with M. van Franken- 
huijsen [Lap-vFr1—3], and the book [Lap6]), it has grown into a well-established 
theory and is today an active and rapidly growing area of research. For the theory 
of fractal strings and/or complex dimensions in a variety of situations, beside the 
aforementioned books, see, for example, [CranMH], [DemDenKoU], [DemKoOU], 
[DenKoOU}, [deSLapRRo] [DubSep], [ElILapMacRo], [Es1—2], [EsLil—2], [Fal2], 
[Fr], [FreKom], [HamLap], [HeLap], [HerLap1—5], [KeKom], [Kom], [LalLap1-—2], 
[Lap1—3], [Lap7—10], [LapLéRo], [LapLul-—3], [LapLu-vFr1—2], [LapMa1-2], 
[LapPe1—3], [LapPeWil—2], [LapPo1l-—3], [LapRo1l—2], [MorSep], [MorSepVil-—2], 
[Ol1—2], [Pe], [PeWi], [Ral—2], [RatWi2], [Steinh], [Tep1—2], [Wi], [WiZa], 
[Za4—5], along with the relevant references therein. In addition, we point out that 
Chapter 13 of [Lap-vFr3] contains an exposition of several recent developments 
in the theory, prior to the present general higher-dimensional theory of complex 
dimensions. 

Other, very different approaches to a higher-dimensional theory of certain fractal 
sets (namely, fractal sprays and self-similar tilings) were developed in references 
[LapPe1—3] and [LapPeWi1—2] by the first author, E. Pearse and S. Winter, as well 
as in the related works [Pe] and [PeWi], via fractal tube formulas and the associ- 
ated scaling and tubular zeta functions. An earlier approach, based directly on tube 
formulas but not using any kind of zeta function, was proposed in [LapPe1]. See, re- 
spectively, [Lap-vFr3, Sections 13.1 and 12.2.1] of the second revised and enlarged 
edition of [Lap-vFr2], for an exposition of these approaches. 

Since the zeta functions introduced in [LapPe2-—3] and [LapPeWi1] are very dif- 
ferent in nature from those studied in this monograph, it would be of interest to deter- 
mine when they give rise to the same or closely related results, as far as the complex 
dimensions are concerned. This will be done in Subsection 5.5 by using the general 
higher-dimensional theory of fractal tube formulas developed in Chapter 5. We note 
that in [LapPe3], an example is provided for which the complex dimensions depend 
on the choice of the iterated function system giving rise to that self-similar fractal 
set. It might also be interesting to see whether one can obtain fractal tube formu- 
las in the setting of our monograph, and, in the special case of the Koch snowflake 
curve, compare the resulting formula with the one obtained in [LapPel], while in 
the case of fractal sprays and self-similar tilings, with the tube formulas obtained 
and used in [LapPe2—3] and [LapPeWi1l-2]. 

We stress that a significant advantage of the present theory of fractal zeta 
functions—and, therefore, of the corresponding higher-dimensional theory of com- 
plex dimensions developed in this book—is that it is applicable to arbitrary bounded 
(or equivalently, compact) sets in R, and can be extended (at least, in principle) to 
the general setting of arbitrary compact metric measure spaces. In particular, no 
assumption of self-similarity, or, more generally, of “self-alikeness” of any kind, is 
made about the underlying fractals (or, within the broader setting of Chapter 4, about 
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the relative fractal drums under consideration). In addition, the fractals in question 
do not have to be the boundaries of fractal sprays (in the sense of [LapPo3]), that is, 
of countable disjoint unions of scaled copies of a given bounded set. 

We hope that the results obtained in this monograph will provide a new impe- 
tus and direction to the higher-dimensional theory of complex dimensions of fractal 
sets. The zeta functions studied thus far have proved to be an important tool in 
various fields of mathematics, including complex analysis, number theory, arith- 
metic geometry, operator algebras, representation theory, fractal geometry, func- 
tional analysis, mathematical physics, differential equations, and dynamical sys- 
tems. Likewise, the new zeta functions introduced and studied in this book should 
prove to be useful tools in the rapidly expanding theory connecting aspects of fractal 
geometry, number theory, harmonic analysis, geometric analysis, differential equa- 
tions and dynamical systems. 


1.2 A Short Survey of the Contents 


Let us briefly describe the contents of this monograph. In Section 2.1, we estab- 
lish the holomorphy of the distance zeta function €,4 on the right half-plane {Res > 
dim A} of the complex plane C, where dimgA is the upper box (or Minkowski) di- 
mension of A, and show that the lower bound dimgA is optimal; see Theorem 2.1.11. 
In other words, we establish the equality of dimgA and the abscissa of (absolute) 
convergence of C4. Therefore, if we know the zeta function of a fractal set A, we 
can determine the upper box dimension of A; see Corollary 2.1.63. Moreover, under 
some mild additional hypotheses on A, we show that the half-plane of convergence 
{Res > dimgA} and the half-plane of holomorphic continuation of ¢4 coincide. 

In Subsection 2.1.5, we introduce an equivalence relation between zeta functions 
of fractal sets; see Definition 2.1.69. This enables us to allow for more flexibility in 
the study and the understanding of the main features of the zeta functions discussed 
in this monograph. We also show that the distance zeta function has a suitable conti- 
nuity property with respect to any nonincreasing sequence of compact sets (Ax) 71; 
see Theorem 2.1.78. 

In Section 2.2, we show that the residue of the meromorphic extension of the 
distance zeta function of a fractal set to a connected open neighborhood of D := 
dimgA (provided the extension exists), computed at the simple pole s = D, is closely 
related to the D-dimensional Minkowski content of A; see Theorem 2.2.3. 

A new fractal zeta function, denoted by ae is introduced in Equation (2.2.20) 
of Definition 2.2.8; it is referred to as the “tube zeta function” of A and involves 
the function (0,6) 5 t+ |A;| instead of the function Ag 3 x ++ d(x,A) in Equa- 
tion (2.1.1) of Definition 2.1.1, where |A;| and d(x,A) denote, respectively, the N- 
dimensional volume of the t-neighborhood of A and the distance from x to A. If a 
bounded or compact set A C IR“ is Minkowski measurable (and under some mild ad- 
ditional hypotheses), we show that the residue of 4 a(S) at s = dim, A, the Minkowski 
(or box) dimension of A, is equal to the Minkowski content of A. More generally, 
even if A is not Minkowski measurable, we obtain analogous results, expressed as 
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inequalities involving the upper and lower Minkowski contents of A; see Theorem 
2.2.14. Finally, we show that, provided dimgA < N, the half-plane of (absolute) 
convergence of ¢, is exactly the same as for C4 (as described above). Hence, the 
abscissa of convergence of the Dirichlet integral initially defining a coincides with 
dimgA, the upper box dimension of A; see Equation (2.2.52) in Proposition 2.2.19. 

Moreover, still assuming that dimgA < N, we show that given any domain U C C 
(containing the critical line {Res = dimgA}), Ga has a meromorphic continuation 
to U if and only if C4 does, and in that case, €4 and C4 have the same poles (with 
the same multiplicities) in U. Hence, the (visible) complex dimensions of A can be 
defined indifferently via C4 or C4. It also follows that, in addition to having the same 
half-plane of convergence {Res > dimgA}, ¢4 and ¢, have the same half-plane of 
holomorphic continuation. Note that the condition according to which dimgA < N 
is satisfied by most fractals of interest and implies that |A|y = 0. 

Section 2.3 is devoted to solving (in certain frequently encountered situations) the 
problem of the existence and the construction of the meromorphic extensions of var- 
ious zeta functions. We first deal with zeta functions associated with the perturbation 
of the Riemann strings (Theorem 2.3.2) and of Dirichlet strings (Theorem 2.3.10). 
We then deal with the distance and tube zeta functions of a class of Minkowski mea- 
surable sets in Euclidean spaces (Theorem 2.3.18 and Theorem 2.3.37), as well as 
with the fractal zeta functions of a class of Minkowski nonmeasurable sets (Theo- 
rem 2.3.25, Corollary 2.3.26 and Theorem 2.3.37). In particular, we provide natural 
sufficient conditions for the existence of the meromorphic continuation of those dis- 
tance and tube zeta functions. (The case of the distance zeta function is dealt with in 
Theorem 2.3.37.) This is significant from the point of view of future developments, 
in light of the fact that the complex dimensions of the given fractal set can be defined 
as the poles of the meromorphic continuation (in a suitable region) of the associated 
distance (or tube) zeta function. 

In Section 3.1, we introduce a class of quasiperiodic sets. Using generalized Can- 
tor sets with two parameters, we provide a construction of such sets, based on the 
Gel’ fond—Schneider theorem from the theory of transcendental numbers. 

In Section 3.2, we study the distance zeta functions of the Sierpinski carpet and 
the Sierpinski gasket. We also compute the corresponding principal complex di- 
mensions. The method used in the computation of these distance zeta functions will 
serve as a motivation to introduce the notion of ‘relative fractal drums’, which will 
be the central object of study in Chapter 4. 

In Section 3.3, we construct a class of bounded fractal strings & with principal 
complex dimensions of any prescribed order; see Theorem 3.3.6. Furthermore, a 
class of fractal strings with principal complex dimensions of infinite order (that is, 
with essential singularities on the corresponding critical line) is also constructed in 
the same theorem. The construction is based on using iterated tensor products of 
suitably chosen bounded fractal strings. 

In Section 3.4, we also introduce the notion of weighted zeta function, establish 
a corresponding holomorphicity result, and show that the derivative of a weighted 
zeta function is again a weighted zeta function; see Theorem 3.4.4. Furthermore, in 
Corollary 3.4.7, we obtain new classes of harmonic functions associated with fractal 
sets. 
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In Section 3.5, we introduce the notion of fractal nest. Using our zeta functions, 
we extend to the N-dimensional case Tricot’s formula for the box dimension of a 
discrete spiral of the focus type or of the limit cycle type; see Equations (3.5.14) 
and (3.5.17). 

In Section 3.6, we introduce the notion of geometric chirp and compute the as- 
sociated distance zeta function. This enables us to extend Tricot’s formula for the 
box dimensions of related chirp curves in R? to spherically symmetric chirp-like 
surfaces in R%, for any N > 2; see Proposition 3.6.2. The case when N = 3 is of 
particular interest since it arises naturally in the study of spherically symmetric so- 
lutions of p-Laplace boundary value problems. We also introduce the notions of 
multiple strings and string chirps, which include geometric chirps as a special case, 
and study their fractal zeta functions. At the end of this section, we introduce the no- 
tion of Cartesian product of fractal strings, and in Theorem 3.6.5, we determine the 
associated distance zeta function as well as the corresponding upper box dimension. 

The aim of Section 3.7 is to study the fractal zeta functions of a class of fractal 
sets (called ‘zigzagging fractals’) for which the upper and lower box dimensions do 
not coincide. It is noteworthy that the associated zeta functions are alternating; see 
Theorem 3.7.2 and Equation (3.7.2). 

In Section 4.1, we introduce the notion of relative zeta function associated to 
an ordered pair (A,Q), where A is a possibly unbounded subset of R” and Q is 
an open subset of R% having finite N-dimensional Lebesgue measure (but being 
also possibly unbounded). We propose to call (A,Q) a “relative fractal drum” (or 
RFD, in short). The associated optimal half-plane of holomorphic continuation in- 
volves dimg(A,@Q), the relative upper box dimension of A with respect to Q. In 
other words, under mild hypotheses, we show that the relative zeta function C4 a(s) 
is holomorphic on the right half-plane {Res > dimg(A,@)}, and that the lower 
bound is optimal; see Theorem 4.1.7. More precisely, we prove that the abscissa 
of (absolute) convergence of €4.9(s) always coincides with dimg(A, Q) (determin- 
ing the maximal right half-plane of absolute or Lebesgue convergence; see part (b) 
of Theorem 4.1.7), and that under mild assumptions, it also coincides with the ab- 
scissa of holomorphic continuation of 4 g (determining the maximal right half- 
plane of holomorphic continuation; see part (c) of Theorem 4.1.7). We note that in 
this generality, the relative box dimension had been introduced earlier in [Zu4]. (Ear- 
lier special cases had been used, for example, in [BroCar], [Lap1—3], [LapPo2-3], 
[LapMa2], [HeLap] and [Lap-vFr1-3].) In light of the above result, we deduce that 
using zeta functions, it is possible to consider unbounded geometric chirps relative 
to the associated bounding envelope Q, and then to show that the natural extension 
of Tricot’s formula also holds in this case; see Example 4.4.1. 

Note that any bounded subset A C R% can be viewed as a relative fractal drum 
of the form (A,A;), for any 6 > 0. Consequently, the theory of fractal zeta func- 
tions of RFDs and their associated complex dimensions developed in Chapter 4 (and 
Chapter 5) extends naturally its counterpart for bounded subsets of R% developed in 
Chapters 2 and 3. 

Example 4.2.10 provides an explicit construction of a relative fractal drum of 
R which possesses an infinite set of poles of arbitrary order or even essential 
singularities located on the critical line in arithmetic progression. The construction 
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is based on an “iterated Cantor spray” and can be generalized to a large class of 
relative fractal drums of R™ (with N > 1 arbitrary), as is stated in Theorem 4.2.19 
and Remark 4.2.21. 

In Theorem 4.4.5, we consider the zeta function of the Cartesian product of 
three strings relative to the related bounding rectangular parallelepiped. We also 
study the fractal zeta functions of a class of relative fractal drums with logarith- 
mic gauge functions; see Theorem 4.5.1 for the Minkowski measurable case, and 
Theorem 4.5.2 for the Minkowski nonmeasurable case. Hence, such relative fractal 
drums scale naturally according to a non power law. 

In Section 4.3, we discuss some of the known results about the spectral asymp- 
totics of a (relative) fractal drum, focusing on the leading term (of the asymptotics of 
the eigenvalues of the Dirichlet Laplacian) and a corresponding (sharp) error term, 
obtained in [Lap1] and expressed in terms of the (upper) Minkowski (or box) di- 
mension of the boundary. We then apply this remainder estimate, along with some 
of our earlier techniques, to establish the existence of a (nontrivial) meromorphic 
extension of the spectral zeta function of a fractal drum, a result already obtained by 
the first author in [Lap3] (in a slightly different manner). We also use our results in 
Sections 4.5 and 4.6 below in a key manner in order to establish the optimality of the 
upper bound obtained for the corresponding abscissa of meromorphic continuation; 
this latter result is new. 

In Section 4.5, we construct a class of relative fractal drums with explicit val- 
ues of the abscissa of meromorphic continuation of the corresponding relative zeta 
functions. We interpret these results in terms of the geometric zeta functions of frac- 
tal strings, as well as in terms of the distance zeta functions of bounded sets on the 
real line. The fractal string interpretation is obtained by using a countable union 
of generalized Cantor strings C (4i), with suitably chosen parameters a; € (0, 1/2), 
involving a sequence of prime numbers; see Theorem 4.5.20. This shows, in par- 
ticular, that our main results on meromorphic extensions of tube and distance zeta 
functions, obtained in Section 2.3, are in general optimal. 

In Section 4.6, we construct a class of quasiperiodic relative fractal drums pos- 
sessing infinitely many algebraically independent quasiperiods; see Theorem 4.6.9. 
These drums are said to be transcendentally oo-quasiperiodic. Furthermore, we con- 
struct a relative fractal drum (A, Q) such that each of the points on the ‘critical line’ 
{Res = dimg(A,Q)} is a nonisolated singularity of the corresponding relative dis- 
tance or tube zeta function; see Theorem 4.6.13. These drums are also transcenden- 
tally quasiperiodic of infinite order, in the sense of Definition 4.6.7, and their explicit 
construction provided in this section makes an essential use of the celebrated Baker 
theorem (Theorem 3.1.14 on page 198) about transcendental numbers, itself a gen- 
eralization of the aforementioned Gel’ fond—Schneider theorem (Theorem 3.1.7 on 
page 192). We also construct fractal strings and bounded sets in the real line with the 
same property; see Corollary 4.6.17. We call these new geometric objects (maximal) 
hyperfractals; see Definition 4.6.23. For these latter constructions, we use a suitable 
family of generalized Cantor sets C (™-4) with two parameters; see Definition 3.1.1. 
More generally, strong hyperfractals are subsets A of R% such that the associated 
fractal zeta function C, (or, equivalently, €,) admits the critical line {Res = dimgA} 
as a (meromorphic) partial natural boundary (that is, €, cannot be meromorphically 
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continued beyond the critical line); see Definition 4.6.23. Finally, even more gener- 
ally, hyperfractals have the same property, but with respect to some suitable curve, 
called a screen, and not just the critical line. 

In Section 4.7, we show that the complex dimensions of relative fractal drums 
are preserved under embeddings into higher-dimensional spaces. As a result of 
the proof, so are the residues of the corresponding fractal zeta functions at any 
(simple) complex dimension. This provides a significant generalization of Kneser’s 
result [Kne, Satz 7] (see also [Res]), where the independence of the normalized 
Minkowski content on the dimension of the ambient space was established. The- 
orem 4.7.9 provides a connection between the relative tube zeta function of the 
original relative fractal drum and the relative tube zeta function of its embedding 
into a higher-dimensional space. The results of Section 4.7 can be used in order to 
determine the possible complex dimensions of special types of higher-dimensional 
relative fractal drums without explicitly computing the corresponding distance (or 
tube) zeta functions. This application is nicely illustrated in Example 4.7.15, where 
the (possible) complex dimensions of the Cantor dust are determined. 

The main goal of Chapter 5 is to obtain and establish general pointwise and dis- 
tributional tube formulas for relative fractal drums in R” (with N > 1 arbitrary), and, 
in particular, for bounded subsets of R%. These results extend to arbitrary dimen- 
sions the (pointwise and distributional) fractal tube formulas originally obtained for 
fractal strings in [Lap-vFr1—3](see, especially, [Lap-vFr3, Chapters 5 and 8]) and 
then extended to suitable fractal sprays and self-similar tilings in [LaPe2-3], and, 
more generally, in [LapPeWi1]. We also extend to higher dimensions the Minkowski 
measurability criterion obtained for fractal strings in [Lap-vFr1—3] (see, especially, 
[Lap-vFr3, Section 8.3]), as well as illustrate those results by means of a variety of 
examples, including fractal strings, self-similar fractal sprays, the Sierpinski gasket 
and carpet and their higher-dimensional analogs, along with non self-similar exam- 
ples such as “fractal nests” and “geometric chirps”. 

Recall from [Lap-vFr3] that, essentially, “fractal tube formulas” consist in ex- 
pressing the N-dimensional volume of the t-neighborhoods of relative fractal drums 
in terms of the underlying complex dimensions, appearing as the (co-)exponents of 
the resulting generalized Fourier series (in the t-variable). Accordingly, fractal tube 
formulas enable us to obtain a very precise understanding of the intrinsic oscilla- 
tions of fractals and thereby, to make explicit the key relationship between complex 
dimensions and oscillatory phenomena in fractal geometry. The theory developed in 
Chapter 5 extends this essential connection to any dimension (i.e., to any Euclidean 
space R”, with N > 1), without making any assumption of self-similarity or of a 
particular type of underlying fractal geometry. 

More specifically, the contents of Chapter 5 can be described in more detail as 
follows: 

In Section 5.1, the main result is Theorem 5.1.14, which provides a pointwise 
fractal tube formula, with or without an error term, depending on the growth prop- 
erties of the corresponding relative tube zeta function. 

In Section 5.2, in order to weaken the growth conditions imposed in Theorem 
5.1.14, we use a distributional approach and derive a fractal tube formula that holds 
distributionally (on an appropriate space of test functions), also with or without an 


24 1 Introduction 


error term (depending on the hypotheses). Accordingly, the main results of Section 
5.2 are Theorem 5.2.6, which is the distributional analog of Theorem 5.1.14, and 
Theorem 5.2.11, which provides an estimate for the corresponding distributional 
error term. 

In Section 5.3, we “translate” under essentially the same growth assumptions the 
results of Sections 5.1 and 5.2 (which were expressed in terms of the relative tube 
zeta function) in terms of the more flexible and practical (as well as geometric) no- 
tion of relative distance zeta function. In order to do so, we introduce in Definition 
5.3.1 a new type of fractal zeta function, called the relative shell zeta function. In 
the process, we derive the main properties of the relative shell zeta function as well 
as functional equations that connect it to the relative tube and distance zeta func- 
tions; see Theorems 5.3.2, 5.3.3 and 5.3.6. Finally, we note that the main results of 
Section 5.3 are the pointwise and distributional tube formulas of Theorems 5.3.16 
and 5.3.21, respectively. 

In Section 5.4, under suitable hypotheses, we obtain a necessary and sufficient 
criterion for the Minkowski measurability of a large class of relative fractal drums, 
expressed in terms of their fractal zeta functions and to be described below. The suf- 
ficiency part (Theorem 5.4.2) of this criterion is a consequence of the well-known 
Wiener—Pitt Tauberian theorem. In short, it states that a relative fractal drum (and, 
in particular, a bounded set) in RY is Minkowski measurable if the only pole of 
its corresponding fractal zeta function located on the critical line is real and simple. 
Furthermore, this pole is then equal to the relative box dimension of the drum. More- 
over, Theorem 5.4.2 then establishes a useful connection between the Minkowski 
content of the given relative fractal drum and the residue of the corresponding frac- 
tal zeta function evaluated at this pole. On the other hand, if, in addition, there are 
other poles on the critical line, the Wiener—Pitt Tauberian theorem only yields an 
upper bound for the upper Minkowski content of the relative fractal drum under 
consideration (see Theorem 5.4.4). 

In order to establish the other direction of the characterization of Minkowski 
measurability, we introduce (in Definition 5.4.6) a new fractal zeta function, called 
the relative Mellin zeta function. Its basic properties are given in Theorems 5.4.7, 
5.4.9 and 5.4.10. This new zeta function is needed in order to extend the distribu- 
tional tube formula of Theorem 5.3.21 to a larger space of test functions, which 
allows one to use the uniqueness theorem for almost periodic distributions in the 
proof of Theorem 5.4.15. Finally, by combining Theorem 5.4.2 and 5.4.15, we ob- 
tain the sought for Minkowski measurability criterion, in Theorem 5.4.20. 

More specifically, under suitable hypotheses, the Minkowski measurability cri- 
terion obtained in Theorem 5.4.20 states that an RFD (A, @Q) (and, in particular, a 
bounded set) in R” is Minkowski measurable if and only if it does not admit any 
nonreal principal complex dimensions (i.e., D = dimg(A,Q) is its only complex 
dimension of real part D) and D is simple. According to the fractal tube formu- 
las obtained in Chapter 5, this means that, under appropriate assumptions, an RFD 
(A, Q) (or, in particular, a bounded set) in R” is Minkowski measurable if and only 
if its tube function (expressing the volume |A; 7 Q|y of its t-neighborhoods A; Q) 
does not have any oscillations of leading order (i.e., of order t¥~? as t > 0*) or, 
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equivalently, in the terminology introduced and used in various places in Chapters 
4 and 5, if and only if it is not “fractal in dimension D”. 

Subsection 5.4.4 is dedicated to the notion of h-Minkowski measurability, rela- 
tive to a suitable (and nontrivial) gauge function (and thereby corresponding physi- 
cally and geometrically to a scaling behavior which does not obey a pure power law). 
More specifically, a general result about a class of relative fractal drums having (at 
most) finitely many complex dimensions located on the critical line {Res = D} and 
such that the multiplicity m of s = D is strictly greater than the multiplicities of the 
nonreal poles with real part D, is given in Theorems 5.4.27 and 5.4.32 of Subsec- 
tion 5.4.4. In short, such a relative fractal drum is then Minkowski degenerate with 
infinite Minkowski content, but is also h-Minkowski measurable, with respect to an 
appropriate gauge function. More specifically, h(t) := (logt—!)”~! for all t € (0,1) 
and m is the order of the associated complex dimension D. Furthermore, an explicit 
expression for the h-Minkowski content is also given in terms of the —m-th coeffi- 
cient in the Laurent expansion of the corresponding fractal zeta function around the 
pole D. Theorem 5.4.29 shows that the optimal tube function asymptotic expansion 
involves the difference between the abscissa of (absolute) convergence and the ab- 
scissa of meromorphic continuation of the fractal zeta function. Moreover, Theorem 
5.4.30 can be viewed as the converse of Theorem 4.5.1. In particular, the results 
obtained in this subsection also show that our results obtained in Chapter 2 and 4 
about the existence of meromorphic extensions of fractal zeta functions are, in some 
sense, optimal. 
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Fig. 1.5 The third approximation [3 of the graph I’ of the Cantor function fc : [0, 1] > R, defined in 
the caption of Figure 1.6 just below. The first approximation is defined by Tj := [1/3,2/3] x {1/2}, 
that is, as the longest line-segment (i.e., of length 1/3), while the second approximation, I> := 
Ty U ((1/9,2/9] x {1/4}) U ([7/9,8/9] x {3/4}), consists of Ij and the next two longest line- 
segments, of length 1/9 each. Here, we have that J C I> C J and J is equal to the union of seven 
pairwise disjoint line-segments. As we can see, the approximations Ij, for j = 1,2,3,..., of the 
graph of the Cantor function fc follow the construction of Cantor’s ternary set. 
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In Section 5.5, we discuss in details several interesting examples and applications 
of the fractal tube formulas for relative fractal drums developed in Sections 5.1—5.4. 
Notable among them is the example of a relative fractal drum based on a version of 
the graph of the Cantor function (Example 5.5.14), often called (after [Man1]) the 
devil’s staircase in the literature on fractal geometry; see Figures 1.5, 1.6 and 1.7, 
along with Remark 1.2.1 just below. 


Remark 1.2.1, The Cantor function, whose graph is depicted in Figure 1.7 near the 
point P of its graph I” (see also Figure 1.6), is @-Hélderian, with a = log; 2. Here, 
we can see a striking difference between the scaling rate in the vertical direction 
(which is equal to 2~/ at step j € N of the construction) and the scaling rate in 
the horizontal direction (which is equal to 3~/). Since 2~//3~/ = (3/2)/ + & as 
j — ©, we have a dramatic elongation in the vertical direction near the points of 
the graph of fc, corresponding to the points of the middle-third Cantor set. This is 
a reflection of the fact that the Cantor graph I" is not self-similar, but is instead an 
inhomogeneous self-affine set; i.e. (see Figure 1.5), 


r=S(r)un, fi) 


where 

S(T) := MTU (MT + (2/3,1/2)'), 
(1.2.2) 
M := Bi i , MI :={Mx:xeET} 
and Tj := [1/3,2/3] x {1/2} is a nonhomogeneous part of Equation (1.2.1). For 
example, MT corresponds to the ‘left third’ of I (i.e., to the subset {x = (x1,x2) € 
[D:0< x, < 1/3} of I), which is obtained from I by scaling it by the factor 
1/3 in the horizontal direction and then by the factor 1/2 in the vertical direction. 
The matrix M is called the affinity matrix. The ‘right third’ of I" (i.e., the subset 
{x = (1,22) € 0 22/3 <x, < 1} of I) is obtained by translating its ‘left third’ MT" 
by (2/3,1/2)' (here, by T we denote the matrix operation of transposition). More 
information about inhomogeneous self-affine sets can be found in Remark 2.1.87 of 
Subsection 2.1.6. 


Note that the points (3~/,2~/), for j € N, near the point (0,0) of the graph of the 
Cantor function, satisfy the equation y = x% with a = log; 2. Also note that the part 
of Tj contained in the rectangle of width 3~+, with vertices at P and Q, is congruent 
to the part of I7 in the analogous rectangle near the origin, containing the points 
(0,0) and (3~4,2~*). In fact, the same is true for all subsequent approximations I; 
of I’, where j > 7. It is easy to see that the subsets I; of the plane converge to I’ in 
the Hausdorff metric, as j + ©. 


As is well known, the box dimension (and hence also, the Hausdorff dimension) 
of the graph of the Cantor function is trivial; that is, it is equal to one because the 
graph is rectifiable (i.e., it has finite length). Therefore, according to Mandelbrot’s 
definition of fractality given in [Man1], the Cantor graph is not “fractal”. On the 
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Fig. 1.6 The fourth approximation I of the graph I" of the Cantor function fc : [0,1] + R. Here, 
T is defined as the closure of the subset U%"_,1j of the plane IR?, where the approximations Tj, for 
j =1,2,3,..., are indicated in this figure and in Figure 1.5 above. For example, Iq is equal to the 
union of 15 pairwise disjoint line segments. Note that Ij C Ij, for all j €¢ N. The Cantor function 
fc is continuous and nonconstant, but its pointwise derivative is equal to 0 almost everywhere in 
[0, 1] (more specifically, it vanishes identically on the complement of the Cantor set with respect to 
[0, 1]). Hence, as is well known, it is not absolutely continuous, since the Newton—Leibniz formula, 
fc(y) — fe(x) = J? f6(4) dt, is no longer valid for all x,y € [0, 1]. For example, fc(1) — fc(0) = 1, 
while fo f¢(t) dt = 0. A part of the seventh approximation I7 between the points P and Q is shown 
in Figure 1.7 below. 


other hand, intuitively, one would still like to refer to this graph as being “frac- 
tal”; the results obtained in Example 5.5.14 provide a partial justification for that. 
Namely, they show that the zeta function of the relative fractal drum based on the 
Cantor graph has nonreal poles located to the left of the critical line {Res = 1} and 
having real part equal to the box dimension of the middle-third Cantor set (that is, 
to log; 2 = 0.63), as was predicted in [Lap-vFr1—3] on the basis of an approximate 
tube formula (see, in particular, [Lap-vFr3, Section 12.1]). We then deduce from the 
theory developed in Chapter 5 that these poles generate lower-order oscillations in 
the asymptotic expansion of the tube function of the relative fractal drum associated 
to the Cantor graph. According to the definition of fractality introduced in Chapter 4 
and further discussed as well as refined in Chapter 5, it follows that the Cantor graph 
RFD is “fractal”. More specifically, it is not fractal in dimension D = | (the largest 
possible real dimension), but it is fractal in dimension d = log, 2, the dimension of 
the ternary Cantor set. We also conjecture that the same is true for the actual Cantor 
graph and provide partial evidence towards this conjecture. 
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Fig. 1.7 A part of the seventh approximation I7 of the graph I" of the Cantor function fc, shown 
near the point P(2/3, 1/2). (The upper right interval near the point Q is of length 3-4 ~ 0.01, and 
also belongs to I4; see also Figure 1.6 just above.) The slope of the line joining the points P and Q 
is equal to 2-+/3~4 = (3/2)* & 5. The slope of the line joining the point P with the left endpoint 
of the shortest line-segment of I7 just above P, is equal to 2~7/3~7 = (3/2)? = 17. Moreover, it 
is easy to see that the right derivative of the Cantor function fc at the point P is equal to +o. 
An analogous property holds for the right endpoint of any of the segments appearing in U5_)]j. 
See also Remark 1.2.1 on page 26. If we denote by o(I;) the number of line segments of the j-th 
approximation I; of the graph of the Cantor function, then it is easy to see that o(Ij) = 2/ — 1 for 
all positive integers j. In particular, we have that o(I7) = 2’ — 1 = 127. This figure shows only 9 
of the 127 line-segments of I7. 


Alongside other examples in Section 5.5, we also analyze fractal nests (Exam- 
ple 5.5.16) and unbounded geometric chirps (Example 5.5.19), which are not self- 
similar. The example of a family of fractal nests depending on a real parameter 
exhibits an interesting new phenomenon; namely, two simple complex dimensions 
(i.e., simple poles of the associated fractal zeta function) which “merge” for a partic- 
ular value of the parameter, form a single complex dimension of second order (i.e., 
a pole of multiplicity two). This second order complex dimension then generates 
logarithmic terms in the asymptotic expansion of the associated (relative) tube zeta 
function. 

Towards the end of Section 5.5, we show how some of the already established re- 
sults about the complex dimensions of self-similar sprays (see [LaPe2—3, LaPeWil, 
DeKOU)]) can be recovered from the results of Chapter 5 as well as significantly 
extended and placed in the much broader context of the new higher-dimensional 
theory developed in this book. 
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According to the definition of fractality proposed in [Lap-vFr1—3], a geomet- 
ric object is said to be “fractal” if it has at least one nonreal complex dimension!° 
(see, e.g., [Lap-vFr3, Subsection 12.1.2, pp. 337—342]) or else (according to the re- 
fined definition proposed in [Lap-vFr1—3], see e.g., [Lap-vFr3, Subsection 13.4.3, 
pp. 473-474)) if it has a partial natural boundary (along a suitable curve). Therefore, 
since (by the results of Chapter 2) distance (and tube) zeta functions are holomor- 
phic on the open right half-plane {Res > dimgA}, maximal hyperfractals are the 
most fractal objects possible. The construction of maximal hyperfractals discussed 
above (in the description of Chapter 4, especially of Section 4.6) makes it intuitively 
clear that such objects are plentiful, especially among random fractals. (See, e.g., the 
comment following Definition 4.6.23.) However, we expect that many (determinis- 
tic) classical fractals (such as self-similar sets, for example) are not of this type. It 
remains to be determined whether (possibly after having chosen a suitable gauge 
function) some of the fractals encountered in complex dynamics (such as Julia sets 
and the Mandelbrot set) or in conformal geometry (such as limit sets of Fuchsian or 
Kleinian groups) are hyperfractal or even maximally hyperfractal. (See, in partic- 
ular, Problems 6.2.20-6.2.21, along with Problem 6.2.32.) In Section 6.1, we first 
propose (in Subsection 6.1.1) a classification of bounded sets in Euclidean spaces, 
based on their tube functions, while later, in Subsection 6.1.2, we briefly comment 
on the history of some aspects of this topic, with particular attention to the notions 
of Minkowski measurability and Minkowski nondegeneracy. 

Section 6.2 contains several concluding remarks and many open problems, along 
with suggestions for further investigation concerning the possible use of distance 
and tube zeta functions, as well as their weighted or their relative counterparts, in a 
variety of situations. 


Finally, the main text of the book is completed by three appendices. In Ap- 
pendix A, we introduce a general notion of Dirichlet-type integral (DTD) or func- 
tion, of which all fractal zeta functions introduced and used in this book are special 
cases, and develop many aspects of the resulting theory. Furthermore, in Appendix 
B, we introduce a suitable notion of local distance zeta function. Moreover, in Ap- 
pendix C, we provide a table of the distance zeta functions and the principal complex 
dimensions of several basic relative fractal drums used throughout the text. 

Some of the many new results presented in this monograph are also discussed 
in the research articles [LapRaZu 1-6], as well as in the survey articles [LapRaZu7] 
and [LapRaZu8]. 

Although we have tried to keep this research monograph relatively self- 
contained, we have preferred to keep the overlap with the research monographs 
[Lap-vFr1—3] to a minimum. Hence, we refer the interested reader to those mono- 
graphs, and especially, to [Lap-vFr3], the second edition of [Lap-vFr2], entitled 


‘0 Complex dimensions are interpreted in this book as the poles (of a meromorphic extension) 
of the associated zeta function; that is, in the present geometric situation, as the poles of the 
associated distance (or, equivalently, tube) zeta function. We note that in the theory developed 
in [Lap-vFr1—3], except in very special (but important) situations (such as fractal strings and 
fractal sprays) no suitable general geometric definition of a zeta function attached to a (higher- 
dimensional) fractal is provided. 
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Fractal Geometry, Complex Dimensions and Zeta Functions (and subtitled Geome- 
try and Spectra of Fractal Strings), for a detailed exposition of fractal strings theory 
and of the associated theory of complex fractal dimensions, as well as for a variety 
of applications, including, for example, to self-similar fractal strings, generalized 
explicit formulas, fractal tube formulas, spectral asymptotics, a reformulation of 
the Riemann hypothesis in terms of inverse spectral problems for fractal strings, 
along with the distributions of zeros of arithmetic zeta functions and other aspects 
of number theory. We note that except when needed (for instance, to indicate the 
chronology of a given result), we will usually refer to [Lap-vFr3], rather than to 
[Lap-vFr1] or [Lap-vFr2] (or else, to related papers). 

We close this section with a few words about the interdependence of some of 
the chapters and sections. Chapter 2 provides the foundations for the remaining part 
of the monograph. Sections 3.4—3.7, 4.3, 4.4.2 and 4.6 can be omitted upon a first 
reading. Indeed, the results therein are of independent interest but are not used in the 
rest of the book.'! Also, Sections 3.1 through 3.7 are independent of one another. 
Finally, Sections 2.3 and 3.1 are prerequisites for Sections 4.3.2, 4.5 and 4.6. 


1.3 Basic Notation and Definitions 


In Subsection 1.3.1, we first introduce the notions of Minkowski contents and box 
dimensions, with a special emphasis on their scaling properties. In Subsection1.3.2, 
we review and introduce several definitions pertaining to the singularities of analytic 
functions, as they will be needed in several parts of this book. Finally, Subsection 
1.3.3 provides a short review of standard mathematical notation which we shall 
need throughout this monograph. Additional notation and definitions are introduced 
throughout the text, as well as in the glossary. 


1.3.1 Minkowski Contents and Box (or Minkowski) Dimensions 
of Bounded Sets 


By |E|y, we denote the N-dimensional Lebesgue measure of a measurable subset 
E of R%. When no ambiguity may arise, we simply write |E| instead of |E|y. The 
upper r-dimensional Minkowski content @*"(A) of a bounded subset A of RY, r € 
R,'? is defined by 


'l However, the notion of hyperfractal introduced in Subsection 4.6.2 and the construction (in the 
same subsection) of c-quasiperiodic relative fractal drums and strings that are maximally hyper- 
fractal should play an important role in the future developments of the (higher-dimensional) theory 
of complex dimensions and of fractal zeta functions. 

'2 Tt suffices to consider r > 0 here, but we want to emphasize that the more general situation when 
r € R will be important in the case of relative box dimensions; see, especially, page 249, along 
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M*" (A) = limsup aun (1.3.1) 
rot 
and the lower r-dimensional Minkowski content of A, denoted by .#/(A), is de- 
fined analogously (with a lower limit instead of an upper limit in the counterpart 
of (1.3.1). Clearly, we always have 0 < “4/(A) <.@*"(A) < ce. Here and in the 
sequel, as in Section 1.1, 


Ay = {x € RN : d(x,A) <t} (1.3.2) 


denotes the t-neighborhood (or tubular neighborhood of radius t) of A. If for some 
real number r we have .@7(A) = .@*"(A) € [0,+°], then the common value is 
denoted by .@"(A) and called the r-dimensional Minkowski content of A. 

All of the conclusions in this monograph remain valid if, instead of using the 
definition given in Equation (1.3.2), we define A, := {x € R% : d(x,A) <r}. This 
follows from the fact that the boundary of A; is negligible in the Lebesgue sense, 
that is, |0(A;)| = 0; see [Sta]. We point out that there exist open subsets U of RY 
such that |AU| > 0; see Remark 2.1.2 on page 46. 


Remark 1.3.1. Note that if A is any bounded subset of IR”, then we can easily con- 
clude from the definition of the Minkowski content that .# (A) exists and 


MN (A) =|Aly. (1.3.3) 


Indeed, since inf,< (0,5) |Ar| = lim,_,o+ |A;| = |A], then by letting 6 + 0* we obtain 
that ZN (A) = |A|, while from SUP;<(0,5) [Ar] = |Ag| and then letting 6 — 0+, we 
conclude that .@*" (A) = |A|. Note that the present remark shows that the claim 
stated in [Fed2, Theorem 3.2.39] holds without any rectifiability assumption on A, 
provided m = N in that theorem. 


The upper box (or Minkowski) dimension of A is defined by 
dimgA = inf{r € R: .@*"(A) =0}; (1.3.4) 
it is easy to see that we also have 
dimgA = sup{r € R: .@*"(A) = +0} (134) 


and 
dimpA = inf{r ER: @*"(A) < o}. (1.3.6) 


Furthermore, as was observed in footnote 12 on page 30, in the present case of 
bounded subsets A of R, it would clearly suffice to consider r € R, r > 0 in Equa- 
tions (1.3.4)-(1.3.6). 


with Corollary 4.1.38 and Remark 4.1.39 where the associated (relative) Minkowski dimension is 
equal to —c, 
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The lower box (or Minkowski) dimension of A, denoted by dim,A, is de- 
fined analogously as in either of Equations (1.3.4)-(1.3.6), with (A) instead of 
d*"(A) in the counterpart of (1.3.4)-(1.3.6). Since A is bounded, we always have 


0 <dim,A < dimgA < N. (1.3.7) 


Moreover, if both dimensions dimgA and dimpA coincide, then their common 
value is denoted by dimgA, and is called the box dimension of A (or Minkowski- 
Bouligand dimension of A), or else, simply, the Minkowski dimension of A. (We then 
say that dimgA exists.) According to (1.3.7), the upper and lower box dimensions 
of a bounded set A C R% belong to [0,N]. Hence, the same is true of the box (or 
Minkowski) dimension of A, when it exists. 

The values of the upper and lower Minkowski contents of a given bounded subset 
A of R depend on N, in general, since A can also be viewed as a subset of RY*!. On 
the other hand, it is easy to see that the values of dim,A and dimgA do not depend 
on N; see [Res, Proposition 1]. (See also the much earlier reference [Kne] where, 
however, no clear distinction seems to have been made between dim,A and dimgA.) 

If A is a bounded subset of R% such that dim,A < N, then |A| = 0, where A 
denotes the closure of A in R’. By contraposition, this property can be stated equiv- 
alently as follows: 


If |A| > 0, then dimgA exists and is equal to N.!° (1.3.8) 


To prove this property, note that the condition dimpA < N implies that .#‘ (A) =0 

(by the counterpart of Equation (1.3.4) for dimgA); i.e., liminf,_,9+ |A;| = 0. Since 

Ms0A; =A and t+ |A,| is nondecreasing, we deduce that |A| = lim,_,9+ |A;| = 0. 
If there exists D > 0 such that!* 


0<.A?(A) < M*?(A) <@, (1.3.9) 


we say that A is Minkowski nondegenerate. (By definition, the condition (1.3.9) of 
Minkowski nondegeneracy is equivalent to |A;| x t’~? as t + 0*. The notation = 
is explained in Subsection 1.3.3 on page 41.) Otherwise, we say that A is Minkowski 
degenerate. In other words, if A is degenerate, then either (a) dim,A < dimgA 
(i.e., A is strongly degenerate) or (b) D := dimgA exists and either .#?(A) = 0 
or .@*P (A) = +0 (i.e., A is weakly degenerate). More details about degenerate sets 
can be found on pages 544 and 550. Note that if A is nondegenerate, it then follows 
from (1.3.4)-(1.3.5) and their counterpart for #/ (A) that dimgA exists and is equal 
to D. 

Finally, as we have already stated, if #/?(A) =.@*?(A), then their common 
value is denoted by .@?(A) and called the Minkowski content of A. If, in addition, 


M” (A) € (0, +), (1.3.10) 


'3 Tf dim,A = N, then the inequalities in (1.3.7) imply that dimgA = N as well. 
14 Tt is easy to verify that, if D > 0 is such that 0 < MU? (A) < M*? (A) < co, then dimgA exists 
and dimgA = D. 
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Fig. 1.8 The graphs of the functions r+ (A) and r++ .@*"(A), assuming that A is Minkowski 
nondegenerate and nonmeasurable; i.e., D := dimgA exists and 0 < M2 (A) < MP (A) < oe. 
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Fig. 1.9 The graph of the function r++ .@"(A), assuming that A is Minkowski measurable; i.e., 
both D := dimgA and .@?(A) exist and 0 <.@?(A) <. 


then A is said to be Minkowski measurable.'> (See Figures 1.8 and 1.9.) Hence, 
a Minkowski measurable set is necessarily Minkowski nondegenerate. If A is not 
Minkowski measurable, we say that it is Minkowski nonmeasurable.'® 

The intuitive meaning of the box dimension of a bounded set A in RY can be best 
understood by considering the asymptotic behavior of the associated tube function 
t+ |A;| as t + 0+. If we assume that A is such that 


|A;| xt” as t—0t, (1.3.11) 


'S Condition (1.3.10) of Minkowski measurability is easily seen to be equivalent to |A;| ~ CrY-? 
as t + 0*, where C € (0,+c°); then, we must have .#?(A) = C. The notation ~ is explained in 
Subsection 1.3.3 on page 41. 

'6 Note that A is Minkowski nonmeasurable if and only if either (a) dim,A < dimgA, or (5) 
D:= dimgA exists but (A) =0 or else W*? (A) = +2 or 0< P(A) < M*P(A) < ~. 
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for some y € (0,N] (which is true for most of the classical fractal sets), then D := 
dimgA exists and dimgA = N — y. In other words, 


dimgA = N — lim log, |A;|. (1.3.12) 
t>0+ 


Clearly, (1.3.11) can be written as 
lA,|=e"? as 20, (1.3.13) 


and this property is equivalent to the Minkowski nondegeneracy of A. We shall 
encounter various refinements of condition (1.3.13) throughout this monograph, in 
the form 

|A,| =¢8-?(F(t)+0(1)) as t—0t, 


for various classes of functions F’. See, for instance, Section 2.3 (especially, Equa- 
tions (2.3.26), (2.3.30), (2.3.54)-(2.3.55), (2.3.70) and (2.3.77)-(2.3.78)), Section 
2.4, Section 3.1 (especially, Equations (3.1.2)—(3.1.3), (3.1.13) and (3.1.29), Theo- 
rems 3.1.12, 3.1.15, and 3.1.20), Section 4.3.2 [particularly Equations (4.5.9) and 
(4.5.22), along with Theorems 4.5.1, 4.5.2, 4.5.8 (and their proof)], Section 4.6.1 
[especially, Equation (4.6.4), Theorem 4.6.9 (and its proof), Corollary 4.6.17 and 
Example 4.6.21], Section 6.1 (Equations (6.1.1), (6.1.4)-(6.1.6), along with Defini- 
tions 6.1.4 and 6.1.7 as well as Example 6.1.5, Problems 6.2.2, 6.2.3 and 6.2.16). 
The asymptotic behavior (1.3.13) is expected to be equivalent!” to 


N,(6)x6-? as 50+, (1.3.14) 


where the box-counting function N,(6) is the number of 6-mesh cubes in R% that 
intersect A. (It can easily be shown that it suffices to consider diadic meshes of the 
form 6 = 2~* as k > .) In particular, 


dimgA = lim lo N,(6); 
B Pare 81/5 »(5) 


see [Fall, p. 41]. Passing to the general case, that is, assuming that A is any bounded 
set A in R, it is not difficult to show that 


dimpA = N — limsup log, |A;|, 
t0F 


= (1.3.15) 
dimgA = N — liminf log, |A;| 
t0F 


'T When N = 1, this equivalence is established in [LapPo 1-2], using the language of fractal strings 
and hence, is valid for any compact (or, equivalently, bounded) subset A of R. 
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and 
dim,A = liminf lo N,(0), 
Cun: ae 81/5 (5) 


— 1.3.16 
dimgA = limsup logs N,(6). ( ) 
60+ 


If we use as an alternative notation lim and lim for liminf and limsup, respectively, 
both equations appearing in (1.3.16) can be written even more succintly as follows: 


dimzA = lim logs Np(6), dimgA = lim log, s N,(65). 
630+ 60T 


As was already mentioned, the map 6 +> N,(6), 6 > 0, is called the box-counting 
function of A. Equation (1.3.16) therefore provides a natural motivation for the name 
of the upper and lower box-counting dimensions. Other variations of (1.3.16), that 
is, of the definition of N,,(6), can be found in [Fal1, p. 41]. 

Throughout this book, we will assume, most often implicitly, that the bounded 
set A C RY is nonempty, in order to avoid trivial exceptions to the statements of 
some of our results. 


We conclude this subsection with a few words about the scaling properties of 
Minkowski contents. In the sequel, for any given nonempty bounded subset A of RY 
and A € R, we let AA := {Ax:x€ A}. 

Let A,(IR%) be the family of all bounded subsets of R% and let A €¢ A,(R%) 
be a given nonempty bounded subset. A function .W : A(R”) > [0, +69] is said 
to be homogeneous with respect to A (or D(A)-homogeneous) if there exists a real 
number D(A) such that 


MAA) =APA) (A), forall A>0. 


If .@ is homogeneous with respect to every nonempty bounded subset A in R, 
we say that the function .@ is homogeneous. For example, the function .Z%* : 
PY, (RY) > [0, +e] defined by .W@*(A) :=.@*P(4) (A) (ie., the upper D(A)-dimen- 
sional Minkowski content of A), where D(A) := dimgA, is homogeneous; that is, 


MPAA) = APA) P(A), forall A>0. (1.3.17) 


We say for short that the upper Minkowski content is homogeneous. See Remark 
1.3.2. Much as in Equation (1.3.17), the lower Minkowski content is homogeneous 
in the following sense: 


MPA (RA) = 221A) ge) (A), forall A>O, (1.3.18) 


where D(A) := dimpA. These scaling results are easily obtained by noting that 
A(A;) = (AA),; for any t > 0. It is easy to see that the scaling (or homogeneity) 
properties (1.3.17) and (1.3.18) are equivalent to the following equations: 


M* (NA) = M™(A),  AOE(AA) = 18 03(A) (1.3.19) 


36 1 Introduction 


for all A > 0 and s € R. Indeed, if s < D(A), then both sides of the first equation 
are equal to +o°, whereas for s > D(A) both sides are equal to zero. We can argue 
analogously in the case of the second equation. A more general result, extending 
the scaling properties (1.3.19) from bounded subsets of IR to the setting of relative 
fractal drums, can be found in Lemma 4.6.10. 


Remark 1.3.2. It is clear that dimg(AA) = dimgA, i.e., D(AA) = D(A), for every 
A > 0, and similarly for the lower box dimension. This is a very special case of the 
property of bi-Lipschitz invariance of box dimensions: if A is a bounded set in RY 
and f : A > RY is a bi-Lipschitz function; that is, there exist positive constants c; 
and c such that c;|x—y| < | f(x) — f(»)| < co|x—y| for all x,y € A, then (see [Fal], 
p. 44]), we have 


dimg f(A) =dimgA and dim, f(A) = dim,A. 


Remark 1.3.3. Unless explicitly stated otherwise, the bounded sets A C R% consid- 
ered in this book are implicitly assumed to be nonempty; furthermore, when work- 
ing with a relative fractal drum (A, Q), as in Chapters 4—6, we will also assume that 
A is nonempty and, in addition, that the open set Q C R is nonempty. 


Remark 1.3.4. Since d(-,A) = d(-,A), where A denotes the closure of A in RY, it 
follows that the t-neighborhood A; of a bounded subset A of R% is equal to that 
of its closure; namely, A; = (A);, for every t > 0. As a result, the same is true 
for the volume |A;|, as well as for the (upper, lower) Minkowski dimension and 
for the (upper, lower) Minkowski content of A. For example, dimg A = dimgA and 
M*? (A) =.m*?(A). Since, in a Euclidean space R”, a subset A is compact if and 
only if it is closed and bounded, it follows that when we work with the distance zeta 
function (or later on, the tube zeta function) of a bounded set A C R, we may as 


well asume that A is compact. 


1.3.2 Singularities of Analytic Functions 


Since singularities of holomorphic functions play an important role in this book, we 
briefly recall their definitions and classification. 

Let f : U \ {s9} — C be a given holomorphic function, where U is a connected 
open subset of the complex plane C and sy € U. We say that so is an isolated singu- 
larity of f if it is either a removable singularity or a pole or an essential singularity. 
Here, we say that: 


(a) so is a removable singularity of f if the limit lim,_,,, f(s) exists and is a com- 
plex number;!® equivalently, there exists a holomorphic extension F of the function 


18 All of the limits as s > so are implicitly assumed to hold as s > so, s € U. 
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f from U \ {so} to the whole of U (in other words, F : U > C is holomorphic and 
f(s) = F(s) for alls € U \ {so}, ie., f = Fluysso})5 

(b) so is a pole of order k of f, where k €N, if the limit lim,_,,,(s — so)‘ f(s) 
exists and is equal to a complex number different from zero. Equivalently, so is a 
pole of f if lims_+s, |f(s)| = +e and in that case, the order of so is the integer k for 
which the above nonzero limit exists. If k = 1, the pole so is said to be simple and in 
that case, the residue of f at so is given by res(f, 89) := lims_+s)(s — so) f(s); 

(c) so is an essential singularity of f if it is neither a removable singularity nor a 


pole of f; in other words, the limit lim,_,,, (s — so)‘ f(s) does not exist in C, for any 
keEN. 


Remark 1.3.5. Simple illustrations of isolated singularities of the types (a)-(c) 
above, respectively, and in the case when sp := 0 and U := C \ {0}, are: (a) f(s) = 
sins/s, (b) f(s) = 1/s* for some k € N, and (c) f(s) = exp(1/s) = S71 1/(k!s*). 


Equivalently, so € U is an isolated singular point of a holomorphic function 
f :U\ {so} — C if there exists an €-neighborhood Beg(so) of so, in the complex 
plane, where € > 0 and such that f is holomorphic on the punctured €-neighborhood 
Be(so) \ {so} of so. (Here, Be (so) denotes the open disk of center sg and radius €.) 
Recall that it then follows that f can be expanded into a Laurent series arround s9 
in the punctured disk Be(so) \ {so}: 


f(s)= s Gn(s—so)”, (1.3.20) 
N 


n=— 


where N € NoU {ee} and a, € C for every finite n. Then, so is aremovable singularity 
of f if and only if N = 0. Furthermore, it is a pole of order N of f if and only if 
N €Nanda_y £0; in that case, ee an(s — 50)", the principal part of f at so, is 
nontrivial but contains only finitely many terms. Finally, so is an essential singularity 
of f if and only if N =o; more precisely, if and only if N = and the principal 
part of f at so, ee (s — so)", contains infinitely many terms such that a, 4 0 
with n < 0. 


In several places in this book, particularly in Chapters 4 and 6,!° we will also 
work with the nonisolated singularities of a holomorphic function f defined on a 
given connected open subset U of C. In that case, such singularities will consist of 
the set of accumulation points so of U such that Be(so) \ {so} C U for sufficiently 
small € > 0 and the associated cluster set @ (so, f) is not reduced to a single point.”° 


Here, the cluster set @ (so, f) of f at so € C (where C := CU {co} is the Riemann 


19 Tn Chapter 4, see, e.g., Theorem 4.3.21 in Subsection 4.3.2, Lemma 4.5.10 and Figure 4.16 
in Subsection 4.5.2, Theorem 4.6.9 in Subsection 4.6.1, Theorem 4.6.13 and Corollary 4.6.17 in 
Subsection 4.6.2, Corollary 4.6.28 in Subsection 4.6.4, along with Subsection 4.6.3. In Chapter 6, 
see, e.g., Problem 6.2.18 and Problems 6.2.21-6.2.26. 

20 If @(so, f) consists of a single point, and we assume that f is holomorphic in Be (so) \ {0}, then 
sg 1s an isolated singularity which is either a pole or a removable singularity of f. 
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sphere equipped with its natural topology) is the set of all tT € C such that there ex- 
ists a sequence (s,)_, satisfying s, € U for alln > 1, s, > so and f(s.) > 7inC, 
as n — oe, Such a nonisolated singularity is also sometimes called an “essential sin- 
gularity point of f”. (See, e.g., [Haz].) This is, of course, a more general notion than 
the usual type of essential singularity encountered in elementary complex analysis 


and discussed earlier in this subsection. 


Assume that f : U + C is a holomorphic function, where U is a connected open 
subset of the complex plane C and so belongs to the boundary of U, i.e., so € OU. 
If there is no € > 0 such that f can be holomorphically extended to a punctured 
€-neighborhood Be (sq) \ {so} of so, we say that so is a nonisolated singularity of f. 

For example, if there exists a sequence of isolated singularities (s,),>1 of f con- 
verging to so, then sg is a nonisolated singularity of f. 


Definition 1.3.6. Given a holomorphic function f : U — C, where U is a connected 
open subset of C, as above, we say that K := 0U is a (holomorphic) natural bound- 
ary of f if there is no s € K and € > 0 for which an analytic (i.e., holomorphic) 
continuation of f is possible to Bg(s). (Here, as before in this subsection, Be(s) de- 
notes the open disk of center s and radius € in C.) Then, U is called a domain of 
holomorphy for f. 


Remark 1.3.7. The only nonisolated singularity of the function f(s) := 1/sin(1/s) 
is s = 0. Indeed, s, = 1/(kz), with k € N, are simple poles of f converging to 0 as 
k — co; here, U := C\ ({1/(ka) : k € N}U{0}). Another well-known example is 
provided by the lacunary series defined by g(s) := Yi, st =l ts?tst+s2+..., 
where s € U := B,(0), for which it can be shown that the unit circle K = {s EC: 
|s| = 1} is a corresponding (holomorphic) natural boundary of g; in particular, each 
point so € K is a nonisolated singularity of the function g. Equivalently, the open 
unit disk U := {s € C: |s| < 1} is a domain of holomorphy for g, in the sense of 
Definition 1.3.6. 


Let U be aconnected open subset of the complex plane C and let C:=Cu {co} be 
the one-point compactification of C, also referred to as the Riemann sphere. We say 
that a function f : U — C is meromorphic if there exists a subset S of U consisting 
of isolated points in U, such that f is holomorphic on U \ S and each so € S is a pole 
of f. Here, since it is discrete, the set S is necessarily at most countable, possibly 
empty. As is well known, if f is extended to become a C-valued function f (Le., 
f:U —C, with f(s) := © for all s € S and f(s) := f(s) for all s € U \ S) and C is 
viewed as a compact Riemann surface, then the meromorphic function f :U > C 
becomes a holomorphic function f : U + C. The converse of this statement is also 
true (and in that case, 5 := f—!({co}) is the set of poles of f); see, e.g., [Ebe]. 

Finally, let us still assume that U is a connected open subset (i.e., a domain) 
of C. Then, recall that a function f : U + C is meromorphic if and only if it can 
be written as the ratio of two holomorphic functions on U: f = @/w, where @ and 
y are holomorphic on U. In that case, provided @ and y do not have any common 
zeros, the set S of poles of f coincides with the zeros of yw: S:= {se U : w(s) =O}. 
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(In general, it is clearly contained in S.) The above factorization property implies 
that, as is well known, the principle of analytic continuation extends to meromor- 
phic functions. More specifically, if two meromorphic functions f and g on a given 
domain U of C coincide on a subset of U having a limit point in U, then they co- 
incide everywhere in U. This “principle of meromorphic continutation’ will be used 
throughout this book, and often referred to as the principle of analytic continuation. 
Furthermore, recall that as a simple consequence of the principle of analytic con- 
tinuation, a meromorphic function admits at most one meromorphic extension to a 
given connected open set; in other words, on any domain V of C, the meromorphic 
continuation of f, if it exists, is unique. 

In the remainder of this book, we will need the following nonstandard defini- 
tions, especially when discussing the notions of hypefractality (and strong hyper- 
fractality), as well as maximal hyperfractality, in Subsection 4.6.3 of Chapter 4. For 
now, the reader may wish to omit these definitions upon a first reading, and return 
to them later, when necessary. 


Definition 1.3.8. Let f : U + C be a meromorphic function, where U is a connected 
open set in C with boundary K := dU. 


(i) We say that f admits K as a (meromorphic) partial natural boundary (or that K 
is a (meromorphic) partial natural boundary of f) if f cannot be meromorphically 
continued beyond K or, more precisely, if there exist sy € K and € > 0 such that f 
cannot be meromorphically extended to Bg (so). Equivalently, given any open set V 
of C containing U U {so}, f cannot be meromorphically continued to V. (See also 
Remark 1.3.9 below.) We then say that U is a partial domain of meromorphy for f. 


(ii) Moreover, K is called a (meromorphic) natural boundary of f if there does 
not exist so € K and € > O for which a meromorphic extension of f is possible to 
B, (so). Equivalently, given any so € K and any open set V of C containing UU {so}, 
f cannot be meromorphically extended to V. We then say that U is a domain of 
meromorphy for f 7! 


Note that unlike the traditional notion of (holomorphic) natural boundary recalled 
earlier (on page 38), the above definition of (meromorphic) partial natural boundary 
or of (meromorphic) natural boundary refers to the meromorphic continuation rather 
than to the holomorphic continuation of /. 

We will only need to use the notion of (meromorphic) partial natural boundary, 
not its obvious holomorphic counterpart (which is not an equivalent notion). There- 
fore, when no ambiguity may arise, we will sometimes omit the adjective “mero- 
morphic” when referring to a partial natural boundary. 


2! Clearly, a meromorphic natural boundary is a holomorphic natural boundary (in the sense re- 
called in Definition 1.3.6 on page 38), but the converse is not true, in general. Indeed, if a fractal 
zeta function cannot be extended meromorphically to some connected open subset in C, then a 
fortiori, it cannot be extended holomorphically. Equivalently, if U is a domain of meromorphy for 
J, then it is also a domain of holomorphy for f (still in the sense of Definition 1.3.6). 
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Remark 1.3.9. (a) We will only use Definition 1.3.8 when K is a screen S (with as- 
sociated window W), in the sense of [Lap-vFr3] recalled in Definition 5.1.1, and f 
is one of the fractal zeta functions discussed in this book. In that case, U is the inte- 
rior of the window and its boundary K = S = dU isa suitable curve in C (extending 
vertically in both directions). Consequently, f is assumed to be meromorphic to the 
right of the screen S. We point out that in the important special case when K = S 
is the critical line {Res = D}, this hypothesis is automatically satisfied because by 
part (a) of Theorem 2.1.11 below, the fractal zeta function is then holomorphic for 
Res > D. 


(b) It would be reasonable to strenghten part (7) of Definition 1.3.8 by requiring 
that there exists an infinite sequence of distinct points s, € K and of positive numbers 
€, such that for each n > 1, f cannot be meromorphically extended to Bg, (s,). The 
examples of strongly hyperfractal RFDs (that are not maximally hyperfractal) given 
in this book would still satisfy this stronger property, with f being the associated 
fractal zeta function and K coinciding with the critical line {Res = D}. 


1.3.3 Standard Mathematical Symbols and Conventions 


Throughout this book, we will use the special symbol 1 for the imaginary unit: 
1:=V-l. (1.3.21) 


This will enable us, in particular, to use the ordinary symbol i as a running index, 
either as a subscript or superscript. We use the upright (‘Roman’) e and d to denote, 
respectively, the base of the natural logarithm and the differentiation sign. 


The logarithm of x > 0 in base a > 0 is denoted by log,,x. Recall that, by defini- 
tion, y = log, x is equivalent to x = a. The natural logarithm, that is, the logarithm 
in base e © 2.718, is denoted by log x. It is easy to see that for any c > 0, the follow- 
ing useful property holds: log, x = log,..x / log,.a. In particular, log, x = log x / loga. 

We shall also need to use the notation 


An/2 
Om = ml (m2)? (1.3.22) 
where I is the gamma function and m is any positive real number. If m is a positive 
integer, then @,, is equal to the m-dimensional Lebesgue measure of the unit ball in 
R”. Recall that T(x + 1) = xI'(«) for any positive real number x and T'(1) = 1, so 
that [(n+ 1) =n! for any n EN. Also, [(1/2) = V7, so that '(m/2) can be easily 
calculated when m is odd. 
Recall that given a function f : (0,a) > R, with fixed a > 0, its lower and upper 
limits as t + O* are defined, respectively, by 


liminf f(t) := lim ee limsup f(t) := lim sup f(t). 


t0F 6-07 tE(0,6 10+ 5-+0* +€(0,5) 
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For any two sequences of positive real numbers (a;,)°_, and (bx)f_,, we write 
ax<by ask—- oo 


if there exists a positive constant c such that c < a,z/by < c7! for all k > 1. If 
ax /by — 1 (or more generally, if by = ay(1 + 0(1))) as k > ©, we write a, ~ by 
as k —> ce, [Here, o(1) (“little 0” of one) means that the implied error term tends to 
zero as k —> co.] We adopt entirely analogous notation for functions of a real vari- 
able and for the asymptotic behavior of such functions at finite or infinite values. 
Furthermore, the same symbol ~ will be used for the equivalence of zeta functions 
(see Definition 2.1.69), and the different meanings of the symbol ~ used in the text 
should be clear from the context. Also, we write Yj) a, < Yig_, by if the series are 
simultaneously convergent or divergent. This is the case if ay =< by as k + ©». 

We say that a sequence (/;) ;>1 of real numbers is: increasing if 1; <1) for all 
j= 1; decreasing if 1; > 1,4, for all j > 1; nondecreasing if 1; <1j4, for all j > 1: 
nonincreasing if 1; > 14, for all j > 1. We adopt an analogous terminology for real 
functions of a real variable. 


We also recall the notion of a bounded fractal string & (see [Lap-vFr1-—3] and 
the beginning of Subsection 2.1.4). It is defined as a nonincreasing sequence 7 = 
(lx) cen of positive real numbers with finite total length |.Z|,; i.e., such that | Z|) := 
dee & < ce. Alternatively, we will also consider and use the geometric definition 
of a bounded fractal string, namely, as an open subset Q of R such that |Q|; < 
eo; see Subsection 2.1.4 along with [Lap-vFr3, LapPo2, Lap3]. Furthermore, we 
define the tensor product Y, ® Ly of two bounded fractal strings “4 and Y as 
the bounded fractal string consisting of all possible products A -u with A € 4, and 
Lt € YZ, counted with their corresponding multiplicities. See Definition 4.2.2 for 
more details. It is clear that |.% @ |) = |_%|1 -|-Za|1. Similarly, we can define the 
union of two bounded fractal strings, “4 L! , as the union of the corresponding 
multisets; that is, as the usual union but also with the corresponding multiplicities 
taken into account (see also Definition 4.5.11). 

One can easily check that |.% U%|1 = |A|1 + |-4]1. Furthermore, if we de- 
note the collection of all bounded fractal strings by -Z,, it is easy to see that both 
(.Z,®) and (Y,,U) are commutative semigroups, while 4, is a convex cone in 
the standard Banach space (¢;(R),-+) of absolutely summable sequences (xx) cen 
of real numbers. The union LI can be extended to include an infinite sequence of 
bounded fractal strings (-Z%)xen. More specifically, the infinite union LI? ,-% is a 
bounded fractal string, provided Yi, |-Z|1 < ce. Finally, for any bounded fractal 
string Y and c > 0, we define the c-scaled string c# as cL := (cA)je yg. 


Given a € R, we denote by {Res > o} the open right half-plane 


{seC:Res> a}. 
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We use a similar convention for the left half-plane {Res < a}, for example. Analo- 
gously, we denote by {Res = a} the vertical line 


{seC:Res=a}. 


Finally, by a countable set A, we mean an infinite set which is in bijection with 
the set of natural numbers N = {1,2,3,---}. Equivalently, a countable set can be 
represented as an infinite sequence, A = (ax)xen, such that a; # a; for any pair of 
distinct indices i and j € N. 


Chapter 2 
Distance and Tube Zeta Functions 


Le plus court chemin entre deux vérités dans le domaine réel 
passe par le domaine complexe. 


[The shortest path between two truths in the real domain passes 
through the complex domain.] 
Jacques Hadamard (1865-1963) 


Abstract Distance and tube zeta functions of fractals in Euclidean spaces can be 
considered as a bridge between the geometry of fractal sets and the theory of holo- 
morphic functions. This is first seen from their fundamental property: the upper 
box dimension of any bounded fractal is equal to the abscissa of convergence of 
its distance and tube zeta functions. Furthermore, under some natural conditions, 
the residue of the tube zeta function of a fractal, evaluated at its abscissa of conver- 
gence, is equal to its Minkowski content, a fractal analog of its volume. It is possible 
to obtain very general results dealing with the problem of meromorophic continua- 
tion of these two fractal zeta functions. We show, in particular, that the distance zeta 
function and the tube zeta function contain essentially the same information, both 
from the point of view of their meromorphic continuation (when it exists) to a given 
domain of the complex plane, of their poles (called visible complex dimensions) 
and their residues (or, more generally, their principal parts), which are related in 
a simple manner. Consequently, the higher-dimensional theory of complex dimen- 
sions can be developed by using either of these two fractal zeta functions, and much 
preferably, both of them since one of these zeta functions is often more natural or 
simpler to use in a given situation or example. A variety of examples are studied 
from this point of view throughout the book (including in this chapter, the (N — 1)- 
dimensional sphere, generalized Cantor sets and the a-string, and in later chapters, 
the N-dimensional analogs of the Sierpinski carpet and the Sierpinski gasket, as well 
as fractal nests, self-similar fractal sprays, two-parameter generalized Cantor sets, 
discrete and continuous spirals, geometric chirps, etc.). In the one-dimensional case 
(that is, in the case of fractal strings), we show that the geometric zeta function of a 
fractal string and the corresponding distance zeta function are equivalent (in a suit- 
able sense), and, in fact, define the same complex dimensions (except possibly at 
s = 0); in particular, they have the same abscissa of convergence, equal to the upper 
Minkowski dimension of the fractal string (or, equivalently, of the associated frac- 
tal subset of the real line). As we shall see in later chapters, distance and tube zeta 
functions can also be viewed as a bridge to the transcendental theory of numbers. 
For these reasons, these new fractal zeta functions deserve to be seriously studied. 
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In fact, as is suggested by the title of this research monograph, they are the cen- 
tral object of investigation in this chapter and, along with their poles (or ‘complex 
dimensions’ ), throughout the entire book. 


Key words: distance zeta function, tube zeta function, geometric zeta function, 
fractal set, fractal string, box dimension, complex dimensions, principal complex 
dimensions, Minkowski content, Minkowski measurable set, residue, Dirichlet se- 
ries, Dirichlet-type integral, meromorphic extension, abscissae of meromorphic and 
absolute convergence, generalized Cantor set, Sierpinski carpet, average Minkowski 
content, average Minkowski dimension. 


Distance and tube zeta functions of fractals in Euclidean spaces can be considered 
as a bridge between the geometry of fractal sets and the theory of holomorphic func- 
tions. This is first seen from their fundamental property: the upper box dimension 
of any bounded fractal is equal to the abscissa of convergence of its distance and 
tube zeta functions (see Theorem 2.1.11 and Theorem 2.2.11). Furthermore, under 
some natural conditions, the residue of the tube zeta function of a fractal, evaluated 
at its abscissa of convergence, is equal to its Minkowski content, a fractal analog of 
its volume; see Subsection 2.2.2, along with its counterpart for distance zeta func- 
tions, Subsection 2.2.1. It is possible to obtain very general results dealing with 
the problem of meromorophic continuation of these two fractal zeta functions; see, 
especially, Theorems 2.3.18, 2.3.25 and 2.3.37. 

We show, in particular, that the distance zeta function and the tube zeta func- 
tion contain essentially the same information, both from the point of view of their 
meromorphic continuation (when it exists) to a given domain of the complex plane, 
of their poles (called visible complex dimensions) and their residues (or, more gen- 
erally, their principal parts), which are related in a simple manner; see, especially, 
Corollary 2.2.20. Consequently, the higher-dimensional theory of complex dimen- 
sions can be developed by using either of these two fractal zeta functions, and much 
preferably, both of them since one of these zeta functions is often more natural or 
simpler to use in a given situation or example. A variety of examples are studied 
from this point of view throughout the book (including in this chapter, the (NV — 1)- 
dimensional sphere, generalized Cantor sets and the a-string, and in later chapters, 
the N-dimensional analogs of the Sierpinski carpet and the Sierpinski gasket, as well 
as fractal nests, fractal sprays, two-parameter generalized Cantor sets, discrete and 
continuous spirals, geometric chirps, etc.). 

In the one-dimensional case (that is, in the case of fractal strings), we show that 
the geometric zeta function of a fractal string and a corresponding distance zeta 
function are equivalent (in a suitable sense), and, in fact, define the same complex 
dimensions (except possibly at s = 0); in particular, they have the same abscissa 
of convergence, equal to the upper Minkowski dimension of the fractal string (or, 
equivalently, of the associated fractal subset of the real line). See Subsection 2.1.4, 
especially, Proposition 2.1.59. 

As we shall see in later chapters (Sections 3.1 and 4.6), distance and tube zeta 
functions can also be viewed as a bridge to the transcendental theory of numbers. 
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For these reasons, we believe that these new fractal zeta functions deserve to be 
seriously studied. In fact, as is suggested by the title of this research monograph, 
they are the central object of investigation in this chapter and, along with their poles 
(or ‘complex dimensions’), throughout the entire book. 


2.1 Basic Properties of the Zeta Functions of Fractal Sets 


In this section, we introduce a new class of zeta functions, which we call distance 
zeta functions; see Definition 2.1.1. They represent a natural extension of the ge- 
ometric zeta functions of bounded fractal strings, introduced by the first author in 
the early 1990s in [Lap1-—3] (see also [LapPol—3], [LapMal—2] and [HeLap]) and 
studied extensively in [Lap-vFr1—3]. Especially important is the notion of equiva- 
lence of zeta functions, as well as the definition of principal complex dimensions of 
fractals; see Section 2.1.5. 


2.1.1 Definition of the Distance Zeta Functions of Fractal Sets 


We study some of the basic properties of the distance zeta function €,4 = C4(s) 
associated with an arbitrary bounded set A in R. Here, s is a complex variable. The 
definition of this new fractal zeta function, introduced by the first author in 2009 (see 
Definition 2.1.1), involves the Euclidean distance from x to A, denoted by d(x,A), 
and the 6-neighborhood (or tubular neighborhood) of A, that is, 


As = {x © RN : d(x,A) < 5}. 


Definition 2.1.1. Let 6 be a fixed positive number. Then, the zeta function C, of a 
bounded set A in R%, or distance zeta function of A, is defined by 


Ca(s) = [. d(x,A)° dx, (2.1.1) 


for all s € C with Res sufficiently large. The integral is taken in the Lebesgue sense 
(and hence, is absolutely convergent). 


We shall see in Theorem 2.1.11 below that ¢, is holomorphic in the half-plane 
{Res > dimgA}, with an expression still given by (2.1.1), and that the lower bound 
dimgA is the best possible. The integral occurring in Equation (2.1.1) above can be 
taken over Ag \A instead of Ag; see Proposition 2.1.22. Also, we shall extend the 
definition of the distance zeta function so that the value of 6 will become inessential; 
see Definition 2.1.79. Furthermore, we will simplify (or rather, supplement and ex- 
tend) the original definition of the complex dimensions of fractal strings introduced 
by the first author and M. van Frankenhuijsen in [Lap-vFr1—3]; see, in particular, 
Subsections 2.1.4 and 2.1.5. Here, we deal with the principal complex dimensions 
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(i.e., the poles of €,4 located on the critical line {Res = dimgA}), as well as with 
the visible complex dimensions (i.e., the poles of €4 within a suitable subset of C 
containing the closed half-plane {Res > dimgA}), in the higher-dimensional case; 
see, respectively, Definition 2.1.67 and Definition 2.1.68. 

We will place some emphasis on the principal complex dimensions of A. Indeed, 
as is the case in [Lap-vFr1—3] where is developed a general theory of explicit tube 
formulas and of fractal tube formulas, these principal complex dimensions should 
also provide in the higher-dimensional case the leading asymptotic behavior in the 
geometry (for example, the volume of the tubular neighborhoods or t-tubes of frac- 
tals as t > 0*), the spectrum (of associated fractal drums), and the dynamics (of 
underlying dynamical systems, when applicable). In other words, they should give 
rise to the oscillatory terms with the largest amplitudes; see, especially, Chapters 
5-11 of [Lap-vFr3]. Indeed, this is the case in the geometric situation, as is amply 
demonstrated in Chapter 5 on fractal tube formulas. 

We will do this mostly for technical reasons, one of the main goals of the present 
monograph being to illustrate the power of this method in the effective computation 
of the box dimension for some classes of fractal sets, in particular, for the fractal 
nests introduced in Definition 3.5.3, the geometric chirps and string chirps; see Sec- 
tions 3.5 and 3.6. The situation with general complex dimensions is already quite 
nontrivial in the one-dimensional case; see [Lap-vFr1—3]. As we shall see later in 
this book, all of the visible complex dimensions play a role in the fractal tube for- 
mulas obtained in Chapter 5. 

The value of the distance zeta function in (2.1.1) remains unchanged if we replace 
the domain of integration Ag with its closure Ag. This follows from the fact that for 
any 6 > 0, the boundary 0(Ag) of Ag is (N — 1)-Minkowski measurable; see [Sta, 
Theorem 2], and hence, its N-dimensional Lebesgue measure is equal to zero, that 
is, |O(Ag)| =0. 


Remark 2.1.2. The analogous claim is not true for an arbitrary bounded open set U 
in R’. Indeed, in this more general situation, one may have |9U| > 0. For example, 
let N = | and let U be the open subset of the unit interval J = (0, 1), obtained as the 
union of the deleted intervals during a slightly modified Cantor ternary procedure, 
in which instead of deleting the usual sequence of the ‘middle’ open intervals of 
lengths 3~*, with multiplicities 2'~', k € N, we delete the halves of the indicated 
lengths. It is then easy to see that if U is the union of the deleted intervals, then 
|U|; = 1/2. Note that the set /\ U is totally disconnected, but has positive Lebesgue 
measure. 

By a slight change of the argument, one can construct an open subset U of (0, 1], 
the boundary of which has Lebesgue measure arbitrarily close to 1. The idea is to 
follow the Cantor construction, but by deleting very small open intervals (instead of 
the middle thirds), such that the (one-dimensional) Lebesgue measure of their union 
is equal to an arbitrarily small prescribed positive real number €. The boundary of 
the union U of these deleted open intervals is equal to [0, 1] \Q, and its Lebesgue 
measure is equal to 1 — €. 
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2.1.2 Analyticity of the Distance Zeta Functions 


The main result of this section is stated in Theorem 2.1.11. It shows that the zeta 
function C, is analytic (i.e., holomorphic) in the half-plane {Res > dimgA }, and that 
under mild assumptions, the lower bound dimgA cannot be improved; see parts (a) 
and (b) of Theorem 2.1.11, along with Corollary 2.1.20. In addition, we show that 
this bound is always best possible from the point of view of the convergence of the 
Lebesgue integral defining C4; see part (a) of Theorem 2.1.11 along with Corollary 
2.1.20 In other words, the abscissa of convergence D(€,) of the ‘Dirichlet-type 
integral’ on the right-hand side of (2.1.1) is equal to dimgA, the upper box dimension 
of A; see Definition 2.1.28. 

In the proof, we shall need an interesting result, due to Harvey and Polking, and 
stated without proof in [HarPol, p. 42]. We formulate it in a different, but equivalent, 
way than in [HarPol]. Following [Zu3, Lemma 1], we use the dyadic decomposition 
of the set Ag \ A, i.e., of the deleted 5-neighborhood of A, in order to establish 
this result. We note that the goal of [HarPol] was to study the singularities of the 
solutions of certain linear partial differential equations. 


Lemma 2.1.3 (Harvey—Polking, [HarPol, p. 42]). Assume that A is an arbitrary 
bounded subset of R™ and let 6 be an arbitrary positive number. 


If y € (—2°,N—dimgA), then ie d(x,A) ‘dx <0, where yis real. (2.1.2) 


Note that, in light of Definition 2.1.1, this statement precisely means that for any 
real number s > dimgA, we have that C,(s) < ©. 


Proof. Observe that the claim of the lemma is obviously true when y € (—~-,0], 
since then the function x ++ d(x,A)~” is continuous and thus bounded on the set As 
(since it must be bounded on the compact set As ). Therefore, it suffices to assume 
that y > 0. 

Let us choose any real number s € (dimgA,N — 7). Note that the latter interval is 
nonempty, since by assumption, y < N —dimgA. The function (0, 6] 5 t+ |A;|/t~* 
is continuous; hence, since .@**(A) = 0, the supremum of this function is finite. If 
we denote the supremum by C(6), then |A;| < C(5)r"~°, for all t € (0, 6]. 

We now use the following dyadic decomposition of the set Ag \ A: 


Ago A (U3). Bj = Ap-ig \Ap-i-15- (2.1.3) 
i=l 
Let us first show that 
I(A) := [ater tex 28: 
A 


If |A| = 0, then the integral is equal to zero. In the case where |A| > 0, we have 
dimgA = N. (See Equation (1.3.8) and the discussion following it, on page 32). 
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Hence, y € (—ce, 0], and in this case, as we have noted, the claim of the lemma is 
clear. 
We may assume without loss of generality that 6 € (0, 1]. (Indeed, if 6 > 1, then 
we choose any 6; € (0, 1] and write 
d(x,A)-Ydxe = | d(x,A)~Ydx-+ d(x,A)~Yde. 
As A5, A5\A5, 


The last integral is finite since d(x,A)~ is bounded on A¢ \ A;,.) Using (2.1.3) and 


the assumption 0 < y << N—s (with s € R) from the beginning of the proof, we have 
successively: 


i d(x,A)~%dx = 1(A) + XI, d(x,A)~ dx < I1(A) + ie d(x,A)~ "dx 


<1(A) + (2775) Ay -ig| 
i=0 


co 


< 1(A) +C(8) (2-18) 1(2718 9 


i=0 


21C(5) 
SMA) + 7Tayewes 


5N-s-7 < 00, 


Here, the first inequality follows from the fact that for all i > 0, 


B; = A,-ig \Ap-i-15 ie A)-ig- 


This completes the proof of the lemma. 


Lemma 2.1.3 can be viewed as a far-reaching extension of the following simple 
fact from the basic theory of integration in R™: for any fixed 6 > 0, if y < N then 
Jp5(0) Xl “dx < ee, where Bg (0) is the open unit ball centered at 0 (i-e., Bs (0) is the 
6-neighborhood of {0}). Note that in this case, A = {0} and dimgA = 0. 

For a discussion of Lemma 2.1.3 and its various extensions, see [Zu3, Theorem 
2], [Zu4, Sections 3 and 4] and [Zu5, Theorem 4.1]. (If we assume that D = dimgA 
exists and MP (A) > 0, then the converse of Lemma 2.1.3 holds as well, i.e., the 
condition y € (—e2,N —dimgA) is equivalent to [,,d(x,A) "dx < 0; see [Zu5, 
Theorem 4.1].) Here, we state and prove a more general fact than in Lemma 2.1.3, 
because we shall need it later on. 


Lemma 2.1.4. Let A be any bounded set in R™. Then, for every value of the param- 
eter y in the open interval (—:°,N — dimgA), the following identity holds: 


6 
[dear tar=8-NAs| +7 [ rYA,|de. (2.1.4) 
Ny 0 


Furthermore, both of the integrals appearing in (2.1.4) are finite; hence, they are 
convergent as Lebesgue integrals. 
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Fig. 2.1 The Sierpinski carpet A is obtained by consecutive deletion of open squares from the 
closed unit square. Only the first three generations of deleted squares are indicated. Figure 2.2 
below shows the graph of the distance function associated with A. 


To prove Lemma 2.1.4, we shall need the following well-known technical result. 
For completeness, we provide a proof of this elementary result. An alternative and 
independent proof of Lemma 2.1.4 is provided on pages 53 and 55 below. 


Lemma 2.1.5 (See, e.g., [Foll, p. 198]). Let f : RY — [0, +09] be any nonnegative 
Lebesgue measurable function and let a € (0,+°°). Then 


“dea a fit! d 215 
f Paytds =o fs Lf > shar, 2.1.5) 


where {f >t} := {xe RY : f(x) >t}. 


Proof. First, observe that if |{ f >t}| = +e for some t > 0, then both of the integrals 
in (2.1.5) are infinite. If this is not the case we first consider f : RY —> R to be a 
simple function and check that the identity holds. Let A;,...,A, be a finite family 
of pairwise disjoint Lebesgue measurable subsets of R% and define 


n 
f(x) = DY aixa,(x), (2.1.6) 
i=l 
where 0 < a; < a2 < +++ <a, and for eachi=1,...,n, ¥4, denotes the characteristic 


function of the set Aj; that is, 74,(x) := 1 for x € A; and 74,(x) := 0 for x € RY \ 
A;. Note that for any t € (aj-1,a;) we have {f >t} = A;UAj+1;U---UAn, where 
we let ap := 0, and hence, |{f > t}| = )7_;|A;|. Starting from the right-hand side 
of (2.1.5), we have 


foo n ai n aj n 
a | ltf> tld a> | CF > Ald = a> | 1-1 A, | dt 
0 i=l i=l jai 


aj-| aj-| 
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Fig. 2.2 Fractal stalagmites associated with the Sierpifski carpet. The graph of the distance func- 
tion y = d(x,A), defined on the unit square, where A is the Sierpitiski carpet. Only the first three 
generations of the countable family of pyramidal tents (called ‘stalagmites’, see page 107) are 
shown. The figure is scaled vertically by the factor 3; ie., it represents in fact the graph of 
y =3d(x,A). 


Finally, in order to establish the lemma in the general case, we take a nondecreasing 
sequence of simple functions (g,,)*°_, that monotonically converges (i.e., increases) 
to f. We then observe that { f > 1} is equal to the increasing union of the measurable 
sets {g, >t}, where n = 1,2,..., from which we conclude that (A,, )*°_; pointwise 
increases and converges to A/, where A,(t) :=1%~!|{g > r}| for a given measurable 
function g on [0,+<¢). It now suffices to apply the monotone convergence theorem 
in order to complete the proof of the lemma. Oo 


Proof of Lemma 2.1.4. We consider the following three cases: 


(a) Case when y > 0: Since 0 < y < N—dimgA, we proceed much in the same 
way as in [Zu5, Lemma 4.1 and Theorem 4.1(a)]. We shall use Lemma 2.1.5, with 
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Fig. 2.3 Fractal stalactites associated with the Sierpiriski carpet depicted in Figure 2.1 on page 
49. The graph of the function y = d(x,A)~’, defined on the unit square, where A is the Sierpiriski 
carpet. Since A is known to be Minkowski nondegenerate (see [Lap3], [Lap-vFr3] or [HorZu]), the 
function is Lebesgueintegrable if and only if y € (—s°,2 — D), D = dimgA = log; 8 (see Lemma 
2.1.3). For y > 0, the graph consists of countably many connected components, called ‘stalactites’ 
(see Definition 2.1.83 on page 106), all of which are unbounded. In the present figure, y:= 0.1. 


a := yand the Borel (and hence, Lebsesgue) measurable function f : RY — [0, +00] 
given by 
d(x,A)"!, forx EAs, 


FO)= 4 9 for x €R \ As. 


Here, by definition, f(x) = +¢° for x € A; furthermore, note that since dimgA < N, 
then |A| = 0 (see the discussion preceding Equation (1.3.9), on page 32). It is easy 
to see that the set {x € RY : f(x) >t} is equal to Ajj, fort > 6 —! and to a constant 
set As fort € (0,5~'). Therefore, 
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Fig. 2.4 Fractal stalactites associated with the Sierpiriski carpet, revisited. Another view of the 
graph of the function y = d(x,A)~’, where A is the Sierpiriski carpet, similar to the one provided 
in Figure 2.3. The level set of this function tends to the Sierpifiski carpet in the Hausdorff metric, 
when the level tends to +oo. This is a special case of Proposition 2.1.89 on page 109. Here, we 
have let y := 0.1, as in Figure 2.3. 


1/8 foo 
[aay tex=r(f +f \e tf > thle 
As 0 1/5 
1/6 too 
= 1s [ mla+y/ tA), |dt. 
0 1/8 


Equation (2.1.4) now follows by using the change of variable tT = 1/t in the last 
integral. In order to show that the last integral in (2.1.4) is finite, let € > 0 be small 
enough so that y € (0,N — D—e), where D := dimgA. Then .@*'9*®)(A) = 0, and 
thus, there exists a positive constant C = C(6) such that |A;| < Cr’~?~€ for all 
t € (0,6]. Hence, 


6 5 
i PY la jdt <c | ph Be dp 0, 
0 0) 


2.1 Basic Properties of the Zeta Functions of Fractal Sets 53 


(b) Case when y = 0: If we assume that y = 0 < N — dimgA (which implies that 
|A| = 0), then it suffices to show that J := [7 17 !|A;|dt < oe. Letting D = dimgA, 
we then have D+ € < N for € > 0 small enough; hence, since M*\P+®)(A) = 0, 
there exists a positive constant C such that |A;| < Cr’ ~?~* for all  € (0,6). This 
immediately implies that J <C -¢ pe aes, 


(c) Case when y < 0: It is clear that in this case, the left-hand side of (2.1.4) is fi- 
nite. We shall use Lemma 2.1.5, where a& = —¥ and the Borel (and hence, Lebesgue) 
measurable function f : RY — [0, +c] is given by 


d(x,A), forx€ As, 
t(*) = N 
0, for x € R® \As. 


First, note that {f > +} =@ fort > 6, and {f >t} =Ag \ A; for 0 <t < 5, where 
A, is the closure of the set A;. We now show that for any t > 0, |A;| = |A;|. This 
is an immediate consequence of the fact that the boundary of A; is of Lebesgue 
measure zero, that is, |Q(A;)| = 0. Indeed, as was noted earlier, according to [Sta, 
Theorem 2], the set 0(A;) is Minkowski measurable and dimg 0(A;) = N — | for any 
t > 0; so that, by Equation (1.3.3), |0(A;)| = .W(0(A;)) = 0. (Since N > N—1, 
the second equality follows from the definition of the Minkowski dimension; see 
Figures 1.8 and 1.9 on page 33, along with Equation (1.3.4) on page 31.) Therefore, 
for 0 <t <6 we have 


L{f > t}| =|As|—|Ar] = As] — |Arl- 


Using (2.1.5), we then obtain 


6 6 
J aes aytar = or fr (lag| [Ade = 5%Ag|— ar fr "A,l ar, 
As 0 0 


which proves (2.1.4). 


For the sake of completeness, we provide an alternative proof of (2.1.4), and thus 
of Lemma 2.1.4, based on the generalized change of variables formula and on an 
integration by parts. It is essentially the same as in [Zu2, Theorem 2.9(a)]. 


An alternative proof of Lemma 2.1.4. We shall need the assumption that y < N — 
dimgA from Lemma 2.1.4 only in case (c) below. Introducing the new variable t = 
d(x,A) and the function V(t) = |A;|, t > 0, we can arrive to the desired result by 
using the following formal computation (with V f(x) denoting the pointwise almost 
everywhere defined gradient of f): 
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= 5 
i d(x,A) Tax © ‘ t-YaV (1) 
‘As 0 


ae V(t 


ok. vit ray (2.1.7) 


SVs st tA, | de. 
0 
Let us justify this computation in the following three steps: 
(a) In order to prove the first equality in (2.1.7), let us set f(x) = d(x,A) and 


g(x) =d(x,A)~7 for all x in Ag, and f(x) = g(x) = 0 for all x in R” \ Ag. We then 
have 


[ aoa) \Ydx = [se )|\V fF (x)| dx = Elfocos (san | a 


-[° t-THN-!(9(A,)) dt = [ t-YdV(t), 


(2.1.8) 


where H’~! is the (N — 1)-dimensional Hausdorff measure on f~!(t) = 0(A;). The 
first equality in (2.1.8) follows from the fact that |Vf| = 1 a.e. in Ag, which is a 
consequence of Rademacher’s theorem, according to which a Lipschitz function on 
R’ is (Lebesgue) almost everywhere differentiable (see, e.g., [EvGa, Theorem 2 
in Section 3.1.2]), and the proof of [Fed2, Lemma 3.2.34]. The second equality in 
(2.1.8) follows from the generalized change of variables formula (see, e.g., [EvGa, 
Theorem 2 in Section 3.4.3] or [JohLap, Theorem 3.3.2]). Now, the first equal- 
ity in (2.1.7) follows from the fact that V’(r) = H’~!(0(A,)) for (Lebesgue) a.e. 
t > 0, where V(t) = |A;| as above and V’ is the Lebesgue almost everywhere defined 
derivative of V; see Staché’s result given in [Sta, Theorem 2 and Lemma 2(ii)]. 
(Moreover, the identity V’(t) = H’~!(0(A;)) holds for all t > 0 outside a countable 
set; see [Sta, Theorem 2 and Lemma 2(ii)].) Note that the Lebesgue integrability of 
the function d(-,A)~7, defined on Ag, is ensured by Lemma 2.1.3. 


(b) The second equality in (2.1.7) is due to the integration by parts formula for 
Lebesgue-Stieltjes integrals; see [Foll, Theorem 3.36]. Indeed, it suffices to use this 
result on intervals of the form (€,6] for € € (0,6) (note that both t~” and V(r) are 
of bounded variation and continuous on these intervals), and then pass to the limit 
asé—> 07. 


(c) In order to justify the last equality in (2.1.7), we must show that 


lim t~’V (rt) = 0. 


t30t 


The assumption y < N —dimgA implies that the open interval (dimgA,N —) inR is 
nonempty. Let us take any d € (dimgA,N — 7). Since d > dimgA, there exists Cy > 0 
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such that V(t) < Cyt’~@ for all t € (0, 5]. We conclude that 0 < t-’V(t) <CgtN--”, 
and the claim follows by passing to the limit as t — 07. 


In the sequel, we shall also need the following result, which complements 
Lemma 2.1.3. 


Lemma 2.1.6. Let A be a bounded set in R% and 6 > 0. If y > N—dim,A, then 
Sas 1(%,A) Vdx = +ee. 


Proof. Note that for all y > 0, we have 
rt) 
Is ah dtd) Vée= oNAsl+y f sTA|ds>S-7lAs|, (2.1.9) 
Ag 0 


where the second equality of (2.1.9) is precisely the content of [Zu5, Lemma 4.1]. 

For the sake of completeness, we next reproduce the proof of the second equality 
in (2.1.9). The argument is similar to the proof of Lemma 2.1.4. Let us define f(x) = 
d(x,A)~' for x € As, and f(x) = 0 for x € R¥ \ Ag. Since {x: f(x) >t} = Aj); for 
t > 1/6, and {x: f(x) >t} =Asg fort < 1/6, we deduce from Lemma 2.1.5 that 


1/8 ee 
J dea) Yax= ids f mlar+y f tA, |e. 
As 0 1/6 


The desired equality follows by using the change of variable s = 1/t. 

We now continue the proof of Lemma 2.1.6. Let us write d = dimgA and choose 
o <d sufficiently close to d so that y > N—o. Then .@/*°(A) = +00 (see (1.3.5)), 
which implies that there exists a sequence of positive numbers s; converging to zero 
and such that 


as k —> co, Hence, Is = +, as desired. 


Remark 2.1.7. lf y:= N— dimgA, then the conclusion of Lemma 2.1.6 does not 
hold, in general. A class of counterexamples is provided in [Zu4, Theorem 4.3]. 


Definition 2.1.8. Following and extending the commonly used terminology for 
Dirichlet series and integrals (see, e.g., [Ser], [Pos] and Subsection 2.1.3 below), 
we define the abscissa of convergence D(€,) of 4 by the following equality:! 


' This is really the abscissa of absolute convergence of the (generalized) Dirichlet integral C4, 
but we will not stress this point in the sequel. In fact, since the integral defining C4 in Equation 
(2.1.1) is interpreted here as a Lebesgue integral (and since the corresponding integrand, x +> 
d(x,A)s-% , is continuous and hence, Borel measurable on IR”), there is no difference between 
absolute convergence and convergence of the integral. 
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D(Ga) = int{ ER: | d(x,A)* dx << -| : (2.1.10) 
As 


Note that D(C4) € RU {ee}. Alternatively, in light of Lemma 2.1.9 below, D(C,) 
can be uniquely defined by the property according to which the open right half-plane 
{Res > D(C,)}, called the half-plane of convergence of C4 and denoted by IT(€,), 
is the maximal (i.e., the largest) open right half-plane (of the form {Res > a}, 
with @ € RU {+co}), on which the integral defining C4 is absolutely convergent 
(ie. Ja, lee AP™ bye = re d(x,A)®*s-" dx < 09), or equivalently, on which the 
Lebesgue integral [ As (x,A)*" dx is convergent (see footnote 1 on page 55).” 


Finally, when D(€,4) is real, the vertical line {Res = D(€4)} is called the critical 
line of convergence of C, (or simply, the critical line, when no ambiguity may arise). 


Lemma 2.1.9. If the Lebesgue integral C,(s) := Jas d(x,A)° “dx converges for 
some 5 = sq € C, then it also converges for any s € C such that Res > Reso. 


Proof. Assume the hypothesis of the lemma and fix s € C with Res > Reso. Without 
loss of generality, we may assume that 6 < 1. Indeed, if 6 > 1, we write the disjoint 
union As = A; U(As \A1), and hence, 


| |d(x,A)**| dx = ) d(x,A)**s Ndx+ d(x,A)®** dx =: +h. 
As A| A5\A\ 


Since the function x ++ |d(x,A)* | = d(x,A)®** is continuous and nowhere van- 
ishing on the compact set As \ A; (indeed, note that this set is contained in the 
complement of the 1-neighborhood of A, which is the set of zeros of the function), 
the function x > |d(x,A)|®°*-% is continuous as well on Ag \ A: (regardless of the 
sign of the exponent Res — N), and therefore, lb < ©. 

More precisely, if Res > N, then |d(x,A)|R°°-" < 68°’ for all x € Ag \ Ai, 
while for Res < N we have that |d(x,A)|R®*-" < 1Res-% — | for the same values of 
x. Therefore, 

Ih < |Ag \Ai|y-max{SR°S-% 1} < 0. 


Next, let us assume that 0 < 6 < 1. Then? 
) |d(x,A)°* |dx = / d(x, AV dx 
Ag Ag 


< | d(x,A)ReNae = [ |d(x, A)" |dx <0, 
As Ag 


? By convention, when D(4) = +o, we have I1(¢4) = @ while when D(€,) = —c, we have 
T1(¢4) = C. A similar comment could be made later on about the half-plane of holomorphic con- 
tinuation (C4) when Dyoi(C4) = Eee, as well as for the half-plane of meromorphic continuation 
Mer (4) when Dyer (Ga) SE 

3 If Reso < N, then the assumed convergence of the Lebesgue integral C4 (sq) implies that |A| = 0. 
On the other hand, if Reso > N, then |A| may be positive. 
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by hypothesis. Note that in the inequality just above, we have used the fact that 
d(x,A) < 1 for all x € Ag since 6 < 1. This concludes the proof of the lemma. 


Remark 2.1.10. Here and in the sequel, given w € C, we use the following conven- 
tion: 


f R 
gat TP Ree (2.1.11) 
too, for Rew <0. 
Furthermore, note that if the zero-set 
Z:= {x € RN : d(x,A) =0} (2.1.12) 


is of positive N-dimensional Lebesgue measure (i.e., |Z| > 0), then for all s € C with 
Res <N, the integral J, . |d(x,A)° | dx is equal to +o, and hence, the Lebesgue 


integral as (x,A)° “dx does not converge (i.e., does not exist). Therefore, if the 


latter integral is convergent, we must have Res > N and so D(€4) > N. But since 
by part (b) of Theorem 2.1.11 below, D(¢4) = dimgA € [0,N}, it then follows that 
dimgA = N. 

In light of (2.1.12), Z =A and ZNAg =A for any 6 > 0. (Indeed, given 6 > 0, we 
have A C Ag because if we take any 5’ € (0,5), then the closed set {x € A : d(x,A) < 
65’} is contained in Ag and so, Ag must contain A.) It follows that ZN Ag (ie., Z) is 
of positive measure is equivalent to |A| > 0, and in light of (1.3.8), this implies that 
dimgA exists and dimgA = N, which is consistent with the above claim. 


It is now easy to deduce from Lemma 2.1.9 that the half-plane of convergence of 
Ca, defined as above by IT(€4) := {Res > D(C4)}, where D(C,) is the abscissa of 
convergence of €, defined by (2.1.10), is indeed the maximal open right half-plane 
of convergence of the Lebesgue integral defining C4 in (2.1.1), as stated above. We 
leave the verification as an exercise for the reader. 


We are now ready to state the main result of this subsection. 


Theorem 2.1.11. Let A be an arbitrary bounded subset of R™ and let & > 0. Then: 


(a) The distance zeta function C, defined by (2.1.1) is holomorphic (i.e., analytic) 
in the open right half-plane {Res > dimgA}, and for all complex numbers s in that 
region, its complex derivative is given as follows: 


Ei(s)= i d(x,A)°—" logd(x,A) dx. (2.1.13) 
6 


(b) The lower bound in the open right half-plane {Res > dimgA} is optimal, 
from the point of view of the (absolute) convergence of the Dirichlet-type integral 
defining C4. In other words, 

dimgA = D(€,), (2.1.14) 
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where D(€,) is the abscissa of convergence of 64, as defined in Equation (2.1.10).* 
It follows that D(C,4) € [0,N]. (See also Corollary 2.1.20 below for more detailed 
information.) Furthermore, the identity (2.1.1) continues to hold in the half-plane 
of (absolute) convergence {Res > dimgA} of C4. Moreover, we have? 


D(f4) = int{ € [0,N]: | d(x,A)* “dx < | ’ (2.1.15) 


(c) If the box (or Minkowski) dimension D := dimgA exists, D < N, and 
MP (A) > 0, then 64(s) + +e as s € R converges to D from the right.© Accord- 
ing to part (ii) of Corollary 2.1.20 below, it then follows that (under the additional 
hypotheses of part (c) of the theorem), we have 


dimgA = D(C4) = Doi(Ca), (2.1.16) 


where Dnoi(Ca), the abscissa of holomorphic continuation of C4 (as given by 
(2.1.27) below), is defined so that {Res > Dho(Ga)} be the maximal right half- 
plane of the form {Res > a}, for some a € RU {+ee}, to which C4 can be holomor- 
phically continued. (For more details, see Corollary 2.1.20 and the text preceding 
it.) 


Proof. (a) We give here a direct and elementary proof of the holomorphicity of C4, 
not requiring any additional assumption about A. (See also Remark 2.1.51, based on 
Theorem 2.1.45 in Subsection 2.1.3 below, for a different approach.) Let us denote 
the right-hand side of (2.1.13) by I(s). To prove the holomorphicity of C4, let us fix 
any s such that Res > dimgA. We then have to show that 


R(h) = ar Ca(s) 


I(s) (2.1.17) 


_ d(x,A)"—1 s— 
at (Sear * — togats.4)) aA)" de 


converges to zero as h + O in C, withh £0. 


4 See Subsection 2.1.3.2 below, along with Appendix A, for the more general setting of Dirichlet- 
type integrals. 

> A priori, the infimum should be taken over all real numbers @ € R, but since D(¢4) = dimgA € 
[0,N]) (in light of (2.1.14)) and for @ > N the function x ++ d(x,A)*—’ is bounded on Ag, it can 
be taken over all a € [0, NJ]. 

© Hence, D is a singularity (which may or may not be a pole) of 4. Naturally, if C4 possesses a 
meromorphic continuation to a connected open neighborhood of D, then it follows that D is a pole 
of C4. In Section 2.3 and Section 4.5 will be provided several sufficient conditions under which 4 
can be meromorphically continued beyond the critical line Res = D, and hence, in particular, to a 
connected open neighborhood of D. 
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Letting d := d(x,A) € (0,4), we first consider 


d'—| 


1 
f(A) = —logd = ees — 1) —logd. (2.1.18) 
Using the MacLaurin series e* = 3) +9 a, which converges for all z € C, we obtain 
™ f(h) = h(logd)? 5 : (eed) (2.1.19) 
Scat et eae) kl = 


for all h € C. Furthermore, assuming without loss of generality that 0 < 6 < 1 (if 
6 > 1, see Lemma 2.1.15 below applied to A and U :=A5 \A1) and hence, logd < 0, 
we have 


f(a) < = 5 lAl( (logd yey tee 


1 
= sll (logd)?e~ “e)IA| — sla (logd)?a~""", 


Therefore, 
{ . 
|R(h)| < snl f |log d(x, A)|?d(x,A)R°s-N—!"l dx. (2.1.20) 
As 


Let € > 0 be a sufficiently small number, to be specified below. Taking h € C such 
that |h| < €, since 6 < 1 and hence, d(x,A) < 1 for all x € Ag, we have 


! 7 
IR(A)| S slnl [ |logd(x,A)|2d(x,A)®d(x,A)Re°-N dy, 
Ag 


Clearly, there exists a positive constant C = C(6,€) such that |logp|?p* < C for all 
p € (0,6). This implies that 


1 
JR(A)| < Cla | PAG 779 eames QA 21) 
Ag 


Letting y := 2e + N—Res, we see that the integrability condition y < N — dimgA 
stated in Equation (2.1.2) of Lemma 2.1.3 is equivalent to Res > dimgA + 2¢. Ob- 
serve that this latter inequality holds for all positive € small enough, due to the 
assumption Res > dimgA. Hence, R(h) > 0 as h > 0 in C, with h 4 0. Therefore, 
we conclude that €4(s) is holomorphic for Res > dimgA, with (complex) derivative 
4 (s) given by (2.1.13) as desired. This establishes part (a) of the theorem. 


(b) In light of part (a), this follows immediately from Lemma 2.1.6. Indeed, the 
latter result implies that for any real number @ < D := dimgA (and hence, y := 
N—a>N-—D, as required in Lemma 2.1.6), we have 


d(x,A)°* dx = +00, 
Ag 
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The claim now follows since in light of Lemma 2.1.3, we know that 


Cte) = : d(x,A)°% dx <c 


for any real number @ > D, as desired. We therefore deduce from the definition 
(2.1.10) of D(€4) that D(4) = dimgA, as desired. 

Finally, the fact that the identity (2.1.1) continues to hold in the half-plane 
{Res > D} follows from the principle of analytic continuation and the holomorphic- 
ity of C4 on the domain (i.e., connected open set) of C given by {Res > D}. Recall 
that the latter property of €4 has been established in part (a) of the proof or else, 
alternatively, follows from the well-known properties of a (generalized) Dirichlet 
integral (see Subsection 2.1.3.2, including, especially, Theorem 2.1.47 and Remark 
2.1.51 below; see also Appendix A). This completes the proof of part (b). 


(c) Note that since .#/?(A) > 0, then for any fixed 6 > 0 there exists C > 0 such 
that for all t € (0,5), we have |A,| > Cr’. Using Lemmas 2.1.3 and 2.1.4, we see 
that for any y € (0,N —D), 


5 
o> I(y) =f d(xA) de = 5-NAgl+y fT Alae 
As 0 
5 5N-P-¥ 

> c| a 2, er 

7 Y 4 Y N-D-y 
Therefore, if y € R is such that y + N — D from the left, then I(y) — +0. Equiva- 
lently, if s € IR is such that s + D from the right, then €4(s) — +e. For the proof 
of the identity stated in Equation (2.1.16), that is, for the proof of the additional 
equality D(C4) = Dnoi(C4) under the hypotheses of part (c) of Theorem 2.1.11, we 
refer to the corresponding part of the proof of part (ii) of Corollary 2.1.20 below (as 
well as to the text preceding it for the necessary definitions). 

This concludes the proof of the theorem. 


Remark 2.1.12. It is clear that for real s, the values of €4(s) are also real. Further- 
more, using the principle of reflection (see, e.g., [Titl, p. 155]), we deduce that for 
all complex numbers s such that Res > dimgA, we have C4(s) = C4(5). Naturally, 
this identity remains valid upon meromorphic continuation (in any region U C C 
to which the distance zeta function €, can be meromorphically extended). It fol- 
lows from the above observation about the symmetry of ¢, that provided the given 
domain U C C is symmetric with respect to the real axis, the nonreal (visible) com- 
plex dimensions of Ca in U (i.e., the poles of €4 in U) come in complex conjugate 
pairs. The same is true for the complex dimensions of (ordinary) fractal strings; see 
[Lap-vFr3, Remarks 1.6 and 1.16]. 


Proposition 2.1.13. Assuming that |A| = 0 (which is always the case if dimgA < N, 
see Equation (1.3.8) on page 32), and given any 6 > 0, we can compute the distance 
zeta function C, in Equation (2.1.1) as follows, for every s € C with Res > dimgA: 
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€x(s) = li a Ay de (2.1.22) 
e30t JAs\Ae 


Proof. Fix 6 > 0 and assume that 0 < € < 6, in what follows. Then, the character- 
istic function 74,\4, converges to 74, (pointwise) a.e. in As as € > 0+. We now 
claim that (2.1.22) holds and that the convergence on the right-hand side of (2.1.22) 
is uniform as € — 0+, with respect to all s such that Res > &, where &) > dimgA. 
To see this, for such a complex number s and assuming without loss of generality 
that € € (0,1), we note that 


a(e.a) Nay < | d(x,A)Ro Nae < | d(x,A)" dx. 
Ag Ag Ag 


Let us choose any d € (dimgA, €). Since d > dimgA, then .@*“(A) = 0, and there- 
fore, there exists a positive constant C = C(d,N,A) such that |A,| < Cr~@ for all 
t € (0,€]. Using Lemma 2.1.4 with y:= N — &) < N —dimagA, it follows that 


E 
d(x,A)0-%dx =e-7|Ag| + vf t’—"|A,| dt 
Ae 0 
E 
ae Ce e+ vf tT 'Cr—4 at = C, - 2-4, 
0 
where C) := C(N —d)/(& —d). Hence, using d < &, we conclude that 


sup 
Res> & 


a(s,A) ay <C,-€5 440+ ase Ort. (2.1.23) 
Ag 


Equation (2.1.22) now follows from Definition 2.1.1. 


We deduce from the proof of Proposition 2.1.13 that the distance zeta function 
satisfies the following asymptotic property; see Equation (2.1.23) just above. 


Proposition 2.1.14. Assume that A is a bounded subset of RN, € € (0,1), and define 
the corresponding distance zeta function C44, by 


Cia, (S) = | d(x,A)°% dx, 


for s © C with Res > dimgA. Then, for any &) > dimgA and d € (dimgA, 0), there 
exists a positive constant Cy = C\(€o,d,N,A) such that 


sup |Caa-(s)| <Cie% 4, forall e€€ (0,1). 


Res>€ 


In other words, SUppe sé |GA,Ae (5) | = O(e5~) as € > 0+. Moreover, assuming that 


M*?(A) <0, where D = dimgA, then the same conclusion holds with d replaced 
by D. 
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The following lemma deals with the distance zeta function associated with an 
ordered pair (A,U) of suitable subsets of R%; see (2.1.24). Such distance zeta func- 
tions will be studied in a significantly more general setting (that of ‘relative fractal 
drums’) in Chapter 4 (as well as in Appendix A, in even greater generality). The 
lemma is a special case of Theorem 2.1.45(c) below. 


Lemma 2.1.15. Let A and U be bounded sets in RN which have disjoint closures, 
that is, such that ANU = 90. Further assume that U is Lebesgue measurable. Then 


F:C3C, F(s) =) d(x,A)* “dx, (2.1.24) 
U 
is an entire function and we have 
F'(s)= | d(x,A)* logd(x,A) dx (2.1.25) 
U 


foralls €C. 


Proof. Let s be a fixed complex number and set R(h) = 7; (F (s+) — F(s)) —h(s), 
for h € C, h 40, where I (s) is defined by the right-hand side of (2.1.25). By using 
the same procedure as in the proof of Theorem 2.1.11, we deduce that the identity 
(2.1.19) involving f(d) defined by (2.1.18) yields 


1 
If(@)| <5 IAl |logd|? exp(|loga]| A), 


and from this it follows that 


1 
|R(h)| < slit [, |logd(x,A) [Pexp( | logd(x,A)| Al) d(x,A)R Nae, (2.1.26) 


The conditions on A and U imply the existence of positive and finite constants d 
and d) such that d; < d(x,A) < dp for all x € U. Therefore, the function under the 
integral sign in (2.1.26), when restricted to U, is bounded from above by a positive 
and finite constant C, uniformly for all h € C such that |h| < €, where € > 0 is fixed: 


C := max{ (logd})’, (logd»)?} exp(max{|logd}|,|logd2|} €) 
emai ae y. 

Hence, |R(h)| < 5|h|C|Q|, and therefore R(h) > 0 as h > 0 in C, with h F 0. It 

follows that F(s) is holomorphic in s, with complex derivative F’(s) equal to 1\(s); 

that is, F’(s) is given by the right-hand side of (2.1.25). Since s € C is arbitrary, we 

deduce that F'(s) is entire and that (2.1.25) holds for all s € C, as desired. 


Lemma 2.1.15 can also be obtained as a consequence of Theorem 2.1.45(c) be- 
low, in which we let p(x) :=d(x,A) and du (x) := d(x,A) “dx. 
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We next comment on the hypotheses of part (c) of Theorem 2.1.11 (further com- 
ments about Theorem 2.1.11 and its corollary, Corollary 2.1.20 below, will be pro- 
vided in Remark 2.1.21): 


(i) The condition .#?(A) > 0 in Theorem 2.1.11(c) cannot be omitted. Indeed, 
for N = 1, there is a class of subsets A C [0,1] such that D = dimgA exists and 
M2 (A) = 0, while €4(D) = Sas d(x,A)?-Ndx < ©; see [Zu4, Theorem 4.3]. Using 
the Lebesgue dominated convergence theorem, it is then easy to see that for s € R, 
we have lim,_,n+ C4(s) = C4(D). Indeed, in order to verify this, it suffices to assume 
without loss of generality that 6 < 1, and observe that for all s € R with s > D we 
have d(x,A)°-% <d(x,A)P-" € L'(Ag). We note that this class of subsets of R can 
be easily extended to R® for any N > 2 by letting B := A x (0, 1]~! C RY and using 
the results of Subsection 2.2.4 about the fractal zeta functions of fractal grills (see, 
especially, Theorem 2.2.32 and Example 2.2.34). 


(ii) The assumptions of Theorem 2.1.11(c) according to which D = dimgA ex- 
ists, D < N and .@?(A) > 0 are fulfilled by practically all of the standard exam- 
ples of fractal sets.’? However, it is possible to construct fractal sets A for which 
D = dimgA either does not exist (that is, dimpA < dim A; see [Fal1, p. 53] or [Zu4, 
Theorem 1.2]), or, as we have mentioned, for which D exists and MP (A) = 0. See 
also Section 3.7 of this monograph, dealing with zigzagging fractals. 


Example 2.1.16. The present simple example shows that the condition D < N in 
Theorem 2.1.11(c) cannot be omitted. To see this, take A := [0,1] C R, so that D = 
N = 1. It is easy to see that €4(s) = 26°s! for s > 1 (and not for s € (0,1), since in 
this case C4(s) = 26%s~! + fj) 0° !dx = +2). Indeed, for s > 1 we have that 


1+6 0 1 1+6 ; ; 
cals)= f d(x,a)tdx= fix tde | odr+ [ (x—1)*1dx =26%s71. 
= = 0 1 


It follows that the largest open right half-plane to which the distance zeta function of 
A can be holomorphically extended is equal to {Res > 0}; i.e., (C4) = {Res > 
O}, in the notation of the second part of Definition 2.1.17 just below. (Note that C4 
can be meromorphically extended in a unique way from {Res > 0} to the whole 
complex plane by letting €4(s) := 26°s—! for all s € C; hence, Mer(¢,) = C, in the 
notation introduced in Equation (2.1.70) of Definition 2.1.53 below.) This example, 
along with more complicated ones to be discussed further on in this book, motivates 
us to introduce the following definition.® 


7 One notable exception is the boundary A of the Mandelbrot set (viewed as a subset of R? ~ 
C), for which dimy A = 2 (and hence, in particular, dimgA exists and dimgA = 2, since 2 = 
dimy A < dimzA < dim A < 2; see the third displayed equation on page 77 of [Mat]), according to 
Shishikura’s well-known theorem [Shi]. For the Mandelbrot set, one can try to use a the tube zeta 
function of A, for which the condition D < N is no longer needed for the counterpart of Theorem 
2.1.11(c). However, it does not seem to be known whether ./2(A) > 0 or whether a different gauge 
function (other than one based on a mere power law, see [HeLap]) should be used in this case in 
order to define the lower and upper Minkowski contents of A. 


8 We are grateful to Erin Pearse for having provided us with this example. 
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Definition 2.1.17. In part (c) of Theorem 2.1.11 above as well as in the sequel, we 
denote by Dyo1 (C4) the extended real number (i-e., Dyoi (G4) € RU {e0}) defined 
by 


Dnoi (Ga) = inf {a €R: ¢ is holomorphic on {Res > a} } (2.1.27) 


and called the abscissa of holomorphic continuation of C4. We stress that in Equa- 

tion (2.1.27), when we write that f is holomorphic on {Res > a}, we mean that 

f has a holomorphic continuation (necessarily unique) to the open right half-plane 

(and hence, connected open set) {Res > a}. We will use a similar convention, most 

often implicitly, in Subsections 2.1.3 and 2.1.5, as well as elsewhere in this book. 
Much as in Definition 2.1.8, we let 


H (Ca) = {Res > Dpoi(Ga)} (2.1.28) 


and call it the half-plane of holomorphic continuation of C4. See also Definition 
2.1.62 in Subsection 2.1.5 below for a more general setting. 


Alternatively, in light of (2.1.27) and according to the principle of analytic con- 
tinuation, #(C,) is also the maximal (i.e., the largest) open right half-plane (of the 
form {Res > a}, for some a@ € RU {+c°}) to which €, can be holomorphically 
extended. 


Definition 2.1.18. Finally, when Dyoi(C4) € R, the vertical line {Res = Dpo1(Ca) } 
is called the critical line of holomorphic continutation (or the holomorphy critical 
line) of Ca. 


Remark 2.1.19. In the case of Example 2.1.16 above, in which A = [0, 1], we have 
that D(C4) = 1, while Dpoi(C4) = 0. 


We can now state the following corollary of Theorem 2.1.11. 
Corollary 2.1.20. (i) Let A be an arbitrary bounded subset of R“. Then we have 
the following inequality: 
Dnoi(Ga) < D(Ca) = dims, (2.1.29) 


and hence, IT(€a) C (C4). 


(ii) Furthermore, if, in addition, we assume (as in part (c) of Theorem 2.1.11) 
that D := dimgA exists, D < N and P(A) > 0, then we actually have the following 
identity: 

Dnoi(Ga) = D(Ca) = dimgA, (2.1.30) 


and hence, IT(€a) = #(C4). In particular, Dnoi (Ga) € [0,N], so that we also have 
Dpoi (Ca) = inf { € [0,N] : C4 is holomorphic on {Res > at}, (2.1.31) 


where 


TT(€4) := {Res > D(C,)} = {Res > dimgA} (2.1.32) 
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is the half-plane of convergence of C4 introduced in Definition 2.1.8 (where Ca is 
viewed as a Dirichlet-type integral, in the sense of Subsection 2.1.3.2 and Appendix 
A below) and # := {Res > Dyo1(Ca)} is the half-plane of holomorphic continua- 
tion of C4, introduced in Definition 2.1.17. 


Proof. (i) The first part of the corollary (Equation (2.1.29) of the corollary) follows 
readily from parts (a) and (b) of Theorem 2.1.11. 


(ii) The second part of the corollary (Equation (2.1.30) and the equality fol- 
lowing it) follows from part (c) of Theorem 2.1.11 (along with the definitions of 
D(4) and Dnoi (C4) given in Equations (2.1.10) and (2.1.27), respectively, and the 
corresponding definitions of IT(¢4) and #(C,)). Indeed, according to Theorem 
2.1.11 (c), if we assume that €4 admits a holomorphic continuation to {Res > a} 
for some a < D(C,), we obtain a contradiction, since then, D is a pole of Cy, be- 
cause |C,(s)| blows-up (i.e., tends to +0) as s+ D* along the real axis. Therefore, 
Dpoi(Ga) > D(C4). But then, we must have Doi (G4) = D(C4), since we always have 
Dnoi(Ga) < D(C4), according to Equation (2.1.29). 

This concludes the proof of the corollary. 


Remark 2.1.21. (a) In Remark 2.1.19, we have given a very simple example of a 
subset A of the real line (namely, A := [0, 1]) for which Dpoi(Ca) < D(Ga). It would 
be interesting to find (if possible) a class of bounded subsets A of R% for which the 
corresponding distance zeta function ¢, (meromorphically extended to a connected 
open neighborhood of {Res > D(¢,)}) possesses nonreal poles with positive real 
parts, and such that Dnoi(C4) < D(a). A natural candidate could be the bounded 
sets A C [0,1] studied in [Zu4, Theorem 4.3] and for which D := dimgA exists 
and .@?(A) =0 but €4(D) = ve d(x,A)P “dx < ce. Observe that by letting B := 
A x [0,1}%~!, one would then obtain a bounded subset of R% (for N > 2 arbitrary) 
having the exact same properties as A. 


(b) The inequality (2.1.29) in Corollary 2.1.20 is sharp, i.e., is best possible, 
in general. Indeed, we will construct in Corollary 4.6.17 to Theorem 4.6.9 an ex- 
ample of a maximally hyperfractal bounded subset A of R%.° In particular (in 
the terminology of Subsection 4.6.2 below; see parts (ii) and (iii) of Definition 
4.6.23), Ca has a partial natural boundary along the vertical line {Res = D}, where 
D = D(€,) = dim A; this means that €, cannot be meromorphically (and let alone, 
holomorphically) extended to a connected open neighborhood of this vertical line. 
(In fact, for this example, all of the points of this line are singularities of 4; hence 
the name “maximal hyperfractal”. Therefore, {Res = D} is a holomorphic natu- 
ral boundary of ¢,, in the sense of Definition 1.3.6 of Subsection 1.3.2.) It follows 
that Dnoi(4) > D. Since we also have Dyoi (C4) < D, in light of (2.1.29), it follows 


° Of course, in the terminology of part (ii) of Definition 4.6.23 it would suffice for A to be strongly 
hyperfractal but Corollary 4.6.17 provides an even more singular geometric object, namely, a max- 
imal hyperfractal. Moreover, in Corollary 4.6.17, A is a bounded subset of R, but as is noted in 
Remark 4.6.19, for any fixed N > 2, by considering the Cartesian product B := A x [0,1]‘—', one 
can readily obtain a corresponding bounded subset of IR” having the exact same properties. 
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that for this example of maximal hyperfractal obtained in Corollary 4.6.17 (and in 
Remark 4.6.19), we have 


D := dimgA = D(a) = Doi (Ga). 


We note in passing that with Dmer(€4) denoting the abscissa of meromorphic con- 
tinuation of C4 (defined like Dnoi(C4), except for “holomorphic” replaced by “‘mero- 
morphic”), we also have 


D: dimpA D(Ca) Dnoi(Ga) _ Dyer (Ga); 


while in general, for any bounded subset A of R”, we have 


Dmer(Ca) < Dhoi (Sa) S D(fa) = dimgA. (2.1.33) 
Therefore, this new string of inequalities in Equation (2.1.33) is also sharp. 


The following simple result is important for the development of the theory. It will 
be used throughout the book, most often implicitly. In hindsight, it shows that we do 
not have to worry about the set A on which the distance function x ++ d(x,A) (pre- 
cisely) vanishes identically and hence, on which the integrand x ++ d(x,A)°~% (in 
the definition of €4(s) given in Equation (2.1.1) above) is singular, i-e., is identically 
equal to +c, when Res < N. See Remark 2.1.10 above for more details. 


Proposition 2.1.22. Let A be an arbitrary bounded subset of R’. Then, we can 
change the domain of integration in Equations (2.1.1) and (2.1.13) from Ag to the 
set Ag \A without modifying 64 and hence, without changing its abscissa of con- 
vergence. In particular, for any 6 > 0 and every s € C such that Res > dimgA, we 
have: 


_ x s—N 
al = heat! ~ (2.1.34) 
ti(s)= | gay logd(x,A) dx. 


Proof. Indeed, if dimgA < N, then (according to the comment preceding Equation 
(1.3.9) on page 32) the set A is necessarily of Lebesgue measure zero in RY, so that 
d(x,A)Res-N — +00 on a (Lebesgue) negligible set only, provided Res € (dimgA,N). 
If dimgA = N, then we have Res —N > 0 (see the comment preceding Equation 
(1.3.9) on page 32), so that d(x,A)*% =0 for x € A, in light of Theorem 2.1.11(b); 
see also Remark 2.1.10 above. 


Remark 2.1.23. We can easily conclude that if A is any bounded, Lebesgue nonmea- 
surable set in R%, then dimgA exists and dimg A = N. Indeed, assume the contrary, 
ie., that dimpA < N. We then deduce that |A| = 0 (see Equation (1.3.8) on page 32 
above); so that A is of Lebesgue measure zero, and hence, is Lebesgue measurable 
(by the completeness of the N-dimensional Lebesgue measure). However, this is a 
contradiction. (See [LapRoZu, Example 2.21].) 
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Remark 2.1.24. The distance d(x,A) in Theorem 2.1.11 has been defined via the Eu- 
clidean norm. Nevertheless, Theorem 2.1.11 remains valid, with the same proof, for 
a distance d,.(x,A) associated to any other norm || - ||, in RY. Indeed, as is well known 
(see, e.g., [Foll]), all such norms are equivalent, from which one easily deduces that 
the corresponding distance zeta functions have the same abscissa of convergence. 
However, the corresponding zeta functions do not necessarily have the same (visi- 
ble) poles; in other words, the choice of the norm (and hence, of metric) on RY may 
change the set of (visible) complex dimensions of A. More generally, transforming A 
via a bi-Lipschitz homeomorphism of R™ does not necessarily preserve the complex 
dimensions of A. 


Remark 2.1.25. In the proof of Theorem 2.1.11, we have shown that 


Ca(s + h)—Ca(s) =Ca(s)ht+o(h) ash—0, 


where (in view of (2.1.21)) the remainder term o(h) = hR(h), with R(h) given by 
(2.1.17), can be estimated by 


lo(h)| < InPc(s.e) | dA Pr de, (2.135) 
As 


provided € € (0, (Res —dimgA)) and 6 € (0, 1] are fixed, and |h| < €. The constant 
C(6,€) = max{|logd|7d* : d € (0, 6]} can be explicitly computed: 


4-2 if ,—2/€ 
_ jae ife <6, 
C(6,€) = foe if e72/€ > 6, 


while the integral appearing on the right-hand side of (2.1.35), can be estimated as 
follows, assuming that .7/*?(A) <ce: 


N-—D |At| = 
d( Ret N- Edy < Res—D—2e 
fae Resp ozs (uP pie | OP 


where D = dimgA; see [Zu2, Theorem 3.1(a)]. Using (2.1.35), and minimizing with 
respect to € € J := (0, 5(Res —D)), we obtain: 


lo(h)| < |n|2(N — D) ( sup Hs) (ing Oe atero 2s) 


1€(0,6) ec! Res —D—2€ 


It is easy to see that the infimum is achieved for some & € J, since the corresponding 
function is continuous and tends to infinity as € tends to either of the endpoints of 
the interval J, while remaining within J. The above inequality holds for all h € C 
such that |h| < &. 


The following result shows that the distance zeta function has a natural additivity 
property. 
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Proposition 2.1.26. Let A and B be two bounded subsets of RN which are a positive 
distance apart; that is, d(A,B) > 0, where d(A,B) := inf{|x—y|:x€ A, y € B}. 
Then, for any & € (0,5d(A,B)), where 6 is the positive number used in Equation 
(2.1.1) for defining Ca, Cg and Caup, we have 


Caua(s) = Ca(s) + Ca(s), (2.1.36) 
for Res > max{dimgA, dimgB}. 


Proof. This follows easily from Equation (2.1.1). Fix 6 € (0,5d(A,B)) and s € 
C with Res > max{dimgA,dimgB}. Then, since (A UB)s = As UBs, we have 
CauB(s) = Ja, d(x,AUB)> Ndx+ Jes d(x,AUB)* “dx. Now, for any x € Ag, we ob- 
viously have d(x,A UB) = d(x,A), and analogously for x € Bs. Hence, the desired 
conclusion follows from Definition 2.1.1. 


2.1.3 Dirichlet Series and Dirichlet Integrals 


The goal of this subsection is to review the notion of abscissa of convergence of 
Dirichlet series and integrals, and to describe some of its basic properties. A concise 
introduction to the theory of (generalized) Dirichlet series can be found in [Ser, 
Section V.2.2]. We also refer to [HardWr] for a thorough exploration of the theory 
of classical Dirichlet series, which are of the form pe ,9;/7*, with b; € C; that is, 
for which J; := 1/j, for all j € N. Furthermore, a discussion of Dirichlet integrals is 
provided in [Pos, esp., Section 2.3]. 


2.1.3.1 Dirichlet Series 


It is interesting (and well known) that it is possible to give an explicit expression 
for the abscissa of convergence (see Definition 2.1.28 below) of the (generalized) 
Dirichlet series 


f(s) := ¥ bls; (2.1.37) 
j=l 


see Theorem 2.1.33 below. Here, we assume that /; > 1j4; > 0 for all j € N, and 
1; + 0* as j + o. For simplicity, we assume that the ‘multiplicities’ b; are positive 
real numbers. In the applications to fractal strings, they are natural numbers, inter- 
preted as the actual multiplicities of the distinct ‘lengths’ (or ‘scales’) /;. In order 
to formulate the corresponding result (stated in Theorem 2.1.33 below), we need to 
introduce the following counting function b, defined on (0, -+e°) by 


Aa)= SY bp (2.1.38) 


{j:logl; '<x} 
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If bj € N for each j, then clearly, b(x) —+ +e as x —> +e, and b(x) is called the 
(geometric) counting function of the associated fractal string (defined as the multiset 
consisting of all the distinct numbers /; with multiplicities b;). More precisely, in 
order to be consistent with the terminology introduced in [Lap-vFr 1-3], let us recall 
that the geometric counting function N,v of a fractal string 2 = (¢;) with 
0; > lj41 for all j € N and €; + 07 as j + ©, is defined by 


No.2 (X) = > bj, 


agai 
{il <x} 


j=v 


for every x > 0. Hence, the counting function b can be viewed as the counterpart of 
Ne,v when the ‘reciprocal scales’ are measured on a logarithmic scale. 


In 1894, Cahen [Cah] proved the following important and classical result con- 
cerning the convergence of Dirichlet series. 


Theorem 2.1.27 (Cahen, [Cah]). If a Dirichlet series f(s) = X79 bjl; converges 
absolutely (and hence, converges) for some s, € C, then it converges absolutely 
(and hence, converges) on the open right half-plane {Res > Res,}. Consequently, 
the Dirichlet series is either convergent absolutely (and hence, convergent) for all 
complex numbers s, or divergent absolutely for all s € C, or else there exists a 
(necessarily unique) real number D such that the Dirichlet series converges abso- 
lutely (and hence, converges) on {Res > D} and diverges absolutely on {Res < D} 
(i.e., is not absolutely convergent at any point s € C with Res < D). 


Note that in this generality, nothing can be said about the convergence of the 
Dirichlet series for complex numbers s on the vertical line {Re s = D}. Furthermore, 
since the coefficients b; are assumed to be positive, the Dirichlet series converges 
absolutely for Res > D. 


Definition 2.1.28. The unique value of D € R appearing in Theorem 2.1.27 is called 
the abscissa of (absolute) convergence of the Dirichlet series, and is denoted by 
D = D(f). Following the usual conventions, we extend this definition to the case 
where D € RU {+e0}. Accordingly, the case where D = —ce or D = +c corre- 
sponds, respectively, to the first or second situation described in the statement of the 
theorem. 

Furthermore, much as in Subsection 2.1.2 above (see Equation (2.1.10) and 
the text surrounding it), we let IT(f) := {Res > D(f)} denote the half-plane of 
(absolute) convergence of f. Then, according to Cahen’s theorem (Theorem 2.1.27), 
IT(f) is the maximal open right half-plane on which the Dirichlet series f converges 
absolutely (and hence, is convergent). 

Finally, when D € R, the vertical line {Res = D} is called the critical line of f 
(or sometimes in this book, the ‘critical line of convergence’). 


Remark 2.1.29. For a Dirichlet series with complex (rather than positive) coeffi- 
cients, there is an analogous theorem for the notion of ordinary (rather than absolute) 
convergence of a Dirichlet series, allowing one to define the abscissa of conditional 
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(rather than absolute) convergence of a Dirichlet series, denoted by Deona(f) and 
which (thanks to Theorem 2.1.34 and Corollary 2.1.35) does not exceed Dyoi(f); 
see, e.g., [Ser], Joc. cit. Furthermore, for a Dirichlet series with positive coefficients, 
as is assumed in the present subsection (i.e., in Subsection 2.1.3.1), the abscis- 
sae of absolute and conditional convergence are equal and also coincide with the 
abscissa of holomorphic continuation: D(f) = Deona(f) = Dnoi(f); see Corollary 
2.1.36 below. 

In contrast, a classic example of Dirichlet series with real coefficients for which 
D(f), Deona(f) and Dyoi(f) are all distinct is provided by f(s) := %_,(—1)""!/n’. 
Then, a simple (but clever) computation shows that €(s) = f(s) +2!~°C(s), where 
€ = €(s) denotes the classic Riemann zeta function; i.e., f(s) = (1 —2'~*)¢(s). 
This last identity shows that the simple pole of ¢(s) at s = 1 is precisely cancelled 
by the simple zero of 1 — 2!~* at s = 1; so that f is an entire function (i.e., has a 
holomorphic extension to all of C) and hence, 


D(f)=1 > Deona(f) = 9 > Dhoi(f) = —=, (2.1.39) 


where Deona(f) is the abscissa of conditional convergence of f. It is easy to check 
that Deona(f) = 0 by using Abel’s partial summation theorem and noting that clearly, 
the series initially defining f(s) diverges at s = 0. 


Example 2.1.30. A well-known and interesting example of Dirichet series f for 
which the abscissa of absolute convergence D(f) and of conditional convergence 
Deona(f) are expected to be different is given by the Mébius Dirichlet series 


f(s) = s H(n) (2.1.40) 


where u is the Médbius function defined by (1) = 1, u(n) = (—1)* if n is the 
product of k distinct primes (with k € N), and p(n) = 0 otherwise (i.e., if 2 is not 
square-free). Then, we always have that D(f) = 1 and 1/2 < Deona(f) < 1. Further- 
more, Deona(f) = 1/2 if and ony if the Riemann hypothesis is true (i.e., if and only if 
€(s) =0 for some s € C with 0 < Res < | implies that Res = 1/2).'° More specif- 
ically, we always have that, independently of the truth of the Riemann hypothesis 
(i.e., unconditionally), 


Deona(f) = sup{a € [1/2, 1): ¢(s) =0 for some s € C with Res=a}, (2.1.41) 


where € denotes the meromorphic continuation to all of C of the classic Riemann 
zeta function. 
The statement concerning Deona(f) follows from the fact that 


Ss H(n) ot 
py = EE)’ for Res > 1 (2.1.42) 


‘0 Tt is known from Hadamard’s theorem and the functional equation satisfied by ¢ that ¢(s) 4 0 
for all s € C with Res = 0 or Res = 1; see, e.g., [Edw] or [Tit3]. 
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(itself a consequence of Mobius’ inversion formula, see [Edw, Tit3]). Indeed, in 
light of Equation (2.1.42) and since ¢ can be meromorphically continued to all of 
C, we deduce that f can be meromorphically continued to all of C and that 


f(s) = a" for alls EC. (2.1.43) 


Consequently, f(s) has a pole at every zero of €(s) and so Deona(f) is given by 
the right-hand side of Equation (2.1.41) since €(s) has zeros along the critical line 
{Res = 1/2}. 

Now, to prove that D(f) = 1, we proceed as follows. First, since |u(n)| < 1 for 
alln €N, itis clear that 7, lal < oo for Res > 1. Hence, D < 1. Furthermore, for 
s = 1, we have successively (with p,...,p,, p running through the set of all prime 
numbers, and such that in the first equality, the product p;...p, is square-free, for 
any k € N):!! 


> : 


=1 P1;.-+; ‘i P1--+Pk 


2D =D- 


pi Pl p po 


ra 


3 
Il 
= 


(2.1.44) 


Hence, >"; Hol (ol = +ee and thus, D(f) > 1. This shows that D(f) = 1, as claimed. 

Furthermore, we note that since ¢(s) does not have any zeros for Res > 1 (be- 
cause it is given by a convergent infinite product, the Euler product, in the right 
half-plane {Res > 1}), we must have (in light of Equation (2.1.43)) that Dagi(f) < 1. 
However, since €(s) has zeros on the critical line {Res = 1/2} and since (also in 
light of Equation (2.1.43)) f(s) has a pole at s € C if and only if ¢(s) = 0, it fol- 
lows that 1/2 < Dnoi(f) < 1 and that, in fact, unconditionally, Dpoi(f) = Deona(f)- 
We deduce, in particular, that Dyo)(f) is also given by the right-hand side of Equa- 
tion (2.1.41). Moreover, we observe that it follows from the last equality and from 
Equation (2.1.41) that unconditionally 


l= D(f) > Daa (Ff) = Deona(f) (2.1.45) 


due to existence of zero-free regions which are asymptotic to the vertical line 
{Res = 1} (see, e.g., [Edw] or [Tit3]). Indeed, in light of Equation (2.1.41) above, 
the hypothesis that Deona(f) = 1 is equivalent to the existence of a sequence (sj) j>1 
of critical zeros of € = €(s) tending to the vertical line {Res = 1} (i.e., such that 
Res; — las j - , with Res; < 1) and this, in turn, contradicts the existence of a 
zero-free region. 


'l Tn the last equality of Equation (2.1.44), we are using the well-known fact according to which 
the series of reciprocal primes, Xp p 1 is divergent; see, e.g., [Edw], [Tit3] or [Ser, Section VI.3.1, 
Corollary 2]. 
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Finally, combining (2.1.41) and (2.1.45), we see that still unconditionally, 
Deona (f ) 
= (Dnoi(f)) € [1/2, 1) and that (as was already noted above) Deona(f) = 1/2 if and 
only if the Riemann hypothesis is true. 

This concludes the discussion of this example. 


The following definition will be useful in the sequel. See also Definition 2.1.62 
in Subsection 2.1.5 below for a more general setting. 


Definition 2.1.31. As before in Subsection 2.1.2, we denote by Dnoi(f) the abscissa 
of holomorphic continuation of f and we call #(f) := {Res > Dhoi(f)} the half- 
plane of holomorphic continuation of f. More specifically, Dpoi(f) € RU {0} 
is given by (2.1.27), with C4 replaced by f, and it follows that #(f) := {Res > 
Dpoi(f)} is the maximal open right half-plane (of the form {Res > a}, for some 
a € RU {+c°}) to which the Dirichlet series f can be holomorphically continued. 
Finally, the vertical line {Res = Dhoi(f)} is called the holomorphy critical line 


of f(s) =D byl. 


Remark 2.1.32. The Dirichlet series =i b if can be viewed as a special case of 
Stieltjes—Dirichlet integral, corresponding to the Laplace transform of a discrete 


measure V; := pe bj S50 ;-! (or equivalently, to the Mellin transform of the discrete 


measure V2 := baa b j6)-1). Here, for x > 0, 6, denotes the (unit) Dirac mass (or 
J 


measure) concentrated at {x}. 


Next, we formulate a result, also due to Cahen [Cah], containing an explicit for- 
mula for the computation of the abscissa of convergence of a general Dirichlet se- 
ries. 


Theorem 2.1.33 (Cahen, [Cah]). Let b be the counting function defined by (2.1.38). 
Assume that b(x) — +0 as x + +c°, Then the abscissa of convergence D of the 
Dirichlet series f(s) = peas bil; is nonnegative and given by 


log b(x) 
aaa (2.1.46) 


D=limsup 
X—>-+00 


co 


Moreover, in terms of the sequence (bj )j-1 of ‘multiplicities’, this value is also given 
by 
1 n 
D=limsup = log (> 47). (2.1.47) 
noo 108 lh j=l 


The following classic result, due to Perron, is a well-known extension of Ca- 
hen’s theorem (Theorem 2.1.27). It will be used, in particular, in the proof of Theo- 
rem 2.1.39 below. 


Theorem 2.1.34 (Perron, [Per]). If a (generalized) Dirichlet series converges for 
some so € C, then it converges uniformly in any sector of the form Re(s— so) > 0, 
|arg(s—so)| < ©, with © € (0,7/2). 
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The proof of Perron’s theorem can be found, for example, in [Ser, Proposition 6, 
Section VI.2.2]. It relies, in particular, on Abel’s partial summation formula (that is, 
on a discrete analog of integration by parts). 


Corollary 2.1.35. If a (generalized) Dirichlet series converges for some so € C, 
then it converges in the open right half-plane {Res > Reso} and the associated 
function so defined is holomorphic in that region. 


A priori, in light of Corollary 2.1.35, it follows from the definition of D(f) and 
Dnoi(f) given in Definition 2.1.28 and Definition 2.1.31, respectively, that we only 
have the following inequality: Dyoi(f) < D(f). However, the next result (Corollary 
2.1.36) will show that in our present situation, we actually have the following equal- 
ity (due to the positivity of the coefficients of the Dirichlet series): Dnoi(f) = D(f). 

We note that, on the other hand, there are elementary examples of Dirichlet 
series with real or complex coefficients for which Droi(f) < D(f). For instance, 
as was explained in Remark 2.1.29 (see, especially, Equation (2.1.39) in that re- 


mark), for the Dirichlet L-function f(s) := °_,(—1)""!n-%, which will be revis- 
ited in the text following Remark 2.1.37 below, we have Dyoi(f) = —2° whereas 


D(f) = 1; see, e.g., [Ser, Section VI.3] for other examples of such L-functions 
(namely, Dirichlet L-functions with nontrivial primitive characters). Also, for such 
Dirichlet L-functions, we have Deona(f) = 0 and D(f) = 1. 


The next corollary of Perron’s theorem (Theorem 2.1.34 above) is well known 
and relies in a crucial way on the fact that the Dirichlet series has positive coeffi- 
cients. See, e.g., Proposition 7 in Section 2.3 of [Ser], where this result is stated in a 
different, but equivalent manner. 


Corollary 2.1.36. Assume that the coefficients b; are positive real numbers for all 
J €N. Then, the Dirichlet series f(s) := Xj) bil; tends to +0 as s tends to D(f) 
from the right, along the real axis.'* Consequently, we have the following equality: 


D(f) = Dnoi(f): (2.1.48) 


Remark 2.1.37. It follows from Corollary 2.1.36 and the definitions of D(f) and 
Dnoi(f) that we have the following equality, which is a restatement of Equation 
(2.1.48): 


D(f) int ER: ¥ bili <o} 


j=l 
= inf {a € R: f is holomorphic on {Res > a} } =: Dpoi(f). 


(2.1.49) 


In the case when the sequence defining the Dirichlet series is (infinite and) asso- 
ciated with an ordinary fractal string & = (¢;)j>1, represented by a bounded open 


"2 Hence, if D:= D(f) € R, then D is a singularity of f (located on the real axis). Moreover, if, 
in addition, f can be meromorphically extended to a connected open neighborhood of the critical 
line {Res = D}, then D isa pole of f. 
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subset Q of IR, we can even assume that the infimum is taken over a € [0,1] in the 
first and second equalities of (2.1.49), and we also have several additional equalities: 


Dro (Cv) = D(C) = dimgdQ = dimgA, (2.1.50) 


where 0Q is the boundary of Q, Cy is the geometric zeta function of #, and A = 
Ay denotes the bounded subset of R associated with (as explained in Subsection 
2.1.4 below). See Subsection 2.1.4, especially Theorem 2.1.55 and Corollary 2.1.57. 


Assume that we are in the setting of the first part of the previous remark (Re- 
mark 2.1.37); that is, f(s) is a generalized Dirichlet series with positive coefficients, 
as in the rest of the present subsection. In particular, Equation (2.1.48) holds. Let 
D € RU {+c} denote the common value of Dhoi(f) and D(f). It then follows that 
the Dirichlet series f(s) := >j-19;!;, where the coefficients b; are positive, is ab- 
solutely convergent (and hence, convergent) for Res > D and diverges for Res < D 
(as stated in Theorem 2.1.27 above). 

By contrast, as was noted earlier, for a Dirichlet series with real or complex 
(but not positive) coefficients b;, we may have Dnoi(f) < D(f). This is the case of 
all Dirichlet L-functions with nontrivial primitive characters (see, e.g., [Ser, Tit2, 
ParsSh1-2]), for which Dyoi(f) = —ee whereas Deona(f) = 0 and D(f) = 1. For 
instance, for the (classic) Dirichlet series f(s) := ¥°_,(—1)""!n-* (which is an 
example of such a Dirichlet L-function), we have Dyoi(f) = —°, Deona(f) = 0 
and D(f) = 1, where Deona(f) is the abscissa of conditional convergence of f. 
(See Equation (2.1.39) in Remark 2.1.29.) This implies that the series converges 
absolutely (and hence, converges) for Res > 1, ceases to converge absolutely for 
Res < 1, whereas it converges for Res > 0 and diverges for Res < 0. In partic- 
ular, the Dirichlet series converges conditionally (but hence, not absolutely) for 
0< Res < 1, i., for all s € C such that 0 < Res < D(f). 

In the classic terminology (see, e.g., [Ser] and [Pos]), D(f) = 1 is the abscissa 
of absolute convergence of f (in the precise sense of Theorem 2.1.27 and Definition 
2.1.28 above), whereas (as was observed in Remark 2.1.29 on page 69) the abscissa 
of conditional convergence of f (in the sense of Theorem 2.1.27 and Definition 
2.1.31, but with “convergence” replaced with “conditional convergence’) is equal to 
0. This situation is in sharp contrast with that encountered for (generalized) Dirichlet 
series with positive coefficients, which is the situation of interest in this book. 

By contrast, recall from part (a) of Remark 2.1.21 that we do not know whether 
there exists generalized (Dirichlet) integrals f = f(s) of the type of the distance zeta 
function (or, equivalently, of the tube zeta function) of a bounded subset A of R% for 
which D < N and Dyoi(f) < D(f), with f := C4 (or, equivalently, f := €4).!3 We do 
not know of such an example even for a relative fractal drum (in the sense of Section 
4.1). On the other hand, recall from part (b) of Remark 2.1.21 above that we have 
explicit examples of bounded subsets of R” for which D < N and Dpoi(f) = D(f), 
for both f = C4 and f = 4. 


13 Tn the case of the tube zeta function gs, we do not need to assume that D < N. 
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It is noteworthy (although elementary) that any fractal string @ = (€;)j> (that 
is, here, a nonincreasing sequence of positive real numbers (¢;) ;>; converging to 
zero, see the beginning of Subsection 2.1.4 below) is uniquely determined by its 
geometric (or scaling) zeta function C y(s) = X5_) &. 

More precisely, the following result holds, and is a consequence of a well-known 
uniqueness result about (generalized) Dirichlet series (see, e.g., [Ser, Corollary 4, 
Section VI.2.2]). For completeness, we will nevertheless include a proof of this 
theorem. 


Remark 2.1.38. Here and in the sequel, we adopt the convention of [Lap-vFr2-—3] ac- 
cording to which (/;) ;>1 refers to a strictly decreasing sequence of positive numbers 
whereas (¢;)j>1 refers to a nonincreasing sequence of positive numbers (repeated 
according to their multiplicities). Hence, for all s € C with Res > D(C), we have 


Cy(s)= » 4 = dil}; (2.1.51) 


where for each j > 1, b; is the multiplicity of 1;. 


Theorem 2.1.39. Assume that @ = (€;)j>1 and Z@' = (€;)j>1 are two fractal 
strings such that their geometric zeta functions are holomorphic in an open right 
half-plane G = {Res > o} (or equivalently, are such that their abscissae of con- 
vergence do not exceed ©), for some o € RU {-e}. If Cv(sp) = Cyr (sx) for a 
sequence (Sx)x>1 of elements of G possessing an accumulation point in G, then 
L=L'; i.e, t) =; for all j > 1. Equivalently, in the notation of Remark 2.1.38, 
we have 1; =I, and bj = bi, for all j > 1. 


Proof. Without loss of generality, we may assume that the sequences (¢;) j>; and 
(@)j>1 are nonincreasing; see Subsection 2.1.4. By hypothesis, we must have 
o > max{D(Cv),D(¢yv)}, where D(C vy) and D(¢.y) denote the abscissae of con- 
vergence of Y and Y”, respectively. Hence, according to the principle of analytic 
continuation (see, e.g., [Con, Corollary 3.8]), the condition Cy(s,) = Cy/(s,) for 
all k > 1 implies that ¢.y(s) = ¢ y/(s) in G. Assume by contradiction that ¢;, > ¢;,,, 
with the smallest possible jo € N. Canceling the first jo — 1 terms in the sums defin- 
ing the two geometric zeta functions, we may assume without loss of generality that 
jo = 1. Dividing C y(s) = Cy(s) by ¢), we obtain the equality 


1+ (ep!) +--+ (607 + = (Ge + (Ge + +(GG tee. 

(2.1.52) 
Passing to the limit as s + +co in R, we deduce that 1 = 0, which is a contradiction. 
Actually, we deduce that n = 0, where the integer n > 1 is equal to the multiplicity of 
£, (that is, to the number of times the value ¢; is repeated in the sequence represent- 
ing Y); ie., n = b, > 0. (Alternatively, in the notation of Remark 2.1.38, we have 
é; =---=£, =1,.) Note that in order to justify the interchange of limit and sum in 
(2.1.52), we use Theorem 2.1.34, where we have taken so > o. More specifically, 
Theorem 2.1.34 guarantees the uniform convergence in a sector containing the half- 
line {s € R: s > so} (and hence, in a neighborhood of +c¢ in the extended real line) 
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of each of the Dirichlet series appearing in Equation (2.1.52). In turn, this enables 
us to justify the interchange of the limits as s + +e and of the infinite sums. 


2.1.3.2 Dirichlet Integrals 


Consider the Dirichlet-type integral (DTI, for short) 


F(s):= [ (x)'du (x), (2.1.53) 


where F is a measurable space, @ is a suitable positive (or, more generally, under 
a suitable assumption, nonnegative, see Remark 2.1.50) measurable function on E, 
and pl is a local (or locally bounded) positive or complex measure on E.!* (Recall 
that if {1 is positive, then its total variation measure || satisfies |u| = L, while if 
Ll is a local complex measure, then |j1| is a positive and locally bounded measure; 
for more detailed information, see Definition A.1.1 in Appendix A and, e.g., [Coh], 
[Foll] or [Ru], for classic measure theory.) The interested reader can find in Ap- 
pendix A a thorough discussion of Dirichlet-type integrals (DTIs) and of extended 
DTIs, along with some of their main properties. 

For the purposes of the more general theory of Dirichlet-type integrals (DTIs) 
developed in Appendix A, we will assume E to be a locally compact, Hausdorff (or 
metrizable) topological space and that p is a local positive (or complex) measure. 
Roughly speaking, a local measure on E is a set-function on A(E), the Borel o- 
algebra of E£, its total variation measure whose restriction to every compact subset 
of E is bounded. Hence, if 1 is a local complex measure, then || is only locally 
bounded. See Definition A.1.1 for the precise definition of a local measure. 

In the sequel, we shall need the following definitions, which have already been 
introduced in a less general, but closely related context in Subsections 2.1.2 and 
2.1.3.1. (See also Subsection 2.1.5.) For the definitions of D(F’) and IT(F), intro- 
duced just below, to be meaningful, we have to assume that the function @ is non- 
negative and bounded from above in the following sense: 


There exists a constant C= C(F’) > 0 such that 0 < @(x) < C | |-a.e. on E. 
(2.1.54) 


We assume throughout this chapter that this condition is satisfied. (In Appendix A 
such a DTI is said to be tamed.) See also Theorem 2.1.45 which discusses some 
other possibilities. Note that in the case of the distance zeta function F := ¢,, we 
have E := Ag and @(x) :=d(x,A) € [0,6] for all x € Ag, so that condition (2.1.54) 
is clearly satisfied. 

Define the abscissa of convergence D(F’) of the generalized Dirichlet integral 


F(s) := fy, @(t)*du(t) in exactly the same manner as for (the special case of) the 
distance zeta function €4 in Equation (2.1.10) of Subsection 2.1.2, except for the 


'4 When ~(x) = 0, we let @(x)* := 0. (This is quite reasonable, at least for Res > 0.) 
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integral 4, d(x,A)° ~Ndx replaced by the Dirichlet-type integral [,, p(t)*du(t) (and 
with u replaced by the total variation measure || if 1 is not a positive measure). 
N amely,!> 


D(F) =int{oer: [ o(eyal|( <o}. (2.1.55) 


Furthermore, call 
II(F) := {Res > D(F)} (2.1.56) 


the half-plane of (absolute) convergence of F. The value of D(F’) is well defined 
due to the assumption (2.1.54), and for the same reason, the open right half-plane 
TI(F) is also well defined; see Theorem 2.1.45 below.!° As before, we have D(F’) € 
IRU {ce} and we use the standard convention according to which IT(F’) = 9 or C 
if D(F) = +e° or —ce, respectively. 

Moreover, if D(F’) € R, the vertical line {Res = D(F)} is called the critical line 
of F, when no ambiguity may arise (or, less briefly, the critical line of convergence 
of F). 

As was the case in Subsection 2.1.2, one then deduces from the counterpart of 
Lemma 2.1.9 in the present context that the half-plane of convergence IT(F) := 
{Res > D(F)} is the maximal right open half-plane of convergence (of the form 
{Res > a}, for some a € RU {+c°}) of the Lebesgue integral defining F(s) in 
(2.1.53); see Theorem A.1.4 in Appendix A. Note that for s € C, J, |@(t)*|d|u|(t) = 
Je 9(t)®°* diu|(t) < ce implies that Res > a, and conversely. 

Finally, we define Dpoi(F'), the abscissa of holomorphic continuation of F, ex- 
actly as for ¢4 in Equation (2.1.27) of Subsection 2.1.2, except for the fact that C4 
is now replaced by F. Then, #(F) := {Res > Dhoi(F)} is called the half-plane of 
holomorphic continuation of F and the vertical line {Res = Dyoi (F')} is referred to 
as the critical line of continuation (or simply, the holomorphy critical line) of F. 
See, also, Definition 2.1.62 at the beginning of Subsection 2.1.5 below. 


The following three examples should be helpful to the reader, as they play a 
central role in the book. 


Example 2.1.40. (Distance zeta functions). Let A be a bounded subset of R™ and €4 
be the associated distance zeta function (as in Subsection 2.1.1), initially defined by 
(2.1.1) for some 6 > 0. Let E := As, @(x) :=d(x,A) for all x € Ag (so that gp =0 on 
A, the closure of A) and consider the positive measure defined by (dx) := p(x) dx, 

where p : E — R is defined by 
—N 7 
Pee ti , — forxe E\A, pas 

0, for x EA, 


'S Recall that all of the integrals are taken in the Lebesgue sense. 

'6 Tf we replace the condition appearing in (2.1.54) by @(x) > C |u|-a.e. on E for a positive constant 
C, then in the definition of D(F) in (2.1.55), we have to replace inf by sup and the corresponding 
Dirichlet-type integral F(s) is then (absolutely) convergent on the open /eft half-plane {Res < 
D(F)}. See case (b) of Theorem 2.1.45 below. 
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and dx denotes the Lebesgue measure on R". Note that ps = || (since pu is positive). 
Then, in light of Theorem 2.1.45(a) below (or, simply, by definition of @ and 1) and 
for Res large enough, using the common convention 0 - (+e) = 0 in Lebesgue’s 
integration theory, it follows that ¢4 coincides with the following Dirichlet-type 
integral given by (2.1.53): 


Cals) = fh dteayNar= | o()'du(x) =: F(s) 


As 


Furthermore, according to parts (a) and (b) of Theorem 2.1.11, we have D(C,) = 
dim A, the upper box dimension of A, and Dyoi (C4) < D(G4). Moreover, if in ad- 
dition, we assume that D := dimgA exists, D < N and .@?(A) > 0, then it follows 
from part (c) of Theorem 2.1.11 that we also have the following string of equalities: 


Droi(Ca) = D(Ga) = dimgA (= D). 


In closing this example, we note that the tameness condition (2.1.54) is clearly sat- 
isfied since 0 < p(x) =d(x,A) < 6 for all x € Ag and hence, for all x € E. 


Example 2.1.41. (Relative distance zeta functions). Looking ahead to Chapter 4, we 
mention that a discussion entirely analogous to the one given in Example 2.1.40 
can be provided (with E := Q instead of E := Ag, @(x) := d(x,A) for all x EQ 
and (dx) := p(x)dx, where p is still given by (2.1.57)) for the relative distance 
zeta function C4 9 of a ‘relative fractal drum’ (A, Q) (introduced in Definition 4.1.2 
of Chapter 4), where A is any subset of R%, Q is an open subset of IR” such that 
|Q| <e, and there exists 6 > 0 such that Q C As: 


Ca.a(s) = i d(x,A)° “dx, (2.1.58) 


for all s € C with Res sufficiently large. (Neither A nor Q is assumed to be bounded, 
in that case. However, since Q C Ag, it follows that d(x,A) < 6 for all x € Q. 
Hence, in light of (2.1.58), the DTI €, 9 is clearly tamed; more precisely, condition 
(2.1.54) is satisfied with C := 6.) There too, we have (in light of parts (a) and (b) of 
Theorem 4.1.7 along with Corollary 4.1.10 in Section 4.1.1 below) that D(C4.9) = 
dimg(A, Q), the relative upper box dimension of (A, Q), and Dio (Ca.a) < D(Ca,a)3 
see Remark 2.1.42 below. 

As will be stressed in Section 4.1, one important difference between C4 and 
Ca.q is that dimgA € [0,N] whereas dimg(A,Q) € [—-2,N]. Also, in light of part 
(c) of Theorem 4.1.7 below, and provided D := dimg(A,Q) exists, D < N and 
M?(A,Q) > 0, we then have 


Dpoi(Sa,a) = D(C4,a) = dimg(A, Q) (=: D). 


We note that in this latter situation, the infimum implicit in the definitions of 
Dhoi(Ca.q) and D(€4.¢) must be taken over all a € R (in fact, since dimg(A,Q) € 
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[—co, N], it suffices to take the infimum over all @ € (—s°,N]). The reason is that 
in the definition of upper and lower Minkowski contents of a relative fractal drum 
(A, Q), we take the infimum over all r € R; see Equation (4.1.4) below. 


Remark 2.1.42. The analog of Proposition 2.1.22 also holds in the more general 
setting of Example 2.1.41 because the function @(x) := d(x,A), defined on E := 
Q, vanishes identically on ANQ, while (much as in Example 2.1.40, and using 
the standard convention in Lebesgue’s theory, according to which 0- (+c) = 0), 
LL(dx) := p(x)dx, where as was explained above, the function p : E — R, with 
E :=Q, is defined by 


(2.1.59) 


d(x,A)-",  forxeE\A, 
p(x) = = 
0, forx EA. 


Example 2.1.43. (Tube zeta functions and their relative counterparts). Also looking 
ahead towards the rest of the book, we mention that the tube zeta function by ofa 
bounded subset A of RY (see Definition 2.2.8 of Subsection 2.2.2 below) is a tamed 
DTI. This statement is explained in detail in Lemma 2.2.9 (and its proof). More 
generally, the tube zeta function bao of a relative fractal drum (A,Q) in RY (see 
Equation (4.5.1) of Subsection 4.5.1 below) is a tamed DTI. This statement is proved 
much as for its counterpart for the relative distance function in Example 2.1.41 
above and is explained in the proof of part (1) of Proposition A.2.4 of Appendix A. 


Example 2.1.44. (Generalized Dirichlet series and geometric zeta functions). The 
generalized Dirichlet series studied in Subsection 2.1.3.1 can be easily viewed 
as (tamed) Dirichlet-type integrals (DTIs, in short) of the form (2.1.53), as we 
now explain. Indeed, let E := [log(1/¢,),+¢) and with the notation of Subsection 
pa ee ae 


p(t):=e* and pdt) := ¥) bjSog(1/1,) (2.1.60) 
j=l 


(or, alternatively, E := (0,¢)], p(t) :=+ for all t € E and (dt) := YF) bj6), = 
| 5¢;3 see, especially, Equation (2.1.51) in Remark 2.1.38 above). Then, the 
generalized Dirichlet series f(s) := ppm b ili = 24 fs, as given by (2.1.37) and 
(2.1.51), coincides with the Dirichlet-type integral F(s) := J, p(t)*du(t), as given 
by (2.1.53). Moreover, since 


0< p(t) <C:= p(log(1/t1)) = 41 


'7 Recall from Subsection 2.1.3.1 (and, especially, Remark 2.1.38) that (¢ ipa is a nonincreasing 
sequence of positive numbers such that £; | 0 as j + ©, and that (Li) is the sequence composed 
of the distinct values of the ¢;,’s. Furthermore, for each j > 1, /; has multiplicity b;, when it appears 
in the sequence (¢,)7°_,. In particular, we have ¢; = --- = 4, =k. 
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for all t € E = [log(1/¢;),+¢°) (alternatively, 0 < g(t) <C := p(,) = for all 
t € E = (0,¢)]), condition (2.1.54) is satisfied; i.e., f is a tamed DTI, in the sense 
of Definition A.1.3 of Appendix A. Here, if @ is given by (2.1.60) and the sequence 
(£ Dj is nonincreasing, while the optimal choice of C is given by C = €; = I, (still 
with the notation of Subsection 2.1.3.1). 

As a result, for the geometric zeta function Cy(s) := Dj_)¢ of a bounded!® 
fractal string 2 := (¢ iz , (in the sense of Subsection 2.1.4 below), we have 


Dro (Sz) =D{Ez)=int| ae Ware ¥ 0 <eh, (2.1.61) 
j=l 


More generally, the geometric zeta function ¢, of a local (positive or com- 
plex) measure 7 on (0,+¢°) (as defined in [Lap-vFr3, Chapter 4] by ¢n(s) := 
Jo °x-*n(dx) for all s € C with Res sufficiently large) is a tamed DTI; see the 
second half of part (2) of Proposition A.2.4 (and its proof). In particular, all arith- 
metic zeta functions occurring in number theory (see, e.g., [ParsSh1—2, Edw, Tit3], 
[Lap-vFr3, Appendix A], as well as [Lap6, Appendices B, C and E]) are tamed 
DTIs. As a special case appearing in various parts of Subsection 2.1.3, let us men- 
tion the Dirichlet L-functions and, in particular, the classic Riemann zeta function. 

Finally, we close this example by pointing out that the spectral zeta functions of 
relative fractal drums (RFDs) studied in Section 4.3 and defined in Definition 4.3.4 
below (and, in particular, the spectral zeta functions of fractal strings) are tamed 
DTIs since they can clearly be viewed as geometric zeta functions of generalized 
fractal strings (and really, as generalized Dirichlet series, in the sense of Subsection 
Paledel.)- 


We are now ready to state a theorem concerning the holomorphicity of the 
Dirichlet-like integral F. It will imply, in particular, part (a) of Theorem 2.1.11 in 
Subsection 2.1.2 above, as will be explained later. 

We should point out that part (a) of Theorem 2.1.45 just below is a very special 
case of a significantly more general result, provided in Appendix A (see Theorem 
A.2.6 and Corollary A.2.7) and proved in a similar manner, by using Theorem 2.1.47 
below. In particular, we should note that in part (a) of Theorem 2.1.45 below, it 
suffices to assume that [U is a (positive or complex) Jocal measure on E (in the sense 
of Definition A.1.1, roughly speaking, a locally bounded set-function on B(E), 
the Borel o-algebra of F) and that @ is a positive measurable function satisfying 
condition (2.1.54); 1.e., F = C(E,@,u) (as given by (2.1.62) below and in the notation 
of Appendix A, see Equation (A.1.2) of Appendix A) is a tamed Dirichlet-type 
integral (DTI, in short); see Definition A.1.3. Moreover, for the fractal zeta functions 
of interest considered in this book, @ is easily seen to be bounded from above (see 
the hypothesis made in Theorem 2.1.45(a) below); for example, as was noted in 
Examples 2.1.40 and 2.1.41, @(x) :=d(x,A) < 6 for all x € Ag. As a result, all of 


'8 We say that a fractal Y := (€;)5_, string is bounded if D7 | £j <-. 
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these fractal zeta functions are tamed. See also Remark 2.1.46 below, along with 
Proposition A.2.4 and Corollary A.2.7 of Appendix A. 


Theorem 2.1.45. Let (E, A(E), W) be a measure space, where E is a locally com- 
pact metrizable space, A(E) is the Borel o-algebra of E, and [ is a positive or com- 
plex (local) measure, with total variation (local) measure denoted by ||. Further- 
more, let p : E — (0, +e) be a measurable function satisfying condition (2.1.54).!° 
Then: 


(a) If @ is essentially bounded (that is, if there exists C > 0 such that p(t) <C 
for |u|-a.e. t € E), and if there exists o € R such that J, p(t)? d|u|(t) < °, then 


Pies a (t)°du(t) (2.1.62) 


is holomorphic on {Res > o}, and F'(s) = fy p(t)’ log p(t) du(t) in that region. 
Furthermore, the abscissa of convergence D(F) of F (defined as in Equation 
(2.1.55) above) and the abscissa of holomorphic continuation Dyo\(F ) of F (defined 
either as above or as in Definition 2.1.62 of Subsection 2.1.5 below) satisfy the fol- 
lowing inequality: 

Dno(F) < D(F). (2.1.63) 


(b) If there exists C > 0 such that p(t) > C for |u|-a.e. t € E, and if there exists 
o €R such that J, p(t) °d|u|(t) < %, then 


Gis [ o(t)*d(t) (2.1.64) 


is holomorphic on {Res > 0}, and G'(s) =— J, p(t) * log p(t) du(t) in that region. 
Here, D(G), the abscissa of convergence of G, satisfies Dyoi(G) < D(G). 


(c) Finally, if there exist positive constants C, and C2 such that Cy < @(t) < Co 
for |u|-a.e. t € E, and there exists o € R such that J, p(t)°d|u|(t) < °, then the 
Dirichlet-type integrals F and G in (a) and (b), respectively, are entire functions 
(and hence, D(F’) = Dpoi(F') = —°°, where D = D(F) is the abscissa of convergence 
of F and Dyo\(F) is the abscissa of holomorphic continuation of F, and analogously 
for G). 


In many applications of interest to us in this book, the local measure [ is positive 
and hence, |j1| = . Furthermore, the inequality (2.1.63) is actually an equality. This 
is the case, for example, for the (generalized) Dirichlet series studied in Subsection 
2.1.3.1 above (in light of Example 2.1.44, this is a consequence of Theorem 2.1.34 
and Corollary 2.1.35) as well as, similarly, for the classic Dirichlet integrals (of 
the form F(s) := fy °e~"du(t), for some suitable positive Borel measure pf on 
(0, +e°), supported away from 0; see, e.g., [Pos]). Under mild assumptions (namely, 
the hypotheses of part (c) of Theorem 2.1.11 and Corollary 2.1.20), this is also 


'9 See Remark 2.1.50 (and the text following it) for the case when ¢ > 0 |1|-almost everywhere. 
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the case for the distance zeta functions of bounded sets. More generally, under the 
hypotheses of part (c) of Theorem 4.1.7, it is also the case for the distance zeta 
functions of relative fractal drums. 


Remark 2.1.46. It is easy to check that all of the fractal zeta functions f = C E,9,1L) 
discussed in Examples 2.1.40—2.1.44 above (and, more generally, all those encoun- 
tered in this book) are such that ~ is bounded from above (pointwise everywhere) on 
E (i.e., not only |1|-bounded from above). Indeed, either p(x) := d(x,A) < 6 for all 
x € As, where A is any (bounded or unbounded) subset of RY, or g(t) :=t < 6 for 
allt € (0,5). The latter choice of @ will correspond to tube zeta functions (and their 
relative counterparts) to be introduced in Subsection 2.2.2 (and Subsection 4.5.1). 


Theorem 2.1.45 will follow from a more general and well-known result (see, 
e.g., [Carl, pp. 295-296] or [CarMi, pp. 152-153], dealing with the holomorphicity 
of integrals depending on a parameter, of the form 


H(s)= a F(s,t)du(t). (2.1.65) 


We state it without proof. When n = 1, the interested reader can easily establish it 
by combining the Lebesgue dominated convergence theorem, Cauchy’s integral for- 
mula, and/or Fubini’s theorem along with Morera’s characterization of holomorphic 
functions (as having zero contour integrals along closed loops contained in the open 
set V). Note, however, that the latter characterization of holomorphicity is not really 
needed if one shows directly that H is holomorphic with complex derivative given 
by (2.1.66) below, with k := 1. 


Theorem 2.1.47. Let V be an open set in C (or even in C", for any n € N). Further- 
more, let (E, B(E),) be a measurable space, as in Theorem 2.1.45, with a positive 
or complex (local) measure jt and the corresponding total variation (local) mea- 
sure denoted by |u|; see Equation (A.1.1) of Definition A.1.1 in Appendix A. Assume 
that a function f :V x E — C is given, satisfying the following three conditions: 


(1) f(-,t) is holomorphic for \UW|-a.e. t € E, 
(2) f(s, +) is u-measurable for all s € V, and 


(3) a suitable growth property on f is fulfilled: for every compact set K contained 
in V, there exists gx € L'(|u|) such that |f(s,t)| < gx(t) for all s € V and |u|-ae. 
tek. 


Then, the function H defined by (2.1.65) is holomorphic on V. Moreover, one can 
interchange the derivative and the integral. More precisely, for every s © V and 
every k EN, we have 


k 
H®(s) = fA < f(s,t)du(t). (2.1.66) 
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Note that conditions (1) and (2), appearing in Theorem 2.1.47, imply that the 
complex-valued function f(s,t) satisfies the well-known Carathéodory conditions, 
that is, f(s,t) is continuous with respect to s € V for ||-a.e. t € E, and is p- 
measurable with respect tot € EF for alls € V. 


Remark 2.1.48. According to [Mattn] and as is well known, if conditions (1) and (2) 
from Theorem 2.1.47 are satisfied, then condition (3) is equivalent to the following 
condition, which is generally slightly more practical to verify: 


(3’) fe \f(-.t)|d|M| (2) is locally bounded; that is, for each fixed sg € V, there 
exists 6 > 0 such that 


sup _f \f(s.1)|d|q|(0) <=. (2.1.67) 


s€V, |s—so|<6 


(See also Remark 2.1.49.) In other words, we can replace condition (3) with condi- 
tion (3’) in the statement of Theorem 2.1.47. This is the case because the notion of 
holomorphicity is Jocal. For the same reason, we can verify the holomorphicity of F 
on a relatively compact neighborhood of any given so € V, and therefore, work with 
a local measure under the hypotheses indicated in the statement of Theorem 2.1.47. 


Remark 2.1.49. We note that if 1 is assumed to be a standard positive or complex 
measure, then the counterpart of Theorem 2.1.47 is valid on an arbitrary measure 
space; see, e.g., [JohLap, Lemma 15.2.9], where it is stated much more generally. 


Proof of Theorem 2.1.45. We use Theorem 2.1.47. In our case, f(s,t) := @(t)*, 
V := {Res > o}. Note that for any 0; > 0, we have 9(t)™ < ||@||S'-° @(t)°, so 
that p° € L'(|u|) implies that p® € L' (|u|). In particular, since | f(s,t)| = o(t)®*’, 
it follows that f(s,t) = p(t) € L'(|u|) for all s € C such that Res > o. 

Let K be a compact subset of V = {Res > o}. Since 


[F(s,t)| = oA) < |@|[R-P @(t)°, (2.1.68) 


we have that | f(s,t)| < gx(t) := Cx@(t)° for all s € K and |u|-a.e. t € E, where 
Cx = maxsex ||@||R°*~°. This proves part (a) of the theorem. 

Part (b) follows from part (a) applied to g(t)~!. 

Finally, part (c) follows similarly as in (a), by noting that 


[F(s,t)| = o(t)R* < max{Ch*-°, CR} g(t)?, (2.1.69) 


for every complex number s. 


Remark 2.1.50. Theorem 2.1.45 extends without any difficulty if p(t) > 0 for |u|- 
a.e.t € E and |u| ({t € E: p(t) =0}) =0. 


84 2 Distance and Tube Zeta Functions 


In our present case, corresponding to the setting of Theorem 2.1.11, we have E := 
Ag, (x) :=d(x,A) for x € RY (note that @ restricted to E is bounded, with values in 
[0,5)) and du (x) :=d(x,A)~“dx, where dx is the Lebesgue measure on R. More 
precisely, we let E := As\{@ = 0} and observe that the set {9 =O} = {xe R” : 
d(x,A) = 0} does not contribute to the integral defining ¢4(s) in Equation (2.1.1). 
Note that we know from Lemma 2.1.3 that o > dimgA and hence, {Res > o} C 
{Res > 0}. 

Since p(x) = d(x,A) = 0 for x € A C As, the function @ vanishes on a set which 
may not be of zero measure. If |A| > 0, then dimgA = N, and by using Theorem 
2.1.11(b) we conclude that D(€4) = N. On the other hand, if |A] = 0, then dimgA < 
N, and we conclude that D(C4) < N. 


Remark 2.1.51. It is also worth pointing out that Theorem 2.1.11(a) can be derived 
by using Theorem 2.1.45(a). Indeed, in light of this latter result, it suffices to show 
that for any real number o such that o > dimgA we have that 


[ 9) (x)°du(x )= ff d(e,ay Nar <e, 


where (x) :=d(x,A) and du(x) :=d(x,A) “dx. But this follows immediately from 
Lemma 2.1.3, using y:= N—o < N—dimgA: 


| d(x.A)? “dx = | d(x,A) ‘dx < &, 
As As 


We therefore conclude from Theorem 2.1.45(a) that ¢4 is holomorphic for o = 
Res > dimgA, and that its (complex) derivative €4(s) is given by (2.1.13), which is 
precisely the statement of Theorem 2.1.11 (a). 


Since for any bounded set A in R% the abscissa of convergence D(C,) of the 
distance zeta function ¢4 of A is equal to the upper box dimension of A, that 
is, D(C4) = dimgA (see Theorem 2.1.11(b)), and dimgA € [0,N], it is clear that 
D(€4) > 0. The following lemma provides a direct proof of the fact that D(C4) 
cannot be negative. On the other hand, for relative fractal drums, which we will in- 
troduce in Section 4.1, the abscissa of convergence of the distance zeta function can 
be negative, and even equal to —°; see Subsection 4.1.2. 


Lemma 2.1.52. For any bounded subset A of R“, we have D(C,) > 0. 


Proof. Assume the contrary, namely, that D(C4) < 0. Then €,4(s) is well defined and 
continuous for s € (D(¢,), +e), and in particular, it is continuous at s = 0. 

Let us take any a € A. Since As D Bs(a), and d(x,A) < |x—al, we have that for 
every real number s € (0,N), 


Ca(s)= | d(x,A) ax > | d(x,A)*-Nax 
Ags Bs(s) 


) 5 
>| Ix—al "dx =Noow | NN ldr = Noy —, 
Bs(a) 0 S 
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where we have passed to polar coordinates with the point a as the origin (and where 
(ny is the volume of the unit ball in R). Therefore, €4(s) + +e ass > 0*,sER. 
This clearly contradicts the continuity of C4 at s = 0. 


meromorphy critical line 


{Res = Drner(f)} 


holomorphy critical line 


{Res = Dhoi(f)} 


Mer(f) := {Res > Dmer(f)} 
half-plane of 
meromorphic continuation 


KH (f) := {Res > Dnoi(f)} 


half-plane of 
holomorphic continuation 


Siete eS eS ee ee Se eee ee, 
eS ee es 


Dyer (f.) = the abscissa of Dpoi(f) = the abscissa of 


meromorphic continuation holomorphic continuation 


Fig. 2.5 The holomorphy critical line {Res = Dyoi(f)}, on the right, and the meromorphy critical 
line {Res = Dyer(f)}, on the left, associated with a given function f. Here, Dpoi(f) is the abscissa 
of holomorphic continuation of f and Dmer(f) is the abscissa of meromorphic continuation of 
f. The half-plane of meromorphic continuation of f is defined by Mer(f) := {Res > Dmer(f)}, 
while the half-plane of holomorphic continuation of f is defined by #(f) := {Res > Dhoi(f)}; 
see Definition 2.1.53 and Definition 2.1.62, respectively. 


In this monograph, we shall pay particular attention to meromorphic functions 
f. It is therefore natural to introduce the following definition, which is analogous to 
the definition of the abscissa of convergence D(f). Compare with Definition 2.1.28 
and Equation (2.1.49) above. 


Definition 2.1.53. Let f : U — C be a meromorphic function on a domain U CC. 
We define the abscissa of meromorphic continuation Dmer(f) of f as the infimum 
of all real numbers @ such that f possesses a meromorphic extension to the open 
right half-plane {Res > a}. Equivalently, 


Mer(f) := {Res > Diner(f) } (2.1.70) 


is the largest open half-plane (of the form {Res > a}, for some a@ € RU {+ce}) to 
which f can be meromorphically extended. We then call Mer(f) the half-plane of 
meromorphic continuation of f, while, if Dner(f) € R, {Res = Dmer(f)} is referred 
to as the critical line of meromorphic continuation, or, more briefly, the meromorphy 
critical line of f; see Figure 2.5. 


We invite the reader to consult Remarks 2.3.39 and 2.3.40 on page 169 (in 
Subsection 2.3.3 below), which provide additional information concerning Defini- 
tion 2.1.53 (and Definition 2.1.62 below). For now, we limit ourselves to the follow- 
ing comment. 
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holomorphy critical line 


{Res = Dpoi(f) } 


critical line of convergence 


{Res =D(f)} 


HC (f) = {Res > Dpoi(f)} 


half-plane of 
holomorphic continuation 


TI(f) = {Res > D(f)} 


half-plane of convergence 


= SSS SS. e eS 23S eke eS eS 
it se aa Me ee ee ee 


Dpoi(f) = the abscissa of D(f) = the abscissa of 


holomorphic continuation convergence 


Fig. 2.6 Assume that f is a tamed Dirichlet-type integral, as in Subsection 2.1.3.2 above or in 
Appendix A. Then, its abscissa of convergence D(f) is well defined (see Equation (2.1.55) and 
the surrounding explanations) and Dhoi(f) < D(f); see part (a) of Theorem 2.1.45. The half-plane 
of convergence of f is defined by IT(f) := {Res > D(f)}, while if D(f) € R, the vertical line 
{Res = D(f)} is called the critical line of convergence (or, in short, critical line) of f. 


Remark 2.1.54. It is clear that #(f) C Mer(f), and therefore, that Dmer(f) < 
Dnoi(f), where Dyoi(f) is the abscissa of holomorphic continuation of f (as 
given in Definition 2.1.62 below). If in addition, we assume that f is given by 
a tamed Dirichlet-type integral (in the sense of Subsection 2.1.3.2 above, then 
we also have Dhoi(f) < D(f)); see Theorem 2.1.45(a) and Figure 2.6. In Theo- 
rem 4.5.20, we will construct a class of bounded fractal strings & = (€;);>1 such 
that Dmer(C.¥) < Dnoi(Cyv), with a prescribed value of Dmer(¢v). Furthermore, in 
Corollary 4.6.17(a), we will construct a class of bounded fractal strings such that 
Dmer(6¥) = Dno(Cv) = D(¢yv) =: D and all the points of the holomorphy critical 
line {Res = D} are nonisolated singularities of ¢ v. (Such fractal strings will be said 
to be maximally hyperfractal; see Definition 4.6.23 and the comments surrounding 
it.) In both cases, the fractal string will be constructed as a union of a suitable 
sequence of generalized Cantor strings. 


2.1.4 Zeta Functions of Fractal Strings and of Associated 
Fractal Sets 


The following example shows that Definition 2.1.1 provides a natural extension of 
the zeta function associated with a fractal string @ = (¢;)j>1, where (¢;)j>1 is a 
nonincreasing sequence of positive numbers such that }j_| £j < ce: 


Cos= > F, 171) 
j=l 


for all s € C with Res sufficiently large. 
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This zeta function arose naturally in the early 1990s in joint work of the 
first author [Lap1—3] with Carl Pomerance [LapPol—3] and with Helmut Maier 
[LapMal-2] (see also, e.g., [Lap1—2] and [HeLap]) while investigating direct and 
inverse spectral problems associated with the vibrations of a fractal string. Such a 
zeta function, Cy, called the geometric zeta function of &, has been studied in a 
number of references, including several monographs [Lap-vFr 1-3]. 

Recall that geometrically, a fractal string is a bounded open set Q C R. It can 
be uniquely written as a disjoint union of (bounded) open intervals J; (Q = UF 14)) 
with lengths ¢;. Without loss of generality, one may assume that (€;) ;>1 is written 
in nonincreasing order and that £; > 0* as j > o: 


USGS SE > ee SU; (2192) 


From the point of view of fractal string theory, one may identify a fractal string 
with the sequence & of its lengths (or scales): @ = (€;)j>1. For example, the 
volume (i.e., length) of the (inner) tubular neighborhoods of a fractal string of Q 
depends only on Y = (€;)j>1. Consequently, the (inner) Minkowski content”? of 
the boundary 0Y = 0Q of Y, as well as the complex dimensions of Y (to be 
discussed just below), depend solely on # = (¢;) +1; see [LapPo2], [Lap-vFr3, 
Section 8.1]. The same is true for the spectrum (i.e., the eigenvalues) of the Dirichlet 
Laplacian on Q. 

In the sequel, any bounded open set Q = UFC R of the above type (i.e., such 
that . = (¢;)%_, is the sequence of lengths of its connected components (J;)7"_,) 
will be called a geometric realization of the fractal string &. Furthermore, & will 
often be called a bounded fractal string in order to emphasize that its total length 
|-7|1 = X5_) 4; is finite. (Of course, it would suffice to suppose that |Q|; <ce in- 
stead of assuming that Q is bounded.) 

We now recall a basic property of Cy, first observed in [Lap2], using a key result 
of Besicovich and Taylor [BesTay]. For a direct proof, see [Lap-vFr3, Theorem 1.10 
or Theorem 13.111]; see also [LapLu-vFr2]. 


Theorem 2.1.55. If @ is nontrivial (i.e. if Z = (€;)j>1 is an infinite sequence), 


then the abscissa of convergence D(€v) of ¢y¥ coincides with the (inner) upper 
Minkowski dimension”! 8309 of AY = dQ :* 


D(Cv) =Droi(Sz) = Saa- (2.1.73) 


20 Tn the terminology introduced in Section 4.1 below, the inner Minkowski content is called the 
Minkowski content of the relative fractal drum (0Q,Q), or the Minkowski content of dQ relative 
to Q. 

21 The inner Minkowski dimension 6)q is a special case of the notion of a relative box dimension, 
defined in Section 4.1. In this case it is denoted by dimg(0.Q,Q). 


2 Tn [Lap-vFr3], the abscissa of convergence of Cy is denoted by ov. Furthermore, if Y = 
(£;);>1 is a finite sequence, then D(¢.v) = —co whereas 639 = 0; so that in general, we have that 


daq = max{D(ov),0}. 
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Recall that 7 
Dice) =int{aeR Le <e}, (2.1.74) 
j=l 


while 639 is defined in terms of the volume of the inner epsilon neighborhoods of 
dQ, namely, (9Q)eNQ = {x EQ : d(x,dQ) < €}; see [Lap-vFr3, Definition 1.2, 
p. 11]. 

More specifically, we must let V = 1 and replace |A;| by |(02),;Q|; in order to 
define the (inner) upper Minkowski content of A := dQ and then define 639 by the 
counterpart of Equation (1.3.4). Alternatively, in light of the counterpart of Equation 
(1.3.15), we have that 


630 = 1 —liminf log, |(0Q),NQ|1. (2.1.75) 
t0+ 


Finally, in the notation to be introduced in Section 4.1, for the relative fractal drum 
(A, Q) := (0Q,Q), we have 


599 = dimg(dQ,Q), (2.1.76) 


the relative upper Minkowski dimension of (0Q,Q); see Equations (4.1.3) and 
(4.1.4). 


Remark 2.1.56. We note that within the framework of the fractal zeta functions de- 
veloped in this book, yet another (albeit indirect) proof of Theorem 2.1.55 can be 
provided; see Proposition 2.1.72 and Remark 2.1.73 in Subsection 2.1.5, which 
themselves make use of Example 2.1.58 below and part (b) of Theorem 2.1.11 
above. 


It follows from Theorem 2.1.55 that ¢y is holomorphic for Res > 639 and that 
{s€C : Res > 639} is the largest open right half-plane having this property. See 
Subsection 2.1.3 above. 

In fractal string theory, one is particularly interested in the meromorphic contin- 
uation of Cy to a suitable region (when it exists), along with its poles, which are 
called the complex dimensions of @. In particular, in the theory of complex dimen- 
sions developed in [Lap-vFr1—3], are obtained explicit tube formulas applicable to 
various counting functions associated with the geometry and the spectra of fractal 
strings. These explicit formulas are expressed in terms of the complex dimensions 
(i.e., the poles of ¢y) and the associated residues. Furthermore, they enable one 
to obtain a very precise understanding of the oscillations underlying the geometry 
and spectra of fractal strings (as well as of more general fractal-like objects); see 
[Lap-vFr3]. 

From the perspective of the theory developed in the present monograph, a conve- 
nient choice of geometric realization of the (nontrivial) fractal string 2 = (¢ ijt 
and therefore, of the set A = Ay corresponding to 2, is the following canonical 
geometric realization of @: 
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°° 


Orn = Dan |) (ate); (2.1.77) 
k=1 
where 
a = > e; foreachk> 1; (2.1.78) 
jek 


so that, assuming that is nontrivial (i.e., Z is an infinite sequence), we have 
ax | 0 as k — 0; see Figure 2.7 below. (Note that, by construction, the length of 
each connected component (ax+1, ax) Of Qean is given by ¢, = ag — agi, for k > 1.) 
Then, 

A:=Ag = {ag:k > 1} = OQcan \ {0} (2.1.79) 


and we call this set the canonical geometric representation of the fractal string &. 

As follows easily from Theorem 2.1.55 and the definition of Ay, the function 
€y in (2.1.71) is holomorphic for Res > dimgA.y. Moreover, still assuming that the 
fractal string Y is nontrivial, then this bound is optimal.”* In other words, dimgA 
coincides with the abscissa of convergence of “. Furthermore, ¢yv(s) — +0 as 
s € R converges to dimgA from the right; see [Lap-vFr3, p. 15] or [Ser, Section 
VI.2.3]. Compare with Theorem 2.1.11. 

As a result, {Res > dimgA} is the maximal right open half-plane to which Cy 
can be holomorphically continued (i.e., Dioi(6) = dimgA) and hence, in light of 
(2.1.73) of Theorem 2.1.55 above, combined with parts (a) and (b) of Theorem 
2.1.11, we have 


D(z) =Dpoi(Sv) =D(Cay) = Dnot(Sa,) = dimgA = 539, (2.1.80) 


where 599 is given as in Theorem 2.1.55 and is therefore independent of the geo- 
metric realization Q of & (in particular, we have 630 = 630.) 

In summary, we can state the following result: 
Corollary 2.1.57. In light of Theorem 2.1.55 and of Theorem 2.1.11, assuming that 
ZL is nontrivial, we have the following equalities: 


dimpA v = D(C) = 890. (2.1.81) 


Example 2.1.58. With the above notation, let J, = (ay11,a,), kK > 1, and let s be a 
complex variable. Using (2.1.1), we see that the distance zeta function of A is given 
by*4 


ja2f's lacey ah) lax = as 84 ¥ dels) (2.1.82) 
k=1 


3 Tf a fractal string Y is trivial, i.e., a finite sequence, then the bound is not optimal since in this 
case D(€.v) = —0, while dimgA y = 0 (and hence, dimg Ay exists and dimg Ay = 0). Therefore, 
for any bounded fractal string 2, we have that D(€v) € [0, 1]JU {—<-}. 

24 The second integral appearing in Equation (2.1.82), that is, Cann (8) = J, dG: dk) 'dx, is 
the distance zeta function of the so-called ‘relative fractal drum’ (OJ, 1), a notion which will be 
introduced and studied in detail in Chapter 4. 
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for all s € C such that Res > D(C,) (ensuring the convergence of the series), where 
the first term corresponds to boundary points of the interval (0,a,) and for all k > 1, 
J;.(s) is defined in (2.1.83) just below. Assuming that 6 > ¢;/2, we have that for 
all k, 


t,/2 
Ji.(s) 2} x ldx = 5121-54, (2.1.83) 
0 


Here, we have integrated with respect to the local coordinate system placed at the 
left endpoint of the interval /;,. In light of (2.1.71) and (2.1.82)-(2.1.83), we obtain 
the following relation: 


C,(s) = 12) *Co(s) +25 18°. (2.1.84) 
The case when 0 < 6 < ¢;/2 yields an analogous relation: 


Ca(s) = u(s)Cy(s)+v(s), (2.1.85) 


where again u(s) :=s~!2!~’, with a single, simple pole at s = 0. Note that here, u(s) 
and v(s) = v(s, 6) are holomorphic functions in the open right half-plane {Res > 0}; 
(initially, for Res > D(¢y) and then, after analytic continuation, for Res > 0).”° 
Hence, since ¢y is holomorphic for Res > dimgA, the same relation still holds for 
the meromorphic extension of ¢4 (when it exists) to any subdomain U of the right 
half-plane {Res > 0}. An immediate consequence of (2.1.84) is that 


D(Ca,) = max{0,Dpo (Cv) }, (2.1.86) 


which is in accordance with Lemma 2.1.52. This example will serve as a basic 
motivation and guide for introducing and studying fractal nests, geometric chirps 
and string chirps in higher dimensions; see, especially, Sections 3.5 and 3.6. 


(0) ee az ay aq Ay 


Fig. 2.7 Any nontrivial bounded fractal string & = (¢;) j>1 generates the sequence (a,)x>1, where 
ay >= Lj>x £j, converging to the origin as k — ov. We denote by A = A vy the corresponding subset 
of the real line: Ay := {az : k > 1}. Note that ¢, = ay —ay4, for all k > 1. 


25 Tt can be easily shown that the function v = v(s), appearing in Equation (2.1.85), has the form 


v(s) = am 


= +e(s), 


where e = e(s) is an entire function and 6 is the positive constant from Equation (2.1.1) defining 
the distance zeta function €4. For 6 > ¢,/2, as we have already seen in Equation (2.1.84), we 
have that v(s) = 0. For 6 € (0,@;/2), the claim follows from the fact that the difference e(s) := 
Ca(s;5) — Ca(s; 1/2) is an entire function; see Proposition 2.1.76 below. 
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The following result is in accordance with Lemma 2.1.52 and Theorem 2.1.55; 
see Figure 2.7. 


Proposition 2.1.59. Let @ = (¢;) ;>1 be a nontrivial, bounded fractal string, and 
let Ag = {ag =D j>xlj 2k = 1}. Then 


D(Cay) = Droi(Say) = D(C z) = Dro (Cv) = dimgd v. (2.1.87) 


Furthermore, the sets of poles of the meromorphic extensions of C4, and Cy to 
any open right half-plane {Res > c}, with c > 0 (if the extensions exist), coincide. 
Moreover, the poles of C4, and Cy (in such a half-plane) have the same multiplic- 
ities. 

In particular, if either the geometric zeta function Cy or the corresponding dis- 
tance zeta function C4, admits a meromorphic continuation (necessarily unique) 
to a subdomain of the open right half-plane {Res > 0} containing the critical line 
{Res = D(Cyv)}, then so does the other one. Furthermore, in that case, these two 
fractal zeta functions have exactly the same poles (or ‘visible complex dimensions’) 
within {Res > 0}, with the same orders (or multiplicities). See also Remark 2.1.60 
below. 


Proof. The first claim, except for the first equality in Equation (2.1.87), follows 
from Theorem 2.1.55 combined with parts (a) and (b) of Theorem 2.1.11. 

To prove the first equality in (2.1.85), assume, by contradiction, that D(C4,,) > 
Dhoi(Sa.,). We consider the following two cases: 


(a) If Dpoi(Ca,) = 0, then from Equation (2.1.85) we obtain that ¢y can be 
holomorphically extended at least to the open right half-plane {Res > Dnoi (Ca) }- 
Therefore, Dpoi(C.7) < Dnoi(Cay) < D(Ga,) = D(Cv). However, this contradicts 
the equality Dao (Cv) = D(z). 


(b) The case when Dpoi(C4) < 0 is dealt with analogously, by taking into ac- 
count the fact that the functions u and v, appearing in (2.1.85), have s = 0 as their 
unique pole, and furthermore, this pole is simple. Indeed, the function C4 ,,(s) — v(s) 
has s = 0 as the only pole located in the corresponding (meromorphy) half-plane 
{Res > Dmer(Ga,)}- Therefore, the function s(C,4 ,(s) — v(s)) is holomorphic in 
this half-plane, which, in light of Equation (2.1.85), implies that ¢v is holomophic 
on the same half-plane as well. We deduce that D(¢.v) < 0. However, this contra- 
dicts the fact that for any bounded fractal string &, we always have D(C yv) € [0, 1]. 


The second and the third claims are an immediate consequence of (2.1.85). This 
completes the proof of the proposition. 


Remark 2.1.60. (a) In the first part of Proposition 2.1.59, one can replace the half- 
plane {Res > c} by an arbitrary connected open subset U of C \ {0}. A similar 
comment can be made about the second part of Proposition 2.1.59, with {Res > 0} 
replaced by a domain U C C \ {0} containing the critical line {Res = D(¢.v)}. 
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(b) This fact is significant from the point of view of the theory of complex di- 
mensions of fractal strings developed in [Lap-vFr3]. Indeed, recall that according 
to [Lap-vFr3], a fractal string Y (or the associated fractal set A_y) is ‘fractal’ if it 
has at least one complex dimension with positive real part. Hence, by the present 
proposition, the notion of fractality is independent of the choice of the fractal zeta 
function used to define it. See, in particular, part (c) of the present remark. 


(c) According to the results obtained further on in this chapter (see, especially, 
Theorem 2.2.11 and Proposition 2.2.19 of Subsection 2.2.2), the exact same results 
(as in Proposition 2.1.59 above and Corollary 2.1.61 below) hold if the distance 
zeta function C4,, is replaced by the corresponding tube zeta function Cay (in the 
sense of Definition 2.2.8), throughout Proposition 2.1.59 above and Corollary 2.1.61 
below. 


One may naturally wonder whether in the above results, the geometric zeta func- 
tion Cy can only be compared to the distance zeta function C,,, where A= Ay 
is defined by (2.1.79). In particular, Av U {0} = AQcan is the boundary of the 
canonical geometric representation of &. In other words, do the statements of 
these results (including Theorem 2.1.55, Corollary 2.1.57, Example 2.1.58 and 
Proposition 2.1.59) depend on the choice of the geometric realization Q of @? 
The answer is that they do not depend on the geometric realization of & by a 
bounded open set Q C R, which is a very useful fact, indeed. The reason for the 
simplicity of this answer is that in fractal string theory (see [Lap1—3], [LapPo2], 
[LapMa2], [HeLap], [Lap-vFr1—3], [Lap6—10], ...), all of the quantities involved, 
V(€) = Vinn(€) := |(8Q)¢ N Q|,, D (the Minkowski dimension or the upper box 
dimension), etc., are defined in terms of the inner €-neighborhood of 0Q (relative 
to Q), and therefore (as was noted earlier) depend only on # = (¢ Die , and not on 
the geometric realization Q of 2. 


Corollary 2.1.61. (i) The exact same results as in Theorem 2.1.55, Corol- 
lary 2.1.57, Example 2.1.58 and Proposition 2.1.59 (along with Remark 2.1.60) 
hold if given a bounded fractal string &, one replaces Ay by Agq (the boundary 
of Q), where Q is any geometric realization of & by a bounded open subset of R. 


(ii) Moreover, still for an arbitrary geometric realization Q of &, one can re- 
place C4,, the distance zeta function of Av, by Caq.q, the distance zeta function 
of the relative fractal drum (0Q,Q), in the sense of Definition 4.1.1 of Subsection 
4.1.1 below. In that case, the functional equation connecting the relative distance 
zeta function 99.9 and the geometric zeta function Cy is even simpler than in the 
counterpart of Equation (2.1.84) or (2.1.85). More specifically, for any geometric 
realization Q of the bounded fractal string £2, we have 


qIl-s 


5 


Caa,a(s) = ——$-¥(s), (2.1.88) 
for all s € C such that Res > D(€y), where 


D(C) = D(Caa,a) = Dnoi(S¥) = Dnoi(Sae.q) = dimg(9Q,Q). (2.1.89) 
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It follows that given any domain U of C containing {Res > D} (or equivalently, 
containing the critical line {Res = D}),*° where D := D(€v), Cv has a meromor- 
phic continuation to U if and only if C399 does, and in that case, Cv and C30.0 
have the same poles in U \ {0} and with the same multiplicities. Furthermore, for 
any simple pole w € U \ {0} of Cag.q (and hence, also of Cv), we have that 


l-o 


res(C99,9,@) = = res(C.v,@). (2.1.90) 


Proof. Part (i) is established exactly in the same way as for the specific canoni- 
cal geometric realization Quan. v of & in the rest of this subsection (i.e., Subsec- 
tion 2.1.4). 


Part (ii) relies on a computation analogous to that in Equations (2.1.82) 
and (2.1.83) above, as we now explain: 


Caa.als) = ff d(,aay'de=¥ f d(x,ah)* tex 
ee (2.1.91) 


= S56 Io] Sp = s Ip] °C o(s), 


> 
ll 
= 


for all s € C such that Res > D(C), which proves Equation (2.1.88). The rest of 
(ii) follows immediately from this functional equation. (In fact, Equation (2.1.88) 
can be deduced immediately from Equation (2.1.84), by noticing that C4 ,,(s) = 
Caa.0(s) +2s-15-%, provided 5 > ¢;/2.7’) 


Finally, we note that for the exact same reason as explained above, all of the 
results concerning bounded fractal strings discussed in this book could be expressed 
in terms of an arbitrary geometric realization of & via a bounded open subset of R; 
that is, the distance zeta function CAy (or its counterpart, the tube zeta function cae) 
could be replaced by C30 9, the distance zeta function of the relative fractal drum 
(0Q,Q), in the sense of Definition 4.1.1 of Subsection 4.1.1 below (or respectively, 
by C3a.q, the tube zeta function of the relative fractal drum (0Q,Q)). Therefore, 
the choice of the canonical geometric realization Qean and AU {0} =AvU {0} = 
OQean given by (2.1.77)-(2.1.79) is merely convenient, but not necessary. We will 
not always recall this important fact in the sequel. See, however, Remark 2.1.73 in 
Subsection 2.1.5 below. 


26 Recall from Corollary 2.1.35 and Corollary 2.1.36 that €y is holomorphic on {Res > D}. 

27 To see this, it suffices to note that C39 0 = C3 Qcan 7 2ean. and (A Y)5§ = (—6,0) U Qeang U 
(€,€+6), provided 6 > ¢;/2. Here, ¢:= |Qean,v|1 = Xe &e- We mention in passing that Equation 
(2.1.90) is equivalent to Equation (5.5.15) appearing in Proposition 5.5.4 of Subsection 5.5.2 below. 
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2.1.5 Equivalent Fractal Zeta Functions 


In this section, we shall introduce an equivalence relation ~ on the set of zeta func- 
tions (see Definition 2.1.69) aimed, in particular, at identifying the zeta function C4 
with its simpler form ¢v, by removing the inessential functions a(s) and b(s) ap- 
pearing in Equation (2.1.85) above. As a result, the distance zeta function C4 will 
enable us to recover some of the main features of the geometric zeta function Cy. 


Definition 2.1.62. Given a meromorphic function f, it will be convenient to define 
the abscissa of holomorphic continuation of f (if it exists), Dyo(f), as the infimum 
of the real numbers such that f admits a holomorphic continuation to the open right 
half-plane {Res > a}:78 


Dnoi(f) = inf{a € R: f is holomorphic for Res > o}. (2.1.92) 


In general, either Dpoi(f) does not exist (i.e., Dno(f) = +99), or Dnoi(f) € 
[—co, +00), In the sequel, and as was the case in Subsections 2.1.3.1 and 2.1.3.2, we 
follow the usual convention and say that Dyo)(f) always exists as an extended real 
number: Dhoi(f) € RU {>}. 

The largest open right half-plane (of the form {Res > a}, for some a € RU 
{+0}) on which f is holomorphic, #(f) := {Res > Dyoi(f)}, is called the half- 
plane of holomorphic continuation of f. Here or in Equation (2.1.92), when we 
write that f is holomorphic for Res > @, we mean that f admits a holomorphic 
continuation to the open right half-plane {Res > a}. 

Finally, the vertical line {Res = Dnoi(f)} is called the critical line of holomor- 
phic continuation of f (or, more briefly, the holomorphy critical line); see Figures 
2.5 and 2.6 on page 85 and page 86. 


From Theorem 2.1.11(a) and (b), we immediately deduce the following result, 
which will be useful for the computation of the upper box dimension of some classes 
of fractal sets. Note that according to Section 2.1.3.2, we have Dpoi(Ga) < D(a), 
the abscissa of convergence of the Dirichlet-type integral defining the distance zeta 
function 4 in (2.1.1). 


Corollary 2.1.63. If A is any bounded subset of R™, then 
dimgA = D(€,). (2.1.93) 


The next very useful result is just a restatement of part (ii) of Corollary 2.1.20. 


Corollary 2.1.64. If, in addition, we assume that D := dimgA exists and P(A) > 
0, then 
dimgA = D(ba) = Doi (A). (2.1.94) 


28 Initially, f is defined on some domain U C C. It is clear, then, that while f could a priori be any 
complex-valued function on U, it must a posteriori be holomorphic on U. 
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Following and adapting [Lap-vFr3, Sections 1.2.1 and 5.1] to our present more 
general situation,’ in order to be able to define the key notions of complex di- 
mensions and of principal complex dimensions (see Definition 2.1.68 and Defini- 
tion 2.1.67, respectively), we assume that the set A has the property that C4 can be 
extended to a meromorphic function defined on G C C, where G is an open and 
connected neighborhood of the window W defined by 


W ={s€C:Res > S(Ims)}. 


Here, the function S : R > (—s°, D(¢,)], called the screen, is assumed to be Lipschitz 
continuous. The graph 
S:={S(t)+it: TER} (2.1.95) 


of the function S, with the horizontal and vertical axes interchanged, is also called 
the screen and the precise meaning will always be clear from the context. Note that 
the closed set W has for boundary S (i.e., 0W = S) and contains the critical line 
{Res = D(€4)}; in fact, W also contains the closed half-plane {Res > D(C,4)}. 
In other words, we assume that A is such that its distance zeta function can be 
extended meromorphically to an open domain G containing the closed half-plane 
{Res > D(¢,)}. (Following the usual conventions, we still denote by ¢, the mero- 
morphic continuation of €4 to G, which is necessarily unique due to the principle 
of analytic continuation. Furthermore, as in [Lap-vFr3], we assume that the screen 
does not contain any poles of €4.) A set A satisfying this property and for which 64 
is ‘languid’ (in the sense of [Lap-vFr3, Definition 5.2], that is, roughly speaking, 
grows at most polynomially along the screen and a suitable sequence of horizontal 
lines avoiding the poles of €,) is said to be admissible. (There exist nonadmissi- 
ble fractal sets; see Corollary 4.6.17 and [Lap-vFr3, Example 5.32].) In the present 
monograph, we will need to consider, in particular, the set of poles of 64 located on 
the critical line {Res = D(G4)}:°° 


PAC) ={@ € W: @isa pole of 64 and Rew = D(64)}, (2.1.96) 


called the set of principal complex dimensions of A (see Definition 2.1.67). Since, as 
was noted before, the window W contains the critical line {Res = D(C,)}, Ae(Ca) 
is a subset of the set of all poles of C4 in W (ie., the set of all visible complex 
dimensions of A, which we denote by A(C4) or A(Ca, W) (see Definition 2.1.68). 


Remark 2.1.65. We stress that because, in most of this monograph (and with the ex- 
ception of Chapter 5), we will not use or extend the pointwise and distributional 
explicit tube formulas obtained in [Lap-vFr1—3] (and for the validity of which the 
above polynomial growth conditions are essential, see [Lap-vFr3, Chapter 5]), we 


2° We also take into account the fact that according to Theorem 2.1.11 and Corollary 2.1.20, 
Dpot(a) < D(C4) (with equality if the hypotheses of part (c) of Theorem 2.1.11 or, equivalently, 
of Corollary 2.1.20, are satisfied). See also Figure 2.6 on page 86 for the important special case 
where f is given by a tamed Dirichlet-type integral, in the sense of Subsection 2.1.3.2. 


30 Note that clearly (and in contrast to A(C4) = A(Ca, W) to be introduced in Definition 2.1.68), 
P-(C,) is independent of the choice of the window W. 


96 2 Distance and Tube Zeta Functions 


do not need to include these polynomial growth conditions in our definition of ad- 
missibility. Therefore, throughout most of this monograph, an admissible set A is 
one for which a meromorphic continuation of €4 exists in a suitable open neigh- 
borhood of the given window W (but without requiring any growth conditions on 
¢4) and not having any pole along the screen S. The one exception to this general 
statement will be provided by Chapter 5 in which we will establish and apply fractal 
tube formulas in the general context of the higher-dimensional theory of complex 
dimensions developed in this book. In that chapter, we will then make the appro- 
priate hypotheses on the screen S' and, especially, assume the growth (languidity) 
conditions satisfied by the fractal zeta functions under consideration, much as in 
[Lap-vFr3, Chapters 5 and 8]. 


Remark 2.1.66. In general, it seems to be difficult to check whether a set A is admis- 
sible. For example, we do not know if the Mandelbrot set or if ‘typical’ Julia sets 
are admissible (even in the weaker form of Remark 2.1.65). Further on, however, 
we will provide natural sufficient conditions on a given bounded subset A of RY 
guaranteeing that ¢, has an appropriate meromorphic continuation to a nontrivial 
open right half-plane (strictly containing the half-plane #(¢4) = {Res > D(C4)} 
of holomorphic continuation) and hence, that A is admissible (in the sense of Re- 
mark 2.1.65). See Section 2.3; see also, more generally, Section 4.5.1, the main 
results of which guarantee the admissibility of a large class of relative fractal drums 
(A, Q), in the sense of Section 4.1.1. 

A class of Minkowski measurable admissible sets is described in Theorem 2.3.18, 
and a class of Minkowski nonmeasurable admissible sets in Theorem 2.3.25. Fur- 
thermore, a class of Minkowski measurable admissible sets on the real line, gener- 
ated by perturbed Dirichlet strings, is described in Theorem 2.3.17. 


The following definition is a slight modification of the notion of complex dimen- 
sion for fractal strings introduced by the first author and Machiel van Frankenhui- 
jsen in [Lap-vFr1—3], which depends not only on the string, but also on the window 
W;; see [Lap-vFr3, Subsection 1.2.1]. The simplification is only introduced here 
for technical reasons, and is useful especially when one of the main goals is the 
computation of the box dimension of some new classes of fractal sets in R%; see 
Section 3.5. 

Another situation where such a notion is potentially very useful is when one 
wants to understand the leading oscillatory behavior (that is, the oscillations of 
largest amplitudes) in the geometry of fractal sets. This latter theme should be sig- 
nificantly developed in later extensions of the theory (and of the present mono- 
graph), especially when investigating “fractal tube formulas’ in higher dimensions; 
see, e.g., Problem 6.2.38 in Subsection 6.2.3. See also many of the examples pro- 
vided in Section 5.5 and illustrating the general fractal tube formulas obtained in 
Chapter 5 (Sections 5.1—5.3). 


Definition 2.1.67. Let A be an admissible subset of R”. The set of principal complex 
dimensions of A, denoted by dimpc A, is defined as the set of poles of €4 which are 
located on the critical line {Res = D(C,4)}: 
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dimpcA := Pe(La), (2.1.97) 
where Y-(C4) is given by (2.1.96). 


As we see, in Definition 2.1.67, if A C R” is bounded, the singularities of C4 we 
are interested in are located on the vertical line {Res = dimgA}. This observation 
follows from part (a) of Theorem 2.1.11 above. 

Following and extending the definition of complex dimensions of fractal strings 
(and other fractals) provided in [Lap-vFr1—3], we also introduce the following nat- 
ural higher-dimensional generalization in our context. 


Definition 2.1.68. Let A be an admissible subset of R”. Then, the set of visible 
complex dimensions of A with respect to a given window W (often called, in short, 
the set of complex dimensions of A relative to W, or simply the set of (visible) 
complex dimensions of A if no ambiguity may arise or if W = C), is defined as the 
set of all the poles of €4 which are located in the window W: 


P (Ca) ={@ © W: isa pole of Cy}. (2.1.98) 


When necessary, one may also denote it by A(C4, W), for clarity, and reserve the 
notation Y(C,) to the cases where W = C or to where no ambiguity may arise. 


Next, we would like to extend the class of zeta functions to which a slight mod- 
ification of Definition 2.1.67 and Definition 2.1.68 can be applied. This definition 
will be convenient, in particular, for the study of the zeta functions encountered in 
the examples discussed in Section 3.5. Given a tamed Dirichlet-type integral f (i.e., 
a DTI given by (2.1.53) and satisfying condition (2.1.54)) which has a meromorphic 
extension to a domain G C C containing the vertical line {Res = D(f)}, we define 
the set A_(f) in much the same way as in (2.1.96): 


PAA(f) ={@ € G:@ isa pole of f and Rew = D(f)}. (2.1.99) 


It is a subset of the set A(f) of all the poles of the meromorphic function f belong- 
ing to G. In other words, 


P(f)={@ € G: @isa pole of f}. (2.1.100) 


When necessary, one may write Y(f,G) instead of A(f), for more precision. 


If f = C4, where A is an admissible set for a given window W, then (with 
G:=W, the interior of the window) Y.(f) = Ac(C,), the set of principal complex 
dimensions of A, while A(f,W) = A(f) = A(Ca) = A lCa, W), the set of (visi- 
ble) complex dimensions of A (relative to W). This follows from the fact that since 
A is admissible, C4 does not have any poles along the screen .S; see the discussion 
following Corollary 2.1.63. 

Note that Y,(f) is independent of the choice of the domain G containing the 
critical line {Res = D(f)}. Moreover, since by Theorem 2.1.45(a) above (or, more 
generally, by CorollaryA.2.7 in Appendix A below), the function f is holomorphic 
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for Res > D(f), there are no poles of f located in the open right half-plane {Res > 
D(f)}; this is why we could equivalently require that the domain G C C contains the 
closed half-plane {Res > D(f)} in order to define A,.(f) and A(f). An entirely 
analogous comment can be made about A,(C4) and A(C,4) in Definition 2.1.67 
and Definition 2.1.68. 


Finally, recall from Definition 2.1.62 that we call {Res > Dhoi(f)} the half-plane 
of holomorphic continuation of f. Indeed, it is the largest open right half-plane of 
the form {Res > a} (for some a € RU {+ce}) to which f can be holomorphically 
extended. See Figure 2.5 and also, in the important special case where f is initially 
given by a tamed Dirichlet-type integral, Figure 2.6. 


We next define the equivalence of two meromororphic functions having the form 
of tamed Dirichlet-type integrals, a notion which will be very useful to us in the 
sequel; see Remark 2.1.70 below. 


Definition 2.1.69. Let f and g be two tamed Dirichlet-type functions (i.e., integrals) 
f and g, having a (necessarily unique) meromorphic extension to a connected open 
neighborhood U C C of the closed right half-plane {Res > D(f)}.°! Then, they 
are said to be equivalent if D(f) = D(g) (and this common value is a real num- 
ber), see Equation (2.1.55), and their sets of poles located on their common critical 
line (of convergence) {Res = D(f) = D(g)} coincide (see Equation (2.1.96)). More 
succinctly, we have 


fre 3 D(f)=D(g)(ER) and AA(f)=Aclg). —2.1.101) 


Remark 2.1.70. We also refer to Definition A.5.1 in Appendix A for a slightly more 
general definition of equivalence relation, within the context of (tamed) DTIs of 
type I (in the sense of Definition A.4.5), as well as to Definition A.6.6 in Appendix 
A (and the text surrounding it, including Remark A.6.7) for a somewhat different 
(but analogous) definition of “asymptotic equivalence” which is no longer a true 
equivalence relation but presents the advantage of allowing the function g to be 
merely assumed to be meromorphic in a suitable domain of C. The latter notion of 
asymptotic equivalence should also be useful as a practical tool in many applications 
of the theory developed in this book. 


Remark 2.1.71. In Definition 2.1.69 above, the multiplicities of the poles should be 
taken into account when writing Y.(f) = Y.(g). (The only known exception to 
this general statement is provided by Example 2.1.80 below, which is really cor- 
responding to a “borderline case” of equivalence.) In other words, we must view 
here the set of principal poles Y.(f) as a multiset (i.e., as a set with multiplicities). 
Indeed, to our knowledge, all the other examples encountered in this book (apart 
from Example 2.1.80) and for which we use the symbol ~ (in the present sense 
of the equivalence of zeta functions), the multiplicities of the principal poles are 
preserved. 


3! As follows from the complete definition, this closed half-plane is actually the closure of the 
common half-plane of convergence of f and g, given by IT := IT(f) = IT(g). 
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If a tamed Dirichlet-type function f is given, the aim in this context is to find 
an equivalent function g, defined by a simpler expression. Examples of tamed 
Dirichlet-type functions g encountered in this context include functions of the form 
g(s) =1/P(s), where P(s) is a given polynomial with complex coefficients, as well 
as g(s) = 1/(e®’ —p), where @ and p are nonzero real numbers. (See Theorem 
A.3.2 and Corollary A.3.3 in Appendix A.) Satisfactory results can already be ob- 
tained with functions g of the form g(s) = u(s) f(s) +v(s), for a suitable choice of 
the holomorphic functions u and v, with uw nowhere vanishing in the given domain. 


Proposition 2.1.72. Assume that u(s), v(s) and f(s) are meromorphic functions on 
the right half-plane {Res > 0}, with f a tamed Dirichlet-type integral. Furthermore, 
assume that u(s) and v(s) have no poles on the closed right half-plane {Res > 
D(f)}, and that u(s) has no zeros on the critical line {Res = D(f)}. If D(f) > 9, 
then 


f(s) ~ u(s) f(s) + (5). 


In particular, the geometric zeta function Cy of a bounded fractal string Z = 
(€;)j>1 such that D(C v) > 0 is equivalent to the distance zeta function C4 of the 
corresponding set A =A v = {ax = Dj>xlj 2k © N} CR; that is, 


Ce~ Ca. 


Hence, according to Definition 2.1.69, we have that 


D(Sv)=D(Gs) and PA-(Cv) = Ac(Ca). 


Proof. The first claim follows immediately from the definition. The second claim 
follows from the first one, combined with Equation (2.1.85), obtained in Exam- 
ple 2.1.58. 


Remark 2.1.73. In keeping with the discussion concluding Subsection 2.1.4 above, 
the exact analog of Proposition 2.1.72 holds if A is replaced by the relative fractal 
drum (0Q,Q) in the sense of Definition in Chapter 4, where Q is any geometric 
realization of the fractal string as a bounded open subset of R and dQ is the 
topological boundary of 2, while C30 is the corresponding relative zeta function 
defined in Subsection 4.1.1 below. It is clear that C4 ,.(s) = €39,9(s) +28” 16°, pro- 
vided 6, appearing in (2.1.1), is such that 6 > ¢, /2, so that dimg-Y = dimg(dQ,Q). 
Furthermore, the principal complex dimensions (and their corresponding multiplic- 
ities) of the functions Cy, Ca, and C99.0 coincide. 

Moreover, under the analog of the hypotheses (c) of Theorem 2.1.11, we can also 
state that Dnoi(Ca.a) = D(Ca.a) and hence, that the lower bound dimgA is also op- 
timal from the point of view of holomorphic continuation: #(C4,.9) = IT(Ca.a) = 
{Res > dimgA}. 


Example 2.1.74. It is easy to construct two bounded sets A and B which are not 
bi-Lipschitz equivalent, but are such that C4 ~ Cg. It suffices, for example, to con- 
sider the ternary Cantor set B on the real line. Let & = (€;) > be the associated 
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Cantor string. Specifically, B = 0Y and Y is the sequence of lengths 3~” with 
multiplicities 2”~!, for n = 1,2,3,...; see [Lap-vFr3, Section 2.3.1]. Now define the 
set A = {ax}xs1 by ag = Djs lj, for each k > 1. Then C4(s) = a(s). In particular, 
dimgA = dimg B. Note that dimy B = log; 2, while dimy A = 0, so that A and B 
are not bi-Lipschitz equivalent. (Here, we denote by dimy A the Hausdorff dimen- 
sion of A.) Similar examples of sets A and B generating the same fractal strings, 
but having different Hausdorff dimensions have been discussed in [Lap1, Exam- 
ple 5.1 and 5.1’], [Lap-vFr1—3], as well as revisited in [LapRo1], [LapLéRo] and 
[ElLapMacRo], where certain “multifractal zeta functions” are introduced in order 
to account, in particular, for such phenomena. 


Definition 2.1.75. Let A be a bounded set in R”, and let Q be a bounded open set 
such that A C Q. We define €a,q, the distance zeta function of A relative to Q (or 
relative distance zeta function,*~ in short), by 


fas) = I, d(x,A)° "dx, (2.1.102) 


for all s € C with Res sufficiently large. 


This zeta function is holomorphic in the half-plane {Res > dimgA } and the lower 
bound dim,A is optimal from the point of view of the convergence of the Lebesgue 
integral on the right-hand side of (2.1.102); that is, the abscissa of (absolute) conver- 
gence of C4 9 coincides with dimgA, and hence, IT(€4 9) = {Res > dimgA} is the 
half-plane of (absolute) convergence of Ca,a3 see Equations (2.1.55) and (2.1.56) 
and Figure 2.6. (We will discuss this issue in much greater generality in Subsec- 
tion 4.1.1; see, especially, Theorem 4.1.7.) Indeed, the condition ACQ implies that 
there exists 6 > 0 such that As C Q. Now, we apply Lemma 2.1.15 to the part of the 
integral in (2.1.102) over the set Q\Ag and deduce that it is an entire function of s. 
Applying Theorem 2.1.11 to the part of the integral in (2.1.102) over the set As, we 
reach the desired conclusion. 

We still denote by €4 9 its meromorphic extension (if it exists, that is, if A is 
admissible) to some open domain G containing a window W. 

If A and Q are disjoint, then Ca.q, defined by (2.1.102), is an entire function; see 
Lemma 2.1.15. The usual distance zeta function of A (see Definition 2.1.1) corre- 
sponds to the choice Q = Ag, for some 6 > 0: Ca(s) = Caas(s). 


Proposition 2.1.76. Let A be a bounded set of R, and let Qi, Qz be bounded open 
sets in RN containing A. Then: 


(a) The difference C40, — Ca,Q, can be extended to an entire function, and in 
particular, C40, ~ Ca,Q,. As a special case, if 6, and 62 are any two positive real 
numbers, then CA.As, - CAAs, can be identified with an entire function, and in par- 


ticular, GaAs, ~ SAA5,- 


32 The notion of relative distance zeta function will be further extended in Section 4.1, where we 
drop the condition A C Q and no longer assume that A and Q are bounded; see Definition 4.1.1. 
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(b) Let 6, and 65 be any two positive real nymbers. If a complex number so is a 
simple pole of CA.As, , then it is a simple pole of CAAs, as well and the residues of 
these two functions computed at so coincide: 


res(CAAs, 550) = res(C4,45, +50). (2.1.103) 


Proof. (a) For Res > dimgA, the difference of the functions €4 0, (s) and 4.9, (s) 
is equal to 


| d(x,A)> "dx — dix Ay "de. (2.1.104) 
Q1\(Q{NQ2) 9\(Q)NQ2) 


In light of the inclusion A C Q,MQhp, the set A is disjoint from Q; \ (Q1).9 
Q,), for j = 1,2. Therefore, both integrals in (2.1.104) are entire functions; see 
Lemma 2.1.15. 


(b) The claim follows immediately from part (a): 
res(Ca.As, 80) = res(CA.As, 589) +res (Cars, - Ca.Ag, »50) 
= lim (s— $0) 6a.Ag, (8) + lim (s — 50) (Ca.as, (8) ~ Sarg, (5) 


= res(Ca.45, 580). 


This concludes the proof of the proposition. 


The following result deals with the scaling property of the distance zeta function. 
Here, as usual, we write C4.45(s) = Jy, d(x,A)* “dx, for Res > dimgA. 


Proposition 2.1.77 (Scaling property of distance zeta functions). For any bounded 
subset A of RN, 5 > O and A > 0, we have D(G,4,a(4s)) = D(Ca.as) = dimpA and 
Caaa(as) (5) =A°Ca,A5 (5), (2.1.105) 


forall s € C with Res > dimgA. Furthermore, if w € C is a simple pole of the mero- 
morphic extension of Ca.a5(s) to some connected open neighborhood of the critical 


line {Res = dimgA} (as usual, we use the same notation for the meromophically 
extended function), then 


res(C,4.4(45):) = 1 res(C4A5,@). (2.1.106) 
Proof. Equation (2.1.105) follows easily by noting that A(As) = (AA) 5; we leave 
the details to the interested reader. To prove Equation (2.1.106), note that 
res(C,A,a(Ag):®) = lim (s— @)Cr4,(45)(5) 


= lim(s—@)A*Caa;(s) =A res(C4,@), 


sO 


as desired. 
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An extension of Proposition 2.1.77, formulated in the context of relative fractal 
drums, can be found in Theorem 4.1.40 and Corollary 4.1.42. 


The relative distance zeta function ¢,4 9 has a suitable continuity property with 
respect to any nonincreasing sequence of compact sets, as we now explain. 


Theorem 2.1.78. Let Q be a bounded open set, (Ax)x> a nonincreasing sequence 
of compact subsets of Q such that Ay | A as k — ©; that is, Ay D Ag+, for all k and 
A =Mx>1Ag. Then 

C4,,2(8) + Caa(s) as ko, (2.1.107) 


pointwise for Res > N. 


Proof. For the sake of brevity and only in this proof, we write C4(s) = Ca.o(s). Let 
us fix any s € C such that Res > N. It suffices to show that for any subsequence (k’) 
of (k), there exists a further subsequence (k””) of (k’) such that C4,,,(s) + Ca(s) as 
kK" + 00, 

In order to prove this, we use the Lebesgue dominated convergence theorem. 
Let us fix x € Q. Consider a subsequence (k’) of (k). By the compactness assump- 
tion, for each k’, there exists ay = ay (x) € Ay such that d(x,Ay) = d(x, a,:). The 
sequence (a,) is bounded; therefore, there exists a convergent subsequence (ay) 
converging to some a € Aj. It is easy to see that, in fact, a € A. Indeed, defining 
By = {aj : j > k}, we have By C Ax and from this, it follows that a € By C Ax for 
each k. Hence, a € MB, C My Ax =A (clearly, NB, = {a}). Therefore, 


|d(x, Ayr) — d(x,A)| = |d(x, ayr) — d(x,a)| < |ayr —a| > 0, (2.1.108) 


as k —> 00, and hence d(x,Ay”)°-" —> d(x,A)*-% for Res > N pointwise on Q. The 
sequence of complex-valued functions d(x,Ay)*™ is dominated as follows: 


|d(x,Agv)> * | = d(x,Agr)®*°-% < d(x,A)R°O* =: F(x), (2.1.109) 


where the last inequality results from the inclusion A C Ay. Here, F € L'(Q) be- 
cause F is continuous on @ since Res > N. Therefore, C4,,,(s) — Ca(s), as de- 
sired. 


In Subsection 4.1.1, in connection with so-called “relative fractal drums” (A, Q), 
we will study the relative distance zeta function ¢4 q under more general assump- 
tions on A and Q than those of Definition 2.1.75. In particular, Q (and A) will be 
allowed to be unbounded. As will be mentioned in Remark 4.1.9, Theorem 2.1.78 
still holds (with essentially the same proof) in the general context of Section 4.1.1. 


We now extend the notion of the zeta function of a fractal set A, as follows. 


Definition 2.1.79. Let A be a bounded subset of RY. Assume that A is admissi- 
ble with associated window W. The zeta function C, is defined as the family of 
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meromorphic and tamed Dirichlet-type functions f : G— C (where G C C is a con- 
nected open set containing W), such that D(f) = D(C4.4;) and A(f) = A(Caas) 
for some 6 > 0. Each member of the family will be denoted by Ca, in short. In other 
words, we identify the distance zeta function C, (initially defined by (2.1.1)) with f 
if C4 ~ f in the sense of Definition 2.1.69, and the zeta function can be viewed as 
the equivalence class C4 = [C4] = {f : f ~ C4} with respect to the relation ~ defined 
on the set of all such meromorphic and tamed Dirichlet-type functions. 


The aim is to find a representative f € [C4] of the zeta function of a given set A 
which is as simple as possible. 


In Definition 2.1.79, one could replace the notion of equivalence introduced in 
Definition 2.1.69 by the more general and flexible notion of asymptotic equivalence 
given in Definition A.6.6 of Appendix A. 


The definitions and results about equivalent zeta functions given here are in the 
spirit of (but not identical to) the corresponding ones obtained towards the beginning 
of Chapter 5 of [Lap6] (see, especially, [Lap6, Sections 5.2 and 5.3]), where vari- 
ous notions of equivalences of fractal strings (and of associated zeta functions) are 
introduced in order to define and study the corresponding moduli spaces of fractal 
strings (and fractal membranes). 


Example 2.1.80. It is easy to check that the derivative ¢, is holomorphic pre- 
cisely where the function €, is. If we assume that a meromorphic extension of 64 
to a domain G C C containing the abscissa of convergence D(C,) exists,** then 
the meromorphic extensions of C4 and ¢) to G have identical sets of poles (ie., 
PCa) = A(Ch)): if C4 has a pole at w € G, then €) has a pole at the same 


point, and furthermore, if ¢4 is holomorphic at s € G, so is ¢4. Hence, for the 
: (m 


fractal string 2 = (¢;);, in Example 2.1.58, we have Cy ~ cy), where an is 
the m-th derivative of ¢y for any fixed positive integer m, and we conclude that 
Djoi& ~ Loi (log e;)”. 

Note, however, that the orders of the poles are not the same: indeed, if @ is a pole 
of C4 of order n, then @ is a pole of ¢/ of order n+ 1. Therefore, but only for this 
“borderline” example of use of Definition 2.1.69 (see Remark 2.1.71), we do not 
view here the set of poles Y(C,) as a multiset, that is, as a set with multiplicities. 

More generally, for any positive integer m, we have that 


| d(x,A)> “dx ~ i d(x,A)>N (log d(x,A))dx, (2.1.110) 
As As 


where the integrals are viewed as functions of a complex variable s, meromorphi- 
cally extendable to a domain G C C containing their abscissae of convergence. The 
last integral is a special case of a weighted zeta function, which we shall study in 
Section 3.4. 


33 Note that this is essential in order to avoid situations in which C, could have a singularity that is 
not a pole. A simple example is f(s) = logs and f’(s) = 1/s. 
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The following simple lemma will often be used without explicit mention. Its 
proof is easy, and we omit it. 


Lemma 2.1.81. Assume that h(s) = f(s)g(s), where g and h are meromorphic 
functions defined on a domain containing {Res > a} for some real number a, 
and f has no zeros in that domain. Then D(h) = max{D(f),D(g)}. If in addi- 
tion, f is holomorphic, then D(h) = D(g) and A(h) = Y(g).** In particular, if 
h(s) =(s—c)~'g(s) for some real number c, then 


D(f) =max{c,D(g)}. (2.1.111) 


Example 2.1.82. (Ternary Cantor set). Let C (1/3) be the standard ternary Cantor set 
in [0,1]. In [Zu3, Example 7], it is shown that for any y < 1 — log; 2, the following 
Lebesgue integral can be explicitly computed, using a simple summation of the 
corresponding integrals over the open intervals J, k > 1, defined by (0, 1] \\C(/) = 
Ure: 


A AN TaN ‘ 
0 1/3 2/3 1 


Fig. 2.8 The graph of the distance function x +» d(x,A), where A is the ternary Cantor set. Only 
the first three generations of the countable family of tents are shown here. 


Vii V\ FN 


0 1/3 2/3 1 


Fig. 2.9 For the ternary Cantor set A = C\'/3), the function y = d(x,A)~’, x € Q := (0,1), is 
Lebesgue integrable if and only if y < 1 — log; 2. For y > 0, its graph has countably many connected 
components (all of which are unbounded) and uncountably many vertical asymptotes. For any 
Y < 1—log;2, the area of the set { (x,y) € Q x R:0<y<d(x,A)~"} is equal to (4(1 —y, Q). 


34 Observe that in light of Definition 2.1.69, this implies that h ~ g, but is also a significantly 
stronger statement. 
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2-61! 
(l= y)(b=2s3"-*)< 


1 
| d(x,C"!/3))-Ydx = (2.1.112) 
0 


See the graphs of the functions x +> d(x,C“/3)) and y = d(x,C“/9))~7 in Figures 


2.8 and 2.9 on page 104. Using the same procedure and the same formula with 
y=1-s€C, where Res > log; 2, we obtain successively (see (2.1.1)): 


1 ; 0 ; 146 
Cc1/3) (s) =), d(x,cUytde+ fii tde+ f (x— 1)! dx 
0 _ 1 


1 5 
=a d(x) tae+2 xl dy (2.1.113) 
0 0 
1 oo 33-* 
~ a(x,cUP)ytar=2 > 21 f lady 
0 lel 0 
2:6°% 1 


~ g1=2:3-) L335" 


which is equivalent to the geometric zeta function of the Cantor string Ccs obtained 
in [Lap-vFr3, p. 22]. In particular, we recover the well-known fact (see [Lap-vFr3, 
Section 2.3.1]) according to which the set of principal complex dimensions of the 
Cantor set is given by 


dimpcC(!/3) = flog, 2+ kpi: k € Z} =: log, 2+ piZ, (2.1.114) 


where p = 277/ log 3 is the oscillatory period of the Cantor set, using the notation and 
terminology from [Lap-vFr3, pp. 22-23]. Recall our convention according to which 
i:= V—I denotes the imaginary unit; see Equation (1.3.21) on page 40 above. From 
Corollary 2.1.63, we deduce another well-known fact: dimgA = log; 2. 

For the generalized Cantor set C with a € (0, 1/2), defined in Example 2.2.6,°° 


we obtain in a similar way 
1 


Cola) (8) ~ 75 (2.1.115) 


(See [Zu3, Example 7].) Hence, we recover the fact that (see [Lap-vFr3, p. 284]): 


dimpcC = log, ;.2 + piZ, (2.1.116) 


where p = 27/log(1/a) is the oscillatory period of C®, and d = dimgC = 
log; /,2. An extension of this fact to a two-parameter family of Cantor sets is ob- 
tained in Proposition 3.1.2. 


35 Generalized Cantor sets and their oscillations are studied in detail in [Lap-vFr3, Chapter 10]. 
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2.1.6 Stalactites, Stalagmites and Caves Associated with Fractal 
Sets and Fractal Strings 


Let A be a given bounded subset of IR”, and let 6 be a fixed positive real number. 
The set Ag \A can be represented as a disjoint union of its connected components 
U, = U,(A, 9), k € J; that is, 

As\A=|(JUr, (2.1.117) 

kes 
where the index set J is at most countable. Note that the topological structure of 
the set Ag \ A can vary from being very simple to extremely complex, depending 
on the choice of the fractal set A.*° On the other hand, if A is the von Koch curve, 
then As \A has a very simple topological structure (it is connected), while its metric 
properties near A are complicated. 
For any given nonzero real number 7, we consider the function 


f :As — [0,40], f(x) = d(x,A)’. (2.1.118) 


Uf r < 0, we let 0” := +0.) For each k € J, let f; be the restriction of f to the 
connected component U; of the open set Ag \ A; ie., fe := flu,. Note that f(x) € 
(0,-+°°) for each x € U, andk EN. 


Definition 2.1.83. Assume that r 4 0. Then, for each k € J, the graph of the func- 
tion f;, viewed as a subset of Ux x (0, +e) C R*!,%” is called the k-th stalactite 
associated with the fractal set A (and with parameters r and 6). 

Furthermore, the set cave(A) = cave(A, 6,r), defined by 


cave(A) := {(x,u) € Ag x (0,400) :0<u< f(x)} (2.1.119) 


and viewed as a subset of Ag x (0, +e) C R%*!, is called the A-cave (corresponding 
to the choice of r and 6 > 0). In other words, the A-cave is the open subset of 
Ag x (0, +c) located (strictly) between the graph of f and the x-hyperplane. 

It is also convenient to define the epigraph of f as the closed*® subset of the 
Cartesian product As x [0,+¢°] lying either above the graph of f or on it. More 
precisely, 

epi(f) := {(x,u) € Ag x [0, +09] : f(x) <u}. (2.1.120) 


Note that for r < 0, each stalactite is unbounded since f(x) > +c° as x € U, and 
B ito OU,. 


36 Tf A = {a}, that is, if A is a one-point set, then the set As \A = Bs(a) \ {a} is connected for 
N > 2, while if A is the Cantor set contained in the real line, then As \A has countably many 
connected components. 

37 Note that U; C Ag \A, so that x4 d(x,A) does not vanish on Ug; hence, fy (x) <0 for all x € Us, 
even ifr <0. 

38 The epigraph of f is a closed subset of As x [0, +>] with respect to the relative topology in 
As x [0, oo], 
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If r > 0, then the union of all of the stalactites is a bounded subset of R‘+!. 
Furthermore, note that f(x) — 0 as x + OU,. If we view the graph of f from any 
point in its epigraph, then the stalactites look like stalagmites. Therefore, in the 
case when r > 0, we shall call them stalagmites instead. Note that, according to our 
terminology, stalagmites are a special case of stalactites; namely, stalagmites are 
bounded stalactites. 


If A is the Sierpiriski carpet, then Figures 2.10 and 2.11 illustrate the correspond- 
ing stalagmites, i.e., the graphs of y = d(x,A)’ for r > 0. For r = 1, see Figure 2.3 
on page 51. 

In the following proposition, we collect some basic properties of stalactites, sta- 
lagmites and caves associated with fractal sets. Its proof is easy, and we leave it as an 
exercise for the interested reader. It is instructive to illustrate its content in the case 
of the Sierpinski carpet; see Figures 2.3 and 2.4 (on pages 51 and 52) corresponding 
to the case when r is negative, along with Figures 2.2, 2.10 and 2.11 (respectively 
on pages 50, 107 and 108) corresponding to the case when r is positive.*? 


Proposition 2.1.84. Let A be a bounded set in R“. Assume that 6 is a fixed positive 
real number and let r 4 0. Then: 


Fig. 2.10 Sierpiriski stalagmites in the Hélder case, i.e., when r € (0,1). Here, r = 0.5. 


(a) Ifr <0, then there is a natural bijection between the family of connected com- 
ponents of Ag and the family of connected components of the A-cave. In particular, 
if the set Ag is connected, then the same property holds for the A-cave. 

Furthermore, there is a natural bijection between the family of connected com- 
ponents of the set As \A and the family of stalactites (corresponding to A, 6 and r). 


3° We plan to create a virtual gallery of fractal caves generated by various planar fractal sets A and 
for different values of r 4 0. The notion of a ‘fractal cave’ already exists in mathematical geology, 
at least since 1986, motivated in part by the earlier work of Mandelbrot [Man1]; see its definition in 
[Cur] on page 168. That definition, based on the idea of the so-called “cave modulus’, is completely 
different from ours. 
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Fig. 2.11 Sierpinski stalagmites in the Lipschitz case, i.e., when r > 1. Here, r = 1.3. 


In particular, if the set As \A has countably many connected components, then there 
are countably many stalactites. All of the stalactites are unbounded. 


(b) If r > 0, then there is a natural bijection between the family of connected 
components of Ags and the family of connected components of the interior of the 
epigraph of the function f defined by (2.1.120). 

Furthermore, there is a natural bijection between the family of connected com- 
ponents of the set Ag \A and the family of stalagmites (corresponding to A, 6 and r). 
In particular, if the set As \ A has countably many connected components, then there 
are countably many stalagmites. The union of these stalagmites is bounded. 


Next, let us formulate an interesting geometric result, which is just a restatement 
of the corresponding one appearing in Lemma 2.1.3, and due to Harvey and Polking. 
Note that for the exponents r > 0, the claim is trivial. 


Proposition 2.1.85. Assume that A is any bounded fractal set in RY. Let us fix 
6 > 0. Ifr > dimgA —N, then the corresponding A-cave in Ag x (0,+¢°) is of finite 
volume (i.e., of finite (N + 1)-dimensional Lebesgue measure).*° 


Example 2.1.86. If A is the Sierpiiski carpet in the plane, then for r = | (and 6 > 
1/6) the corresponding countably infinite family of stalagmites can be found in 
Figure 2.2 on page 50. On the other hand, for r < 0, the corresponding countably 
infinite family of stalactites, along with the associated Sierpiriski cave, can be found 
in Figure 2.3 on page 51, and its total volume is finite if and only if r > log, 8 — 2. 

If A is the ternary Cantor set, then for r = 1 (and 6 > 1/6) the corresponding 
countably infinite family of stalagmites can be found in Figure 2.8 on page 104, 
while for r < 0 the corresponding stalactites, along with the associated Cantor cave, 
can be found in Figure 2.9 on page 104. The Cantor cave is of finite volume if and 
only if r > log; 2—1. 


40 Tf A is such that there exists D := dimgA and .@?(A) > 0, then the converse implication holds 
as well; see [Zu5, Theorem 4.1]. 
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Remark 2.1.87. It is easy to check that if A is the ternary Cantor set, then the graph 
of the function y = d(x,A)", x € [0,1], where r is a nonzero real number, is an in- 
homogeneous self-affine set (for the precise definition, see Fraser [Fra2], along with 
the references cited therein, including [BarDemk]), with the affinity matrix equal 
to diag(1/3, 1/3”); see Figures 2.8 and 2.9. Let us provide a very brief description 
of the notion of inhomogeneous self-affine set in this case. Recall that the ternary 
Cantor set A is a homogeneous self-similar set, in the following sense: 


A=S(A), 


where S(A) := S;(A) US2(A) and the similarity transformations {5;}7_, of R are de- 
fined by Sj (x) = 4x and S2(x) = $x+ 3, x € (0, 1]. If we denote by G the graph of the 
function y = d(x,A)’, x € [0, 1], and by Go its subset corresponding to x € [1/3,2/3] 
(that is, to the middle interval), then G satisfies the following inhomogeneous fixed 
point equation: 

G=S(G)UGo. (2.1.121) 


Here, $(G) := $,(G) US2(G) and S;(x,y) := (S;(x), zy), for i= 1,2. 

In the case when A is the Sierpinski carpet, the function y = d(x,A)”, x € [0, 1]?, 
where r is a nonzero real number, also has an inhomogeneous self-affine graph 
(see Figures 2.2, 2.3 and 2.10), with the corresponding affinity matrix equal to 
diag(1/3,1/3,1/3”). More precisely, the Sierpifiski carpet A satisfies the homo- 
geneous fixed point equation A = S(A), where S(A) = S(A) U---USg(A) and for 
i=1,...,8, S; is the similarity transformation of R? defined by S;(x) = 5x + aj, for 
x € (0, i, while a; € R? is a suitable translation vector. Let § := $; U---USs, where 
S;(x,y) := (S;(x), gry), and let G be the graph of y = d(x,A)", x € [0, 1]?; also, denote 
by Go the subset of the graph corresponding to x € [1/3,2/3]? (that is, to the middle 
square). Then G satisfies the inhomogeneous fixed point equation G = §$(G) UG. 

For r = 1, in both cases we obtain functions which have inhomogeneous self- 
similar graphs. Inhomogeneous self-similar sets have been introduced by Barnsley 
and Demko in [BarDemk]; see also [Bar] and [Fral—2, BakFraMa]. Each inhomo- 
geneous self-similar set is obviously an inhomogeneous self-affine set. 


Example 2.1.88. Let A be the von Koch curve in the plane. Let 6 be a fixed positive 
number. For r < 0, the corresponding von Koch cave is an unbounded connected 
set. According to Proposition 2.1.85, since dimgA = log; 4, we conclude that von 
Koch’s cave is of finite volume if and only if r > 1 — log, 4. 


Note that the topology of the stalactites and the stalagmites depends on the choice 
of the parameter 6. This can be already seen in the case when A is just a two-point 
set. If A is the Sierpinski carpet, then the content of the following proposition is 
illustrated in Figure 2.2 (on page 50) in case (a), and in Figure 2.4 (on page 52) 
in case (b). Recall that the Hausdorff distance between two (possibly unbounded) 
subsets A and B of R% is defined as the infimum of all ¢ > 0 such that A C By and 
BC Ag. We denote it by dy(A,B). 
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Proposition 2.1.89. Let A be a bounded set in RN. Given M > 0, let f~'(M) be the 
M-level set of the function f : As — [0,+¢°], defined by f(x) :=d(x,A)", where r is 
a nonzero real number. Then the following properties hold: 


(a) Assume that r > 0. Then, as M -+ 0*, the M-level set f~'(M) tends to the 
boundary OA in the Hausdorff metric; that is, 


lim dy(f~'(M),0A) =0. 


M-0*+ 


(b) Assume that r <0. Then, as M — +e, the M-level set f—'(M) tends to the 
boundary OA in the Hausdorff metric; that is, 


: -1 

yim da(f (M),0A) =0. 

Proof. Let first us consider the case when r = |. Let € be a given (arbitrarily 

small) positive real number. If we choose M such that M € (0,¢€), then we have 

that f-'(M) Cc (0A), and 0A C (f—!(M))¢. Hence, dy(f~!(M),0A) < €; that is, 
limy_,o+ du (f~'(M), 0A) =0. 

The case when r ¥ 0 (either for r > 0 or r < 0, respectively) is easily reduced to 

the case when r = 1. 


It is clear that, for any nontrivial bounded fractal string @ = (¢;) jen, it is possi- 
ble to introduce analogous definitions. More specifically, let A := Av = {ax}xen 
be the bounded subset of R defined by ag := Yjs,j, and let Ux := (ax41, ax) 
for any k € N; see Figure 2.7 on page 90. Much as was done above, for a given 
nonzero real number r, we can introduce the function f : (0,a1) — [0, +c] defined 
by f(x) =d(x,Av)’. (As before, we let 0" = +e if r < 0.) For any k > 1, the k-th 
stalactite associated with the bounded fractal string @ is the graph of the function 
fx := f\u,, the restriction of f to the k-th interval U; = (a,41,a,). Furthermore, the 
fractal cave associated with the fractal string & (and with r) is defined as the subset 
of (0,41) x (0, +2) C R? given by 


cave L := {(x,u) € (0,a)) x (0, +0¢) :0<u< f(x)}. (2.1.122) 


For r < 0, the corresponding fractal cave is always simply connected, while for r > 0 
it has countably many connected components. 


Since (for Res > dimgA) the distance zeta function C4(s) := fy, d(x,A)* “dx is 
defined via the function g : As — C given by g(x) :=d(x,A)*, it is of interest to 
know the geometry of the graph of g for various values of the complex number s. 

We first consider the case when s is a real number. We then have the following 
two possibilities: 


(a) If s € (dimgA,N) (here, we assume that dimgA < N), then the corresponding 
value r := s—N is negative, and the graph of the function g consists of at most count- 
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ably many stalactites. Furthermore, according to Proposition 2.1.85, the volume of 
the associated A-cave is finite for the indicated values of s. 


(b) If s > N, then the graph of the function g consists of at most countably many 
stalagmites. 


The case when s € C \ R is considered in the following subsection. 


2.1.7 Oscillatory Nature of the Function x > d(x,A)° 


Let A be a given subset of R% and let 6 > 0. Let s be a fixed nonreal complex 
number; that is, s:= € +71, with €,n € R and n #0. Since the distance zeta 
function ¢, is defined via the function g : As \A — C, where g(x) :=d(x,A)*%, it 
is of interest to consider some basic properties of this complex valued-function. To 
this end, let us fix t € (0,6). Note that since 0(A;) = {x € R% : d(x,A) =r}, then 


As \A = {x E RN : d(x,A) € (0,5)} = [J a(A,), 
te(0,6) 


where the union is disjoint. The set 0(A;) can be viewed as a t-shell around A. Since 
the function g is constant on 0(A,), and equal to r°—%, it is natural to study the 
behavior of the function 


h:(0,85)3C, aA(t):=2% (2.1.123) 


as t + 0+. In other words, we are interested in the behavior of the function g when 
the shells ‘tend’ to the set A. Since 


A(t) = 15 einlogt 


and 7 # 0, we see that the function A is oscillatory, in the sense that its range in C is 
the curve defined in polar coordinates (r,0) by r=t°—", @ = n logt, for t € (0,6). 
It is easy to see (by eliminating the parameter rf) that the corresponding curve in the 
complex plane is of the form r = exp( 0); that is, 


Res—N 
I 


r=e Im °, @€ (—c,(Ims)log6). (2.1.124) 
Let us assume that 7 = Ims > 0. We have the following three possibilites: 


(a) if Res < N, then the curve described by (2.1.124) is the exponential spiral 
tending to +o as t > O* (that is, @ — —co);4! 


(b) if Res = N, then the curve described by (2.1.124) is the circle of radius 1; 


4! Recall that, since t = d(x,A), then the condition t + 0+ is equivalent to d(x,A) > 0*. 
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(c) if Res > N, then the curve described by (2.1.124) is the exponential spiral 
converging to zero as tf > OT. 


In particular, when Res < N, then the function 
(0,5) 3 t+ Reh(t) =r’ cos((Ims) log?) 


behaves like an unbounded chirp when t > 0*. Here, by a chirp we mean a function 
g: (0,6) > R of the form f(t) = a(t) cosb(t), where b(t) + or b(t) + —ce as 
t + 0*, while either a(t) > 0* (for bounded chirps) or a(t) + +°° (for unbounded 
chirps) ast + 07. 

An analogous discussion can be carried out when Ims < 0. 


2.2 Residues of Zeta Functions and Minkowski Contents 


In this section, we show that some important information concerning the geometry 
of fractal sets in R% is encoded in their associated fractal zeta functions. Therefore, 
the distance zeta functions, as well as the tube zeta functions which we introduce 
below (see Definition 2.2.8), can be considered as a useful tool in the study of the 
geometric properties of fractals. 


2.2.1 Distance Zeta Functions of Fractal Sets and Their Residues 


We show here that the residue of any meromorphic extension of the distance zeta 
function of a fractal set A in RY is closely related to the Minkowski content of the 
set; see Theorem 2.2.3 and Theorem 2.2.14. We use the notation C4 _4, (s) for the zeta 
function instead of C,(s), since we want to stress the dependence of the zeta function 
on 6. We start with a result which is interesting in itself, and which leads to a new 
class of zeta functions called tube zeta functions and described by Definition 2.2.8 
below. We shall see in Equation (2.2.23) that this result can be interpreted as a key 
functional equation connecting the distance and tube zeta functions. 


Theorem 2.2.1. Let A be a bounded set in RN, and let 6 be a fixed positive number. 
Then, for all s € C such that Res > dimgA, the following identity holds: 


r) 
| d(x,A) "dx = 5°™|Ag|-+(W—s) f po tal de. 221) 
6 


Furthermore, the function &, defined by &4(s) := fh t’-N-lA,|dt is absolutely 
convergent | (and hence, in particular, holomorphic) on the open right half-plane 
{Res > dimgA}. 
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Proof. Letting s:=N—y (with y < N —dimgA) and using Lemma 2.1.4, we deduce 
that equality (2.2.1) holds for all real numbers s € (D, +). Let us denote the left- 
hand side of (2.2.1) by f(s), and the right-hand side by g(s). Since f(s) = g(s) on the 
subset (D,+°°) C C, to prove the theorem, it suffices to show that f(s) and g(s) are 
both holomorphic in the region {Res > D}. Indeed, the fact that (2.2.1) then holds 
for all s € C with Res > D follows from the principle of analytic continuation; see, 
e.g., [Con, Corollary 3.8]. The holomorphicity of f(s) in that region is precisely the 
content of Theorem 2.1.11(a). 

To prove the holomorphicity of g(s) on {Res > D}, it suffices to consider 
G(s) := i, ts-N—!|A,|dt. Note that €4(s) has the form of the tamed Dirichlet- 
type integral, 4(s) = f, @(t)*du(x), where E := (0,5), p(t) := 1,2? du(x) = 
Nl |A;|dt, and the latter measure is positive; see Section 2.1.3.2 and Theo- 
rem 2.1.45(a). Therefore, it suffices to show that for any s such that Res > D, 
the Dirichlet-type integral C4(s) is well defined. To see this, let € > 0 be small 
enough, so that Res > D+e. Since .@*+®)(A) = 0, there exists Cs > 0 such that 
|A;| < Cst%—?-€ for all t € (0, 5]. Then 


P 5 
Eats) sf eRe MAy ar 


§Res—D-e 


———_ 0; 
Res—D-—e 


5 = 
< cs f pRes—D—€-1 ge = C5 
0 


which completes the proof of the theorem. 


Theorem 2.2.1 also extends the identity (2.1.4) from the case of real numbers 
y € (—c2,N — D) to all complex numbers y such that Rey < N — dimgA. Further- 
more, observe that the identity (13.129) for fractal strings appearing in [Lap-vFr3, 
Lemma 13.110, p. 442] is a special case of our identity (2.2.1), obtained for N = 1 
and 6 =]. 


We can formulate Theorem 2.2.1 in a more condensed form, as follows. 


Corollary 2.2.2. Let A be a bounded set in RN, and let 6 > 0 be fixed. If Res > 
dimgA — N, then 


5 
| d(x,A)°dx = &°|As|—s | t"|A,|de. (2.2.2) 
As 0 


The following theorem is a higher-dimensional generalization of Equation (8.25) 
[Lap-vFr3, Theorem 8.15], and provides more information than the latter result 
when WN = 1, in the case when the underlying set is not Minkowski measurable. 
(Here and in the sequel, given a meromorphic function @ = @(s) in a connected 
open neighborhood of s = @ € C, we denote by res(@, @) its residue at s = @.) 


42 Note that the Dirichlet-type integral a is tamed, in the sense of condition (2.1.54) (or of Defi- 
nition A.1.3 of Appendix A), since @(t) € (0,6) for all t € (0,6). See the proof of Lemma 2.2.9 in 
Subsection 2.2.2 below for more details. 


114 2 Distance and Tube Zeta Functions 


Theorem 2.2.3. Assume that the bounded set A C RN is Minkowski nondegenerate, 
that is, 0 < MP(A) < M*?(A) < © (in particular, dimgA = D), and D <N. If, in 
addition, C44;(s) can be extended meromorphically to a connected open neighbor- 
hood of s = D, then D is necessarily a simple pole of Ga,a;(s), and 


(N — D).@? (A) < res(£4.45,D) < (N-D).a@*?(A). (2.2.3) 


Furthermore, the value of res(Ca,a;,D) does not depend on 6 > 0. In particular, if 
A is Minkowski measurable, then 


res(€4,4;,D) = (N—D).@”(A). (2.2.4) 


Proof. Since P(A) > 0, by using Theorem 2.1.11(c) we conclude that s = D is a 
pole. Therefore, it suffices to show that the order of the pole at s = D is not larger 
than 1. Let us take any fixed 6 > 0, and let 


[Ar| 
Cs := sup ——~. (2.2.5) 
re(0,3) 7? 


Note that Cs < 0 because #/*? (A) < ov. Then, in light of (2.2.1), for all s € R with 
D<s<N, we have 


fo) 
Ca dg (s) = | d(x,A)° “dx = 6° |As|+(N—s) i poe NA de 


6°-P 1 


< s—D _ — —D sD . 
< C55*-? +C5(N— 8) — = Cg(N - DJ? — 


(2.2.6) 


Therefore, 0 < €4.4;(s) < Ci(s—D)~' for all s € (D,N). This shows that s = D 
is a pole of C4.4;(s) which is at most of order 1, and the first claim is established. 
Namely, D is a simple pole of €4.4;(s). 

It is easy to see that for any positive real numbers 6 and 6), with 6 < 6), the 
difference 

bata, (8) ~Cag(s) =f d(x,a) Nae 
As, \As 

is an entire function of s, since 6 < d(x,A) < 6; for any x € Ag, \Ag; see Lemma 
2.1.15 or Theorem 2.1.45(c). Therefore, the residue of C4 4; (s) at D does not depend 
on 6. 

In order to prove the second inequality in (2.2.3), is suffices to multiply (2.2.6) 
by s —D, with s real and s > D, and then take the limit as s + D*: 


res(C4,4,,D) <(N—D) lim Cs6°~? = (N—D)Cs. (2.2.7) 


s—D+ 


Since the residue of C4 4,(s) at D does not depend on 6, (2.2.3) follows from (2.2.7) 
by recalling the definition of Cs given in (2.2.5) and passing to the limit as 6 > 0T 
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in the right-hand side of (2.2.7); note that the function 6 +> Cs is nondecreasing and 
C3 > M*?(A) as 6 + 0°. The first inequality in (2.2.3) is proved analogously. 


Example 2.2.4. There is a class of fractal sets A for which D := dimgA exists with 
M” (A) =0 and 


d(x,A)? dx <e, (2.2.8) 
As 
that is, Ca4;(D) < 0; see [Zu4, Theorem 4.2]. In particular, it follows that 
im, Ca,As(s) = Ca(D). 


This shows that there is no meromorphic continuation of C44, to a connected open 
neighborhood of s = D, since in that case we would have lim,_,p+ C44; (8) = +2. 
Here, the limit as s > D* is taken along the real axis (i.e., for s > D) or, more 
generally, within a sector (Res > D, | arg(s — D)| < ©) with half-angle O satisfying 
0<0 < 7/2; see, e.g., [Ser, Section VI.2] or [HardWr]. 


Example 2.2.5. Let A = {0} in R. Then €4 4, (8) =26°s~!. Hence, s = 0 is a simple 
pole of C4.4,, and for each 6 > 0, 


res(C4A5,0) = lim 26° =2. 


Example 2.2.6. (Residues of the zeta function of the generalized Cantor set). Let 
A =C™ be the generalized Cantor set*? defined by the parameter a € (0,1/2). 
Recall that C is obtained by deleting the middle interval of length 1 — 2a from the 
interval [0,1], and then continuing in the usual way, scaling by the factor a at each 
step (for a = 1/3, we obtain the middle third Cantor set). By a direct computation, 
or using [Zu3, Equation (15) with y := N —s], we obtain the corresponding zeta 
function: 


2-4(1=2a) 
= A 4-268 57! 229 
CAAs (s) s(1 = 2a°) = So, ( ) 
where 6 is a fixed positive real number. In particular, 
1 
G4.As(8) ~~ 7a (2.2.10) 


Its residue at D = D(a) := dimgA = log, /,2 (see [Zu3]) is independent of 6 (in 
accordance with Theorem 2.2.3) and given by 


FI 
res(Saa5-D) = 15 5 . (2.2.11) 


On the other hand, the values of the lower and upper D-dimensional Minkowski 
contents are respectively equal to (see [Zu2, Equations (3.12) and (3.13) for m= 2)): 


43 An even more general class of Cantor sets will be introduced in Definition 3.1.1. 
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MA) = 5 ( 


2D 


1-D . 1 D-1 
>) , A (4) =2(1 a) (5a) 5 2D) 


2 

and thus .4@?(A) <.@*?(A). It follows that C is not Minkowski measurable (for 
a much more general result, see [Lap-vFr3, Theorem 2.16]; see also [Lap-vFr3, 
Chapter 10]). (We note that in the case of the classical Cantor set, where a = 1/3 
and D = log; 2, the values in (2.2.12) have been first obtained in [LapPo2, Theo- 


rem 2.4].) Therefore, for any generalized Cantor set A = C, with a € (0, 1/2), we 
have that 


(1—D). MP (A) < res(Ca4;,D) < (1—D).@*? (A); (2.2.13) 


see Figure 2.12. This is in agreement with (2.2.3) in Theorem 2.2.3, and also with 
the inequalities in the first line of (2.3.62) in Theorem 2.3.37 below. In particular, 
since the functions (0,1/2) 3 a+> P(A) and at+ .@*?(A) are bounded, and 
D = log; /42— 1” as a—+ 1/2, we have that for any positive 6, 


lim res ,D) =0. 
a31/2- (64,450) 


The residues of C44,(s) at the poles s; := D+ kpi, k € Z, on the critical line 
{Res = D}, expressed in terms of the residue at D and of the oscillatory period 
p := 27/log(1/a) of A, are the following: 


D2-** (1 — 2g)" 
spakPi 


res(CaA5,5k) = res(Caa;,D), kEZ. (2.2.14) 


It is noteworthy that these residues tend to zero as k + +e; more precisely, 


D 1 
|res(C445,5k)| = J] ToS (GAa8P) <x- as k—- te, (2.2.15) 


k 


This situation is different from that of the zeta function of the Cantor string & for 
which a = 1/3 (see [Lap-vFr3, Subsection 2.3.1, p. 41-43]), where we have that the 
residues of the meromorphic continuation of the geometric zeta function C y(s) = 
D4; at sy are all equal to 1/log3 = 2-3~**/log3, with D = log; 2, p = 27/log3. 
(See [Lap-vFr3, Subsection 2.3.1] for the Cantor set with basic length equal to 3; a 
general result is stated in Theorem 2.16 and in Remark 2.18 of [Lap-vFr3].) This is 
easily explained by the presence of the factor s~! in (2.1.84). 
Note that for a € (0, 1/2) the corresponding oscillatory period 


p(a):= 
a) := ———_ 
og(1/a) 
of the generalized Cantor set set A =C () tends to zero as a— 0*, which means that 
the set of poles 


2.2 Residues of Zeta Functions and Minkowski Contents 117 


Fig. 2.12 On the left, the graphs of (respectively, from top to bottom) (1 — D).@*?(A), 
res(C4,4,,D) and (1 —D).@?(A), viewed as functions of a € (0,1/2), are depicted in the case 
of the generalized Cantor set A = C studied in Example 2.2.6. Here, D = log, /a2- The horizon- 
tal a-axis is expanded ten times with respect to the vertical axis. On the right, the same figure is 


represented, but with the natural scale on the horizontal axis. This illustrates the inequality (2.2.13); 
see also (2.2.3). 


Pa) = {D(a) +kpi: k € Z} = D(a) + piZ (2.2.16) 
of the zeta function C4 4; (s) converges to the imaginary axis in the Hausdorff metric, 
as a O*. Furthermore, 


D(a) = = p(a) = logy jq2. (2.2.17) 


Also, D(a) = dimgA — 0+ and 4D(a) + +0 as a > 0*, while D(a) + 1 and 
£ D(a) — 2/log2 as a -+ 1/2~. The behavior of the residue for a near 0 is the 
following: 


d 
li D) = —~ lim — D) =—-~, 2.2.1 
Part res(S4.Ag> ) log2’ sue da res(Sa.Ag: ) ( 8) 


Also, 


; d D . d *D 
Jim. aa! D) M7 (A) = +0, aunt D) qa (A) = —ce, (2.2.19) 
Remark 2.2.7. Much of the discussion in Example 2.2.6 parallels [Lap-vFr3, Sub- 
section 12.1.3] about the lacunarity of a family of generalized Cantor sets. The 
(semi-heuristic) notion of lacunarity has been introduced by Mandelbrot in [Man1, 
Chapter X]; see also [Man2]. Mathematically, it has been further explored from dif- 
ferent points of view in [BedFi], [Man2], [Lap-vFr3, Subsection 12.1.3], and in the 
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relevant references therein. See also [Lap-vFr3, Remark 12.7] for several relevant 
references from the physics and engineering literature. 


2.2.2 Tube Zeta Functions of Fractal Sets and Their Residues 


Going back to Theorem 2.2.1, we see that it is natural to introduce a new fractal zeta 
function of bounded subsets A of R™. 


Definition 2.2.8. Let 6 be a fixed positive number, and let A be a bounded subset 
of R%. Then, the tube zeta function of A, denoted by C,, is defined by 


s 5 
€a(s):= [ por Al dé, (2.2.20) 


for all s € C with Res > dimgA; see Theorem 2.2.1. As we know from the proof of 
Theorem 2.2.1 (see also footnote 42 on page 113), the tube zeta function is a tamed 
Dirichlet-type integral. 


An immediate consequence of Theorem 2.2.1 is that for any bounded subset A of 
RY, we have 7 7 a 
Dnoi(Ga) < D(Ga) < dimpa. (2.2.21) 


Furthermore, assuming that dimgA < N, then D(&,) = dimgA, as we shall see in 
Corollary 2.2.10 below. 


Note that the underlying space of scales can be viewed as the multiplicative group 
(0,+¢°) equipped with its natural Haar measure dt/t. The measure du (t) := dt/t 
is the standard ‘Haar measure’ on the group G := (0,+¢¢), in the sense that it is 
invariant under multiplication. More precisely, for any [-measurable subset A of G 
and for any g € G, we have u(gA) = u(A). In our case, this follows easily from 
the fact that u(gA) = J,,dt/t = {,do/o = (A), where we have used the change 
of variables o = ey. Hence, Equation (2.2.20) can be rewritten as follows (for 
Res > dimgA): 


zs é d 
Qa fal S. (2.2.22) 


A similar comment can be made about the integral appearing on the right-hand 
side of (2.1.4) in Lemma 2.1.4 and of (2.2.1) in Theorem 2.2.1. 


We first note that a is a tamed Dirichlet-type integral (in the sense that it is 
of the form (2.1.53) and satisfies condition (2.1.54)). Hence, it follows from Theo- 
rem A.1.4 of Appendix A that D(éa), the abscissa of convergence of a (as given 
by (2.1.55)), is well defined and IT (Gi): the half-plane of convergence of by (as 
given by (2.1.56)) is the largest open right half-plane on which the Lebesgue inte- 
gral appearing on the right-hand side of (2.2.20) is convergent (i.e., is absolutely 
convergent). 
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The following lemma and its proof supplement Example 2.1.43 above. See also 
part (1) of Proposition A.2.4 in Appendix A. 


Lemma 2.2.9. The tube zeta function b, is a tamed DTI. 


Proof. With the notation of (2.1.53), we can let E := (0,6), p(t) :=t for allt € E, 
and pide)s— 2" A, | de = FA, a viewed as a local positive measure on E. 
Clearly, we then have 


6 
(sy = fe NAdlar= fo u(a), 


for all s € C such that Res > dimgA. Furthermore, we obviously have that 0 < 
o(t) =t <6 for allt € E (so that condition (2.1.54) holds with C := 6). Hence, C4 
is a tamed DTI. 

Alternatively, if we want to view dr/t as the scale invariant measure on (0, +e), 
we can let E := (0,+¢°), 


t, fort € (0,6), 
P(t) = 
6, forte £\ (0,6), 
and j(drt) := 6(t) dt/t, where 


- t%JA,|, fort € (0,5), 
p(t) := | | ( ) 
0, fort € E \ (0,6). 


Again, it is clear that a is a tamed DTI, also with the choice of C := 6 in condition 
(2.1.54), since 0 < g(t) < 6 forallt € E. 


We call a the tube zeta function of A since its definition involves the tube func- 
tion (0,6) 3 t + |A;|. Relation (2.2.1) can be written as the following functional 
equation: 


Caas(s) = 6° *|As|+(N—5)Ea(s), (2.2.23) 


for any 6 > O and for all s such that Res > dimgA. From Theorem 2.2.1, we see that 
€a(s) is holomorphic on {Res > dimgA} and that the lower bound is optimal, from 
the point of view of the convergence (i.e., absolute convergence) of the Lebesgue 
integral defining a (s) in Equation (2.2.20) or, equivalently, Equation (2.2.22). 

Note that in light of the functional equation (2.2.23) connecting the tube and 
distance zeta functions, one can have the impression that, provided dimgA < N, 
the tube zeta function has a simple pole at s = N. However, as we have seen in 
Theorem 2.2.1, the distance zeta function €,4 is holomorphic in the open right half- 
plane{Res > dimgA}. It follows, in particular, that bs is regular (i.e., holomorphic) 
at s = N provided dimgA < N. 7 

Assuming that there exists a meromorphic extension of €4(s) (or, equivalently, 
of €4(s)) to a connected open neighborhood of D := dim gA, and D is a simple pole, 
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with D < N,** then it follows from (2.2.23) that 


res(G4,D) = x te8(baty»D). (2.2.24) 
Indeed, 
res(C4,45,D) = lim(s—D) [6° |As| + (N—5)Ea(s)] 
= (N—D) lim(s—D)Ea(s) 


sD 


= (N—D)res(&4,D). 


The following corollary is an immediate consequence of Proposition 2.2.19 be- 
low and of the relevant definitions given earlier in Section 2.1. 


Corollary 2.2.10. Let us assume that dimgA <N. Then, not only (2.2.52) in Propo- 
sition 2.2.19 below holds (i.e., D(€4) = D(a) = dimgA), but C4 and Cy also have 
the same abscissae of holomorphic continuation and meromorphic continuation, 
respectively: _ _ 
Dpoi(Sa) = Droi(Sa); Dmer(Sa) = Der (Sa) (2.2.25) 
with 
Dyer(Ga) < Droi (Ca) S D(Ga) = dimgA. (2.2.26) 


Therefore, C4 and Ca have the same half-planes of (absolute) convergence, holo- 
morphic continuation and meromorphic continuation; that is, 


{Res > dimgA} = I(C4) = 1(&), 


‘ : (2.2.27) 

HE(Ca) = H(Cx) and Mer (C4) = Mer (Cx). 
In particular, C4 and G4 have the same critical line {Res = dimgA}, as well as the 
same holomorphy critical line {Res = Dpoi(C4)} and the same meromorphy critical 
line {Res = Dyer(Ca)}- 


Recall from part (b) of Remark 2.1.21 (which relies on key results from Section 
4.6 below, namely, Theorem 4.6.9 and Corollary 4.6.17 along with Remark 4.6.19) 
that the inequalities in (2.2.26) are sharp. More specifically, given any N > 1, there 
exists an explicitly constructible bounded subset A of R” for which D := dimgA < N 
and the following string of inequalities holds: 


Dmer(a) = Degts) = Dnoi(Ga) = Dpoi(&s) 
D(G4) = (G4) = dims. 


Moreover, the set A can be constructed to be maximally hyperfractal (in the sense 
of part (iii) of Definition 4.6.23) and transcendentally co-quasiperiodic (in the sense 
of Subsection 4.6.1). 


(2.2.28) 


“4 Since A C RY, we always have that D < N. 
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We summarize part of this discussion in the following theorem, which follows 
form Equation (2.2.23) and Theorem 2.1.11. It is the exact counterpart for tube 
zeta functions of Theorem 2.1.11 for distance zeta functions. A detailed comparison 
between ¢, and oh is provided in Proposition 2.2.19 and Corollary 2.2.20 below, 
along with Corollary 2.2.10 above. We note that in light of the presence of the factor 
(s—N) on the right-hand side of Equation (2.2.23), the case when dimgA = N is 
discussed separately in the proof of Theorem 2.2.11 below. 


Theorem 2.2.11. Let A be an arbitrary bounded subset of R™ and let & > 0. Then: 


(a) The tube zeta function a defined by (2.2.20) is holomorphic (i.e., analytic) 
in the open right half-plane {Res > dimgA}, and for all complex numbers s in that 
region, 


= 6 
Cisi\= [ tS Nl ogt |A,| dt. (2.2.29) 
0 


(b) The lower bound in the open right half-plane {Res > dimgA} is optimal, 
from the point of view of the (absolute) convergence of the tamed Dirichlet-type 
integral defining C4. In other words, 


dimgA = D(é,), (2.2.30) 


where D(E,) is the abscissa of convergence of a as defined in Equation (2.1.55).* 
It follows that D(&4) € [0,N]. (See also Corollary 2.2.10 above for more detailed 
information.) Furthermore, the identity (2.2.20) continues to hold in the half-plane 
of (absolute) convergence {Res > dimgA} of C4. Moreover, we have (see part (a) 
of Remark 2.2.12 below) 


. 6 
D(&) = int{ €[0,N+ i): [ po Ald x | (2.2.31) 


(c) If the box (or Minkowski) dimension D := dimgA exists and M(A) > 0, 
then €4(s) +> +e as s € R converges to D from the right. According to (2.2.21), 
it then follows that (under the additional hypotheses of the present part (c) of the 
theorem), we have 


dimgA = D(&4) = Dnoi (Ga), (2.2.32) 


where Dyo(G4), the abscissa of holomorphic continuation of €4 (as given by 
(2.1.27) above), is defined so that {Res > Dro (E,)} be the maximal right half-plane 
of the form {Res > a}, for some a € RU {+e°}, to which C4 can be holomorphi- 
cally continued. For more details, see Corollary 2.2.10 and Proposition 2.2.19 along 
with part (b) of Remark 2.2.12 below. 


45 See Subsection 2.1.3.2 above and Appendix A below for the more general setting of tamed 
Dirichlet-type integrals. 
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Proof. (b) If dimgA < N, the claim follows from the functional equation (2.2.23). 
Therefore, let us consider the case when dimgA = N. Recall from Equation (1.3.7) 
that we always have 0 < dimgA < N. Let ¢ > 0 and define o := N—€. We then have 
that .7@*° (A) = +c0, which implies that there exists a sequence of positive numbers 
sg € (0,6) converging to zero and such that 


Since t + |A;,| is nondecreasing, we now have 


5 6 6 
pe alae = f reNajar> | Pe Ade 
0 0 Sk 


6 A, Ag 
> gh feta = al Hal 
Sk ESE Ftokg 
5 And _ Aa! 
es, €0® 


By letting k — ©, we conclude that i t°-N—|A,| dt = +e, and since this is true for 
every € > 0, we have that D(¢4) = N = dimgA. 


(c) If dimgA < N, the claim follows from Equation (2.2.23). Let us therefore 
assume that dimg A = N. Since .@\ (A) > 0, fora fixed 6 > 0, there exists a constant 
C > 0 such that for all ¢ € (0,6), we have |A;| > CtY-" =C. By choosing o > N, 
we then have 


C6°-N 
o—N 


e 6 6 
éx(o) = [ oNUA|de> Cf 1° Nl dy = 
0 0 


and hence, &4(o0) — +ee when o > Nt. 


Remark 2.2.12. (a) A priori, the infimum in Equation (2.2.31) of part (b) of The- 
orem 2.2.11 should be taken over all real numbers a € R, but since D(C,4) = 
dimgA € [0,N] (in light of (2.2.30)) and for @ > N the function t t?-%~!JA,| 
is integrable on (0,6) (namely, it can be dominated by the function t+> C-t%-N—!, 
where C := |Ag5|, which is clearly integrable on (0,6)), it can be taken over all 


ae [0,N+ aie In fact, instead of i we may take any positive real number. 


(b) It follows from part (c) of Theorem 2.2.11 that D is a singularity (which may 
or may not be a pole) of ar Naturally, if a possesses a meromorphic continuation 
to an open connected neighborhood of D, then it follows that D is a pole of ae 
In Section 2.3 and Section 4.5 will be provided several sufficient conditions under 
which a can be meromorphically continued beyond the critical line Res = D, and 
hence, in particular, to a connected open neighborhood of D. 
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The following proposition is the counterpart for tube zeta functions of Proposi- 
tion 2.1.76. It will be useful in the proof of Theorem 2.2.14 below. 


Proposition 2.2.13. Let A be a bounded subset of RN, and let 5,, 52 be two positive 
real numbers. Let us denote the corresponding two tube zeta functions by Ca(-;6;), 
for j =1,2. Then: 


(a) The difference E4(-361) — €4(-;6) can be extended to an entire function, 
and in particular, Ca(-;61) ~_C4(-;62). As a special case, if 6; and 6) are any two 
positive real numbers, then €4(-361) — G4(-;62) can be identified with an entire 
function, and in particular, an +301) ~ E,( -;02). 


(b) Ifa complex number so is a simple pole of €4(-;6,), then it is also a simple 
pole of €4(-+;62) and we have that 


res(4(-;51), 80) = res(Ga(-; 52), 50)- (2.2.33) 


Proof. (a) Assuming without loss of generality that 6; < 62, we have that 


” 2 & 
6a(s; 62) — C4(s;3 61) = | pds (2.2.34) 


In the notation of (2.1.53), the last integral can be viewed as a tamed Dirichlet-type 
integral (DTI) with E := (6,,62), p(t) :=+ for all t € E and du(t) :=1-"—'dr, by 
noting that p(t) € (6), 62) for allt € E. This DTI defines an entire function, by case 
(c) of Theorem 2.1.45. This completes the proof of case (a) of the proposition. 


The proof of case (b) follows much in the same way as the proof of part (b) of 
Proposition 2.1.76 above. 


In light of the discussion surrounding Equation (2.2.24) and preceding the state- 
ment of Theorem 2.2.11, the following result is an immediate consequence of The- 
orem 2.2.3 (and relation (2.2.1)). More specifically, in light of those earlier results, 
only the case when dimgA = N will be discussed in the proof. 


Theorem 2.2.14. Assume that A is a Minkowski nondegenerate bounded subset of 
RY and there exists a (necessarily unique) meromorphic extension of Ca to a con- 
nected open neighborhood of D := dimgA.*° Then D is a simple pole of G4, and for 
any positive 5, res(&4,D) is independent of 6. Furthermore, we have 


MP (A) < res(G4,D) < .W*? (A). (2.2.35) 


In particular, if A is Minkowski measurable, then the residue of the tube zeta function 
of A at s = D is equal to the D-dimensional Minkowski content of A; that is, 


res(G4,D) = .@?(A). (2.2.36) 


46 Recall from Subsection 1.3.1 that dimg A exists since A is Minkowski nondegenerate. 
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Proof. Let us only consider the case when dimgA = N. In the proof of Theo- 
rem 2.2.11, it is shown that s = N is at least a simple pole of ¢4 since .@'(A) > 0. 
We will show that its order cannot be greater than 1. Fix 6 > 0 and let 


= Ar] _ = 
Cs := sup —— = sup |A;| = |As| <. (2.2.37) 
1€(0,6] 


N-—N 
tE(0,d] t 


Then, for all s € R such that s > N, we have 
2 6 C 5oTN 
f(s) = | PS hie (2.2.38) 
0 s—N 


Therefore, we have that 0 < 4(s) <C,(s—N)7! for all real numbers s > N; hence, 
the order of the pole s = N is at most 1. It follows that ‘an has a simple pole at s = N. 
By case (b) of Proposition 2.2.13 just above, we know that the residue of C4 at s=N 
does not depend on 6. We now multiply (2.2.38) by (s—N) and take the limit as 
s — N™ of the resulting inequality in order to conclude that 


res(G4,N) < lim Csd°-% =Cs. (2.2.39) 
soNt 


By recalling the definition of Cs and letting 6 > 0* (note that 6 + Cs is nonde- 
creasing) we get that res(C4,N) < .@/* (A). The inequality (A) < res(€4,N) is 
proved analogously. 


Refinements and extensions of this result can be found in Theorems 2.3.18 
and 2.3.25 below. 


Remark 2.2.15. According to Remark 1.3.1 on page 31, we conclude that if A is 
such that D := dimgA exists and D = N, then .@(A) exists as well and (A) = 
|Al. Moreover, in this case, it follows from Theorem 2.2.14 that we also have that 
res(C4,N) = |Al. 


Remark 2.2.16. Returning to the case of the unit interval J := [0,1] in R, already 
considered in Example 2.1.16, we will demonstrate how the distance zeta function 
fails to provide useful information about the Minkowski content of / in this example 
(since dimg/ = 1), but the tube zeta function still does. Recall that, by the afore- 
mentioned example, the distance zeta function of J is given by 


28° 
a Ss 


Ci(s) (2.2.40) 


and is meromorphic on C with a simple pole at s = 0. Also recall that Dyo (Gr) = 
0<1=D(q). 
One the other hand, one has that |/;| = 1 + 2r and by an easy calculation, 


es 6 5 s s-l 
eis) = f lala = [ -7(142t) de = 2” ae (2.2.41) 
0 0 Ss 


s—l 
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for all s € C with Res > 1. Upon analytic continuation, we deduce that Gy has a 
meromorphic extension to all of C given by 


3 Ss s-l 
Ci(s) = 20" + a 1 for alls EC. (2.2.42) 
Therefore, Dnt (Er) — D(é)) =1and 
res(€7,1) =1=|1| =. (1). (2.2.43) 


We will encounter this type of bad behavior of the distance zeta function when- 
ever s = N is a pole of the tube zeta function. This statement follows from the general 
functional equation 7 

Ca(s) = 5° S|Ag| — (s—N) Ca(s) (2.2.44) 


obtained in (2.2.23) for bounded subsets A of IR, since clearly the potential pole of 
the tube zeta function at s = N (which is simple if it exists) is canceled by the factor 
(N — s) and, hence the distance zeta function is then holomorphic at s = N. 

Also note that if s = N is a simple pole of the tube zeta function C4 (viewed via 
the meromophic extension), then 


Ca(N) = |Ag| —res(€4,N). (2.2.45) 


In particular, if s = N is a simple pole of 4, then C4(N) < |Ag|.47 We point this out 
because one could wrongly conclude that the equality holds by substituting s = N in 
the integral [ as (x,4)°" dx defining the distance zeta function ¢4 and evaluating it. 


See also Equation (2.1.34) in Proposition (2.1.22). If |A| > 0 (and, hence, dimg A = 
N according to (1.3.8)), the apparent contradiction can be explained by the fact 
that we are integrating the indeterminate form 0° over a set A of positive Lebesgue 
measure. In the case when dimpA < dimgA = D, it would be interesting to prove or 
disprove that the tube zeta function cannot have a meromorphic continuation to a 
connected open neighborhood of s = D. 


Proposition 2.2.17. Assume that A is a bounded subset of R™ such that its tube zeta 
function '- can be meromorphically extended to a connected open neighborhood of 
s=N. Then 7 

Ca(N) = |As| —res(Ca,N). (2.2.46) 


Moreover, if A is Minkowski measurable, then 
Ca(N) = |Ag \Alv. (2.2.47) 


In other words, the value of G4(N) is equal to the Lebesgue measure of the deleted 
5-neighborhood of A, i.e., of the set Ag \ A. 


Proof. Equation (2.2.46) was already proved in Equation (2.2.45) in the case when 
s = Dis a nonremovable singularity (i.e., in the present case, a simple pole) of the 


47 By contrast, we have the equality C4(N) = |Ag| here, whenever dimgA < N. 
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tube zeta function G. Since, in the case when s = N is a removable singularity, the 
claim is obvious (by passing to the limit as s + N in Equation (2.2.44)), we have 
thus proved the first result. 

Equation (2.2.47) follows from Equation (2.2.36) of Theorem 2.2.14 and from a 
result stated in Remark 1.3.1 on page 31: 


Ca(N) = |Ag|—res(¢4,N) = |As|—-@(A) 


7 = (2.2.48) 
= |As|—|A] =|As \Al- 


This concludes the proof of the proposition. 


The next remark follows essentially from the discussion preceding Theo- 
rem 2.2.14 and will be used in the sequel, most of the time implicitly. 


Remark 2.2.18. Assume that D := dimgA < N. In light of Equation (2.2.23), for 
any 6 > 0, the two zeta functions C4(s) := Ca.a;(s) and C4(s) differ by a function 
5°" + (N—s—1)€4(s), which according to (2.2.21), is holomorphic at least on 
the open right half-plane {Res > D}. Therefore, if one of them has a meromorphic 
continuation to some connected open set U D {Res > D}, so does the other, and 
then they have exactly the same poles in U (with the same multiplicities): PEs) = 
PCAs) OF, more precisely, P(Ex,U) = PA(Cvas,U). In particular, 


PACA) = Pe(SaAs)- (2.2.49) 


Furthermore, in that case, if @ € U is a simple pole of by (s), then it is also a simple 
pole of C44;(s) and the corresponding residues are related in much the same way 
as in Equation (2.2.24) above (note that we must have w # N since Rew < D and 
D<wWN): 


z 1 

o)= @). 2.2.50 
res(Z4,00) = 5 tes(Laj,02) (2.2.50) 
More generally, if @ € U is a pole of higher order, then the corresponding principal 
parts (at s = @) of the two zeta functions C4 and C, are related in a simple way, 
which can also be deduced from the identity (2.2.23). 


In light of Equation (2.2.23), it is not surprising that, under some natural con- 
ditions, the distance and tube zeta functions of a given bounded subset of R™ are 
equivalent, in the sense of Definition 2.1.69. Further information will be provided 
in Corollary 2.2.20 below. 


Proposition 2.2.19. Assume that A is a bounded subset of RY such that dimgA < 
N. Assume that either C4 or Ca possesses a meromorphic extension to an open, 
connected open neighborhood U of a window W, containing the closed half-plane 
{Res > dimgA}. Then, both , and C, can be (uniquely) meromophically extended 
to U. Furthermore, P(C4,W) = P(b4,W). 
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More specifically, the tube and distance zeta functions C4 and a meromorphi- 
cally extended to U,** have exactly the same set of poles in W, with the same mul- 
tiplicities. Hence, the fractal set A has the same set of visible complex dimensions, 
whether they are defined via Ca or via a In particular, 


C,~ by, thatis, dimpcA:= P.(6,) = A(&). (2.2.51) 


Also, the upper box dimension of A coincides with the abscissae of (absolute) con- 
vergence of Ca and Ca: - 
dimgA = D(C,4) = D(C,). (2.2.52) 


Proof. In light of Equation (2.2.23), and since s+ 6°~"|Ag| is an entire function, 
we have that €4(s) ~ (N—s)€a(s). Using the inequality dimgA < N and the same 
equation, we conclude from Theorem 2.2.11(a) (or from Theorem 2.2.1) that s = N 
cannot be a singularity of ¢4, since, otherwise, it would also be a singularity of Cy. 
Therefore, (N — s)&4(s) ~ &4(s), and the claim follows immediately by transitivity 
of the equivalence relation ~. 

Finally, the last part of the proposition (namely, Equations (2.2.51) and (2.2.52)) 
follows from the earlier part combined with Theorem 2.1.11(d). 


The next corollary follows at once from Theorems 2.1.11, 2.2.3, 2.2.11 and 
2.2.14, combined with Proposition 2.2.19, which it complements. 


Corollary 2.2.20. [fD := dimgA exists and satisfies D < N, then D is a simple pole 
of both Cx and C,. Furthermore, we have 
res(€4,D) = (N— D)res(&4,D), (2.2.53) 
while if, in addition, A is Minkowski measurable, we have 
res(G4,D) =.@?(A), res(C4,D) = (N—D).@”(A). (2.2.54) 


Moreover, if @ is a pole of the meromorphic continuation (assumed to exist) of , to 
a domain U C C containing {Res > D} (or equivalently, containing the critical line 
{Res =D}),*° then it is a pole (of the same order) of the meromorphic continuation 
of Ca to U, while if, in addition, @ is a simple pole of &, (and hence, also, of €4),>° 
then we also have 


res(C4,@) = (N— @)res(f,,), (2.2.55) 


which is independent of .°! 


48 As usual, the notation C4 and fy for the meromorphic extensions is left unchanged. 

4 Recall from Theorem 2.1.11(a) and Theorem 2.2.11(a) that C, and an are holomorphic on 
{Res > D}. 

>0 Naturally, if @ is a multiple pole, and in light of Equation (2.2.20), the principal parts of a and 
C4 are related similarly. 


5! In light of Proposition 2.2.19, the exact same results hold if the roles of &, and C4 are inter- 
changed in the statement of Corollary 2.2.20. 
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In the following example, we compute the complex dimensions of the (N — 1)- 
dimensional sphere in RY .>? 


Example 2.2.21. Let Br(0) be the ball in R centered at the origin and of radius 
R > 0, and let A := OBr(0) be its boundary; i.e., the (NV — 1)-dimensional sphere of 
radius R. We would like to compute its complex dimensions. To this end, we first 
compute the corresponding tube zeta function ¢4. Let us fix any 6 € (0,R), and let 
ce := 1—(—1)*; ie., cg := 0 for even k and cy := 2 for odd k, where k € {0,1,...,N}. 
Since |A;| = @y(R+1t)% — @y(R—1)", where ¢ € (0,R) and @y is the N-dimensional 
Lebesgue measure of the unit ball in RY (see Equation (1.3.22)), we have that for 
any fixed 6 € (0,R), 


E,(s) = [ ® ps-N=I |A,| dt = ay i ° ps-N=1 ((R+1)" —(R—1)%) dt 


© od ee EN he 
= oy | a ‘> (i) aco] dt 


a Nf? 
= On Yaar*(1) | purely 


k=0 
N s—N+k 
.(N\ 6° 
= oy Dar*(7) 
» k} s—(N—k) 


for all s € C with Res > N — 1. (Here, the numbers es ) stand for the usual binomial 
coefficients.) The last expression can be meromorphically extended to the whole 
complex plane, and we still denote it by €4(s). Therefore, we have 


7 N ee N 6° N+k 
Ca(s) = On Dcek ( i, (WL B’ (2.2.56) 


for all s € C, where the constants c; are defined as above. It follows that 
dimgA = D(&,) =N—-1 (2.2.57) 


and moreover, the set of complex dimensions of A (i.e., the set of poles of a in 
all of C, see Proposition 2.2.19), is given by (with |x| denoting the integer part of 
x ER) 


a) ={w—2j+1):7=0,1,2,...,4>*]} 


= {N-1,N-3,...,.N— (2|~5-| +1)}. 


52 In Appendix B, we will propose a suitable notion of local distance and tube zeta functions. In 
particular, in Example B.0.6, we will see that the set of complex dimensions generated by the local 
tube zeta function is given by dimj,, RY = {0,1,...,N}; see Equation (B.0.12). 


(2.2.58) 
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For odd N, the last number in this set is equal to 0, while for even N, it is equal 
to 1. Furthermore, the residue of the tube zeta function C4 at any of its poles 
N-—ke &(€,) is given by 


P N 
res(C4,N — k) = 2a@y ( Re, (2.2.59) 
Si N\ _(N . . : ; _ 
ince (.) = Cars , we Can write this result in an even more symmetric form: 


res(€4,d) = 2@y (1) R¢, forall de P(E). (2.2.60) 


Note that in the case when d = D := N — 1, we obtain 
res(G4,D) = 2N@yRN—! = .@? (A), (2.2.61) 


where the last equality is easily obtained from the definition of the Minkowski con- 
tent: 
|Ar| _ On(R+t)% — w@y(R—-t)% 


MA) = lim SO = = 2Na@yRN-!. 
( ) Rae tN—-D Fars) t ~ 


In other words, A is Minkowski measurable and 
M”(A) =2H?(A), (2.2.62) 


where H? denotes the D-dimensional Hausdorff measure.** Equation (2.2.61) is in 
accordance with Equation (2.2.36) in Theorem 2.2.14. See also the corresponding 
Example 4.1.19 in the context of relative fractal drums, studied in Chapter 4. 


Let A := ABr(0), as in Example 2.2.21. Since dimgA = N—1 <N, it fol- 
lows from Proposition 2.2.19 that the sphere A has the same complex dimensions, 
whether they are computed via the distance or the tube zeta function. Namely, 
P(C,) = P(E), as given by (2.2.58). Moreover, since D := D(f4) = D(&s) 
N —1, we deduce from Equation (2.2.50) that for each m € A(Cy), 


res(C,,m) = (N—m)res(&4,m), (2.2.63) 


as given by the right-hand side of (2.2.60). 


53 As we can see, the 0-dimensional sphere in R (which is just the pair of points {—1,1}) has 0 as 
its only complex dimension. Similarly, the only complex dimension of the 1-dimensional sphere 
in R? (ie., the unit circle S!) is equal to 1, while the 2-dimensional sphere in R? has exactly two 
complex dimensions (0 and 2), as well as the 3-dimensional sphere in R* (namely, 1 and 3). All of 
these complex dimensions are simple. 


54 Equation (2.2.62) is a special case of a much more general result proved by Federer in [Fed2, 
Theorem 3.2.39]. 
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Tube zeta functions of fractal sets have a scaling property analogous to that of 
distance zeta functions in Propositions 2.1.77; see Proposition 2.2.22 just below. We 
use the following notation: 


5 a 
Ca(s;6) := 7 th \—'a,|dt for Res > dimgA. 
0 


Proposition 2.2.22 (Scaling property of tube zeta functions). For any bounded sub- 
set A of RX, 6 > 0 and A > 0, we have D(Cj,4(-;A6)) = D(G4(-;6)) = dimgA 
and 


Ena(s;A6) =A*E4(s;5), (2.2.64) 


for alls € C with Res > dimgA. Furthermore, if @ is a simple pole of a meromorphic 
extension of C4(s;6) to an open connected neighborhood of the critical line (as 
always, we use the same notation for the meromophically extended function), then 


res(&,4(-;5),@) =A res(€4(-;5),@). (2.2.65) 


Proof. Since |(AA);| = |(AA);| =A |A,/2|, passing to the new variable t = t/A we 
obtain successively: 


- ae s—N—-1 ae s—-N—1ly4N 
Eralsiad) = [Oe AA a = PO NAMA, al 
6 6 ~ 
=} (Any SIAN Aglade = 8 f Na dt = A%E4(5;8). 


Equation (2.2.65) is then obtained in much the same manner as in the proof of 
Proposition 2.1.77. 


Proposition 2.2.22 will be further extended in Proposition 4.6.11 to tube zeta 
functions of relative fractal drums. 


2.2.3 Zeta Functions of Generalized Cantor Sets and a-Strings 


We provide here two examples illustrating some of the main results of this section, 
as well as of Theorems 2.3.18, 2.3.25 and 2.3.37 below. 


Example 2.2.23. (Generalized Cantor sets, Example 2.2.6 continued). Note that 
the Minkowski contents appearing in (2.2.35) and (2.2.36) depend on N as well; 
see (1.3.1). An illustration of inequality (2.2.35) in the case of generalized Cantors 
sets, A=C, ae (0, 1/2), is provided in Figure 2.13 on page 131. It is worth ob- 
serving (see Figure 2.13) that C («) becomes almost like a Minkowski measurable set 
for a close to 1/2, since both @*?(A) and .@?(A) (where D = D(a) = log; /q2)) 
tend to the common limit 1 as a > (1/2)~. 
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Fig. 2.13 On the left, the graphs of .@*(A), res(&4,D) and .@(A), viewed as functions of 
a € (0,1/2), are respectively depicted from top to bottom in the case of the generalized Cantor 
set A= C), Here, D = log, /a2. The horizontal a-axis is expanded ten times with respect to the 
vertical axis. The same graphs are exhibited on the right with adjusted scales on both axes. This 
illustrates the inequality (2.2.35), as well as (2.3.36). For a = 1/2 we have that D = 1 and .#/!(A) 
exists, which is in accordance with our discussion in Remark 1.3.1 on page 31. 


Moreover, 
lim .@*)(A)=4, lim .@P(A) =2, (2.2.66) 


a>0t a>0t 


and the function a> .@*?(A) — .@?(A) is decreasing on (0, 1/2) from 2 to 0. 
If we define the oscillatory amplitude of the Cantor set A by 


am(A) :=.@*?(A) —.@?(A) =2(1 a(5 a) 3 


then am(A) is monotonically decreasing as a function of a € (0,1/2); see Figure 
2.13. (A general definition of the oscillatory amplitude valid for a wide class of 
bounded sets in RY is provided in Subsection 6.1.1.1 on page 541.) Furthermore, 


lim am(A)=2, lim am(A) =0. (2.2.67) 


a30t a>l1/2- 


The following limits describe the behavior of the D-dimensional Minkowski con- 
tents for a close to 0 and 1/2 (see the right side of Figure 2.13): 


d d 
lim, qe (A) = —, lim, 5 (A) = +oo, 
gaa ei and 7” : (2.2.68) 
lim —.@*?(A) = —2, lim —.@?(A) =—-, 
a>1/2- da a>1/2- da 


where we have used (2.2.12). The above limits at 1/2 help explain the spikes ob- 
served in Figure 2.13. Using (2.2.11), we deduce that 
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d i 
Pag = 


d . (2.2.69) 
lim —res(C4,D) = —o. 
a+1/2- da (Ga ) 
It is also possible to show that 


MA) — M(A) 
a1 /2- 1/2-a 


= 4(log2— log(log2) — 1) + 0.2388. (2.2.70) 


In particular, the oscillatory amplitude of A has the following asymptotics at a = 
1/2, refining the second equation in (2.2.67): 


am(A) ~ c- (=-2) as a— 1/27, (2.2.71) 


where c is the value of the limit in (2.2.70). Indeed, we deduce from (2.2.12) that 


*D -_ D 
tim P(A) = MP (A) 
a>1/2- 1—D 


= log2 —log(log2) — 1 0.0597, 


and (2.2.70) follows since lim,_,;/2- pee =4, 

The lower D-dimensional Minkowski content .@?(A), viewed as a function 
of a € (0,1/2), attains its maximum at a = 1/8, and the maximum value is 
AM (C\'/8)) = 3. Furthermore, the residue of €4(s,As) at s = D attains its max- 
imum at a © 0.08649194033, and its maximum value is approximately given by 
res(C4(-,Ags),D) & 3.134663524. 


Example 2.2.24. (a-strings). Given a > 0, let A:= {j-* : j € N}. This set is 
Minkowski measurable, 


2) 1 
M? (A) = ae ae D=D(a)= eee (2.2.72) 


and the related string = (€;)j>1 defined by 0; = j-*—(j4+1)~“ is called the 
a-string; see [Lap1], [LapPo2] and [Lap-vFr3, Section 6.5.1] for the study of its 
various properties. (Geometrically, the a-string is realized as the complement of A 
in [0, 1]; therefore, its boundary is equal to A U {0}.) Due to (2.2.4) and (2.2.36), we 
know that 


res(C4,4,,D) =(1—D).@?(A), res(€4,D) =? (A). (2.2.73) 


The graphs of these two residues, viewed as functions of a > 0, are shown in Fig- 
ure 2.14 on page 133. Using (2.2.72), we see that for any fixed positive number 6, 
we have : 

lim res(Ca,a5,D) =0, jim res(&4,D) =1, 
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Fig. 2.14 The graphs of the functions a+ res(C44;,D) and at res(€4,D), where a > 0, A = 
{j-*: 7 © N} and D=1/(1+a). (See Example 2.2.24.) These two graphs coincide with the 
graphs of a (1—D).@?(A) and a++ .@”(A); see Equation (2.2.73). 


d d z 
lim — D)=1, lim —res(€4,D) = + 
jim 7 tes(Ga4s,D) = 1, lim = res(Ca,D) = +o, 


and 


_ d . d z 
Cie rs tes(Caas,D)=2, lim | aa res(C4,D) = 2. 


2.2.4 Distance and Tube Zeta Functions of Fractal Grills 


It is of interest to understand the behavior of the distance and tube zeta functions 
with respect to the Cartesian products of sets. We consider a very special type of 
Cartesian products, called fractal grills, and we shall study their distance and tube 
zeta functions. 


Definition 2.2.25. Let A be a bounded subset of R™ and let k be a positive integer. 
Then, the subset of R** of the form A x 0, 1] is called the fractal grill (generated 
by A). More generally, we can consider fractal grills of the form A x [a, bik CRY, 
where a and D are positive real numbers with a < b. 


Since a given bounded subset A of RY can be naturally identified with A x {0} C 
R+!. it will be convenient to introduce the following notation (for all s € C with 
Res sufficiently large): 


a 6 
CMM (s) = | d(x,Ay "dx, EM(s) = [ ola Ide, (2.2.74) 
5 
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where the superscript [N] indicates that we view A as a subset of R% and |A;|y is 
the N-dimensional Lebesgue measure of the t-neighborhood of A in R%. Hence, 
z(N+1 s-N= ~~ 

EIN (5) = fo e-N-21(4 x {0});:|vaidt. Note that, by writing |(A x {0}),|w41, we 
interpret (A x {0}); as the t-neighborhood of A x {0} in R‘*!. Furthermore, observe 


that, in (2.2.74), ¢ IN] and 4 LN are, respectively, the usual distance and tube zeta func- 


tions of A (viewed as a bounded subset of R”) whereas, for example, 4 a is the 


tube zeta function of A x {0}, but now viewed instead as a subset of R‘*!, where we 
identify the subset A of R% with the subset A x {0} of R*+!. Moreover, in (2.2.79) 


and (2.2.80) of Lemma 2.2.31 below, € ree and E eee stand, respectively, for the 


usual tube and zeta functions of A x (0, 1] (naturally viewed as a subset of RY*!). 
In the sequel, if X is a given set of complex numbers and p € C a fixed complex 
number, we let 2 +p := {s+p:s€ 2}. We shall also need the following definition. 


Definition 2.2.26. Assume that f(s) and g(s) are two tamed Dirichlet-type integrals 
which are (absolutely) convergent on an open right half-plane {Res > a}, for some 
a € R. Let their difference h(s) := f(s) — g(s) be such that D(h) < D(g).>> Then 
we say that f and g are weakly equivalent and write f ~ g. 


Remark 2.2.27. The difference h:= f — g, appearing in Definition 2.2.26, is a tamed 
DTL. To see this, it suffices to apply Theorem A.2.3 of Appendix A with a = 1 and 
fp = —1. It then follows from Theorem A.1.4 of Appendix A that both D(h) and 
TI(h) are well defined. 


Note that in Definition 2.2.26, we do not assume that g possesses a meromor- 
phic continuation to a connected open neighborhood of any point on its critical line 
{Res = D(g)}. This is in contrast to the definition of equivalence ~ introduced in 
Definition 2.1.69 of Subsection 2.1.5 and extended in Section A.5 of Appendix A. 


Case (c) of Lemma 2.2.28 below provides a simple and useful condition for the 
implication f~g = > f ~g to hold, where the equivalence ~ is described in 
Definition 2.1.69 above. 


Lemma 2.2.28. Assume that f and g are two Dirichlet-type integrals such that f ~ 
g, in the sense of Definition 2.2.26 above. Then, the following properties hold: 


(a) We have D(f) = D(g). 


(b) The relation ~ is reflexive and symmetric. If in Definition 2.2.26 we consider 
the class of tamed DTIs in the (complex) function space (Eg) introduced in Defi- 
nition A.6.1 of Appendix A (see also Definitions A.1.1 and A.1.2), with a given pair 
(E, ©), then ~ is a relation of equivalence on this vector space. 


(c) If there exists a connected open set U C {Res > D(f — g)} containing the 
critical line {Res = D(g)} and such that g can be meromorphically continued to U, 
then f has the same property and A-(f) = Ac(g). In particular, f ~ g in the sense 
of Definition 2.1.69. 


* Alternatively, but equivalently, assume that there exists a real number B, B < D(g), such that 
the integral defining h is absolutely convergent (and hence, holomorphic) on {Res > B}. 
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Proof. (a) Since, by Definition 2.2.26, f(s) = g(s) +h(s) and D(h) < D(g), we 
conclude that D(f) < D(g). If D(f) < D(g), we would then have 


max{D(f),D(h)} < D(g). (2.2.75) 


On the other hand, the integral defining the function (i.e., the DTI) g(s) = f(s) — 
h(s) is absolutely convergent on { Res > max{D(f),D(h)}}, which is impossible 
in light of (2.2.75). This contradiction proves that D(f) = D(g). 


Property (b) follows at once from (a) and Definition 2.2.26. 


Property (c) follows easily from the relation f(s) = g(s) + A(s). Indeed, the re- 
flexivity f ~ f follows by taking h = 0. If f ~ g in the sense of Definition 2.2.26 
(with a function h := f — g), then by noting that D(h) = D(—h), we conclude that 
g = f (with the function —h = g— f), which proves the symmetry of the relation ~. 
Finally, in order to prove the transitivity of the relation (under the stated additional 
conditions), assume that f,g,h € &(¢ 9) are such that f ~ g (with the corresponding 
function h;) and g ~ h (with respect to hz). It then follows that f ~ h with respect 
to hy +ho, by observing that D(h; + hz) < D(h) +D(h2). 

Note that by Theorem A.2.3 of Appendix A, the functions h;, hy and h; +h» are 
also tamed DTIs contained in the vector space é(g g) of all tamed DTIs of the form 
Ce.9,p (with the pair (E,@) fixed and the local measure p arbitrary) introduced in 
Definition A.6.1 (see also Definition A.1.2). 


The following simple lemma is crucial, since it shows that the tube function of 
the fractal grill A x [0,1] in RY*! is equal to the sum of the tube function of the 
subset A of RY and the tube function of the subset A x {0} of RN*!. 


Lemma 2.2.29 ([Res, Remark 1]). Let A be a bounded subset of R‘. Then 
\(A x [0, 1])slza = |Arly +|(A x {0}) |i. (2.2.76) 


Proof. We can represent the subset (A x [0, 1]), of RY*! as the union of three pair- 
wise disjoint subsets: 


(A x (0, 1]); =A:  [0, 1] 
U(A x {0})e 9 {xn41 < OF) (2.2.77) 
UGX nie > 1), 


where {xy41 < O} := {x = (x1,...xy,Xw41) € RAT! : xy41 < 0} and similarly 
for {X41 > 1}. If we translate the subset (A x {1}); {x41 > 0} by the vector 
(0,,...,0,-1) € RX*!, the resulting subset (A x {0}), V{xn41 > 0} still remains 
disjoint with respect to the second set appearing on the right-hand side of Equation 
(2.2.77). Therefore, 
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(A x [0, 1] )eliv41 = |Ar x (0, 1] v4 

H(A x {0}: Loner <OF}U(AX {IP A Geet > Ulva 
= |A;|y-1 
+|(A x {0})1N {ang1 < O}U(A x {0}),9 {ang > OFlWad 
= |Ar|w +|(A x {O})e \ {awa = O}lv4t- 


However, since the hyperplane {xy+1 =0} has (N + 1)-dimensional Lebesuge mea- 
sure equal to zero, we conclude that |(A x {0}),\ {ay+1 =O}lw41 =|(A x {0} eli. 
Hence, |(A x [0, 1])¢|wi1 = |Arlw +|(A x {0}):|a41 and this completes the proof of 
the lemma. 


Remark 2.2.30. By slightly modifying the proof of Lemma 2.2.29, we conclude that 
for any bounded subset A of R™ and for any two real numbers a and b such that 
a <b, we have 


(A x a,b) slvr = Arlw(b— a) + |(A x {0} elvis. (2.2.78) 


Lemma 2.2.31. Let A be a bounded subset of RY. Then 


pe =o e-D+G (2.2.79) 
“- FIN+1] FIN] [N+1] 
Ax [0,1] (s) =, (s-1)+ 4 \(s ); (2.2.80) 


for all s € C with Res > dimgA +1. In particular, if A is such that C, or 
(equivalently, provided dimgA < N) &4 admits a (necessarily unique) meromorphic 
continuation to a connected open neighborhood of the critical line of Lebesgue 
(absolute) convergence {Res = D(€,)},>° then 


ou) Se (s—1) and ENN (s) = Ps — 1). (2.2.81) 


Hence, if €4 can be meromorphically continued to a connected, open set U contain- 
ing the critical line {Res = D(Ca)}, then Pe (Ca xjo,1)) = Ae(Ca) + Ls that is, 


dimpc (A x [0, 1]) = dimpcA + 1. (2.2.82) 
In particular, if dimgA < N, then 


My 41 = D(GY) +1 = DE oy) 


D( [N+1] Ve dc} 
dima(A x [0,1]) = dimgA + 1. 


Ax (01) (2.2.83) 


Proof. Let us first prove Equation (2.2.80). Substituting Equation (2.2.76) from 
Lemma 2.2.29 into the second equality of (2.2.74), we conclude that 


%© Recall from part (a) of Theorem 2.1.11 that D(C4) = dimgA. 
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g 6 

gh) = [eal + 1A x (OP) 
=|" (s-)-N-11 4, ivart [er “(D-CA x {OP glare (2.2.84) 
= EM (s—1) 4 EN), 


for all s € C with Res > dimgA + 1. Here, we also use the easily verified fact that 
dimgA is the same in the case when A C Rt! | as in the case when A C RY"; that is, 
the upper box dimension of a bounded set, as well as the lower box dimension, does 
not depend on N; see [Had] or, e.g., [Res, Proposition 1]. This completes the proof 
of Equation (2.2.80). 

Moreover, let us note that all tube zeta functions can be viewed as tamed DTIs 
based on the same underlying pair (E,@), with E := (0,6) and g(t) :=t for allt € E. 
(See Definition 2.2.8 and the proof of Lemma 2.2.9 above.) It then easily follows 
that an and awe —1) are tamed DTIs based on the same pair (E,@), so that 
in light of ee A.2.3 of Appendix A below, the second weak equivalence in 
(2.2.81) holds (see Definition 2.2.26). 

Let us next establish Equation (2.2.79). To this end, we use (2.2.23), which we 
write in the following form: 


IM (s) — 5°-% Ag ly 
N-s , 


Os (2.2.85) 


for all s € C with Res > dimgA and s 4 N. Making use of Equation (2.2.84), we 


deduce that 


ie) pea (A x [0, 1])slv4i au (s—1)— 5-D-MA, lig 


W4i)=s at: 
4 RON) — 8 OYA x {OP aloes 
(N+1)-s | 


(2.2.86) 
for all s € C with Res > dimgA and s 4 N +1. Since, in light of (2.2.76), we have 
\(A x [0, 1])s|wi1 = |Asly +|(A x {0})5lyii, we conclude from (2.2.86) after a 
short computation that 


ego.) = Sh (8-1) + G4" N65), (2.2.87) 


for all s € C with Res > dimgA + 1, where we have also used the principle of ana- 
lytic continuation. This completes the proof of Equation (2.2.79). 


Note that, according to Theorem 2.1.11, both cM (s—1) and ssh Hs) are 


holomorphic on {Res > dimgA + 1} (recall that dimg(A x [0, 1]) = dimgA + 1, see 
[Fal1]), while, according to the same theorem, the function 
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[N+1] (s) 


Ax(0,1] 5) — ss (s—1l)= WANs) (2.2.88) 


is holomorphic on {Res > dimgA}. Therefore, since 


(Cit!) = Gimp < dimgA +1 = D(C!(. -1)), (2.2.89) 


it follows from Definition 2.2.26 that 4 an yee IN| (s—1). This completes the 
proof of the first weak equivalence in (2.2.81). 

The remaining part of Lemma 2.2.31 can be deduced from part (c) of Lemma 
2.2.28 by noting that since €4(s) can be meromorphically continued to the set U, 


then €,4(s—1) can be meromorphically continued to the set U + 1. Hence, by Lemma 
2.2.28(c), we have gent (5) ~ INI (5 — 1) in the sense of Definition 2.1.69, and 
therefore, 


N+1 IN iN 
Pe( ee = 9.(6f (.- i= Pe(Sa +1, 


or, equivalently, dimpc(A x [0,1]) = dimpcA + 1. This completes the proof of the 
lemma. 


Theorem 2.2.32. Let A be a bounded subset of RN and let d be a positive integer. 
Then the following properties hold: 


(a) The distance and tube zeta functions of A x [0,1]¢ C R‘*4 are given, respec- 
tively, by 


a fd 
Cee) = »» ( ‘i Ch sad +k) (2.2.90) 
and ; 
SLO, = 2 ({ ) Gana i (2.2.91) 


for all s € C with Res > dimgA +d. 


(b) If the distance zeta function C4 can be meromophically extended to a con- 
nected open set containing the critical line {Res = dimgA}, then 


Crepes) Sa (8-4), Cals) ~ Se (s—a) (2.2.92) 


and Po(Ca (0,114) = Pe(Ca) +4; that is, 
dimpc(A x [0, 1]¢) = dimpc A+ d. (2.2.93) 
In particular, if dimgA <N, then 


D(C) = DCR) +d = (GY) +d = DEE) or 


= dimg(A x (0, 1]”) = dimgA +d. 
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Proof. (a) Let us first establish Equation (2.2.90). We do so by using mathematical 
induction on d. The case when d = | has already been established in Lemma 2.2.31. 

Now, let us assume that the claim holds for some fixed positive integer d > 1. We 
deduce from (2.2.79) that 


Oo omer ae 


Therefore, 


4 d d 
cheats) = 3 ({)o-1-a4+0) +S (PER o—a+4) 
k=0 


d-1 
= ¢M(s—d-1) +2 (5 WHR sd +k) 


+S (i ) W144] a 4k + Cit (5) 


-¥ Ae ') a (d+1)+k), 


ae This 


where in the last equality we have used the fact that (4) + (ie = a 
completes the proof of Equation (2.2.90). 

Equation (2.2.91) can be proved by mathematical induction in much the same 
way as in the case of the distance zeta function. This completes the proof of part (a) 


of the theorem. 


of 1/3 2/3 . 


Fig. 2.15 The distance zeta function associated with the ener grill A := C"'/3) x [0,1] satisfies 
Ca(s) = fous) (s—1)~ 1-2: (1/3)5!)-! ~ (38! —2)-!, and hens corresponding set of principal 
7 iZ; see Example 2.2.34. 


complex dimensions of A is given by dimpcA = (log,2+ 1) + os, 


(b) To prove that ¢ re (s)~ Ww (s—d), it suffices to note that, by Equation 


(2.2.90), the function 


h(s) == Senor =S(f si Cs d 4h) (2.2.95) 
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has for abscissa of convergence 
D(h) = dimgA + (d—1)} < dimpA+d =D(E(. —d)); (2.2.96) 


so that Si (s ‘a ae cM (s—d). Using part (c) of Lemma 2.2.28, we deduce that 


Stee (s) ~ cl. A I(s— d) in the sense of Definition 2.1.69, which proves the first 
relation in (2.2.92). The second relation in (2.2.92) can be proved along the same 
lines. This completes the proof of claim (b), as well as of the entire theorem. 


Remark 2.2.33. The relations appearing in (2.2.92) can be written in a less precise 
form as follows: 


Caxjor(s) ~ Ca(s—d) and q,.19,y4(s) ~ Ca(s—d). (2.2.97) 


We propose to call these two properties the shift properties of the distance and tube 
zeta functions, respectively. 


Example 2.2.34. (Generalized Cantor sets and Cantor grills). Let A = C™ is the 
generalized Cantor set introduced above in Example 2.2.6 and let d be a positive 
integer. Then, using (2.2.92) and (2.2.10), we obtain that 


1 


Cela) x f0,1}4 (9)  1—2as-4" 


Furthermore, we conclude from (2.2.93) that (with 1 := ./—1, as usual) 


20 
dimpc(C x {0, 1]“) = (log, ,,2 +d) + ——— iZ. 2.2.98 
impc( x [ ) ] ) (logy ja + Tos fay ( ) 
Moreover, by noticing that Cola) x (0 ya can be meromorphically extended to the 
whole complex plane, we conclude from Equation (2.2.90) above and from the 
first part of Equation (3.1.6) below that the set of all complex dimensions of 
Cc x [0,1]4 c R'*4 is well defined in C and given by 


d 
2n 
P-(bet0) 0,14) ={0,1,-. “A UY ((losja2+4) + gcayay 2): (2.2.99) 


The sets of the form C x [0,1]? appear, for example, in the study of the Smale 
horseshoe map; see, e.g., [Sma]. They also appear naturally in the study of the sin- 
gularities of Sobolev functions and of weak solutions of elliptic equations; see, e.g., 
[Zul] and [HorZu], where they are called ‘Cantor grills’. 

Equations (2.2.98) and (2.2.99) also hold for a more general class of Cantor grills 
cima) x [0, 1]¢, involving a class of Cantor sets C (™.4) depending on two paramters 
a and m, which we introduce in Definition 3.1.1 of Chapter 3 below. 
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Example 2.2.35. (Fractal combs). Similarly as in Example 2.2.34, sets of the form 
dQ x [0,1]%—!, where Q = Q, is a geometric realization of a fractal string (for ex- 
ample, the so-called a-string, Q = U3") ((j+1)~“,j-“), where a > 0 and for which 
OQ ={j-*: j > 1} U{0} satisfies dimgdQ = 1/(a+ 1); see Example 2.2.24), are 
used in the study of fractal drums to extend certain results from one to higher dimen- 
sions N > 2; see [Lapl1, Examples 5.1 and 5.1’]. See also Subsection 4.3.2 below 
for further use of the same technique as in [Lap1—3], in a closely related context. 
The open set Q x (0,1)‘~!, whose boundary is 


0(Q x (0,1)*~!) = (AQ x [0, 4") u ([0, 1] x 0((0, 1)%~")), (2.2.100) 


and where 0(([0,1}~!) is taken in the space R‘~', is called a ‘fractal comb’ in 
[Lap1-3]. (See also [LapRaZu7].) Note that the subset ((0, Le") of RN—! is 
an (N — 2)-dimensional Lipschitz submanifold (which for N = 2 degenerates to a 
pair of points); hence, the box dimension of [0,1] x 0((0,1)%~') is equal to N — 
1. Therefore, by the property of ‘finite stability’ of the upper box dimension (see 
[Fall ]), we have 


dimga(Q x (0,1)%~!) = max{dimg(dQ x [0,1]%~!),N— 1} 
= dimg(Q x [0,1]%~!) =dimg9Q+N-1. 


Since, according to [Lap-vFr3, Theorem 6.21] (along with Example (2.1.58) and 
Proposition (2.1.59) above), 


dimpc (Qa) = {p, -p, -2p,-3p,.--}, (2.2.101) 
where p := 1/(a+1), we deduce from Theorem 2.2.32 that 


dimpc 0 (Qz x (0,1)%~!) = dimpc(OQz x [0, 1]%~') 


(2.2.102) 
= {N-1+p,N-—1-—p,N-—1-—2p,N-—1-3p.,...}, 


still with p = 1/(a+ 1). Furthermore, all of these complex dimensions are simple. 
More precisely, it could be that in Equation (2.2.101), beside p, which is always 
a (simple) pole of €3q, some of the numbers —np (n > 1) are not poles of Ca 
(because the coresponding residue of €j¢9 happens to vanish, for some arithmetic 
reason connected with the value of a). And hence, similarly, in Equation (2.2.102). 


Finally, we point out that if, instead, Q = Qcs is the Cantor string (i.e., the com- 
plement of the classic ternary Cantor set in [0,1]), then according to [Lap-vFr3, 
Subsection 1.2.2, Equation (1.30)] (or else Equation (2.2.16) on page 117 above, 
specialized to a = 1/3) and Theorem 2.2.32, we have 


a (2.2.103) 


dimpc 0 (Qes x (0,1)"~!) = ((N— 1) + log, 2) + log3 


which is the special case of (2.2.98) corresponding to m := 2, a:= 1/3 and d:= 
N-1. 
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Remark 2.2.36. Note that, as is expected, the a-string Q, (or equivalently, its bound- 
ary 0Q,) is not “fractal” in the sense of the theory of fractal dimensions developed 
in [Lap-vFr1-—3] (see, especially, [Lap-vFr3, Section 12.1 and 12.2]). Accordingly, 
“fractality” is associated with the presence of a nonreal complex dimension (with 
positive real part). This definition of fractality will be extended to higher dimensions 
in Chapter 4 by using the theory of fractal zeta functions and the associated complex 
dimensions developed in this book. (See, especially, Subsection 4.6.2, including Re- 
mark 4.6.24; see also [LapRaZul-8].) Here, in light of Equation (2.2.101), all of the 
complex dimensions of the a-string (or, equivalently, of the compact set 0(Q,) C R) 
are real. Hence, as expected, (Qa) = {j-% : j = 1} U {0} (or, equivalently, the a- 
string) is not fractal. Furthermore, in light of Equation (2.2.102), the same is true for 
the boundary of the Cartesian product of the a-string Q, by [0,1]"~! (for any fixed 
N>1) 

In contrast, in light of Equation (2.2.16) on page 117 (specialized to a = 1/3), 
the Cantor string Qcs (or, equivalently, its boundary 0(Qcs) C R, namely, the 
ternary Cantor set) is fractal because it has nonreal complex dimensions with 
positive real part. Moreover, in light of Equation (2.2.103), the same is true of 
O(Q¢es x [0,1}%~!) C RY for any N > 2. Namely, in every dimension N, the com- 
pact set A := 0(Qcs x [0,1]%~!) C R% admits nonreal (in fact, infinitely many) 
complex dimensions with (positive) real part D(A) = N — 1+ D(0(Qcs)), where 
D(0(Qcs)) = log3 2 and d(Qcs) is the classic ternary Cantor set. 


2.2.5 Surface Zeta Functions 
To any bounded set A in R, we can associate its surface zeta function, defined by 
5 
Ca(s,0) =, t® NHN~!(Q(A,)) dt (2.2.104) 
0 


for all s € C with Res sufficiently large, where 6 is a fixed positive number and 
H'~! denotes the (N — 1)-dimensional Hausdorff measure. In Subsection 2.1.7, we 
have already discussed the oscillatory nature of the function (0,5) 3 19 1°~, for 
any fixed nonreal complex number s. 


Proposition 2.2.37. Jf Res > dimgA, then the distance zeta function and surface 
zeta function are well-defined holomorphic functions and coincide (see Corollary 
2.2.38 below for further related results): 


€a(s) = Ca(s,0), (2.2.105) 


for alls € C with Res > dimgA. 
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Proof. It suffices to use the identity 


5 
d(x,A)Yax= | t-YHN-1(9(A,)) dt, 


where y is a real number; see (2.1.8) or [Zu2, Equation (2.19)]. Note that for any 
y < N—D, where D := dimgA, the integral on the left-hand side is finite; see 
Lemma 2.1.4. This proves (2.2.105) for s € (D,+c°) C R. The claim then follows 
much as in the proof of Theorem 2.2.1. 


We say that a bounded set A in R™ is surface nondegenerate if there exists d > 
0 such that HY~!(0(A,)) x tY~4—! as t + OF. It can be shown that the set A is 
Minkowski nondegenerate if and only if it is surface nondegenerate, and in this case, 
we necessarily have that dimgA exists and d = dim gA. This and other properties of 
the mapping t+ H—!(0(A,)) have been established by Rataj and Winter [RatWil]; 
see also [RatWi2]. 


In light of the results of Section 2.2.2 about the relationship between the distance 
zeta function C4 = C4(-,Ag) and the tube zeta function C, (see, especially, Remark 
2.2.18 and Proposition 2.2.19), the next result follows at once from Proposition 
2.2.37 just above (and from its proof). 


Corollary 2.2.38. Let A be a bounded subset of RY such that dimgA <N. If either of 
the fractal zeta functions Ca, C4 or C4(-,0) possesses a meromorphic continuation 
(necessarily unique) to a connected open neighborhood U of a window W, then 
so do the other two zeta functions and the resulting meromorphic extensions of the 
distance zeta function and of the surface zeta function coincide in U: 


Ca(s) = Ca(s,0), forall seu. 


Furthermore, the corresponding sets of (visible) complex dimensions coincide (see 
Definition 2.1.68 and Equation (2.1.98) above): 


Pls) = Pla) = P(Ca(-,9)). 


The residues of the distance and surface zeta functions coincide at each (visible) 
complex dimension. Similarly, the corresponding sets of principal complex dimen- 
sions coincide (see Definition 2.1.67 and Equation (2.1.99)): 


P.(Ca) = Pe(Ca) = Pe(Gal(-,9)). 


2.3 Meromorphic Extensions of Fractal Zeta Functions 


The goal of this section is to describe a construction of meromorphic extensions 
of zeta functions associated with some fractal strings that are in some sense close 
to classical strings. As a rule, these classical zeta functions possess meromorphic 
extensions to the entire complex plane. We also study meromorphic extensions of 
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distance and tube zeta functions (henceforth also referred to as ‘fractal zeta func- 
tions’), and obtain several refinements of Theorem 2.2.3 and Theorem 2.2.14. The 
main results of this section are stated in Theorems 2.3.2 and 2.3.10, dealing with 
the fractal zeta functions of the Riemann and Dirichlet strings, respectively, and 
in Theorems 2.3.18 and 2.3.25, dealing with fractal zeta functions of Minkowski 
measurable and Minkowski nonmeasurable sets, respectively. 

As we have already indicated in Example 2.1.58 and in Theorem 2.1.59, the 
study of the geometric zeta function ¢ v(s) := Dj, & of any bounded fractal string 
L = (£;)j>1 is equivalent to the study of the corresponding distance zeta function 


a,+6 
Cay(s) = 7. d(x,Av)* ‘dx (23:1) 


of the subset Av = {ag := Djs, 6; : k € N} of the real line, associated to &, where 
6 is an arbitrary fixed positive real number. Note that here, a; = ¥1j>, ¢; is the 
total length of & and (a,),>) is a nonincreasing sequence of positive real numbers 
converging to zero as k — 9, 

More generally, the geometric zeta function ¢ y can be identified with the relative 
zeta function 


baals) i= I d(x,dQ)"dx, (2.3.2) 


where Q := U"_,/; is a disjoint union of open intervals /; of length £; for each j > 1. 
Analogously as in Example 2.1.58 of Subsection 2.1.4, it is easy to see that 


fans >¥ | d(x,01))'dx = s7!2!*Cy(s) (2.3.3) 
jal 


for all s € C with Res > dimgZ. 

Recall (see the beginning of Subsection 2.1.4) that the disjoint family*’ of open 
intervals (J;) ;>1 is called the canonical geometric realization of the fractal string 2. 
Much more general relative zeta functions are studied Chapters 4 and 5. 

A geometric realization of the fractal string 2 := (€;) ;>1 is an open set Q CR 
or an RFD (0Q,Q) in R, where Q is any bounded open subset of R (or, more 
generally, any open set Q C R of finite length |Q|; < °°) such that Q = Ur Jj, 
where (J;);>1 is a disjoint sequence of open intervals of R such that |J;| = ¢; for 
every j > 1. Then, it follows from the discussion in Subsection 2.1.4 that the key 
identity (2.3.3), namely, 


Ca0.0(s) =s!2'*Ce(s), (2.3.4) 


is independent of the choice of the geometric realization of the fractal string & by 
an RFD (0Q2,Q) inR. 


7 Throughout this book, by a disjoint family of sets, we mean a family of pairwise disjoint sets. 
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2.3.1 Zeta Functions of Perturbed Riemann Strings 


The Riemann string is defined as Y = (j~!) ;>1. Note that it is unbounded, in the 
sense that )7"_ j | = +e. Its geometric zeta function 6 4(s) = Cp(s) = Leis “is 
the classical Riemann zeta function; see (2.3.5) below. The Riemann string, also 
called the harmonic string, was introduced by the first author in [Lap2, Exam- 
ple 5.4Gi), pp. 171-172] and further discussed in [Lap3, pp. 144-145]; see also 
[Lap-vFr3, pp. 123-129] and the later work [HerLap1—5] where it plays an impor- 
tant role. 

If (c;) j>1 is a given sequence of real numbers, we can consider the perturbed Rie- 
mann fractal string Z' = ((j +c;)~!);>1 and the corresponding zeta function, see 
(2.3.6) below. Throughout this subsection and the next one (i.e., Subsections 2.3.1 
and 2.3.2), we assume that the perturbation is such that j+c; > 0 for all j, and 
analogously for other strings. 

Our aim in this subsection is to show that if we perturb the classical Riemann 
zeta function 


Cr(s)= >" (2.3.5) 
j=l 


by a sufficiently small sequence of real numbers (c;) ;>1, in the sense that c; = O(j8) 
as j — ce, where B < 1, then the resulting perturbed Riemann zeta function 


CR pert (s) = >) i t+e;)* (2.3.6) 
j=l 


possesses a (necessarily unique) meromorphic extension to {Res > B}. As in Defi- 
nition 2.1.28, we denote by D(€r pert) the abscissa of convergence of Cp perr(s); see 
Section 2.1.3. 


Remark 2.3.1. Recall that Cr is meromorphic in all of C, with a single, simple pole 
located at s = 1; furthermore, res(Cr, 1) = 1. See, e.g., [Tit3] or [Edw]. 


We first state the main result of this subsection: 


Theorem 2.3.2. Let B € (—°,1) be fixed, and assume that the sequence (cj) j>1 
Satisifes cj = o(j8) as j — 0. Then, for the perturbed Riemann zeta function de- 
fined by (2.3.6), we have D( Cr pert) = 1, and Cr pert(s) has a (necessarily unique) 
meromorphic extension (at least) to the open right half-plane 


{Res > B}. (2.3.7) 


Furthermore, s = | is a pole of the meromorphic continuation in this half-plane; 
it is simple, and res(Cr pert, 1) = 1. The sets of poles of the classical Riemann zeta 
function and of Cr pert, located in {Res > B}, coincide, which means in the present 
case that s = 1 is the only pole of Cr perr in {Res > B}. 
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In particular, if the sequence (cj) ;>1 is bounded, then there exists a unique mero- 
morphic extension of Cr pert(s) (at least) to the open right half-plane {Res > 0}; its 
only pole is located at s = \ and it is simple. 


Remark 2.3.3. It would be interesting to know whether or not the bound PB in (2.3.7) 
is optimal; see Problem 6.2.10 in Chapter 6. 


Remark 2.3.4. It is easy to see that the condition c; = O(j8) as j > © in The- 
orem 2.3.2 can be relaxed to cj = o(j'8) as j — co, by which we mean that 
cj = Oj) as j + © for all By > B; that is, 


o(t'®):= () o(%) as t— +o. (2.3.8) 
Bo>B 


(Compare with Definition 2.3.20 below.) Equivalently, O(t'8) := Nexo O(t8*®) as 
t — +eo. An example of such a (weaker) perturbation is c; := j? log j, for all j > 1. 
Indeed, it follows from Theorem 2.3.2 that Cr perr(s) has a unique meromorphic ex- 
tension to each half-plane {Res > Bo}, with Bo > B, and therefore, by the principle 
of analytic continuation, it has a unique meromorphic extension to the union 


U {Res > Bo} = {Res > B}. 
Bo>B 


In the proof of Theorem 2.3.2, we shall use the following simple fact. 


Lemma 2.3.5. Assume that 61(s) is a generalized Dirichlet integral with abscissa 
of convergence equal to D(C,), such that it possesses a meromorphic extension to 
the open right half-plane {Res > a,}, where a, € [—°°, D(¢,)). Assume that €3(s) is 
a holomorphic function with abscissa of convergence D(C) such that a, < D(2) < 
D(¢1). Then, for Cpert(s) = C1(s) + Ca(s), we have D(Cperr) = D(C1), and Cpert(s) 
possesses a (necessarily unique) meromorphic extension (at least) to the open right 
half-plane {Res > D(€z)}. Furthermore, the poles of Cpert(s) and ¢(s) coincide in 
this half-plane, as well as their corresponding multiplicities (or orders). 


Proof. The function €)(s) is meromorphic in {Res > D(€2)}, while €2(s) is holo- 
morphic in this same half-plane. Hence, their sum, Cpe,+(s), is meromorphic in this 
half-plane. The equality D(Cperr) = D(¢1) is obvious, since D(¢2) < D(¢)). As is 
well known, the uniqueness of the meromorphic extension of € pert (s) follows from 
the principle of analytic continuation since any two meromorphic extensions must 
coincide on {Res > D(¢,)}. The poles of ¢)(s) in the half-plane {Res > D(€2)}, as 
well as their corresponding multiplicities (or orders), do not change after adding the 
holomorphic function €3(s). 


In the applications of Lemma 2.3.5 which will be considered in this book, we 
will most often have a; = —ce; that is, €; will be assumed to have a meromorphic 
extension to all of C. 
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Proof of Theorem 2.3.2. We shall use Lemma 2.3.5 with ¢)(s) = Cr(s) and 


Co(s) = €r,pert(s) — Sr(s) = y ((i+e;)°-7"). (2.3.9) 


j=l 


Since D(¢,) = 1 and ¢, possesses a meromorphic extension to all of C, it suffices, 
in light of Lemma 2.3.5, to show that D(€2) < B. 

Let us first fix s = x+ yi, where x,y € R, and let us also fix j € N. Setting e(r) = 
e~ Wlost)i © 1 for any t > 0, we can write f° = 1~*e(t). We have 


(Git+ej) °-7* = Ge) “ei +e;) -—F eG) 
= (ites) *- 7") elites) +7“ (eG +e) — ey), 
and hence, 
IF +ej)°-F 1S IG Hej) *-F A+ A leG +e) — eV). (2.3.10) 
By the Lagrange mean value theorem applied to g(t) =t-*, t € [j, j + cj], we have 
ite)" -F 71s bl lel < Kel 


for all 7 € N, where the positive constant K is independent of j. 

On the other hand, let us set o(t) = —ylogt. Due to the geometrically obvious 
inequality, |e(t) — e(t)| < |@(t) — e(7)| = |y| | log(t/7)| for any t,t € R, there exists 
a positive constant K, such that 


. : j+Cj 
le(i+e;) —e(/)| < |yllog2 
Cj Cj sR 
= pllog(1+F) <b < Kill Po 


for all 7 EN. 
Using (2.3.10), we conclude that there is a positive constant Kz such that 


\G+ej;)* — 77 | < Kalla] + |v) OY (2.3.11) 


for all j € N. This proves that the Dirichlet series initially defining €2(s) in (2.3.9) 
converges absolutely and uniformly if |x| + |y| < C for the positive constant C fixed 
and arbitrarily large, and x— 8 + 1 > 1+€ for some positive €; that is, for x > B +e. 
Since x = Res, for any given s satisfying Res > B, we can find € > 0 small enough 
so that Res > B +€. By letting € > 0* and C > +9, we conclude that D(C2) < B, as 
desired. In light of Lemma 2.3.5, this proves that Cr perr(s) can be meromorphically 
extended to the open right half-plane {Res > B}, as desired. 


Remark 2.3.6. It is interesting to note that the function g(t) := 1¢~*, defined for t € 
(j,j+c,), with s = x+ iy fixed, appearing in the proof of Theorem 2.3.2, has the 
property that for large j, its range is ‘almost’ equal to the ray {@ = —ylog j}. More 
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specifically, the range of g is contained in the sector between the rays {@ = @(j)} 
and {@ = @(j+cj)}, where p(t) := —ylogr, and the opening angle of the sector 
tends to zero for large j: |p(j+cj) — (J)| = |y|log 1 + +) > 0t as j 4 ©. 


In the following corollary, we provide some sufficient conditions under which 
the perturbed Riemann zeta function possesses a unique meromorphic extension to 
the entire complex plane. The perturbing sequence (cj) ;>1 has to converge to zero 
very fast as j + ©. 


Corollary 2.3.7. Assume that the sequence (c;)j;>1 is such that there exists a se- 
quence (Px)x>1 tending to —c° as k +> ©, and having the following property. For any 
given k > 1, there exists a constant My > 0 such that |cj| < M, jP forall j => 1. Then, 
the perturbed Riemann zeta function Cr pert(s) defined by (2.3.6) has for abscissa 
of convergence D(€r,pert) = 1 and possesses a (necessarily unique) meromorphic 
extension to the entire complex plane. The set of poles of Cr per coincides with the 
set of poles of the classical Riemann zeta function €: P(Cr pert) = A(C) = {1}. 
More precisely, Cr pert(s) has a single, simple pole, located at s = 1 and with residue 
res(Cr pert, 1) = 1. 


Proof. By Theorem 2.3.2, €(s) is meromorphic on {Res > 8; } for any k, and there- 
fore also on Ug_) {Res > By} =C. 


Example 2.3.8. The sequence (cj) ;>1 defined by c; := (j!)~! for every j > 1 satis- 
fies the condition of Corollary 2.3.7 with B;, := —k for every k € N, since for any 
fixed k € N we have that “4 = f — 0f as j > cv, Therefore, by Corollary 2.3.7, 
the corresponding perturbed Riemann zeta function 


Cr, pert (S) = x (i+ a 


al 


is meromorphic on C. The set of poles of Cr pert in C coincides with the set of poles 
of the classical Riemann zeta function, namely, s = 1. Hence, Cz, pert has a unique 
pole in C, located at s = 1, and this pole is simple. 


Theorem 2.3.2 is easily seen to be equivalent to the following result. 


Theorem 2.3.9. Let y > 1, and assume that (dj) j>1 is a sequence of real numbers 
satisfying dj = O(j-‘) as j ©. Then, for the zeta function of the perturbed Rie- 
mann string L = (j~! +dj;) ;>1, defined by 


Cv(s)= ¥ (7! +4;)', (2.3.12) 
j=l 


we have D(C v) = 1, and Cv possesses a (necessarily unique) meromorphic exten- 
sion (at least) to the open right half-plane {Res > 2 —y}. Furthermore, s = 1 is a 
simple pole and is the only pole of this meromorphic continuation. 
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2.3.2 Zeta Functions of Perturbed Dirichlet Strings 


The following result shows that the zeta function of a sufficiently small perturbation 
of the Dirichlet string, defined by @ = (j~“) ;>1 where a > 0 is fixed, possesses 
a nontrivial meromorphic extension. If a > 1, the Dirichlet string is bounded. The 
perturbed string & = ((j+cj;)~*) ;>1 is obtained from the Dirichlet string by adding 
the sequence (cj) j>1. The claim of Theorem 2.3.10 just below is easily seen to be 
equivalent to Theorem 2.3.2 by introducing the new variable sj = as. 


Theorem 2.3.10. Let a > 0, B € (—=,1), and cj = O(jP) as j -> 2. Then, for the 
zeta function of the perturbed Dirichlet string £ = ((j+cj) “*) j>1, defined by 


Ms 


Cv(s) = Cnen (8) = Grey, (2.3.13) 


J 


we have D:= D(C v) = 1/a, and Cv has a unique meromorphic extension (at least) 
to the open right half-plane {Res > B /a}. Furthermore, s = 1/a is a pole of the 
meromorphic continuation in this half-plane; it is simple and res(C.v,D) = D. 


An analog of Corollary 2.3.7 can easily be formulated and proved in the context 
of Dirichlet strings. Furthermore, in Theorem 2.3.10 and Corollary 2.3.7, we can 
relax the condition c; = O(j?) to cj = O(j'8) as j — 0; see Remark 2.3.4. 


If |B| is sufficiently large, the meromorphic continuation of ¢¢ in the half-plane 
{Res > B/a} will have additional poles, beside the pole with the largest possible 
abscissa | /a. In fact, we expect that the techniques used in proving [Lap-vFr3, The- 
orem 6.21] can be useful in obtaining more precise results in this context. See the 
comments preceding the statement of Corollary 2.3.13 below. 


Theorem 2.3.10 is easily seen to be equivalent to the following result (compare 
with Theorem 2.3.9). As indicated in the introduction to Subsection 2.3.1, we as- 
sume that j “+d; > 0 for all j € N; that is, the numbers d; may have negative 
values as well. 


Theorem 2.3.11. Let 0 < a< y, and let (dj) > be a sequence of real numbers such 
that dj = O(j-") as j + ©. Then, for the zeta function associated with the perturbed 
Dirichlet string 2 = (j~* +dj) j>1, defined by 


feisy= > ? +a), (2.3.14) 
j=l 


we have D:= D(C.v) = 1/a, and Cv possesses a (necessarily unique) meromorphic 
extension (at least) to the open right half-plane 


1 
{Res > -—(2_1)}. 
a a 
Furthermore, s = 1/a is the only pole in the half-plane; it is simple, and the associ- 
ated residue is given by res(C.v,D) =D. 
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Proof. Let the sequence (c;) ;>1 be defined by 
j °+d;= (j+c;)%. (2.3.15) 


In light of Theorem 2.3.10, it suffices to prove that c; = O(j8), where B = 1 +a— 
Y < 1. Indeed, using (2.3.15) we have 


oa (Ft +a) j= N+ aj" 1 
= jl + O(%aj) — 1] = Oj") = Oj) 


as j — °°, 


The following result will be useful in the study of spectral zeta functions of rela- 
tive fractal drums, which we introduce in Section 4.3.1; see the proof of Proposition 
4.3.10. 


Theorem 2.3.12. Let a > 0, C > 0 and let (dj)j>1 be a sequence of real numbers 
such that dj = O(j") as j + ©, where y < a (here, y may be negative as well). Then, 
for the zeta function ¢ y, associated with the fractal string Z = ((C- j4 ay) esas 
defined by 7 


Cv(s)= D(C: j* +d;)° (2.3.16) 


i 


ll 
ie 


i 


we have D:= D(C v) = 1/a, and Cv possesses a unique meromorphic extension (at 
least) to the open right half-plane 


fres>+—(1-")}. (2.3.17) 


a 


Furthermore, s = 1/a is the only pole of € in the half-plane; it is simple and 
res(Cy,1/a) = —C7'/*, (2.3.18) 
Pe 


Proof. Letus define the sequence (e;) j>1 by j“+dj, = (j+e;)", where di := Clg: 
Then 
ej= (j*+d))/¢@-j=j((1 +j4di)'/4— 1) 
= jO(r*d))=OG'") as je. 
Note that 
Cv(s)=C*Cw(s), (2.3.19) 
where & := (( de +di)~ met ,- The claim now follows from Theorem 2.3.10 ap- 


Sas to %’, by taking B= ‘f —a+y. Using (2.3.19) we conclude that res(¢.v,D) = 
CP res(€y,D) =C~PD. 
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Let 2 = (¢;) ;>1 be the a-string, that is, 0; = j~*—(j+1)~ for each j > 1, 
where a > 0 is fixed; see Example 2.2.24.°° The following result shows that the ge- 
ometric zeta function Cy of any a-string possesses a unique meromorphic extension 
to {Res > 0}. We point out that this is a special case of a more general result proved 
in [Lap-vFr3, Theorem 6.21], according to which the geometric zeta function ¢¢ 
associated to the a-string possesses a unique meromorphic extension (still denoted 
by ¢) to the entire complex plane. Furthermore, the poles of € are all simple, and 
are located at D = 1/(a+ 1) (the dimension of the boundary of the string), and at (a 
subset of) —D, —2D,—3D,--- . The proof of the corollary below is surprisingly sim- 
ple. (Although, in some sense, it parallels the beginning of the proof of [Lap-vFr3, 
Theorem 6.21], it also places it in a broader context.) 


Corollary 2.3.13. Let C,(s) be the zeta function associated with an a-string; that 
is, a(s) = X54 ae —(jt+ ea for all s € C with Res > 1, where a > O is fixed. 


(a) Then, D := D(€qa) = 1/(a+1) and the zeta function can be meromorphically 
extended (at least) to the open right half-plane {Res > 0}. 


(b) Furthermore, D = 1/(a+1) is the only pole in the half-plane {Res > 0}; it 
is simple, and res(C,,D) = Da”. 


Proof. (a) If we show that €; = j~“— (j+1)~“ has the form 0; =aj~¢+!) +-dj, and 
d; = O(j- “+?)) as j +0, the claim will follow immediately from Theorem 2.3.11, 
with qj :=a+ land y :=a+2. 


Since 
i 1 
—a a 
l+- =1+( )o+0u%)=1-S+047 
( *) 1 )5 +0) =1- 54007) 


as j —> ce, we have that 


= (¢ + ou) —aj*' =O(j-**) 


as j —> ce, and the claim is proved. 


(b) Since 0; = aj~“*+!) +d, then ¢, has the form ¢, = 6, + C2, where 


C1 (s) = ¥ (aj ers = a'te((a+1)s) = a'te(5) 


58 The a-string was introduced in [Lap1, Example 5.1] and used in [Lap 1-3], [LapPol-—3], [HeLap] 
and [Lap-vFr1-3], in particular, in order to illustrate various results and test or motivate several 
conjectures. 
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and Cpr is the Riemann zeta function, while € is holomorphic in {Res > 0}. Hence, 
res(6,,D) = res(C),D) = a? lim(s—D)ee(=). 
sD D 
Introducing a new variable z = s/D, we obtain 
res(a,D) = Da? lim(z—1)Ep(z) = Da? res(Se,1) = Da? 
Ls 


where we have used the fact that the residue of the Riemann zeta function at its 
simple pole z = | is equal to 1; see Remark 2.3.1 above. 


Remark 2.3.14. It was first proved in [Lap1, Theorem C, p. 523] that the a-string 
(introduced in [Lap1, Example 5.1]) has Minkowski dimension D = 1/(a+ 1) and 
is Minkowski measurable with Minkowski content 


g1-D 


C= = 
1-D 


a: (2.3.20) 


This result helped formulate and illustrate the characterization of Minkowski mea- 
surability (of fractal strings, or equivalently, of compact subsets of R) obtained in 
[LapPol—2]. Moreover, it was revisited in [Lap-vFr1—3] from the point of view of 
the theory of complex fractal dimensions and significantly expanded since a fractal 
tube formula was also obtained for the volume of the (inner) €-neighborhoods of the 
a-string; see [Lap-vFr3, Subsection 8.1.2]. 


Remark 2.3.15. According to [Lap-vFr3, Theorem 8.15], the Minkowski measura- 
bility of the a-string & and the value of its Minkowski content .@ (as obtained in 
[Lap1, Theorem C of Appendix C], see Remark 2.3.14) can be recovered from the 
fact that D = 1/(a+ 1) is the only complex dimension of located on the critical 
line {Res = D = D(¢_v)}. On the other hand, according to the Minkowski measur- 
ability criterion obtained in [LapPo2, Theorem 2.2], the fact that is Minkowski 
measurable (with Minkowski content given by (2.3.20)) follows from the asymp- 
totic relation 0; = j-¢—(j +1) waj-"/) as j + & (ice., 0; = aj—!/?(1 + 0(1)) 
as j — ©). 


Remark 2.3.16. According to [Lap-vFr3, Equation (8.25)], we have (still for the a- 
string and with D = 1/(a+1)) 


g1-D 
M = M? = ——__ D 23.21 
D(1—D) res(Cu, ) ( ) 
and therefore, comparing (2.3.20) and (2.3.21), we deduce that 
res(C,,D) = Da”, (2.3.22) 


as claimed in part (b) of Corollary 2.3.13, and not a? as stated in [Lap-vFr3, Theo- 
rem 6.21] and [Lap-vFr3, Equation (8.22)] where there seems to be a misprint. 


In the following result, we deal with bounded Dirichlet strings, so that we need 
the condition a > 1. 
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Theorem 2.3.17. Let a > 1, B € (—-,1), and 6 > 0. Assume that (cj) ;>1 is a se- 


quence of real numbers such that cj = o(jP) as j — °°. Let the set A be defined 
by 


A= {a =LE Ube kEN}, 


where L > 0. In other words, A is the set associated with the perturbed Dirichlet 
string L = (L(j+cj)™“) j5). Then: 

(a) For the distance zeta function C4(s) = Ve d(x,A)°~!dx, with As CR, we have 
D:=D(¢4) =1/a. Furthermore, C4(s) possess a (necessarily unique) meromorphic 
extension (at least) to the open right half-plane {Res > B /a}, and 


res(€4,D) =2!-PL?. (2.3.23) 


(b) For the tube zeta function €4(s) = fy t’2|A,| dt, we have D = D(&4) = 1/a. 
Furthermore, C,4(s) possess a (necessarily unique) meromorphic extension (at least) 
to the open right half-plane {Res > B /a}; that is, 


2 gi-D 
D)=LP 
res(C4,D) i-D 


(2.3.24) 


Proof. In both cases (a) and (b), it suffices to consider the geometric zeta function 
Cv(s) =Dj_1(¢;)° of the string Y = (¢;) j>1, where €; := L(j+cj) “; see (2.1.84) 
and (2.2.23). 

Since cj ~ j as j — ©, we deduce from Theorem 2.3.10 that Cy(s) can be 
meromorphically extended to {Res > B/a}. 

It is clear that £; ~ Lj“ as j —> oo. Using [LapPo2, Theorem 2.2] or the counter- 
part of [Lap1, Theorem C of Appendix C] (compare Remark 2.3.15), we conclude 
that the set A is Minkowski measurable, its box dimension is equal to D = 1/a, and 
the D-dimensional Minkowski content of A is given by 


M?(A) =1P — : (2.3.25) 
1=D 


(It is worth noting that the presence of the factor L? on the right-hand side of (2.3.25) 
is due to the scaling property of the Minkowski content; see Equation (1.3.19).) The 
values of the residues in (a) and (b) are then obtained from Theorem 2.2.3 and 
Theorem 2.2.14, respectively. (Compare Remark 2.3.16 above.) 


It is easy to see that the conclusions of Theorem 2.3.17(a) hold for the distance 
zeta function ¢1(s) = Jj'd(x,A)* ‘dx as well. Indeed, it suffices to take 6 large 
enough, so that As = (—6,a; +46), and then drop the integrals corresponding to the 
intervals (—6,,0) and (a;,a; +6), since they are both equal to 6°s~!, and therefore, 
are meromorphic functions on C, with s = 0 as their only pole. 
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2.3.3 Meromorphic Extensions of Tube and Distance Zeta 
Functions 


The following theorem (Theorem 2.3.18) shows that the tube zeta function of a class 
of Minkowski measurable sets possess a nontrivial meromorphic extension, assum- 
ing a mild technical condition on the growth rate of the tube function t ++ |A;|. As we 
see from Theorems 2.3.18 and 2.3.25, the second term in the asymptotic expansion 
of the tube function plays a crucial role in order to reach such a conclusion. For a 
counterpart of this result for the distance zeta functions of bounded sets and for the 
geometric zeta functions of fractal strings, see Theorem 2.3.37 and Theorem 2.3.38, 
respectively. 

We note that conjecturally, and in light of the results obtained in [Lap-vFr3, 
Chapters 2-3 and Subsection 8.3.3] (including [Lap-vFr3, Theorem 8.3]), as well 
as of the results of [LapPe2—3, LapPeWil-—2] (as described in part in [Lap-vFr3, 
Section 13.1]), the class of compact sets to which Theorem 2.3.18 applies should 
include (under some mild additional assumptions, yet to be specifically determined) 
all nonlattice self-similar sets (satisfying the open set condition, see [Hut, Fal1]). 
Provided one assumes in addition that D < N, this comment also applies to Theo- 
rem 2.3.37 (in the Minkowski measurable case), the counterpart of Theorem 2.3.18 
for distance zeta functions. We refer to Problems 6.2.36 and 6.2.38 for a detailed 
discussion of closely related issues. 


Theorem 2.3.18 (Minkowski measurable case). Let A be a bounded subset of RN 
such that there exist & > 0, @ € (0,+¢°) and D > 0 satisfying 


lA] =2" 9 (.4@+00")) as tt. (2.3.26) 


Then, dimgA exists and dimgA = D. Furthermore, A is Minkowski measurable 
with Minkowski content (A) =. Moreover, the tube zeta function ba has 
for abscissa of convergence D(G4) = dimgA = D and possesses a unique mero- 
morphic continuation (still denoted by 4) to (at least) the open right half-plane 
{Res > D— a}; that is, - 

Dmer(Sa) <D-a. 


The only pole of a in this half-plane is s = D; it is simple, and res(4,D) =U. 


Proof. We have 


2 6 5 
Woe [ lA, | dt = [ pN-1yN-D (4 O(1%)) dt 
M 


f1(s) £2(s) 


provided Res > D. The function €)(s) is meromorphic in the entire complex plane 
and D(¢,) = D, while for ¢(s) we have 


2.3. Meromorphic Extensions of Fractal Zeta Functions 155 
5 
\Co(s)| = x | pRes-D+a-l gy ar 
0 
for Res > D— a, where K is a positive constant. Therefore, D(€2) <D-—a< 


D = D(¢,), and the claim now follows from Lemma 2.3.5, since (in the notation 
of Lemma 2.3.5) we have a, = —ce here. 


Remark 2.3.19. Much as in Remark 2.3.4, a function of order O(t®) as t > OT, 
appearing in Theorem 2.3.18, can be replaced by a function of order O(t”) as 
t — OT, in the precise sense of Definition 2.3.20 just below. In the statement of 
Theorem 2.3.18, this enables us to replace functions of order O(t®) as t > 0* with 
more general functions, for example of the form t™log(1/t) or 


t*log...log(1/t), 
—_+¥+]_ 
q 


near tf = 0*, where the last factor is the g-th iterated logarithm for an arbitrary integer 
ql. 


Definition 2.3.20. Let f be defined on an interval (0,6), for some 6 > 0. Then, 
given a ER, f is said to be of order O(t™) as t+ 0* (which we write f(t) = O(t)) 
as t + 0*) if for every ao < @, it is of order O(t™) as t + 07; that is, symbolically, 


Ot”) = () O@%) as t0t. (2.3.27) 
Oy <a 


Equivalently, O(t) := Mes O(t*®) as t > OF. 


Example 2.3.21. Given an integer k > 0, let A(a,k) ={j~*: 7 ©N} x [0, 1k CR!*, 
as in [Lap], Example 5.1’], where a > 0. For the set A(a) = {j~“: 7 € N} (associated 
with the a-string; see Example 2.2.24 and Remark 2.3.15), we have 


91-DgD 


\A(a)iIe =#!-? (7 


=p +o(r'+#)) as tO", 


where D = 1/(a+ 1), the (inner) t-neighborhood of the a-string is taken in R and t is 
any positive number; see [Lap-vFr3, Equation (8.21) with J = 0] and the comment 
following it. We therefore obtain that 


g!-DgP 


|A(a,k)z|pi+e — pU+k)—(k+D) ( a 


as t > Ot, where the (inner) t-neighborhood and the Lebesgue measure are now 
taken in R!**, and the notation O(t!+2)) is explained in (2.3.27). By using Theo- 
rem 2.3.18, we obtain that D(C4(ax)) =k +D, and since @ = 1+ 2 (see also Re- 
mark 2.3.19), it follows that C4(a,x)(s) possesses a unique meromorphic extension 
(at least) to the open right half-plane {Res > (k+D)—(1+%) =k—1+%}. 
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Remark 2.3.22. Actually, in the present case, using the much more precise asymp- 
totic expansion for |A(a);|g (and hence, also for |A(a,k);|pisx = |A(a@)r|p) given by 
[Lap-vFr3, Equation (8.21)], namely, for every integer J > 1, we have 


1— J 
A@)le = 28 a? a 


p)i+iD 


_—iD 1+(J+1)D 
—=> pa eee Oe) 


as t —> 0, one can show (much as in the proof of Theorem 2.3.18) that for every 
integer k > 0, the tube zeta function ¢, A(a,k) (and hence, in particular, C A(a)> by letting 
k = 0) has a (unique) meromorphic continuation to all of C, with simple poles lo- 
cated at k+ D (and at subset of) k—D,k—2D,k—3D,---. In light of Remark 2.2.18 
and since dimgA = k+D< k-+1, the exact same statement holds for the distance 
zeta function Cia RAG Rs for any fixed 6 > 0. 


Assume that A C R% is a bounded and Minkowski measurable set, with its 
D-dimensional Minkowski content denoted by .W@ =.@(A), where D := dimgA. 
Then, it is clear that in general, .W@ = .@y depends on N. However, it was shown 
in the 1950s by Martin Kneser [Kne, Satz 7] that the normalized Minkowski con- 
tent, defined (much as was later done in [Fed2]) by -4y/@y_p is independent of 
N.>° (Here, given any m € N, @p := 22/2 /mI(m/2) denotes the m-dimensional 
Lebesgue measure of the unit ball in R”.) An application of this observation is 
provided in the following result, which follows from Theorem 2.3.18 and from The- 
orem 2.2.3 (Equation (2.2.4)), according to which we have, respectively, 


res(&4,D) = My and (provided D<N)_ res(€4/(N—D),D) = Wy. 


Corollary 2.3.23. Assume that A is a bounded subset of R satisfying the hy- 
potheses of Theorem 2.3.18. Then, the residue at D = dimgA of the normalized 
tube zeta function a /@y—p (as well as of the normalized distance zeta function 
Ca/(N —D)Q@y_p, provided D < N) is given by the normalized Minkowski content 
Mn | On—p, and is therefore independent of the embedding dimension N. 


We also refer to the related open Problem 6.2.16 in Subsection 6.2.2. 


The following theorem (Theorem 2.3.25) deals with an important class of boun- 
ded sets in R™ that are not Minkowski measurable. More specifically, we deal with 
the sets A such that 0 < .@?(A) <.@*P(A) <0, where D = dims A. The case when 
M*? (A) = +c is more difficult, and is treated in Subsection 4.5.1 in the context of 
relative fractal drums, using suitable gauge functions. 

We note that conjecturally, and in light of the results obtained in [Lap-vFr3, 
Chapters 2—3 and Section 8.4], as well as of results of [LapPe2—3, LapPeWil-2] 
(described in part in [Lap-vFr3, Section 13.1]), the class of compact sets to which 
Theorem 2.3.25 applies should include (under some mild additional assumptions, 
yet to be specifically determined; see footnote 62 on page 158) all lattice self-similar 
sets A (satisfying the open set condition, see [Hut, Fall]). Provided one assumes in 


59 Unaware of the reference [Kne], Maja Resman has rediscovered this result in [Res, Theorem 4]. 
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addition that D < N, this comment also applies to Theorem 2.3.37 (in the Minkowski 
nonmeasurable case), the counterpart of Theorem 2.3.18 for distance zeta functions. 
We refer to Problem 6.2.36 as well as to Problem 6.2.38 (and the comments follow- 
ing it) for a detailed discussion of closely related issues. 


Before stating Theorem 2.3.25, we must first introduce some notation. Given a 
locally integrable T-periodic function G : R > R, we denote by Gg its truncation to 
[0,7], while the Fourier transform of Go is denoted by Go: 


if 7 
Go(Tt) = G(7), whee 0,71, (2.3.28) 
0, if t ¢ [0,7], 
and 
A a : T 5 
Go(t) = i e2*'TGo(t) dt = | e27TG(¢) dr, (2.3.29) 
—oo 0 
for allt ER. 


Definition 2.3.24. The (additive) T-periodicity of G implies that the function 
G,(t) = G(logt—') is multiplicatively periodic, with multiplicative period P =e" > 
1; that is, Gj(Pr) = Gi (t), for all t € R; see Figure 2.16. In particular, this means 
that for any fixed ¢ > 0, the value of G;(P*r) is independent of k € Z. 

Conversely, if a function G; : R — R is multiplicatively periodic with multiplica- 
tive period P > 1, then the function G(t) := G,(e~*) is (additively) T-periodic with 
T = log P. Note that if P is a multiplicative period of G), then Gy(P*t) = G,(t) for 
all k € Z. For example, G(P~'t) = G(PP~'t) = G(t), for allt € R. 


Theorem 2.3.25 (Minkowski nonmeasurable case). Let A be a bounded subset of 
RY such that there exist D > 0, & > 0, and let G : R + (0,+°) be a nonconstant 
periodic function with minimal period T > 0, satisfying 


|A,| =t%~? (G(logt7') + O(t*)) as t+ OF. (2.3.30) 


Then G is continuous, dimgA exists and dimg A = D. Furthermore, A is Minkowski 
nondegenerate with upper and lower Minkowski contents respectively given by 


M?(A)=minG, .@*?(A) = maxG. (2.3.31) 


(Hence, the range of G\jo,r) is equal to the compact interval [AP (A), H*P(A)].) 


Moreover, the tube zeta function &, has for abscissa of convergence D(€4) = D and 
possesses a (necessarily unique) meromorphic extension (still denoted by 4) to (at 
least) the open right half-plane {Res > D— a}; that is, 


Dmer(&A) < D-a. 
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In addition, the set of all the poles of G located in this half-plane (i.e., the set of 
visible complex dimensions of A) is given by®® 


AG) ={n=b+2 me Go(5 ) £0, kez) (2.3.32) 


(see (2.3.29)); they are all simple, and the residue at each sz € PEs), k eZ, is 
given by 


‘ La pk 
res(&1,54) = =60(=). (2.3.33) 


If, € A(&), then s_, € A(E) (reality principle, see Remark 2.3.28), and 


i 1 yt 7 
jres(Za,5%)| < = | G(t)dt, lim res(&4,s4) =0. (2.3.34) 
T 0 k--keo 


Moreover, the set of poles P(E,) (i.e., of complex dimensions of A) contains so = D, 
and 


res(Eq,D) = = xf al G(r (2.3.35) 


In particular, A is not Minkowski measurable and 
M? (A) <res(G4,D) < M*P(A) <0. (2.3.36) 


If, in addition, G € C'(R) (i.e., G is m times continuously differentiable on R)°! 
for some integer m > 1, and G has an extremum tg such that 


G' (to) = G" (to) =--- = G™ (tp) = 0, (2.3.37) 
then there exits Cm > 0 such that for all k € Z and s; € P(E) we have 


|res(Za,54)| < Cn|&[-™. (2.3.38) 


Before proving Theorem 2.3.25, we state and establish a useful corollary. We 
note that, conjecturally, the class of compact sets to which this corollary can be 
applied includes all lattice self-similar sets (see the geometric part of [Lap3, Con- 


jecture 3] and the comment preceding the statement of Theorem 2.3.25).°? 


6 Note that the set defined by (2.3.32) coincides with the set of principal complex dimensions of 
A; that is, with dimpc A := PA-(C,), in the notation of Definition 2.1.67 and Equation (2.1.99). 


61 We do not know examples of periodic sets A such that the corresponding nonconstant periodic 
functions G appearing in (2.3.30) are C!-regular; see Remark 2.3.32 and Problem 6.2.5. 


® Actually, in light of the main result of [KomPeWi] proving the geometric part of [Lap3, Conjec- 
ture 3] for a nonintegral value of D, it is reasonable to expect that Corollary 2.3.26 can be applied 
to a large class of lattice self-similar sets such that D ¢ No. The remaining issue to be dealt with, 
however, is to find appropriate hypotheses on A enabling us to obtain (as is assumed in condition 
(2.3.30)) a sufficiently good error term, of the form O(t%) for some @ > 0 rather than merely o(1) 
ast > 0t. 
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Corollary 2.3.26. Assume that the hypotheses of the first part of Theorem 2.3.25 
hold (i.e., assume that A C RN is bounded and satisfies (2.3.30)). Then, A is not 
Minkowski measurable but is Minkowski nondegenerate (provided G takes its values 
n (0,+¢°) rather than in [0,+°°)) and possesses an average Minkowski content 
(defined as in Equation (2.4.4) in Definition 2.4.1 below) given by 


M (A) = 1es(E4,D) = = xf a G(r (2.3.39) 


In particular, 


MP (A) <M” (A) <M? (A). (2.3.40) 


Proof. Clearly, in light of (2.3.31), A is not Minkowski measurable because G is 
nonconstant (hence, infG = .“@?(A) <.@*(A) = supG) and continuous and takes 
its values in (0,+0°) (hence, ./?(A) = infG > 0) while .@*?(A) < oe (because G 
is periodic and continuous). 

Finally, the existence of .#?(A) follows much as in the proof of [Lap-vFr3, 
Theorem 8.30] and so, we will omit it here. We then obtain that 


=D _ 1 st 
A) = a G(t)dt. (2.3.41) 


Equation (2.3.39) now follows by combining Equations (2.3.41) and (2.3.35). 

We note in closing this proof that the existence and the value of .@? (A) (as given 
by Equation (2.3.41)) also follows from part (b) of Theorem 2.4.3 in Section 2.4.1 
below; see Equation (2.4.7). (See also the special case of Proposition 3.1.2 and of 
Corollary 3.1.6 where we have set m = 2 and a = 1/3.) 


Further postponing the proof of Theorem 2.3.25 for a while, we first provide 
several remarks. 


Remark 2.3.27. The analog of Remark 2.3.19 also applies to Theorem 2.3.25. 


Remark 2.3.28. All of the fractal zeta functions appearing in this monograph satisfy 
the so-called reality principle: the nonreal poles of zeta functions (defined on do- 
mains which are symmetric under complex conjugation) come in complex conjugate 
pairs. This property has been mentioned and discussed in [Lap-vFr3, Remark 1.6] 
in the case of the geometric zeta mureuons of fractal strings. In particular, if in Theo- 
rem 2.3.25 we have that sk = =D+% 7 ki is a pole of the tube zeta function oa for some 
k € Z\ {0} (that is, Go(* ) #0), dies its complex conjugate 5, = D— oR ki i is also 


a pole (since Go(-*) = Go(4 ) £0). The reality principle for a zeta function (or 


more generally, a meromorphic function) f(s) follows from the identity f(s) = f(5), 
which is satisfied if f(r) € R for any r € (D(f), +e). It follows from the principle 
of analytic continuation that this identity, and hence also the ‘reality principle’, con- 
tinues to hold in any domain to which f can be meromorphically continued and, in 
particular, to Mer (f), the half-plane of meromorphic continuation of f; see Defini- 
tion 2.1.53. The reality principle is also called the principle of reflection; see [Tit1, 
p. 155] and Remark 2.1.12. 


160 2 Distance and Tube Zeta Functions 


Remark 2.3.29. It would be interesting to find some reasonably general conditions 
on A (that is, on the function G) under which the set #(€,) in Theorem 2.3.25 is 
arithmetic (i.e., is a full arithmetic progression, namely, the sequence D + 727, ). 
Equivalently, this amounts to asking under what conditions on G is Go(k/T) 4 0 for 
all k € Z (or equivalently, for all k € N, k £0). See also Problem 6.2.8 on page 556. 


In the proof of Theorem 2.3.25, we shall need the following simple lemma. 


Lemma 2.3.30. Let F : (0,6) — R be continuous, and assume that G: RR > Risa 
T -periodic function, for some T > 0. If F(t) = G(logt~!) + 0(1) as t + OF, then G 
is continuous. 


Proof. In light of the periodicity of G, it suffices to show that G is continuous on 
(0, +0). We reason by contradiction. Hence, we assume that G is not continuous at 
some T > 0. Then, by periodicity, for every k > 1, we have that G is not continuous 
at T = kT + 1. Recall that the oscillation of a function G at a point x € R is given 
by 
oscG:= lim ( sup G-— inf G). 
x e—0T 


(x-€,x+€) (x-Ex+€) 


Defining t% = e~%, we have osc;, G(logt~!) = oscz, G = c > 0, where (in light of 
the T-periodicity of G) c does not depend on k. Here and in the sequel, we choose 
k sufficiently large so that % € (0,6). Since t, — 07 as k > 9, we may take k large 
enough and fixed, such that |o(1)| < c/2 for t = tg. Here, o(1) is the function of t 
given in the statement of the lemma. In particular, 0(1) + 0 as t > 0*. Therefore, 


osc F = ose(G(logt~') + (1) 
k k 
“| 1 1 
> osc(G(logt”") — osc|o(1)| > c-=c==c>0. 
tk tk 2 2 


On the other hand, since F is continuous on (0,6), we must have osc; F = 0, which 
is a contradiction. Hence, G must be continuous everywhere. 


We are now ready to establish Theorem 2.3.25. 


Proof of Theorem 2.3.25. To show that G is continuous, it suffices to apply Lemma 
2.3.30 to F(t) :=|A;|t?~", which is defined and continuous for t > 0. We can write 


Ca(s) = 1 (s) + C2(s), where 
C1 (s) = le t*P-G(logt!)dt, C2(s) = [vow yar (2.3.42) 


for some 6 > 0 fixed. As in the proof of Theorem 2.3.18, we have D(z) = D— a. 
Therefore, it suffices to prove that ¢,(s) can be meromorphically extended to the 
whole complex plane. We will show this by computing ¢; (s) in a closed form. Since 
G is T-periodic, we have 
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6 
i@= | -P-!G(logt! +. T) dt. 
0 


Introducing a new variable u defined by logu~! = logt~! + T, that is, u =e~"t, we 
obtain 


be-T 5 ets 
Ci(s) = 2 uu Glogu~!)du — ef (sD) (/ +f 
0 " F 
0-0 (cu 4 fre t* ?-!G(logt” pa). 


From this, we immediately obtain €)(s) in closed form: 


ere) opi -1 
Ci(s) = ee G(logt”*) dt 
el (s—D) logd-!4+7 (2.3.43) 


_ —t(s—D) 
= FEI ee e G(t)dt, 
“ 


I(s) 


where in the last equality we have passed to the new variable t := logt—!. The last 
integral (s) is obviously an entire function of s, since 6 is different from 0 and +. 
Here, we have used Theorem 2.1.45(c) with g(t) = e*. This shows that the function 
¢1(s) is meromorphic on C, and the set of its poles is equal to the set of complex 
solutions s,; of exp(T(s — D)) = 1 for which /(s;,) 4 0. If 7(sg) = 0, it is easy to see 
that s; is a removable singularity of €)(s): 


; S—Sk _r(s—s,) 1s) _ 1, 
oy o1(s) = el (s—D) — 1° S— Sp + rT! (se), 


where I’ denotes the derivative of J. Since 


log5-!+T Lk 
T (sx) =| ; er TG(t) dt 
loge (2.3.44) 


T amit ~ (k 
= et *G(2)dt = Go(z), 
0 T 


where we have used the fact that both t+ ef"? and TH G(T) are T-periodic 
functions, we conclude that the set of poles of the tube zeta function C4 is described 
by (2.3.32). Note that it contains D, since for k = 0 we have 


. T 
I(D) = I(s0) = Go(0) [ G(t)dt > 0. (2.3.45) 
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Indeed, the range of the function G|j9,7) is equal to the interval |.Z,,.@*], where 
M,, = M?(A) and M* = M*?(A). Since G is assumed to be nonconstant, we 
deduce from (2.3.30) that0 < 4 <.@* <0. 

Therefore, we have D(¢;) = D > D— a = D(,), and by Lemma 2.3.5, since 
a, = —~ (in the notation of that lemma), we also know that a possesses a (neces- 
sarily unique) meromorphic extension to the open right half-plane {Res > D— a}. 

Next, we compute the residue of C4 at s, = D+ Eki € YA(«&) for an arbitrary 
k € Z, using I’ Hospital’s rule and (2.3.44): 


res(€4,5~) =res(C1, 5x) 


7 . 2.3.46) 
_ 4 S~ Sk T (sy—D) = 1 k ( 
= re ist) = 700( 5). 


Substituting k = 0, we obtain (2.3.35). The inequalities in (2.3.36) follow from 
(2.3.35). 

As is well known, since Go € L' (IR), we have |Go(t)| < Golly = lEllnor) 
and Lim jy} 4.00 Go(t) = 0 (by the Riemann—Lebesgue lemma; see, e.g., [Ru] or 
[MitZu, p. 101]), so that (2.3.34) follows immediately from (2.3.46). 

If the function G is of class C, it does not mean that Go is of the same class. 
However, we can define G; : R > R by 


_JGQ-4, ifte [0,7], 
ain= 45 ft é [0.7], (2.3.47) 


Since the value of .Z@,, is in the range of G, we may assume without loss of generality 
that f = 0 is a minimum of G; namely, G(0) = G(T) =.4@,. Otherwise, we can shift 
the graph of G in the horizontal direction in order to achieve this. Furthermore, .%, 
is equal to the minimal value of G; hence, G;(0) = G;(T) = 0. This means that G, 
is continuous on R, and moreover, due to (2.3.37), that G; has the same regularity 
as G; that is, G; € C” (IR). A direct computation shows that for each t € R, 


7 7 _ eo 2mit-T 
Gi (t) = Golt) -— &— =, (2.3.48) 
from which it follows that 
fa 7k 1. k 
res(&4,54) = 7 Go( =) - = 61 (=). (2.3.49) 


Since G; € C”(R), by a standard result from Fourier analysis obtained by repeated 
integration by parts (see, e.g. [MitZu, p. 103]), we know that there exists Cy, > 0 
such that |G, (t)| < C,,t~”" for all t € R. This proves (2.3.38). Of course, the same 
conclusion can be achieved by defining G1(t) = G(t) —.Z*. 


Example 2.3.31. (Complex dimensions of the ternary Cantor set, revisited). Let A 
be the classic ternary Cantor set in [0, 1]. According to [Lap-vFr3, Equation (1.11)] 
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(or to Theorem 5.3.13, see Example 5.5.3 in Section 5.5.2 below), we have 
|A,| =2!-Pa!-D (2-fleest20-1 4 (3/2) 000") (2.3.50) 


for all t € (0, 1/2). Here, for x € R, {x} =x— |x| € [0,1) denotes the fractional part 
of x, where |x| (the integer part or the ‘floor’ of x) is defined as the largest integer 
which is less than or equal to x. Then the condition (2.3.30) in Theorem 2.3.25 is 
satisfied for N = 1, D = log; 2, @ = D, and 


G(t) :=2!-P (2 Uae} + (3/2)\ mF}, (2.3.51) 


It is easy to see that the function G is periodic, with minimal period T = log3, and 
is continuous. However, it is not of class C! since it is nondifferentiable at the points 
% = log2+Tk, k € Z; see Figure 2.16 or [Lap-vFr3, Figure 1.5]. It is therefore 
convenient to consider the restriction G|; of G to the interval J = [log2,log2 + T], 
since the value of ./*?(A) is achieved at the endpoints of J, and G|; is convex. An 
easy geometric analysis shows that 


MP (A) = 2?- = 2.583, 
while the minimum value of G is 


Dp? 
G=p)5 = 2.495, 


MP (A) =2'-P 
achieved at the minimum of G|;, which is easy to compute. (See also [LapPo2, 
Theorem 4.6] or [Lap-vFr3, Section 1.1.2]) In particular, the oscillatory period of 
the ternary Cantor set is given by 


am(A) :=.4@?(A) —.@*?(A) = 0.08. 


According to Theorem 2.3.25, the corresponding tube zeta function a has for ab- 
scissa of convergence D(€4) = log; 2; therefore, it can be meromorphically extended 
to the open right half-plane {Res > a} for any a > 0, and hence, to the entire com- 
plex plane. The set of poles of the tube zeta function is given by 


Pb) ={5=D+ 


ki:ke Zh =D+piZ, 
log3 


where p := 277/1og3 is the oscillatory period of the ternary Cantor set, in agreement 
with [Lap-vFr3, Equation (1.30)]. Computing the Fourier transform of Go directly, 


63 Tn our situation we have A, \ [0,1] = (—t,0) U(1,1 +1), so that in (2.3.50) we do not have the 
term —2r, unlike in [Lap-vFr3, Equation (1.11)]. Equation (2.3.50) can also be recovered from the 
general fractal tube formulas obtained in Chapter 5; see the discussion of the Cantor string (viewed 
as an RFD) in Subsection 5.5.2 below. (See also Equation (1.1.23) of Example 1.1.5 on page 15.) 
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with its support shifted to [log2,log2 + T] (since, on this interval, formula (2.3.51) 
holds without curly brackets), we obtain that for each pole 5, € A(C,), 


res(& ) le (S) 1 ne 2m GE (2) de 
Sk =S. —— SS 
As Sk T 0 T T log? 
ey) ee 6h LE oe . 
— 7 (4 (9-% _ g-ey 4. Pd ~s — 2is)) 2.3.52 
T ( 2 )+ 1—s C ) ( ) 
2% 
7 Ts (1 — sy)’ 


where in the last equality we have used the fact that 3% = 2. Since |2~**| = 2, we 
conclude that res(&4,s,) < k~? as |k| + ce, which is in agreement with the limit in 
(2.3.34). It is interesting to note that inequality (2.3.38) is satisfied for m = 2, even 
though G is not of class C? and not even of class C!. 


t-+ G(logr!) 
M*? (A) } 
MP (A) 4 
e = 
J ae 1 t 
0 632 6-3 6 


Fig. 2.16 Oscillatory nature of the function G(logt—!) appearing in the tube function ¢ +> |A;| = 
t!-G(logt—!) near t = 0 for the ternary Cantor set A = C"!/3), where D = dimg A = log, 2; see 
Example 2.3.31. Here, G(t) is log3-periodic, or equivalently, G(logt—!) is multiplicatively peri- 
odic, with multiplicative period P = 3; see Remark 2.3.24 on page 157. The ternary Cantor set is 
Minkowski nondegenerate, but is not Minkowski measurable; see [LapPo2]. (After [Lap-vFr1-—3].) 


The residues of the distance zeta function C, and the zeta function of the Cantor 
string Cy are obtained by using (2.2.23) (with N = 1) and (2.1.85), respectively: 


3 2-Sk 
res(C4, 5x) — (1 — sx) res(C4, 5x) — T ; 
Sk 
} 1 
res(C ¥, Sx) = 542°! res(C4, x) = oT 


For the Cantor string = (£;) ;>1 corresponding to the set A, we have 


1 1 ] 
A=, h=h=5, &4 = ls =l6 =f = a 
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Alternatively, we view @ as a decreasing sequence (¢;) ;>1, where for each j > 1, 
= 3-/ has multiplicity 2/~!. Therefore, 


Cols) = Y's # = — (2.3.53) 
j=l 


(see [Lap-vFr3, Equation (1.29)] or the discussion surrounding Equation (1.1.3) 
on page 5 of Chapter 1), where the first equality holds for all s € C such that 
Res > log;2. Hence, ¢y has a meromorphic extension to all of C, given by the 
last expression in (2.3.53). It now follows from (2.1.85) and (2.2.23) that both the 
distance and the tube zeta functions of A possess a meromorphic extension to the 
entire complex plane, with one additional simple pole at s = 0. 


Remark 2.3.32. It would be of interest to find examples of bounded sets A in RY 
such that (2.3.30) holds with G € C”(R), for a prescribed value of m € N (see Prob- 
lem 6.2.5). Recall that we use the convention according to which N = {1,2,3,...}. 
They will typically not be fractal sets since for such sets, one would expect G (when 
it exists) not to be differentiable on all of R. 


Example 2.3.33. The asymptotics of the tube function t +> |A;| as in (2.3.30) occur 
naturally in the study of self-similar lattice strings (in the sense of [Lap-vFr3, Chap- 
ter 2]); see [Lap-vFr3, Subsection 8.4.4 and, in particular Equation (8.44)]. If we 
consider an arbitrary (nontrivial) lattice self-similar string & (also in the sense of 
[Lap-vFr3, Chapter 2 and Section 8.4]), then it follows from [Lap-vFr3, Corollary 
8.27] that there exists 7 € R, n < D, such that for the associated fractal boundary 
A=0f we have 

|A;| =t!~? (G(logr!) + O(¢7*9)) (2.3.54) 


as t > O*, for all sufficiently small 6 > 0,°* where D = dimgA € (0,1) and G is 
a nonconstant periodic function. (See also Remark 2.3.35 below for a more precise 
statement of estimate (2.3.54), and [Lap-vFr3, Corollary 8.27] for an even more 
refined, but more technical, version of (2.3.54).) Since here ~ = n, it follows from 
Theorem 2.3.25 that the corresponding distance and tube zeta functions of A (as well 
as the geometric zeta function Cv of the self-similar string ) can be meromorphi- 
cally extended (at least) to the open right half-plane {Res > D— 1}. We note that 
in [Lap-vFr3, Chapter 2], Cv is given in a closed form and admits a meromorphic 
extension to all of C, not just to the half-plane {Res > D— 1}. 


Remark 2.3.34, We caution the reader that in Example 2.3.33, the set A stands for 
the boundary of the fractal string Y (i.e., A = 0L = dQ, where Q CR is the 
open bounded set defining the self-similar string 2). This is in contrast with much 
of the rest of the present monograph where by the set A = Ay associated with a 
fractal string LY = (€;);>1, we mean A := {¥j>,0;:k > 1} C (0,40) C R; see, 
especially, Section 2.1.4 above. 


% Tn other words, |A;| =1!~? (G(logt—!) + O(#")) as t + 0*, where the notation O(#() as t+ 0+ 
is explained by (2.3.8). 
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Remark 2.3.35. A much more precise statement of Equation (2.3.54) can be found 
in [Lap-vFr3, Theorem 8.25 and Corollary 8.27]. In particular, if Res = © is the 
rightmost vertical line of complex dimensions to the left of {Res = D}, then it 
follows from [Lap-vFr3, Corollary 8.27] that if O < 0, then estimate (2.3.54) holds 
with the optimal values n = D and 6 = 0, while if © > 0, then (2.3.54) holds with 
71 = D—© and for all 6 > 0. Note that if there are no complex dimensions to the 
left of {Res = D} (as is the case, for example, for the classic ternary Cantor string 
£ and the associated ternary Cantor set A = 0-Y), we have O = —co < 0 and hence, 
estimate (2.3.54) then holds with 7 = D and 6 = 0. 


Example 2.3.36. (Complex dimensions of the Sierpinski carpet). Let A be the classic 
Sierpinski carpet in the plane, as depicted in Figure 2.1 on page 49. Then, using 
[HorZu, p. 537] (see also [Lap3] and [Lap-vFr3]), we obtain that 


|A,| =2?-? (G(logr~!) + O(r?“')) (2.3.55) 


as t + 0t, where D = log, 8, and G is a nonconstant periodic function with period 
T = log3.© Since here @ = D—1 and T = log3, by using Theorem 2.3.25, we 
deduce that the distance and tube zeta functions of the Sierpinski carpet possess a 
unique meromorphic extension (at least) to the open right half-plane {Res > 1}, and 
that the set of complex dimensions of A (in that half-plane) consists of simple poles 
and is given by 

20 


20 
jack Z\=D iZ.. 2.3. 
foes ise (2.3.56) 


din {p+ 


A direct computation shows that both fractal zeta functions are, in fact, meromor- 
phic on all of C. 


Theorems 2.3.18 and 2.3.25 are stated for the tube zeta functions of bounded 
sets A C RY. Here, we first formulate the corresponding results for the distance zeta 
functions. 


Theorem 2.3.37 (Distance zeta functions of bounded sets: Minkowski measur- 
able and nonmeasurable cases). Let A be a bounded subset of RN, with N > 1. 
In the Minkowski measurable case, we assume that hypothesis (2.3.26) of Theo- 
rem 2.3.18 holds, while in the Minkowski nonmeasurable case, we assume that 
hypothesis (2.3.30) of Theorem 2.3.25 holds. Furthermore, let D > 0 be the real 
number occurring in (2.3.26) or in (2.3.30), respectively. Then, if D < N,®© the 
conclusions of Theorem 2.3.18 (respectively, of Theorem 2.3.25), concerning the 
tube zeta function (4 = &, A for any fixed 6 > 0), also hold for the distance zeta 


65 Alternatively, Equation (2.3.55) also follows by a direct application of the general fractal tube 
formulas obtained in Chapter 5 below. Conversely, the latter derivation requires the computation 
of C4 (or of &4) which is given in Subsection 3.2.1 below. 

66 Recall that the (upper) box dimension of a bounded subset of R% always lies in the closed 
interval [0,N]. 
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function Ca, except for the values of the residues. In the case of the counterpart of 
Theorem 2.3.18, these values are given by 


res(¢4,D) = (N—D).@”(A) (2.3.57) 
and, more generally, in the case of the counterpart of Theorem 2.3.25, by 


aoa Go(5). (2.3.58) 


res(C4, 5%) = 


for each pole sy € P(E), with k € Z; see Equation (2.3.32). We also have the 
following asymptotics: 
|res(Ca, sx)| = o(|Kl), (2.3.59) 


as k — +00, and in the case when G € C"(R), for some integer m > 1, we have 


|res(Ca,5x)| = O(|k|'~™”), (2.3.60) 


as k — +c0, Furthermore, in the Minkowski nonmeasurable case and independently 
of the smoothness of G, we always have that (A) (the average Minkowski con- 
tent of A, as given by Equation (2.4.4) in Definition 2.4.1 below) exists and 


1 /7 2 
res(64,D) = (w-p)= [ G(t)dt = (N—D).@(A), (2.3.61) 


and 


(N—D).MP(A) <res(€4,D) < (N—D).@*?(A). (2.3.62) 


Proof. It suffices to use Theorems 2.3.18 and 2.3.25. The claim about the distance 
zeta function €4(s) follows immediately from identity (2.2.23). The asymptotics in 
(2.3.59) and (2.3.60) follow from (2.3.58) and (2.3.38), since |2%*| = 2, |s,| ~ 2B 
and |N — sy| ~ 2k as |k| > 0. 

The value in (2.3.61) follows from (2.3.58) for k = 0. Finally, the inequality in 
(2.3.62) is a consequence of (2.3.35), (2.3.36) and (2.3.61). 


Note that in Theorem 2.3.37 just above and in agreement with Remark 2.2.18, 
the distance and tube zeta functions extend meromorphically to the same open right 
half-plane and have exactly the same poles (with the same multiplicities, equal to 
1 here): A(C,4) = A(&s) and, in particular, A.(C4) = Ac(Ea) (each of these sets 
being independent of 6). Also, dimgA exists and coincides with D: D = dimgA. 


Next, we state the corresponding result for geometric zeta functions associated 
with bounded fractal strings. Recall that a fractal string & = (£;);>1 is said to be 
bounded if Y7_) £; <°. 


Theorem 2.3.38 (Geometric zeta functions of fractal strings). Let 2 = (¢;) j>1 
be a bounded fractal string and let A = Ay C (0,+¢°) be the correspond- 
ing bounded subset of R defined by A = {ag = Dj>elj 1 k € N}. Much as in 
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Theorem 2.3.37, assume that the tube function of A satisfies hypothesis (2.3.26) 
of Theorem 2.3.18 (in the Minkowski measurable case) or hypothesis (2.3.30) of 
Theorem 2.3.25 (in the Minkowski nonmeasurable case), respectively. Then, if 
D <1 (since A C R and hence, N = 1 here), and a < D,®’ the conclusions of 
Theorem 2.3.18 (respectively, Theorem 2.3.25), concerning the tube zeta function 
an hold for the distance zeta function C, as well as (except for the values of the 
residues) for the geometric zeta function Cy of &. For Cy, in the case of the 
counterpart of Theorem 2.3.18, these values are given by 


res(Cv,D) = D2?-'(1—D).@(A), (2.3.63) 
and (still for ¢.y) in the case of the counterpart of Theorem 2.3.25, by 


of Go( : ), (2.3.64) 


sz—1 i= 


res(C.y, 8x) = 52 


for each pole sx © A(E,), with k € Z; see (2.3.32). We also have the following 
asymptotics: 


|res(Ev,5,)| = 0(k’), (2.3.65) 


as k —+ +e0, and in the case when G € C(R), for some integer m > 1, we have 


|res(Cv, sq)| = O(|kI?-”), (2.3.66) 


as k —+ tee, Furthermore, in the Minkowski nonmeasurable case and independently 
of the smoothness of G, we always have that .@? (A) (the average Minkowski con- 
tent of A) exists and 


res(Cv,D) = D2?1(1 ~D)= a G(t)dt =D2?-1(1—D).@”(A), (2.3.67) 
0 
and 


D2?! (1 — D).@? (A) < res(6v,D) < D2?-!(1—D).a@*? (A). (2.3.68) 


Proof. The claim concerning the distance zeta function C4 follows at once from 
Theorem 2.3.37 applied to the bounded set A = Ay C R (and hence, with N = 
1). Moreover, the claim concerning the geometric zeta function Cy follows from 
Proposition 2.1.59 since Equation (2.1.84) can be read as follows: 


C2(s) = 52° '(Ca(s) —v(s)), 


where v(s) is holomorphic for Res > 0. 


If 2 = (¢;);>1 is a bounded fractal string and A = {ag =D j>40;:k € N}, then 
it is easy to see that 


67 Indeed, in this case, we have D— a > 0; see Proposition 2.1.59 and the condition c > 0 assumed 
there. 
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|Ar| = ¥ 2)(t) +28, (2.3.69) 
j=l 
where for each j > 1, the function 0; : (0,-+e°) > R is defined by 


¥ t,  for0<t< 12, 
La) ort > zlj. 


The formula (2.3.63) appearing in Theorem 2.3.38 is precisely [Lap-vFr3, Equa- 
tion (8.65)]; see also [Lap-vFr3, Equation (8.25) in Theorem 8.15]. In a later work, 
we plan to study other applications of some of the results obtained in this section. 

An interesting question arises concerning the possible optimality of the domains 
of the meromorphic extensions appearing in Theorems 2.3.2, 2.3.18, 2.3.25, 2.3.51 
and 2.3.52. We illustrate this problem with a result in the context of Theorem 2.3.18, 
dealing with the Minkowski measurable case; see Theorem 2.3.41 below. Before 
discussing this result, we make two remarks which complement Definition 2.1.53, 
the definition of Mer(f), the half-plane of meromorphic continuation of a given 
meromorphic function f, initially defined on some domain U C C. 


Remark 2.3.39. In Definition 2.1.53, much as in the standard theory of (generalized) 
Dirichlet series (see, e.g., [Ser, Section V.2.2]), we let Dner(f) := —e° if f admits 
a meromorphic extension to all of C (ie., if Mer(f) = C), and Dmer(f) := +0 
if f does not admit a meromorphic extension to any open right half-plane (i.e., if 
Mer(f) = @). Hence, in every case, Mer(f) is the union of all the half-planes to 
which f admits a meromorphic extension. Note that since in light of the principle 
of analytic continuation, a meromorphic continuation to a given domain, if it exists, 
is unique (and since the union of an arbitrary family of open right half-planes is 
itself an open right half-plane),°* the meromorphic extension of f to Mer(f) is well 
defined. 


Remark 2.3.40. If f : U — C is a meromorphic function given initially (for Res suf- 
ficiently large) by a (generalized) Dirichlet series or more generally, by a Dirichlet- 
type integral [as is the case for the geometric zeta function of a fractal string (see 
(2.1.71)) or the distance zeta function of a bounded set A C RY (see (2.1.1))], then 
its abscissa of (absolute) convergence, D(f), is well defined. Clearly, since f is 
then holomorphic (and therefore, meromorphic) for Res > D(f), we must have 
Dmer(f) < D(f). In general, however, we may have Dmer(f) < D(f). For exam- 
ple, for the Riemann zeta function € = ¢(s) (given initially by the Dirichlet series 
C(s) = dy", n “, for Res > 1), we have Dmer(¢) = —ce (see Remark 2.3.39) since 
¢ has a meromorphic continuation to all of C, but it is well known that D(¢) = 1 
since ¢ has a pole at s = 1 (see Remark 2.3.1). 


68 More precisely, if {a j} jez is an arbitrary family of (extended) real numbers and @ := infjey @;, 
then Ujes{Res > aj} = {Res > a}. 
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Returning to the tube zeta functions b,, we note that the following result provides 
the precise value of Dmer(C,) for a class of sets A satisfying the asymptotic condition 
(2.3.70) below. 


Theorem 2.3.41 (Minkowski measurable case). Assume that A is a bounded set 
in R® such that there exist D > 0, M € (0, +2), to € (0, 1], such that 


|A,| =tN-?(.W@ + f(t), for all t € (0,10), (2.3.70) 


where f : (0,to) + R has the form f(t) = Die) cpt, with c, £0 for all k > 1, 
deE1 |ee| < 29, and the sequence of positive real numbers (O%)x>1 is strictly de- 
creasing and converges to a > 0. Then, the largest open right half-plane to which 
4 can be meromorphically extended is given by Mer(C4) = {Res > D— a}; that 
is, 

Dell jana (2.3.71) 


More specifically, the set of all singularities of a is equal to 
{D} U{D— 0% :k EN} U{D- a}, (2.3.72) 


where D is a simple pole, each D — Oy is also a simple pole, and D— © is an accu- 
mulation point of poles. 

Finally, the box dimension dimg A = D exists and A is Minkowski measurable, 
with Minkowski content given by @?(A) =. 


Proof. Since to < 1 and by hypothesis, a < o% for all k > 1, we have that 
IF (| St D feat % < e S! Ick. 
k=1 k=1 


Therefore, f(t) is well defined for all t € (0,1] and f(t) = O(t%) as t > 0*. By 
using Theorem 2.3.18, we deduce that Dmer(C4) < D— a. It suffices to prove the 
reverse inequality. We establish this by proving, in particular, that (D — of) x>1 is a 
sequence of poles of a (and that each of these poles is simple). Since it converges 
to D— a, then D— © is a singularity of b,, but not a pole, which will show that 
Dmer(Ga) 2=D-a@. = 

Let us define €; and € as in the proof of Theorem 2.3.18. In particular, C4 = 
61+ ©, with €, initially defined (for Res sufficiently large), by 


Bis = | ° SNM A dp = [ ° NLD + f(t) dt 


0 0 
= ie p-P-l a+ [ poP! ae hae 
= 61(s) + C2(s). 


© See Definition 2.1.53. 
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(Here, we can choose any fixed positive 6 < to; in particular, we have 6 < 1.) If we 
assume that Res > a, then Res > oy, for all k > 1, and in this case we have 


oo 5 
O(s):= | 8? par = dc | p-D+oK-l dy 
k=1 70 


os, 


~ 55-D+0, (2.3.73) 
—_——_~ =: F(s). 
= Die s—(D— Ox) (s) 
The function €)(s) :=.@ Jp 5 ps—D—1 dp = 45" ig meromorphic in all of C, with 


a single, simple pole, at s = D. Let S be the set of all singularities of F; that is, 
S={D-—o:kKEN}U{D—a}. Since YF, |cx| <2, and since 6 < 1, we have that 
for a given so € C\ S and for all s in some suitable open disk V centered at so and 
with sufficiently small radius (so that d(s,S) > d(so,S)/2 > 0 for all s € V), 


he 


6°~ D+ 0% 
Foa( (D— Ox) 


Sings |Res—(D-o,)| 


¥ lex! 


k=1 


~ ming>1 |s— (D— oK)| 
54 (Res,S) © 


- “d(s,S) 2 lex 


Note that since S is compact and so ¢ S, then clearly d(so,S) > 0. Therefore, by 
the Weierstrass M-test, the last series F(s) = YF, ass appearing in (2.3.73) 
is well defined, and it is holomorphic in the open neighborhood V of sg and, in 
particular, at so itself. Since so € C \ S is arbitrary, we conclude that C,(s) = F(s) 
can be meromorphically extended to the open set C \ S and that the largest open 
right half-plane to which it can be meromorphically extended is {Res > D— a}; 
i.e., Dmer(G2) = D— a. (As usual, we still denote this extension by ¢); that is, G2 := 
F.) Indeed, for each k > 1, €) = F clearly has a simple pole at each D— a, and 
furthermore, D — o& = lim,z_,..(D — o%) must be a singularity of C2 which is not a 
pole (because the set of poles of a meromorphic function must be discrete). 

Since, according to the above discussion, ¢) has a single, simple pole at s = D and 
is meromorphic in all of C, we deduce that a = ¢, + & can be meromorphically 
extended to {Res > D— a}, and the set of all of its singularities is equal to SU{D} = 
{D}U{D— om :k ©N}U{D— a}. Furthermore, D and each D— aK (k > 1) are 
simple poles of ae Since (just as in the case of ¢;) D—«a is a singularity of C4 
which is not a pole, we also conclude that Dmer(€4) = D— @. 

Finally, the statement concerning the Minkowski dimension and the Minkowski 
measurability of A follows immediately from hypothesis (2.3.70) and the standard 
definitions. 


Note that in contrast to Theorem 2.3.18 (where f(t) =1t%), we did not assume in 
Theorem 2.3.41 that 


|A,| ="? (.@+O(f(t))) ast > 0*, (2.3.74) 
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a clearly weaker and more flexible hypothesis than (2.3.70). An entirely analogous 
comment can be made in the context of Remark 2.3.42 just below. 


Remark 2.3.42. Much as in Theorem 2.3.41, it is possible to prove an analogous 
result dealing with Minkowski nonmeasurable sets A, such that 


Ar] ="? (G(logt”*) + f(t), 


for all t € (0,f), where f is defined exactly as in Theorem 2.3.41, G is a noncon- 
stant, periodic function with values in (0,+¢°) and with minimal period equal to 
T; see Theorem 2.3.25. The largest open right half-plane to which by can be mero- 
morphically continued (i.e., the half-plane of meromorphic continuation of C4, see 
Definition 2.1.53) is given by Mer(C€a) = {Res > D— a}, and the corresponding 
set of poles is given by 


P(E) ={D}U{D— am :kEN}U {p+ i : Go(=) rae a 2}. (2.3.75) 


Furthermore, much as in Theorem 2.3.41 above, one can show that a has a singu- 
larity at D— a, which is not a pole. Moreover, the box dimension of A exists and 
is given by dimgA = D. In addition to this, A is not Minkowski measurable since 
infG=.4@? <.da*? =supG, but it admits an average Minkowski content, denoted 
by .@?(A), which will be defined in Definition 2.4.1 of Section 2.4 below, and is 
given by .@ = + in G(t) dt. The proof of this latter statement can be easily adapted 
from the proof of [Lap-vFr3, Theorem 8.30]. See also Theorem 2.4.3 below. 


In Theorem 4.5.20, we will construct a class of subsets A of the real line such 
that, for any prescribed values of D € (0,1) and a € (0,D), we have D(4) = D and 
Dmer(€4) = D— at. We do this by using an appropriate sequence of relative fractal 
drums (see Section 4.1), generated by a sequence of generalized Cantor sets. See, in 
particular, (4.5.56), which parallels condition (2.3.70) in Theorem 2.3.41. 


Theorem 2.3.41 and its counterpart discussed in Remark 2.3.42 imply the op- 
timality of the results concerning the existence of a meromorphic extension of the 
distance zeta function C, in the statement of Theorem 2.3.37 (both in the Minkowski 
measurable and in the Minkowski nonmeasurable cases). It follows that the same op- 
timality result holds true for the existence of the meromorphic extension of the tube 
zeta function a in the statements of Theorems 2.3.18 and 2.3.25. Indeed, in light of 
Equation (2.2.23), and since N > D(C) = D(&4), we have that 


Mer(€4) = Mer(&) (2.3.76) 


for any bounded set A C RY. 


The following result deals with a class of fractal sets that are Minkowski non- 
measurable, but do not satisfy the ‘periodicity’ assumption of Theorem 2.3.25 and 
Remark 2.3.42. 
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Theorem 2.3.43. Let A and B be two disjoint bounded sets in RN such that their 
Euclidean distance is positive; that is, d(A,B) := inf{d(x,y) :x € A, y € B} > 0. 
Assume that there exist D > 0, a > 0, B > 0, such that 


|A,| =t’-?(G(logt!) + O(t”)) as tt, 


2.3.77 
\B,| = tN (A (logt!) + 0(t8)) ast 0, ( ) 


where G and H are nonconstant periodic functions on R with values in {0,-++°°) and 
minimal periods T and S, respectively, such that the number T /S is irrational, and 
t € (0, 3d(A,B)). Then 


|(AUB),| =2%-? ((G+H)(logt7!) + 0¢™™F})) as t—0t, (2.3.78) 
where the function G+ H is nonperiodic, 
inf(G+H) <.@? (AUB) <.@*?(AUB) < sup(G+4), 


and Crus has a meromorphic extension to the open right half plane 


{Res > D—min{a,B}}; (2.3.79) 
so that - 
Der (aus) <D-— min{@, B }. (2.3.80) 
Furthermore, the corresponding set of poles of Cau is given by 
P (Cavs) = P(Ea)U P(Za), (2.3.81) 
where 
> 20 
P(E) = {D+ ti: éo(4 ) £0, kezh, (2.3.82) 
20 
P(E) = {p+= li: Ao(5 ) A fe 2}. (2.3.83) 
and so P(E4) P(Eg) =0. Moreover, each of these poles is simple and 
z 20. z Qn. 1, k 
res (Gau2,D+ = ki) tes (4,D+ ; ki) = 7 Co( =): (2.3.84) 
z 20, z 20 1. sl 
res (Cxup,.D+ li) =res (&p,D li) = sfo( 5): (2.3.85) 


fork #0 (k€Z) andl 40 (1 € Z), with Go defined as in (2.3.28), while 


res(Eaup,D) = = xf al G(t)dt+-= =f a H(t (2.3.86) 
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Finally, A, B and AUB have the same box dimension D: 
dimg A = dimg B = dimg(AUB) = D. (2.3.87) 
Furthermore, if, in addition, D < N, we have (with res(G4ug,D) given by (2.3.86)) 


MY (A) + M?(B) < MP(AUB) < res(Cauz,D) 


(2.3.88) 
<.M*P (AUB) < .@*P(A)+.0°?(B). 
Proof. Since t < 54(A,B), it is easy to see that 
|(AUB)+| = |A,UB;| = |A;| + |B;|, (2.3.89) 


which implies that G4yg = G4 + a and hence that (2.3.78) holds. Much as in the 
proof of Theorem 2.3.25, we have C4 = CA+ C4 and Cy = 68 + C8, from which it 
follows that 


Crus = (Ch +6P) + (G3 + GF). (2.3.90) 


Since ¢; := €4 + €8 is meromorphic in the entire complex plane, and C2 := C4 + ¢? 
has for abscissa of convergence D(¢2) < max{D — a,D—B} = D—min{a, B}, it 
follows from Lemma 2.3.5 that C4ug can be meromorphically extended at least to the 
open right half-plane {Res > D—min{a,B}}; i.e., Dmer(Caus) < D—min{a, B}. 
The remaining claims about the residues follow from Theorem 2.3.25. 

More specifically, according to Theorem 2.3.25 applied to both A and B, we 
know that the second equality holds in each of Equations (2.3.84) and (2.3.85). 
Furthermore, we know that 


res( (&,D =n fra G(T (2.3.91) 


and 
res( (&,D) yaa f ml A(t (2.3.92) 


Moreover, since Cup = Ci + on, we have 


res(Gyg,@) = res(&4,@) +res(Zp, @), (2.3.93) 


for every @ € C such that Rew > D—min{a, 8}. The first equality in (2.3.84) then 
follows because fei is holomorphic at the poles of a (which, by Theorem 2.3.25, 
are simple and occur precisely at D+ 22 ki, for every k € Z, provided Go(k/T) 40). 
The fact that the first equality in (2.3.85) holds follows by interchanging the roles 
of A and B. Moreover, (2.3.86) follows by combining (2.3.93) (applied to @ = D), 
(2.3.91) and (2.3.92). 

Finally, it also follows from Theorem 2.3.25 applied to both A and B that 
dimgA = dimg B = dimg(A UB). It then easily follows from the definition (see, in 
particular, Equations (1.3.4) and (1.3.5)) that dimg(A UB) exists and is also equal to 
D. Furthermore, by taking separately the lower limit and the upper limit in (2.3.89), 
we deduce that 
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MM? (A) + 0° (B) < (AUB) (2.3.94) 


and 


M*? (AUB) < M°?(A)+.0*?(B). (2.3.95) 


Next, according to Theorem 2.2.14 (and when D < N), applied to AUB, A and B, 
we must have that 


AM? (AUB) < res(E4up,D) < M*P(AUB). (2.3.96) 


Equation (2.3.88) now follows by combining the inequalities (2.3.94), (2.3.95) and 
(2.3.96). This concludes the proof of Theorem 2.3.43. 


Corollary 2.3.44. Assume that the hypotheses of Theorem 2.3.43 are satisfied. 
(Here, the assumption according to which D < N is not needed for this corollary 
to be true.) Then, AU B is not Minkowski measurable in general, but it possesses 
an average Minkowski content (defined as in Equation (2.4.4) of Definition 2.4.1 
below) given by 


M (AUB) = tes(Eaun,D) = = zo G(t)dt += a fu H(t (2.3.97) 


Proof. Indeed, Equation (2.3.97) follows by applying Theorem 2.3.25 (or rather, 
Corollary 2.3.26) to both A and B, in order to deduce that .@/? (A) and .@?(B) exist 
and are given as follows: 


- =f Ger, M(B) = OG 


One then uses (2.3.89) combined with Equation (2.4.4) (in Definition 2.4.1 below) 
to deduce that .#?(A UB) exists and is equal to the sum of .@?(A) and .@/?(B). 
Hence, in light of (2.3.86), (2.3.97) holds, as desired. 


2.3.4 Landau’s Theorem About Meromorphic Extensions 


Let (1;)j>1 be a strictly decreasing sequence of positive numbers and (bj) ;>1 be a 
sequence of positive numbers. For each j, b; can be thought of as being the ‘multi- 
plicity’ of 1}. As in Section 2.1.3, let us counder the (generalized) Dirichlet series 


= bil, (2.3.98) 


and define the counting function 


Aw= dy. (2.3.99) 
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We can now formulate a result due to Landau [Lan], which generalized previous 
results due to Dirichlet and Phragmén. 


Theorem 2.3.45 (Landau, [Lan]). Assume that the Dirichlet series (2.3.98) is such 
that there exist a positive constant M and y © (0,1) satisfying the following 
condition: 

A(x) = @x+O(x") as x0, (2.3.100) 


Then, the function 
M 


s—l 


f(s) — 


is holomorphic on the half-plane {Res > y}. 


(2.3.101) 


The conclusion of Theorem 2.3.45 can be formulated equivalently as follows: 
Then, the function f(s) possesses a meromorphic continuation to the open right half- 
plane {Res > y}, with a unique (and simple) pole located at s = 1, and res(f,1) = 
Mé. Furthermore, Landau showed by example that the bound y, appearing in the 
open right half-plane {Res > y}, cannot be improved. 

As we see, Landau’s result is of the same nature as parts of Theorems 2.3.2 
and 2.3.18 above. A concise introduction to the study of singularities of Dirichlet 
series can be found in [BerGay, Section 5.2]. 


Remark 2.3.46. In this section (Section 2.3), we certainly have not exhausted the 
problem of finding the meromorphic continuation of a given fractal zeta function. In 
fact, it is far from being the case, as the reader can easily realize. As is well known, 
the difficult problem of showing the existence of a meromorphic extension (and then 
studying this extension on a suitable domain) of a given zeta function is one of the 
fundamental problems in analytic number theory. See, e.g., [Edw, ParsSh1-—2, Tit3, 
WaMLItz, Lap6, Lap-vFr3, Es1—2, EsLapRRo] and the relevant references therein. 

Along similar lines, in the study of dynamical (or Ruelle) zeta functions attached 
to hyperbolic dynamical systems (including subshifts of finite type), powerful tech- 
niques were developed by Parry and Pollicott in [ParrPoll—2], as well as by Ru- 
elle [Rue1—4], his collaborators and many other researchers in a variety of dynam- 
ical settings. It would be interesting to investigate whether they could be suitably 
adapted to our geometric situation in order to obtain further meromorphic extension 
results, applicable to a broader class of bounded sets and later, in Chapter 4, of rel- 
ative fractal drums (beyond, for example, the self-similar case). We note that in the 
case of ordinary fractal drums in dimension N > 1, we shall obtain new results con- 
cerning the existence of meromorphic extensions of the spectral zeta functions of 
such fractal drums, as well as the optimality of certain bounds for the corresponding 
abscissae of meromorphic continuation of those zeta functions; see Section 4.3, es- 
pecially Subsection 4.3.2. Moreover, throughout various parts of this book, we will 
obtain further results about the existence or the non-existence of meromorphic con- 
tinuations of fractal zeta functions; see, for example, Section 4.5 and Section 4.6, 
for the case of relative fractal drums. 

Some of these results (along with a variety of examples and results in Chapters 
4 and 5, see, e.g., Subsection 5.4.4) point to the importance of not only searching 
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for meromorphic extensions (although this is essential in our current theory), but 
also determining the location and the nature of the nonremovable singularities (in 
suitable domains of C) of fractal zeta functions. This will lead us, in particular, 
to extend the definition of fractality proposed in Subsection 4.6.3 (see, especially, 
Remark 4.6.24) by replacing “poles” with “nonremovable singularities” (includ- 
ing essential singularities) in that definition. The examples of fractal tube formulas 
obained in several places in Chapter 5 in connection with nonstandard gauge func- 
tions and hence, nonremovable singularities that are not poles of the corresponding 
fractal zeta functions (see also Example 4.2.10) show that the notion of “complex 
dimensions” itself should be extended accordingly, while still keeping a proper ge- 
ometric meaning. 


2.4 Average Minkowski Contents and Dimensions 


From our point of view, introducing average Minkowski contents of a fractal set A 
can be motivated by the need to understand the behavior of the corresponding tube 
zeta function near the abscissa of convergence. Its construction leads us in a natural 
way to a new type of fractal dimensions, that we call (upper and lower) average 
Minkowski dimensions of A. 


2.4.1 Average Minkowski Contents of Bounded Sets in R 


The following definition is an immediate extension (to bounded subsets of RY) of 
the corresponding one in [Lap-vFr3, Definition 8.29], introduced for bounded fractal 
strings on the real line. See also an analogous expression in Gatzouras’ paper [Gat, 
Theorem 2.3(ii)] and in a different (but related) context in the paper by Bedford and 
Fisher [BedFi]. This extended definition can be found in the article by Freiberg and 
Kombrink [FreKom, Definition 1.4(4)], as well as in [Lap-vFr3, Section 13.1] (based 
on the work by Lapidus and Pearse in [LapPe2-—3] and by those same authors and 
Winter in [LapPeWil-2]). In order to motivate introducing the average Minkowski 
content, note that by Theorem 2.2.3, the tube zeta function a (s) of any Minkowski 
nondegenerate fractal set A in R™ has a simple pole at s = D := dimgA (provided 
there is a meromorphic extension of a to a neighborhood of D), and therefore, 

is 6 

&,(D*) := lim [| tN 1|A,|dt = +e. (2.4.1) 

s>Dt JO 

It is interesting to know how fast the expression f, We t?-N~| dt tends to infinity as 
r — +00, We shall see in Theorem 2.4.3 below that, under some additional condi- 
tions, the growth rate is logarithmic, and moreover, 
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6 ss 
| tP-N-la.|dt ~ res(€4,D) logr as r— +o. (2.4.2) 
1/r 


Definition 2.4.1. Assume that A is a bounded subset of R” such that D := dimgA 
exists. Let 6 > 0 be fixed. Then the average upper D-dimensional Minkowski con- 
tent (or, for short, the average upper Minkowski content) of A is defined by 


~ 1 6 
M*? (A) := limsup — / ge de (2.4.3) 
rote logr Ji /r 


We can analogously define the average lower Minkowski content @ (A), by taking 
the lower (instead of the upper) limit as r + +c in the counterpart of (2.4.3). If both 
of these values coincide, that is, if the limit 


, 1 /é 
MA) := lim — | pA, | di (2.4.4) 
rote logr Ji /r 


exists, then the common value of .@?(A) and .@*?(A) is denoted by .@?(A) and 
is called the average Minkowski content of A. It is easy to see that the value of the 
average Minkowski content does not depend on the choice of 6 > 0, and therefore, 
we can assume without loss of generality that 6 = 1. 


Remark 2.4.2. Note that the integral occurring in (2.4.2), (2.4.3) and (2.4.4) can be 


rewritten as follows: 
By ai, jet 
t |A; | a) 
1/r t 


where dr/t is the Haar measure on the multiplicative group (0,+<¢°), viewed as the 
space of scales; see the discussion immediately preceding Equation (2.2.22) on page 
118. A similar comment applies to the integral on the right-hand side of (2.4.1), but 
now with D replaced by s. 


Clearly, the integral appearing in the definition of the average Minkowski content 
is analogous to the one occurring in the definition of the tube zeta function. The 
following result, Theorem 2.4.3, shows that the average Minkowski content .#/? (A) 
exists; moreover, .@? (A) is equal to the residue of the tube zeta function at D = 
dim, A, provided the box dimension exists. Part (b) of Theorem 2.4.3 extends part 
of [Lap-vFr3, Theorem 8.30] to the N-dimensional case. It is easy to check that the 
technical condition assumed about f(t) in Theorem 2.4.3 is satisfied when f(t) = 
O(t™) as t + 0*, for some a > 0; see Proposition 2.4.4. 


Theorem 2.4.3. Assume that A is a bounded set in RN such that D := dimgA exists. 
Then: 


(a) If A is such that M?(A) exists and MA) > 0 (and in particular, if A is 
Minkowski measurable), then /?(A) = (A). Furthermore, if there exist posi- 
tive real numbers a and M such that \A;| = t’~P(.@ + O(t®)) as t + 0°, then 
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MM” (A) = (A) =1es(&,,D) =.4. (2.4.5) 


(b) Let f : (0,1) > R be a function such that f(t) + 0 as t + 0* and |f(t)| < 
g(logt—!), where the function g : (0,-+e°) > R satisfies the condition 


lim if g(t (2.4.6) 


Loto L 


If |A;| =t’~? (G(logt~') + f(t) for allt € (0,1), where G is a T-periodic function 
on R,”° then 


M” (A) = res(&4,D) a tf a G(t (2.4.7) 
Furthermore, (A) = infG, .@*?(A) =supG, and 
MP (A) < M(A) < MP (A). 


Proof. (a) The condition .@?(A) > 0 implies that €4(D) = +e. Indeed, let s € R, 
s > D. Then, for any 6 € (0, 1], we have 


5 6 7 
dats) = foe Naylae s [PN ay|de = Ea(D). 
0 0 


Letting s > D+ and by using Theorem 2.1.11(c), we obtain that &4(D) = +e. 
Therefore, since the function ¢ ++ |A;| is clearly continuous on (0,+¢°), we can 
apply I’Hospital’s rule to deduce that .#/(A) exists and 


Jet? MA, de 


ZD _ 1: —D 
(A) = ree logr ~ jim 1/r| 
_  |Aq| D 
= MA), 
ou qN-D ( ) 


where we have introduced a new variable t := 1/r. To prove the second equality in 
(2.4.5), it suffices to also use Theorem 2.3.18. 


(b) We have that 


; 1 
[ on t!(G(logt~!) + f(t) de 
1/r a 


logr 
os G(t (jar ft iF 


where we have introduced a new variable t := logr~!. 


7 It is clear that G must be nonnegative since infG =.#@/?(A) > 0. 
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Step 1: If we write logr = kT + 0; for r large enough, where k € N and o; € [0,T) 
(note that k is uniquely determined by 1), it suffices to consider 


1 logr kT kT +0, 
— i G(t)dt = [ +f 
logr Jo kT + 0% + OK kT 


Since r —> +c implies that k + +o, 


kT +0, T kT T 
0< i G(t)dt< i: G(t)dt, and | G(t)dt = kf G(t) dt 
kT 0 0 0 


we have that 


1 logr 
lim — G(t)dt = lim 
eer. im areal oe “F 


Step 2: Using 


I(r) := 


oe aoee a 1 
— t° f(t)dt| << —— t g(logt —)dt <0 
eae f(t) [< eae g(logt ")dt <, 


where r > 1, letting L := logr, and then introducing a new variable t := logt—!, we 
deduce that 


0< lim I(r ) < im + [e(ayae 


roo Lo+eo L 
Hence, lim,_,+../(r) = 0. 
By combining Steps | and 2, we conclude that the average Minkowski content 


MM” (A) exists and .@?(A) = 4 fo G(t) dt. The remaining equality in (2.4.5) fol- 
lows from Theorem 2.3.25. 


Proposition 2.4.4. The technical condition (2.4.6) on the function g(t) appearing 
in part (b) of Theorem 2.4.3 is fulfilled if g is nonnegative and satisfies one of the 
following properties: 


(a) | (ear <a 


(b) | g(t) dt = +, g(T) > 0 as T > +0, and g is continuous. ”! 
0 


Proof. While the sufficiency of (a) is obvious, the sufficiency of (b) follows imme- 
diately from l’Hospital’s rule: 


dim g(t)dt = jim | &(L )=0. 


This concludes the proof. 


7! Tt suffices to assume that g is continuous in a neighborhood of +. 
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Example 2.4.5. Condition (a) in Proposition 2.4.4 is satisfied if f(t) = O(t%) as 
t + 0+, where a > 0 is fixed, since | f(t)| < Cr” = Cexp(—qlogr~'), and then 
g(T) := Ce °*, where C is a positive constant. 

On the other hand, condition (b) in Proposition 2.4.4 is satisfied if 


f(t) =O((logt"')~”) as t+ 0*, 
where y > 0 is fixed, since then g(t) := Ct’ — 0 as tT > +o, and fp g(t) dt = +. 
Indeed, note that for y € (0,1) the function g is not integrable near T = +c, while 


for y> 1 it is not integrable near tT = OT. 
This example can be further extended to the case when 


f(t) =O((log”*7')-Y) as t+ 0*, 
where y > 0, m is an integer > 2, and log” denotes the m-fold composition of log’s. 


In this case, g(t) := C(log” ! t)~Y > 0 as tT > +ce. For notational simplicity, we 
only check the nonintegrability of G for m = 2: 


boo oo foo 
[ g(t) dt = Ci (log t)-dt = ey u Ye" du = +e, 
e e 1 


since u Ye” —> +00 as u + +00, 


2.4.2 Average Minkowski Dimensions of Bounded Sets in RN 


Much as in the case of Minkowski contents, it is natural to introduce the notion 
of upper and lower average Minkowski contents, depending on a nonnegative real 
parameter s. These definitions extend, refine and complement [Lap-vFr3, Definition 
8.29]. 


Definition 2.4.6. Let A be a bounded subset of R%, and s > 0. Then, the upper 
s-dimensional average Minkowski content of A is defined by 


a i. gg 
M**(A) = limsup — i gp TAs, (2.4.8) 
rote logr J1/r 


where 6 > 0 is fixed. It is easy to check that the value of .@**(A) € [0, +09] does not 
depend on the choice of 6, since 


; L fess 
lim — | rr" |A;| dt = 0 
r>+e logr J§ 


for any two positive real numbers 6 and 6). 
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The lower s-dimensional average Minkowski content .7@°(A) of A is defined ex- 
actly as in (2.4.8), except for the fact that the upper limit is now replaced with a 
lower limit. 


The following lemma shows that the average Minkowski contents have properties 
analogous to those of the usual Minkowski contents. 


Lemma 2.4.7. Let A be a bounded set in RN. Then: 


(a) If so > 0 is such that @**0(A) > 0, then for any positive s < sq we have that 


) If 89 > 0 is such that (A) <0, then for any positive s > sy we have that 
M**(A) = 0. An analogous claim holds for the lower average Minkowski content. 


(c) There exists a unique nonnegative real number Day such that 


- Day 
Maya d® — fors> Dav (2.4.9) 
too, for0<s< Dy. 


(d) There exists a unique nonnegative real number D,,, > 0 such that 


AMi(Ay= 4% fors> Dav (2.4.10) 
too, forO<s<D,,. 


Proof. We only provide the proofs for the upper average Minkowski contents. In- 
deed, for the lower average Minkowski contents, the proof is entirely analogous. 


(a) Assume that .#/**0(A) > 0, and let s < so. Then for any r > 0, 
6 7 6 7 7 7 7 6 , 
fe Nadas = fo asm Mayar > 6-9 f e-¥N Ade 
1/r 1/r 1/r 


Dividing by logr and then taking the upper limit as r — +c», we obtain that 
MA) > 5° * (A). 


Since average Minkowski contents do not depend on the choice of 6 > 0, we can 
pass to the limit as 6 + 0+. This proves that .@/*5(A) = +e. 


(b) Assume that .7#/*°0(A) < 0, and let s > so. Then, reasoning much as in case 
(a), we obtain that 


M** (A) < 5° 4*(A). 


Passing to the limit as 6 > 0*, we conclude that .@**(A) = 0. 


(c) follows at once from the first parts of (a) and (b). Analogously, (d) follows 
from the second parts of (a) and (bd). 
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An immediate consequence of Lemma 2.4.7 is that the following definition is 
meaningful. 


Definition 2.4.8. Let A be a bounded set in R%. We define the upper and lower 
average Minkowski dimensions of A as the respective values of Dg, and D,,, in 
Lemma 2.4.7. In other words, the upper and lower average Minkowski dimensions 
of A are defined by 


dimgyA := inf{s > 0:.@*(A) = 0} = sup{s > 0: .@*5(A) = +o}, 


- : (2.4.11) 
dim,,A := inf{s > 0:.43(A) = 0} = sup{s > 0: (A) = +o}. 


We use the convention according to which sup@ = 0. If dim,,A = dim,,A, then 


this common value is denoted by dimg,A, and we call it the average Minkowski 
dimension of A. 


Proposition 2.4.9. For any bounded set A in IR‘, we have 


dim,A < dim,,A < dimgyA < dimgA. 


In particular, if dimgA exists (that is, dimpA = dimgA), then dimgy A exists as well 
and 
dim, A = dimgA. (2.4.12) 


Proof. We first prove the inequality dimgyA < dimgA. Let D := dimgA. In view of 
(2.4.11), it suffices to show that for any s > D we have .@**(A) =0. 

Let us choose so € (D,s). Since .@** (A) =0, then there exists a positive constant 
C =C(6) such that |A;| < Cr’ for all t € (0,6). Therefore, 


6 5 s—80 _ (J s—sg 
/ poe nA des c| p> 90- | ay = ry cami Ls a (/r) . 
1/r 1/r 


S— SO 


Dividing by logr and letting r + +0, we obtain .@**(A) < 0; that is, .7/**(A) = 0. 
To prove the inequality dimpA < dim,,A, let us write D := dim,A. In view of 
(2.4.11), it suffices to show that for any s < D, we have .@**(A) = +o. 
Let us choose so € (s,D). Since .4@;°(A) = +0, then there exists a positive con- 
stant C = C(6) such that |A,| > Cr~*° for all t € (0,6). Therefore, much as above, 
we obtain that 


fo) fo) se 6°50 — (1 S—SQ p05 — § 5-50 
[ N'A, |dt > cf 18% d¢ = C (1/r) =C : 
1/r 1/r 


S—SO So—S 


Dividing by logr and letting r — +o, we deduce that .#/**(A) > +o; ice., 
M**(A) = +00. 


Regarding the relations between average Minkowski dimensions and standard 
box dimensions obtained in Proposition 2.4.9, we refer the interested reader to Prob- 
lems 6.2.28 and 6.2.30. 
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The notion of average Minkowski content can be extended from bounded sets A 
in Euclidean spaces to relative fractal drums (A,Q), which we introduce in Chap- 
ter 4. In this way, for any real number s (and not just for any s > 0), we can 
define the average Minkowski contents of relative fractal drums, M**(A,Q) and 
M5(A,Q), and the associated average Minkowski dimensions of relative fractal 
drums, dimg,(A,Q) and dim,,,(A,Q), which may assume negative values as well, 
including —s9. 


Chapter 3 


Applications of Distance and Tube Zeta 
Functions 


Aus dem Paradies, das Cantor uns geschaffen, soll uns niemand 
vertreiben kénnen. 


[No one shall expel us from the paradise that Cantor has created 
for us.] 
David Hilbert (1862-1943) 


Abstract In this chapter, we show that some fundamental geometric and number- 
theoretic properties of fractals can be studied by using their distance and tube zeta 
functions. This will motivate us, in particular, to introduce several new classes of 
fractals. Especially interesting among them are the transcendentally quasiperiodic 
sets, since they can be placed at the crossroad between geometry and number the- 
ory. We shall need two deep results from transcendental number theory; namely, the 
theorem of Gel’ fond—Schneider, and its extension due to Baker. In this context, the 
connecting link between the number theory and the geometry of fractals will be their 
tube zeta functions. A natural extension of the notion of distance zeta function leads 
us to introducing a general class of weighted zeta functions. Here, we introduce 
the space L®) (Q) := Nps1L?(Q), called the limit L*-space, from which the weight 
functions are taken. Intuitively, a given weight function w from the space E>) (Q) 
may only have very mild singularities, say, of logarithmic type. However, the set of 
singularities may be large, in the sense that its Hausdorff dimension can be arbitrar- 
ily close (and even equal) to N. A typical example is the function w(x) = logd(x,A) 
which appears under the integral sign when we differentiate the distance zeta func- 
tion. We illustrate the efficiency of the use of distance zeta functions by computing 
the upper box dimension of several new classes of geometric objects, including 
geometric chirps, fractal nests and string chirps. These sets are closely related to 
bounded spirals and chirps in the plane. We also recall the construction of a class of 
fractals, called zigzagging fractals, for which the upper and lower box dimensions 
do not coincide, and show that the associated fractal zeta functions are alternating, 
in a suitable sense. 


Key words: fractal zeta functions, meromorphic extensions, generalized Can- 
tor set, transcendentally n-quasiperiodic set, Sierpifiski carpet, Sierpinski gasket, 
weighted zeta function, tensor product of bounded fractal strings, multiple complex 
dimensions, essential singularity, fractal nest, geometric chirp, multiple string chirp, 
zigzagging fractal set. 
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In this chapter, we show that some fundamental geometric and number-theoretic 
properties of fractals can be studied by using their distance and tube zeta functions. 
This will motivate us, in particular, to introduce several new classes of fractals. Es- 
pecially interesting among them are the transcendentally quasiperiodic sets, since 
they can be placed at the crossroad between geometry and number theory; see Sec- 
tion 3.1. We shall need two deep results from number theory: namely, the theorem 
of Gel’ fond—Schneider, and its extension due to Baker. In this context, the connect- 
ing link between the number theory and the geometry of fractals will be their tube 
zeta functions. 

A natural extension of the notion of distance zeta function leads us to introducing 
a general class of weighted zeta functions; see Section 3.4. Here, we introduce the 
space L™)(Q) := NpsiL?(Q), called the limit L*-space, from which the weight 
functions are taken. Intuitively, a given weight function w from the space > (Q) 
may contain only very mild singularities, say, of logarithmic type. However, the 
set of singularities may be large, in the sense that its Hausdorff dimension can be 
arbitrarily close (and even equal) to N. A typical example is the function w(x) = 
logd(x,A) which appears under the integral sign when we differentiate the distance 
zeta function; see Equation (3.4.9) in Theorem 3.4.4(a). 

We illustrate the efficiency of the use of distance zeta functions by computing 
the upper box dimension of several new classes of geometric objects, including 
geometric chirps, fractal nests and string chirps; see Sections 3.5 and 3.6. These 
sets are closely related to bounded spirals and chirps in the plane. We also recall 
the construction of a class of fractals, called zigzagging fractals, introduced by the 
third author in [Zu4, Remark 1.7], for which the upper and lower box dimensions 
do not coincide, and show that the associated fractal zeta functions are alternating; 
see Section 3.7. 


3.1 Transcendentally Quasiperiodic Sets and Their Zeta 
Functions 


The goal of this section is to define generalized Cantor sets by means of two aux- 
iliary parameters, and to describe a construction of some of the simplest classes of 
quasiperiodic sets, which we introduce in Definition 3.1.11. The main result is stated 
in Theorem 3.1.15. 


3.1.1 Generalized Cantor Sets Defined by Two Parameters 


Here, we introduce a class of generalized Cantor sets C’”"“), depending on two pa- 
rameters. As a special case we obtain Cantor sets of the form C (@) := C24), which 
we introduced in Example 2.2.6. 
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Definition 3.1.1. The generalized Cantor sets C’””) are determined by an integer 
m > 2 and a positive real number a such that ma < 1. In the first step of the analog 
of Cantor’s construction, we start with m equidistant, closed intervals in [0,1] of 
length a, with m— 1 ‘holes’, each of length (1 — ma) /(m-— 1). In the second step, 
we continue by scaling by the factor a each of the m intervals of length a; and so on, 
ad infinitum. The (two-parameter) generalized Cantor set C’"“) is defined as the 
intersection of the decreasing sequence of compact sets constructed in this way. It is 
easy to check that C’’”" is a perfect, uncountable compact subset of R. (Recall that 
a perfect set is a closed set without any isolated points.) Furthermore, C (m4) is also 
self-similar. For m := 2, the sets C’" reduce to the (one-parameter) generalized 
Cantor sets C, defined in Example 2.2.6. In order to avoid any possible confu- 
sion, we note that the generalized Cantor sets introduced here are different from the 
generalized Cantor strings introduced and studied in [Lap-vFr3, Chapter 10]. With 
our present notation, the classic Cantor set is obtained as C 2/3), 


(m,a) 


We note that the box dimension of CY", as given by Equation (3.1.1) below, 
is equal to its Hausdorff dimension. The proof of this fact in the case of the classic 
Cantor set can be found in [Fall] and is due to Moran [Mora] (in the present case 
when N = 1). This also follows from a general higher-dimensional result in [Hut] 
(described in [Fall, Theorem 9.3]) because C" is a self-similar set satisfying the 
open set condition. 


It can be shown that the generalized Cantor sets C (™.4) have the following prop- 
erties, which extend the ones established for the sets C(. Apart from the proof of 
(3.1.5), which is provided below, the proof of the proposition is similar to that for 
the standard Cantor set (see [Lap-vFr3, Equation (1.11)]). 


Proposition 3.1.2. [f A := C"® CR is the generalized Cantor set introduced in 
Definition 3.1.1, where m is an integer, m > 2, anda € (0,1/m), then 


D:= dimgC"® = D(C) = Dnoi(Ga) = logy jam. (3.1.1) 
Furthermore, the tube formula associated with C (m,a) is given by 
jo" | =! G(logr“!) (3.1.2) 


for allt € (0, Tea ), where G = G(T) is the following nonconstant periodic func- 


tion, with minimal period T = log(1/a), and is defined by 


Tc 


7) 4.2cPms(*F*), (3.1.3) 


G(T) := ce?! (ma)s( 


Here, c= Cave and g: R > [0,+¢°) is the 1-periodic function defined by g(x) := 


1—x for x € (0, 1]. 
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Moreover, 


1-D 
AM? (C™) = minG = _ ( Zz ) ’ 


D\1-D 
a ite oo ed) (3.1.4) 
- ~ \2(m-1) m—1 ° 
l1—ma 


Finally, if we assume that 6 > 31)’ then the distance zeta function of A = 


C4) is given by 


(3.1.5) 


As a result, C4(s) admits a meromorphic continuation to all of C, given by the last 
expression in (3.1.5). In particular, the set of poles of Ga(s) (in C) and the residue 
of Ca(s) at s = D are respectively given by 


P(C,4) =(D+ piZ)U{0} and 
l—ma { 1—ma \?"! (3.1.6) 
aca 


res(C4,D) = 


where p = 21/T is the oscillatory period (in the sense of [Lap-vFr3]), while the 
oscillatory amplitude! of A is equal to 


ayn) atainh( 2%)" (eam) me 


Furthermore, 


and both p + 0* and D- 0* as a—+ 0°. In particular, (C4) converges to the 
imaginary axis in the Hausdorff metric, as a—> 0°. Finally, each pole in A(C,) is 
simple. 


Proof. Part (a): Let us first prove (3.1.5). If we consider an open interval J of length 
p, then it is easy to see that for any y < 1, 


oie 2° gpx i? 
7Y, = =, = — | — 
[at.an dx 2 f x ‘dx ae . (3.1.7) 


The generalized Cantor set A =C (m,a) as described in Definition 3.1.1, is an inter- 
section of a decreasing sequence of compact sets (C;,)n>0. The largest ‘holes’ are of 


' The general definition of the oscillatory amplitude for a class a fractal sets in R" can be found 
on page 541. 
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length po = 4 (these ‘holes’ are connected components of [0, 1] \ A), and there 
are m— 1 holes of this size. Each C, has m"(m— 1) holes of minimal length, equal 
to Pn = a” ama | Using (3.1.7) and the fact that A is negligeable (i.e., of Lebesgue 
measure zero), we see that the integral below can be computed as an infinite series 
of integrals over the holes (and hence, bounded open intervals), defined as the con- 
nected components of the open subset of R given by (0,1) \A (see Remark 3.1.3 
following this proof): 


! = 2 /Pn\!-¥ 
—“VYdx = ” (4 — 1) —— ( 
[ aa) dx = mm Vega) 
_ 2%(m—1)" _ -ye 


_ l-y\n 
iF Poe Y) (3.1.8) 


_ (22) —¥ 1—ma 
es: (l-y)(-—m.-al-’)" 
The series converges provided m-a!~? < 1, that is, if y< 1—D, where D = logy jam. 


Letting s := 1—y € (D,+ce), and in light of Equation (2.1.1), the above identity 
implies that 


bas) = (2 G19) 
If we now view s as a complex variable, both the left and right-hand sides of (3.1.9) 
define holomorphic functions on their respective domains. (Note that we know from 
Theorem 2.1.11 that €4 is holomorphic for Res > D(€4) = dimgA, where A := 
Cc.) .) Since they coincide on the real interval (D, +c), it follows that in (3.1.9), 
we have equality for all complex numbers s in the half-plane {Res > D}. The claim 
then follows by meromorphically extending €,4(s), using the expression on the right- 
hand side of (3.1.9). 

The above reasoning clearly shows that {Res > D} is the largest half-plane 
on which C4 is holomorphic (as well as absolutely convergent); that is, D(C4) = 
Dnoi(Ga) = D and hence, the identity (3.1.1) holds. It is easy to check that dimgA 
exists in the present case (moreover, as we shall see in part (b) of the proof, we have 
that 0 < .@P(A) <.@*(A) < ©; see also footnote 14 on page 32), and therefore 
equals D: D = dimgA = D(a) = Dnoi(Ca), where D = log ;,m. 


y 1—ma 26° 
s(l—ma) os” 


Part (b): We next compute the Minkowski contents of the generalized Cantor set 
A=C\", Let t > 0 be fixed. We first determine the nonnegative integer n = n(t) 
such that py) < 2f < Pyi)—1- (Recall from part (a) of the proof that p, was defined 
as the minimal length of the holes of C,,.) Solving the inequality p, < 2t, we obtain 


logt-! +loge _ 
log(l/a) 
and hence, 
n(t) = [h(t)] =At) + 8(A@)), 


where by [x] (the ‘ceiling’ of x) we denote the smallest integer which is not less 
than x. Note that g(x) = [x] —~. 
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Recall from part (a) that A = My,>0C,, where (C,),>0 is a decreasing family of 
compact sets defined at the beginning of the proof, and each C,, consists of m’*! 
disjoint intervals of length qt), By our choice of n = n(t), since 2t > Pn, we see 
that all the (smallest) holes corresponding to C;, are filled in by its t-neighborhood. 
Therefore, we have the disjoint union 


At = (Cn 11 =Cy 1U((Ch Dr\Cn 1); 


and C,,_; consists of m” intervals of length a”, while (C,_1)), \Cy,_1 consists of 2m” 
intervals of length t. We conclude that 
[Ar] = |(Ca—1)e] = ae 
= (ma)" (ma)8%) +. 2¢ m*() mse) 
mitt a (a m)8( AO) 4 dpmalhe ))) =t!G(logt"'), 

where G = G(T) is defined by (3.1.3). 

Since the function G = G(T) is periodic, and its maximum is achieved at the 
points T= c+kT,k € Z, we deduce that 

M*? (A) = G((loge)~) = cP! (ma)® + 2cPm® 


p-1m(1—a) 


-1 
1+2c)= 
( c) c 1 3 


where we have let G((%)~) := lim,_,;))- G(T) and used the fact that g(0~) = 0. 
In order to compute .#? (A), let us define 


f(x) = cP" (may +20? m*. 


Since ma < | and m > 1, it is clear that f is a convex function which is bounded 
from below and that it has a unique minimum value, achieved at a single point, 
denoted by x9. Clearly, @?(A) = min f = f (xo). Since we must have f’(xo) = 0, 
we conclude that 

x9 = Dlog,, (2c)! log, (ma) —') : 


After an elementary computation, we obtain that 


1—D 
M? (A) = f (xo) = P| (may? +20? m® = : 5(5 ) (3.1.10) 


This completes the proof of Proposition 3.1.2. 


The values of the upper and lower Minkowski contents of C‘”“® have been ob- 


tained earlier in [Zu2, Equations (3.12) and (3.13)]. It is rather time-consuming to 
verify the last equality appearing in Equation (3.1.10) by hand. The reader may 
find it easier to verify this last equality by using a symbolic manipulation computer 
package. 
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In the case of the classic Cantor set, that is, for m := 2 and a := 1/3, we recover 
the values first obtained in [LapPo2, Theorem 2.4]. Finally, the tube formula (3.1.2) 
extends the one obtained in [Lap-vFr3, Equation (1.11)]. We also refer to [Lap-vFr3, 
Chapter 10] where these computations have been significantly extended and refined 
(both in the geometric and, crucially, in the spectral case) for a certain one-parameter 
family of generalized (and possibly virtual) Cantor sets and strings in order to prove 
new results about the distribution and the asymptotic density of the ‘critical zeros’ 
of the Riemann zeta function, as well as of a large class of arithmetic zeta functions 
and generalized Dirichlet series or integrals; see [Lap-vFr3, Chapter 11]. 


Remark 3.1.3. Note that essentially by definition, in the above proof of Proposi- 
tion 3.1.2, the ‘holes’ are deleted (open) intervals in the construction of the two- 
parameter Cantor set A= C (m4) Hence, they form an infinite sequence of pairwise 
disjoint bounded open intervals whose union is equal to (0,1) \ A, the complement 
of A in (0, 1). In other words, A C R is viewed as the boundary of an ordinary fractal 
string, realized geometrically as the open bounded set Qn.q := (0,1) \A (with the 
holes as associated intervals) and which can be naturally called the generalized two- 
parameter Cantor string (by analogy with the classic ternary Cantor string (2 1/3; 
see [Lap-vFr3, Subsection 1.1.2]). 


Definition 3.1.4. According to the terminology introduced in [Lap-vFr3], the value 
of p = 27/T, appearing in Proposition 3.1.2, is called the oscillatory period of the 
generalized Cantor set A = C (m4) As we see from the proof of Proposition 3.1.2, 
the set of principal complex dimensions of A is then given by 


dimpcA = P (ba) = D+piZ. 


Remark 3.1.5. We leave it as an easy exercise for the reader to write down the ex- 
act counterpart of Proposition 3.1.2 for the tube zeta function C4. We only men- 
tion here that the poles of & are the same as those of C4 (i.e., P(E) = P(Cs)), 
as given by (3.1.6) and that they are simple (but that the residues of fs differ 
by a multiplicative factor from the corresponding residues of C4). In particular, 
D = D(é4) = D(Ga), as given by (3.1.1), and D is a simple pole of 4. Hence, 
according to (2.2.24), we have that res(&4,D) = rp te8(G4,D), where res(€4,D) is 
given by (3.1.6). 


In light of Remark 3.1.5 and part (b) of Theorem 2.4.3 (see, especially, Equa- 
tion (2.4.7)), we can now state the following corollary of Proposition 3.1.2. 


Corollary 3.1.6. Let A := C(") be the above generalized Cantor set and let D 
and G be given, respectively, as in Equation (3.1.1) and Equation (3.1.3). Then the 
average Minkowski content of A exists (in (0,-+°°)) and is given by 


M” (A) = res(E4,D y=7 fia G(t p tesla); (3.1.11) 
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with the value of res(€4,D) explicitly given by the last line of Equation (3.1.6). In 
particular, A is Minkowski nondegenerate and 


0<.A?(A) < MA) < M'?(A) <0. 


3.1.2 Construction of Transcendentally 2-Quasiperiodic Sets 


The following example, Example 3.1.8, provides the basic ideas for further defini- 
tions, results and constructions. The main result of this subsection is contained in 
Theorem 3.1.12. 

Recall that the field of algebraic numbers (often denoted by Q in the literature) 
can be viewed (up to isomorphism) as the algebraic closure of Q (the field of ratio- 
nal numbers) and is obtained by adjoining to Q the roots of the monic polynomial 
equations with coefficients in Q (or, equivalently, in Z). Note that, as a result, it is a 
countable set. 

We shall need a classic result due to Gel’ fond and Schneider (see [Gel]), proved 
independently by these two authors in 1934. We state it in a form that will be con- 
venient for our purposes. 


Theorem 3.1.7 (Gel’fond—Schneider, [Gel]). Let p be a positive algebraic number 
different from 1, and let x be an irrational algebraic number. Then p* is transcen- 
dental. 


Example 3.1.8. We construct a bounded subset of the real line of a box dimen- 
sion D € (0,1), possessing two incommensurable quasiperiods T and S (and more- 
over, such that the number 7/S is transcendental); this set is transcendentally 
quasiperiodic (more precisely, transcendentally 2-quasiperiodic) in the sense of 
part (a) of Definition 3.1.11 below. The set will be of the form AUB, where A 
and B are two bounded subsets of the real line, satisfying the assumptions of The- 
orem 2.3.43 and defined as the generalized Cantor sets A = C := C?- ¢ [0,1], 
where a € (0, 1/2), and B= C#) c [2,3], where b € (0, 1/3). We choose b so that 
D := log} /42 = log, 3. See Definition 3.1.1 and Proposition 3.1.2 above. 

We may take, for example a := 1/3 and b := 3~!°823, Note that we then have 
3b = 3! 832 < 1. The functions G; and G2 corresponding to A and B are T and 
S-periodic, respectively, with T := log(1/a) = log3 and S := log(1/b). Since 


T log3_ __log2 
S log(1/b) — log3 


= log;2 


is irrational (and even transcendental), we see that the conditions of Theorem 2.3.43 
(on page 173) are satisfied with N = 1 and O(t™) = 0 (that is, with no error term). 

Since it solves the equation 3* = 2, the positive real number x = T/S is tran- 
scendental, in light of the Gel’ fond—Schneider theorem which is recalled in Theo- 
rem 3.1.7 just above. Indeed, if x were an irrational algebraic number, then according 
to this result, the number 3* would be transcendental, which is a contradiction. 
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It is easy to see that x cannot be a rational number p/gq, with p,q € N, since 
otherwise, it would follow from the equality 3P/4 — 2 that 3? = 2%, which is also 
impossible, according to the fundamental theorem of arithmetic. Therefore, x is 
transcendental. Here, we mention that x = log a@ is transcendental for all algebraic 
numbers a # 0 not equal to 0 or 1, a result going back to F. von Lindemann and K. 
Weierstrass; see [Ba, p. 4]. 


For our later needs, it will be convenient to introduce the following definition of 
quasiperiodic functions. 


Definition 3.1.9. We say that a function G = G(t) : R > R is n-quasiperiodic (or 
quasiperiodic, of order of quasisperiodicity equal to n) if it is of the form 


G(t) :=H(t,...,7), (3.1.12) 


where for some n > 2, H : R” > Risa function which is nonconstant and 7;-periodic 
in its k-th component, for each k = 1,...,n, and the corresponding periods 7),...,T;, 
are rationally independent (i.e., linearly independent over the field of rational num- 
bers). The values of 7; are called the quasiperiods of G. 

In addition, we say that a function G = G(T) is 


(a) transcendentally n-quasiperiodic if the periods T,,...,T, are algebraically in- 
dependent. In particular, all of the quotients 7;/T;, for i # j, are then transcendental 
(and hence, irrational) numbers; 

(b) algebraically n-quasiperiodic if the corresponding periods 7),...,7;, are 
rationally independent and algebraically dependent. More precisely, we assume 
here that the set of quasiperiods {T,...,7,} is algebraically dependent; in other 
words, there exist algebraic numbers A;,...,2,, not all of them zero, such that 
MT +++++AnTn = 0. 


In the existing literature on dynamical systems, mathematical physics and har- 
monic analysis, there is a wide variety of different definitions of quasiperiodic and 
almost periodic functions (and sets). See, for example, [WaMLItz], [Sen], [Boh], 
[Kat], [Lap-vFr3], [Lap6, Appendix F], along with the relevant references therein. 
Definition 3.1.9 (along with Definition 3.1.11) suits ideally our purposes. Defini- 
tions 3.1.9 and 3.1.11 will be further refined and extended to the n = © case in 
Definitions 4.6.6 and 4.6.7, respectively. 


The notion of quasiperiodic function provided in Definition 3.1.9 above has been 
motivated by [Vin]. However, while in [Vin], it is assumed that the reciprocals of the 
quasiperiods 7}, ..., 7; are rationally independent, we assume in Definition 3.1.9 that 
the quasiperiods 7}, ..., 7;,, themselves are rationally independent. The distinction be- 
tween algebraically n-quasiperiodic and transcendentally n-quasiperiodic functions 
seems to be new. Furthermore, in Definition 4.6.6 on page 374 below, we shall intro- 
duce ce-quasiperiodic functions, that is, quasiperiodic functions with infinitely many 
rationally independent quasiperiods. 


It is clear from Definition 3.1.9 that each quasiperiodic function is either tran- 
scendentally quasiperiodic or algebraically quasiperiodic. In other words, the set 
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Fp Of quasiperiodic functions is equal to the disjoint union of the set -Figp of tran- 
scendentally quasiperiodic functions and the set agp of algebraically quasiperiodic 
functions: 

qe — Qe 

Fo = Fiagp Foi 


Example 3.1.10. If G(t) = G1(t) + Go(t), where the functions G; are nonconstant 
and T;-periodic, i = 1,2, such that T; /T) is an irrational algebraic number, then G is 
algebraically 2-quasiperiodic. In this case and in the notation of Definition 3.1.9, we 
have H(t, 7) := G,(t) + Go(t). If T/T is transcendental, then G is transcen- 
dentally 2-quasiperiodic (in the sense of Definition 3.1.9). 


Definition 3.1.11. Assume that a bounded set A C R% has the following tube for- 
mula: 
|A;| =t’P(G(log(1/t)) +0(1)) as t— 07, (3.1.13) 


such that G is nonnegative, 0 < liminf;_,,..G(T) < limsup,;_,,., G(T) < +e° and 
Dé [0,N] is a given constant. Note that it then follows that dimg A exists and is equal 
to D. Moreover, @P(A) = liminf;_,,..G(t) and .@*?(A) = limsup,_,,.. G(t). 
We say that A is an n-quasiperiodic set (of order of quasiperiodicity equal to n). 
if the corresponding function G = G(T) is n-quasiperiodic. 
In addition, the set A is said to be 


(a) transcendentally n-quasiperiodic if the corresponding function G is transcen- 
dentally n-quasiperiodic; 

(b) algebraically n-quasiperiodic if the corresponding function G is algebraically 
n-quasiperiodic. 


In light of Definition 3.1.11 and the comment following Definition 3.1.9, we 
see that each n-quasiperiodic set is either transcendentally n-quasiperiodic or n- 
algebraically quasiperiodic. In other words, the family .“gp(n) of n-quasiperiodic 
sets is equal to the disjoint union of the family -“qp(n) of transcendentally n- 
quasiperiodic sets and the family -Yaqp(n) of algebraically n-quasiperiodic sets: 


Sap(n) = Aigp(2) U agp (1). 


Note that the family (.%4p (7) )n>2 is disjoint, as well as the family (“gp (7) )n>2 and 
the family (.Yagp(7) )n>2- Letting 


Sop i= U Sop(1),  SAtgp = U Sigp(1), agp = U Sagp(N), 


n>2 n>2 n>2 
we have 
Sap = Stqp U Saqp- 


Example 3.1.8 shows that the family .%gp(2) is nonempty. In Theorem 3.1.12 we 
shall see that the family .%gp(2) is infinite. Moreover, the family .“igp(7) is infinite 
for any n > 2; see Theorem 3.1.15. We do not know if the family .Wagp is nonempty. 
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A more general definition of quasiperiodic sets can be found on page 542 of Sub- 
section 6.1.1.1. This will lead us to consider the family “gp (ce) of co-quasiperiodic 
sets, i.e., the family of quasiperiodic sets with infinitely many quasiperiods; see 
Definition 4.6.7 on pages 375 and 376. 


Generalizing the idea of the above example, we obtain the following result. It 
is noteworthy that Theorem 3.1.12 involves a simple geometric condition (of linear 
independence over the rationals) on exponent vectors associated with two positive 
integers. A similar comment can be made about Theorem 3.1.15 in Subsection 3.1.3 
below. 


Theorem 3.1.12. Let Ay = C’"-) € [0,1] and Az = C22) C [2,3] be two gen- 
eralized Cantor sets (see Definition 3.1.1 and Proposition 3.1.2) such that their 
box dimensions coincide;? call D this common value of dimgA; for i = 1,2. Let 
{p1,P2,---,Px} be the set of all distinct prime factors of m, and mp, and write 


Me = Pe Pe oP,’ my = ph! pP ... pbk, (3.1.14) 


where a, B; « NU {0} fori =1,...,k. If the exponent vectors 


(1, O2,...,Q%) and (Bi, Bo,.--, Bx), (3.1.15) 


corresponding to m, and mz, are linearly independent over the rationals (in other 
words, there is no q € Q such that (,0b,...,0%) = q(B1, Bo,..-,By)), then the 
function G = G, + G2, associated with A = A, UA2, is transcendentally 2-quasi- 
periodic; that is, the quotient T; /Ty of the quasiperiods of G (i.e., of the periods of 
G, and G2) is transcendental. In other words, the set A itself is transcendentally 
2-quasiperiodic. 
Moreover, C4 can be meromorphically extended to all of C and we have that 
1 1 


Ca(s) ~ -, D(&4)=dimgA=D and Dmer(C4) = —-. 
l1—may 1-—may 


(The exact expression of C4 is given in Equation (3.1.18) below.) Hence, the set 
dimpc A = Y_-(Ca) of principal complex dimensions of A consists of simple poles of 
C4 and coincides with the following nonarithmetic set (see Remark 3.1.13 below): 


2 2 
dimpo A = (D+ = iZ) U (p+ =iZ). (3.1.16) 
T, To 


Besides (dimpcA) U {0}, there are no other poles of the distance zeta function Ca 
in C. Furthermore, all of the complex dimensions of A are simple. 

Finally, exactly the same results hold for the tube zeta function by of A (in place 
of the distance zeta function C,). 


? More generally, it suffices to assume that the Cantor sets A, and Ap are contained in two compact 
unit intervals with disjoint interiors, respectively. 
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Proof. First of all, using (3.1.2), applied to both A; and A>, we see that for all 
t € (0,1/2), 


|(A1 UAg)e| = |(Ar)el +|(42)e] = 2"? (Gi (loge!) + G2(logt™')). 


It suffices to show that the quotient 7, /T2 of the quasiperiods T and T> of G(t) := 
G(T) + G2(T) is transcendental. 

From the fact that D = logy /,, m1 = log, /,, mz and T; = log, ;,, for i= 1,2, we 
deduce that x := T; /T> satisfies the equation (m2)* = m,. The exponent x cannot be 
an irrational algebraic number, since otherwise, by the Gel’ fond—Schneider theorem 
(Theorem 3.1.7), (mz2)* would be transcendental. If x were rational, say, x = b/a, 
with a,b € N (note that x > 0, since m; > 2), this would then imply that (m)¢ = 
(m2)°; that is, 

po paw . park = ph pop ” - ppPe 


Therefore, using the fundamental theorem of arithmetic, we would have 


a(0l, O2,..., Ox) = b(B1, Bo,..., Bx). 


However, this is impossible due to the assumption of linear independence over the 
rationals of the above exponent vectors. Therefore, x is transcendental. 

The claims about the zeta function C4 ,,4, follow from Proposition 3.1.2 applied 
both to A; and A». Indeed, since A; and Az are subsets of two disjoint compact 
intervals [0,1] and [2,3], we can choose without loss of generality 6 = 1/2 (see 
Proposition 2.1.76), so that As = [—1/2,3 + 1/2] and therefore, 


1 3 1/2 
éa(s) = | d(x,Ai)tae+ | d(x.) dee [ xo dx, (3.1.17) 
0 2 0 


Note that the last term on the right-hand side of (3.1.17) corresponds to the union 
of the following four intervals: (—1/2,0), (1,3/2), (3/2,2) and (3,7/2). By using 
Equation (3.1.5) in Proposition 3.1.2, applied separately to A; and Az, we obtain 
that for all s € C such that Res > D, 


l1—my,aq, ae l—my,q, 

ba(s) = —) s(1—mya}) 
1—myaz st 1—myaz Mei 
2(m — 1) s(l—ma3) os | 


(3.1.18) 


Equation (3.1.18) shows that €4(s) can be meromophically extended to the whole 
complex plane, and that besides (dimpcA) U {0} there are no other poles of C4 in C. 
The same equation shows that 6,(s) ~ (1 —mya‘)~!+(1—ma)"!. 

Finally, since D = dimgA < 1, the fact that bs satisfies the same properties as 
those of C4 stated in Theorem 3.1.12 follows from Remark 2.2.18 on page 126 and 
from Proposition 2.2.19. 
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Remark 3.1.13. Note that in Equation (3.1.16) of Theorem 3.1.12, we can write that 
2: 2 
dimpcA = D+ (Zu =2Z)i, (3.1.19) 
T| Th 


and (since 7; /T is irrational) the set RL U EL is not of the form cZ, for any c > 0. 
This is precisely what we mean here by stating in Theorem 3.1.12 that dimpcA is a 


nonarithmetic set. 


Theorem 3.1.12 provides a construction of the set A = A; UA? such that the set 
dimpcA of principal complex dimensions of A is equal to the union of two (dis- 
crete) sets of complex dimensions, each of which is composed of poles in infinite 
vertical arithmetic progressions, but with algebraically incommensurable oscillatory 
quasiperiods p, = 27 /T, and po = 27/T) of A, and Ap, respectively; that is, p; /p2 
is transcendental. These oscillatory quasiperiods of A are equal to the oscillatory pe- 
riods of A; and Ao. In Theorem 3.1.15, we will construct a class of bounded sets on 
the real line possessing an arbitrary prescribed finite number of algebraically incom- 
mensurable quasiperiods. This result will be further extended in Section 4.6.1 (see 
Theorems 4.6.9, 4.6.13, and Corollary 4.6.17), where we will construct a bounded 
set Ag on the real line such that all points on the critical line of the corresponding 
distance zeta function are nonisolated singularities. 


The function G = G; + G2 appearing in Theorem 3.1.12 is transcendentally 2- 
quasiperiodic; that is, for the periods T; of G;, j = 1,2, we have that k,T; + k2T; £0 
for any nonzero pair of algebraic numbers (k;,k2), or equivalently, T, and 7) are 
algebraically independent. We say that a finite set of real numbers is algebraically 
independent if it is linearly independent over the field of algebraic numbers. 


Under the conditions of Theorem 3.1.12, by using Proposition 2.1.26, we see that 


CA,UAg (s) bas CA, (s) oe CA> (s), 


in the sense of Definition 2.1.69. Furthermore, we have that 


P(Cayuay) = P(Sa,) UP (Gay). 


3.1.3 Transcendentally n-Quasiperiodic Sets and Baker’s Theorem 


It is possible to further extend Theorem 3.1.12. The main result of this subsection is 
contained in Theorem 3.1.15 below. 

In the sequel, we shall need the following important theorem from transcendental 
number theory, due to Baker [Ba, Theorem 2.1]. It represents a nontrivial extension 
of Theorem 3.1.7, due to Gel’fond and Schneider [Gel]. 
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Theorem 3.1.14 (Baker, [Ba, Theorem 2.1]). Letn © N with n> 2. If m,,...,1my, 
are positive algebraic numbers such that logmy,...,log my are linearly independent 
over the rationals, then 

1,logm,,...,logmy 


are linearly independent over the field of all algebraic numbers (or algebraically 
independent, in short). In particular, the numbers logm,,...,logm,» are transcen- 
dental, as well as all of their (nontrivial) pairwise quotients. 


We now state the main result of this section, which can be considered as a fractal 
set-theoretic interpretation of Baker’s theorem. It extends Theorem 3.1.12 even in 
the case when n = 2. 


Theorem 3.1.15. Let n € N with n > 2. Assume that A; = c%,4)) CL, jJ=1,....1 
are generalized Cantor sets (in the sense of Definition 3.1.1) such that their box 
dimensions are equal to a fixed number D € (0,1), and assume that they are 
contained in a disjoint family’ of closed unit intervals I;.° Let T; := log(1/aj) 
be the associated periods, and G; be the corresponding T;-periodic functions, for 
i=1,...,n. Furthermore, let {p;: j =1,...,k} be the union of all distinct prime 


factors which appear in the integers mj, for i=1,...,n; that is, mj = a shay 
where 0; € NU {0}. If the exponent vectors of the numbers mi, 
ej = (O1,---, Aix), i=1,...,n, (3.1.20) 
are linearly independent over the rationals, then the real numbers 
1 
pret (3.1.21) 


are linearly independent over the field of all algebraic numbers. It follows that the 
set A:=A,U-+-UA, C R is transcendentally n-quasiperiodic; see Definition 3.1.11. 
Furthermore, in the terminology and the notation of Definition 3.1.9 and Defini- 
tion 3.1.11, an associated transcendentally n-quasiperiodic function G is given by 
G:=G,+:::+Gy. 

Moreover, Ca can be meromorphically extended to all of C and we have that 


tals) 3. ——, D4) =D and Daue(Ca) ==. 
i=1 


ree 
1 — ma; 


Hence, the set dimpcA = Y_(Ca) of principal complex dimensions of A consists of 
simple poles of C4 and coincides with the following nonarithmetic set (see Remark 
3.1.13 on page 196 above): 


3 According to Proposition 3.1.2, this can be easily arranged. 
4 See footnote 57 on page 144. 


> More generally, it suffices to assume that the interiors of the closed unit intervals J; are pairwise 
disjoint for j = 1,...,n. 
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n 2 n 2 
dimpcA = [J (D+ =iZ) oe (U Sai. (3.1.22) 
i=l : i=l] ~! 


Besides (dimpcA) U {0}, there are no other poles of the distance zeta function C4 
in C. Furthermore, all of the complex dimensions of A are simple. _ 

Finally, exactly the same results hold for the tube zeta function C, of A (in place 
of the distance zeta function C,). 


Proof. As in the proof of Theorem 3.1.12, using (3.1.2), applied to each A;, for 
i=1,...,n, we see that for all t > 0 small enough, 


n 
|Ar| =2'-? ¥ G,(logt'), 
i=l 


and for each i = 1,...,n, G; = G;(T) is nonconstant and 7;-periodic, where 7; := 
log(1/a;). We next proceed in three steps: 


Step 1: It is easy to see that the numbers log p; are rationally independent. Indeed, 
if we had ys A; log pj = 0 for some integers A;, then Tit pi = 1. This implies 
that A; = 0 for all j, since otherwise it would contradict the fundamental theorem 
of arithmetic. (A moment’s reflection shows that this argument is valid even if the 
numbers A; are not all of the same sign.) 


Step 2: Let us show that logmy,...,logm, are linearly independent over the ra- 
tionals. Indeed, assume that for i = 1,...,n, Uj € Q are such that )"_, ;logm; = 0. 
Then 


n 


pee y a; log pj =0. (3.1.23) 
i=l j=l 


Changing the order of summation, we have 


k n 
> (3 ues) log pj = 0. (3.1.24) 


Since, by Step 1, the numbers log p; are rationally independent, we have that for all 
J=1,...,k, 
n 
> Mio; = 0; 
i=l 
that is, ¥_, Uie; = 0, where the e;’s are the exponent vectors given by (3.1.20). 


According to the hypotheses of the theorem, the exponent vectors e; are rationally 
independent, and we therefore conclude that yu; = 0 for all i= 1,...,n, as desired. 


Step 3: Using [Ba, Theorem 2.1], that is, Theorem 3.1.14 above, we conclude 
that 
1,logm,...,logmy, 
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are linearly independent over the field of algebraic numbers. Since 7; = flog mi, 
for i= 1,...,n, it then follows that the numbers listed in (3.1.21) are also linearly 
independent over the field of algebraic numbers. The function 


G:=G,+---+Gy, G(t) = Gi(t) +---+G,(t), 


associated with A, is transcendentally n-quasiperiodic; that is, the set A is transcen- 
dentally n-quasiperiodic, in the sense of Definition 3.1.11. (Note that here, in the 
notation of Definition 3.1.9, we have H(t),...,T) := Gi(T) +--+: +Gn(t%).) The 
last claim, about the distance zeta function ¢, and its complex dimensions, now fol- 
lows from Proposition 3.1.2 applied to each of the bounded sets A; (i = 1,...,n), 
much as in the proof of Theorem 3.1.12. We omit the details. 

Finally, as was also noted in the proof of Theorem 3.1.12, since D = dimgA < 1, 
the fact that C, satisfies the same properties as those of C4 stated in Theorem 3.1.12 
follows from Remark 2.2.18 on page 126. 


Defining the frequencies f; of A, fori=0,1,...,n, by 


fo:=D, fi:= 1/T,.--, fn = 1/T, 


then, under the conditions of Theorem 3.1.15, we conclude that the quotient of any 
two frequencies f;/ fj, for i # j, is a transcendental number. 


We leave it as a simple exercise for the interested reader to state (and prove) the 
counterpart for the tube zeta function €, of Theorem 3.1.12 (in Subsection 3.1.2) 
and of Theorem 3.1.15 (in Subsection 3.1.3). Actually, those results hold without 
change for ¢, (instead of for €4) since the values of the residues are not given in 
Theorems 3.1.12 and 3.1.15. 

The following proposition shows that if A is a quasiperiodic subset of RY, then 
the subset A x [0, 1]? of RY +4 is also quasiperiodic. 


Proposition 3.1.16. Assume that A is a quasiperiodic subset of R™ of a given type, 
with associated quasiperiodic function G = G(T). If d a positive integer and L > 0, 
then the subset A x [0,L]4 of R‘*4 is also quasiperiodic of the same type, with 
associated quasiperiodic function equal to L¢ -G. In particular, if n > 2 is an integer 
and A is one of the n-quasiperiodic subsets of R constructed in Theorem 3.1.15, then 
the subset A x [0,L]¢ of R'*4 is also n-quasiperiodic. 


Proof. Let us first prove the claim for d = 1. By hypothesis, we have that 
Ary =t~?(G(logt7')+.0(1)) ast 0*, (3.1.25) 


where G = G(T) is a quasiperiodic function; see Definition 3.1.9. Much as in Equa- 
tion (2.2.76), we can write 
(A x [0,Z])slv+1 = lArly 2+ Asli 


3.1.26 
= 1N+1)-O+) (L. Gdogt!) + o(1)) + Arla 
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as t > 0*. Since, obviously, |A;|vi1 < |A;|-2¢, we have that 


Arla <2%*!- (G(logt7!) +.0(1)) = 24)-O+) .4(Gogeg!) + 0(1)) 


=1%+1)-O+1) off) ast 3 0t. 
(3.1.27) 
Therefore, 


(A x [0,L] elvan =t%+)-O+Y (L. G(loge™!) + o(1) + O(t)) 


(3.1.28) 
— ,(N+1)-(D+1) (L: G(logt~!) + o(1)) ast—+0r. 


Hence, according to Definition 3.1.11, the set A x [0,Z] is quasiperiodic, with asso- 
ciated quasiperiodic function L- G. This completes the proof of the proposition for 
d = 1. The general case is easily obtained by induction on d. 


3.1.4 Transcendentally n-Quasiperiodic Fractal Strings 


In this subsection, we introduce the notion of n-quasiperiodic fractal strings and 
describe their construction, based on generalized Cantor strings, that we define be- 
low. We first recall the definition of the tube function corresponding to a given 
bounded fractal string 2 := (¢;)j>1. To this end, we shall need to use the set 
A=Axy = {ag := Dj>x lj: k € N}, already introduced in Figure 2.7 on page 90. 
Definition 3.1.17. The tube function corresponding to a given bounded fractal 
string @ is defined as the function t +> |A;M (0,a1)|, where t > 0, ay -= Dj>1 6; 
is the total length of the string, and A = A v.° 


Definition 3.1.18. Assume that @ is a bounded fractal string such that 
|A;(0,a1)| =t'-?(G(log(1/t))+0(1)) as t—0t, (3.1.29) 


where D € [0,1] is a constant, G is nonnegative and 0 < liminf;_,,.G(T) < 
limsup,_,,.. G(T) < es. Then, clearly, D = dimg #, and 


MP (L) =\iminfG(t) and .@*?(L) =limsupG(t). 
Tt T+00 
(a) We say that the fractal string & is periodic if the corresponding function G 
appearing in (3.1.29) is nonconstant and periodic. 


(b) We say that the fractal string @ is n-quasiperiodic if the function 
G is n-quasiperiodic; see Definition 3.1.9. In particular, if G is transcenden- 
tally n-quasiperiodic, we say that the fractal string @ is transcendentally n- 
quasiperiodic. If G is algebraically n-quasiperiodic, we say that & is algebraically 
n-quasiperiodic. 


6 Since |A;| = |A; 1 (0,a1)| +2t, we consider the tube function tf + |A;M (0,a1)| for convenience 
only, instead of t +> |A;|. 
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As we see, for any fixed integer n > 2, the family -Z)() of all n-quasiperiodic 
fractal strings is equal to the disjoint union of the family “qp(n) of transcenden- 
tally quasiperiodic strings of order n and of the family Zagp(n) of algebraically 
quasiperiodic strings of order n: 


Lop(n) = Legp (1) U-Lagp (1). 
It is natural to define 


Se): Ae Se: Sa Se. 10) 


n>2 n>2 n>2 


We then have that 
Lop = Liqgp U-Laap- 


We shall see below that the family “gp (n) is nonempty (and, moreover, it is infinite) 
for any n > 2. We do not know if the family -Zgp is nonempty. 

An example of a fractal string generated by a fractal set is the Cantor string 
-£1/3), defined as the sequence of lengths of the open intervals deleted during the 


construction of the ternary Cantor set C ee 


Se ae Rr ia ar aa ee reer nS | 
——SSy ~———_ ———S 
4 times 8 times 


In other words, for each k = 1,2,..., the element 3~* appears in the fractal string 
with multiplicity 2‘!. 

We can analogously define the generalized Cantor string (ma), generated by 
the generalized Cantor set C (m4) where m is a positive integer and 0 <a < 1/m; 
see Definition 3.1.1. 


Definition 3.1.19. Let “4, and % be two bounded fractal strings. We define a new 
bounded fractal string “4 LI, called the union of the fractal strings LZ, and LZ. Mt 
consists of all the elements from the union of these two fractal strings, with the mul- 
tiplicity of each common element of 7 and .Z2 equal to the sum of its respective 
multiplicities in A, and YZ.’ 


For example, if 
YF, = (1,1,1/2,1/3,1/4,...) and % = (2,1/2,1/2,1/3,1/5,...), 


then 
A UL = (2,1,1,1/2,1/2,1/2,1/3,1/3,...). 


We now state the analog of Theorems 3.1.12 in the context of fractal strings. 


7 The union of a countable family of fractal strings is introduced in Definition 4.5.11. 
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Theorem 3.1.20. Let -Zo(mja,) ANd -Lo(my,ax) be two generalized Cantor strings 
such that their box dimensions coincide; denote by D this common value. Let 
{p1,p2,---,Px} be the set of all distinct prime factors of m, and mp, and write 


MDE Ps aD,” my = ph! pP2 ... pBk, (3.1.31) 
where a;,B; © NU {0} fori =1,...,k. If the exponent vectors 


(01,0,...,0%%) and (i, Bo,..., By) (3.132) 


corresponding to m, and mz, are linearly independent over the rationals, then the 
fractal string L = L{ UL) is transcendentally 2-quasiperiodic; that is, the quotient 
T; /Tp of the quasiperiods of G (i.e., of the periods of G; and Gy) is transcendental. 
In other words, the fractal string & is transcendentally 2-quasiperiodic in the sense 
of Definition 3.1.11(a). 

Moreover, since Cv = Cv, +a, Cv can be meromophically extended to all of 
C and we have that 


1 1 


y gs? 
1—ma, 1—ma) 


Ce(s)~ D(€v)=D and Dme(Cv) =—@. 


Hence, the set dimpc £ = YA-(C¥g) of principal complex dimensionsof & consists 
of simple poles of ¢.¥ and is given by 


2n,, 20 
dimpcA =D+ (ZU SZ)i. 
impc + Ti B 1 
Besides (dimpc -@) U {0}, there are no other poles of the geometric zeta function 
Cv inC. 


The relationship between the geometric zeta function Cy of a bounded fractal 
string & = (€;)j>1 and the distance zeta function C4 of the setA =Ay := {a = 
Djon lj k © N} associated with Y can be found in Equation (2.1.85). 


For every integer n > 2, the analog of Theorem 3.1.15 can also be formulated 
in terms of generalized Cantor strings, and we leave it as an easy exercise for the 
interested reader. 


3.2 Distance Zeta Functions of the Sierpinski Carpet and Gasket 


In this section, we shall study the distance zeta functions of two classic fractal sets in 
the plane; namely, the Sierpinski carpet and the Sierpinski gasket. We also compute 
the corresponding principal complex dimensions. The method of computation of 
distance zeta functions anticipates some of the ideas to be developed in Chapter 4. 
More precisely, this computation will serve as a motivation to introduce the notion 
of ‘relative fractal drums’, which will be the central object of study in Chapter 4. 
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We point out that another point of view (closely related, however, to the one 
presented in the present section) concerning the Sierpiriski carpet and the Sierpiriski 
gasket will be taken in Subsection 4.2.3. More specifically, we shall study these 
two fractals from the point of view of the so-called ‘relative fractal sprays’; see 
Section 4.2. 


3.2.1 Distance Zeta Function of the Sierpitiski Carpet 


The construction of the Sierpinski carpet is indicated in Figure 2.1 on page 49. In 
this subsection, we compute its principal complex dimensions. In order to do this, 
we must first describe the computation of the distance zeta function of the Sierpiriski 
carpet. Here is the main result of Subsection 3.2.1. 


Proposition 3.2.1 (Distance zeta function of the Sierpinski carpet). Let A be 
the Sierpiriski carpet in R*, constructed in the usual way inside the unit square; 
see Figure 2.1. Let 6 be a fixed positive real number. We assume without loss of 
generality that 5 > 1/6, so that the set As is connected.® Then, the distance zeta 
function C, of the Sierpinski carpet is given for all s € C by 


8 5° 6°! 
ba(s) = 25s(s— 1)(35— 8) i s aes 


, (3.2.1) 


s—l 


which is meromorphic on the whole complex plane and equivalent to (3° —8)~!, in 
the sense of Definition 2.1.69. In particular, the set of principal complex dimensions 


of the Sierpiriski carpet is given by 


2 
dimpcA = log, 8+ ~"-iZ (3.2.2) 
log3 


and consists only of simple poles of Ca. The residues of the distance zeta function 
C4 computed at the principal poles sx, k € Z, are given by 


2-5 
res(a,Sk) = (log 3)sx(s,—1)’ 


where sx := log; 8+ ona Ki € dimpc A, for any integer k € Z. 


As we see from Equation (3.2.1), the set of complex dimensions (i.e., the set of 
poles of C4 in all of C) of the Sierpinski carpet is given by 


2 
PCa) = {0, 1} U (1og3 8+ a iZ), (3.2.3) 


and consists only of simple poles of 4. 


8 More precisely, for this choice of 5, Ag is equal to the 5-neighborhood of the unit square [0, 1]. 
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For the needs of the proof of Proposition 3.2.1, it will be very convenient here 
to introduce some auxilliary notation. Let A be a compact subset of R? and assume 
that Q is a bounded open (or more generally, a bounded and Lebesgue measurable) 
subset of R*. Then we define 


bxo(s):= I d((x,y),A)* “dxdy, (3.2.4) 


for all complex numbers s such that Res is sufficiently large. We shall call it the 
distance zeta functions of A with respect to Q, or else, the relative distance zeta 
function of A with respect to Q. Such distance zeta functions and their generaliza- 
tions, associated with a suitable ordered pair (A, Q) of subsets of RY (called relative 
fractal drums in R%; see Definition 4.1.2 on page 247), will be studied in detail in 
Chapter 4. 


Proof of Proposition 3.2.1. In order to evaluate 
s—2 
cals) = ff d((xy),A)” dea, 
3 
we integrate (7) first over the set Ag \ [0, 1]*, and then (ii) over the unit square [0, 1]?. 


Step (i): The integration over the set Ag \ (0, 1)? leads us to the following result: 


20 1 5 
—_ y—2 s—2 
Ca.As\(0,112 (9) =} ao | r rar+4 | ax [ y*’ “dy 


6 
5 6°—! 
= 2n— +4——., 
S s—l 


(3.2.5) 


for all complex numbers s such that Res > 1. Indeed, it suffices to note that the 
(connected) set Ag \ [0, 1]* can be viewed as the disjoint union of 


e four quarters of the corresponding disks of radius 6, with centers at the vertices 
of the unit square [0, 1]* (and since all of the corresponding integrals over these four 
sets are equal, it suffices to consider the integral of |(x,y)|*~* = r°~* over the disk 
Bs((0,0)) of radius 6, centered at the origin), and 


e of the remaining four rectangles, that are all isometrically isomorphic to [0, 1] x 
(—6,6). 
See also Table C.1 of Appendix C, on pages 613 and 614. 


Step (ii): Now, let us consider € A, [0,1}2 (S)- Since the boundary of the unit square 
[0, 1]* is of 2-dimensional Lebesgue measure zero, it suffices to consider ¢ A,(0,1)2 (s). 


Furthermore, since A is of 2-dimensional Lebesgue measure zero as well,” then it 
suffices to consider 


° Indeed, the union of the deleted open squares in [0,1]?, obtained during the construction of the 
Sierpifiski carpet, is of 2-dimensional Lebesgue measure 1, since 
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Dx 


Lo 


0 liz Ak 


Fig. 3.1 The square Q; corresponds to any of the 8‘~! deleted open square in the k-th generation 
during the construction of the Sierpinski carpet. It can be viewed as the union of four triangles, 
determined by its diagonals. This figure explains a part of Step (ii) in the proof of Proposition 3.2.1. 


Ca,jo,172(5) = S4,0,1)2\4 (5) = ye Gye), (3.2.6) 
k=l 


where for any positive integer k, Q;, is a fixed deleted square of sides of length 
ak = 3-* in the k-th generation and Ay = OQ, is the boundary of ke ig Recall that 
the k-th generation of deleted squares contains precisely 8‘—! deleted squares that 
are all isometric to Q;. Furthermore, due to the stated isometry, it is easy to see that 
all of the distance zeta functions corresponding to the deleted open squares Q, in 
the k-th generation coincide. (This is a special case of Lemma 4.2.23 formulated 
in terms of general relative fractal drums, which the reader can find on page 291.) 
Now, if we denote the side length of Q; by a, := 3~*, it is an easy exercise to check 
that smi 

bao) = Gay (3.2.7) 
for all complex numbers s such that Res > 1. By the principle of analytic continu- 
ation, this same equation as in (3.2.7) then continues to hold for all s € C. Indeed, 
for any of the four sides [,,, Iyx, 15, and ly, of the square Q,, it is natural to consider 


the set of points (x,y) € Q, such that 


d((x,y),0Qx) =d((x,y),Jix), for i= 1,2,3,4. 


reo 5 y é 


‘0 The complement (0,1)? \ A of the Sierpiriski carpet A in (0,1)? can be thought of as the ‘dual 
Sierpifiski carpet’ corresponding to the usual Sierpiriski carpet A in the plane. 
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It is easy to see that this set is a triangle, and therefore we can decompose , into the 
union of four isosceles right triangles Aj,, i= 1,2,3,4 (each of them corresponding 
to one of the four sides of the square 9;.), as indicated in Figure 3.1. Note that the 
triangles are determined by the two diagonals of Q;. Since obviously, 


CA. (5) = 40r Ax (8); (3.2.8) 


we can proceed as indicated in Figure 4.9 on page 304, corresponding to the case 
when a, = 1/3, k > 0, and with the corresponding computation analogous to that in 
Equation (4.2.97): 


ag /2 x 52 ak ap-X 52 
Cdnls= ff def d(csy)stia) art fae [ a((xy)otia) ay 
ak 


= i var [ y dy = = =e Slay 


_ 2(ax/2)° 
s(s—1)’ 
for all complex numbers s such that Res > 1. See also Table C.1 on pages 613 


and 614. Therefore, using Equation (3.2.8) we obtain (3.2.7). Substituting Equation 
(3.2.7) into (3.2.6), we conclude that 


a-s - 8 
Sa 0 = ey BSS" ESB 


for all complex numbers s such that Res > log, 8. Naturally, by analytic continua- 
tion, this same equation continues to hold for all s € C. 


Step (iii): The resulting expression for the distance zeta function C4 stated in 
Equation (3.2.1) follows from Steps (i) and (ii). By the principle of analytic con- 
tinuation, 4 can be meromorphically extended to the whole complex plane and is 
given by the same formula. Clearly, the principal complex dimensions s; € dimpc A, 
k € Z, coincide with the zeros of 3° — 8. Finally, the computation of the correspond- 
ing residues res(C,4,5,) is left as an easy exercise for the interested reader. 

This concludes the proof of Proposition 3.2.1. 


Concerning part (i) of the proof of Proposition 3.2.1, it is worth noticing that the 
relative distance zeta function of the set Ag := 0({0, 1]”) (that is, of the boundary of 
the unit square) with respect to the open connected set Qo := Ag \ [0, 1]? is equal 


e to the sum of the relative distance zeta functions of the point {(0,0)} in R? 
with respect to the open disk Bs((0,0)) and of the relative distance zeta function of 
the open interval J = (0,2) x {0} of length 2 with respect to the open set (0,2) x 
(—6,6); or 

e to the sum of the relative distance zeta function of the interval (0,1) x {0} with 
respect to its open 6-neighborhood Js in the plane and of the relative distance zeta 
function of the interval (0, 1) x {0} with respect to (0,1) x (—6,6). 
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We leave it as a simple exercise for the interested reader to check the above 
statements. See Table C.1 of Appendix C, on pages 613 and 614. 


Remark 3.2.2. Consistent with the conjecture formulated in the geometric part of 
[Lap3, Conjecture 3, p. 163], according to which a lattice self-similar set is not 
Minkowski measurable, the Sierpifiski carpet A is not Minkowski measurable. Ac- 
cording to [HorZu, Theorem 4(a)], the precise values of the lower and upper 
Minkowski contents of A are respectively given by 


He (De fan 
MA) = samo Ga +2) (3.2.9) 
and | " . 
sy, WEY (ARs 
M (a) = +4 (+ +2), (3.2.10) 


where D := log; 8 and 


7 (p-1, [(-1? Dw?) 
De 5 aa m= 1 9 ) 


It is interesting to note that the lower and upper Minkowski contents of the 
Sierpinski carpet are rather close to each other, and coincide up to the second deci- 
mal. More precisely, /? (A) ~ 1.350670 and .@*?(A) = 1.355617. 


3.2.2 Distance Zeta Function of the Sierpitski Gasket 


In order to compute the distance zeta function of the Sierpinski gasket, we can pro- 
ceed much as in the proof of Proposition 3.2.1. Therefore, we limit ourselves to 
stating the corresponding result. We leave the details of the proof to the interested 
reader; see an analogous computation given in Example 4.2.24 of Subsection 4.2.3 
below, on pages 292—294, for the case of the corresponding relative Sierpinski gas- 
ket. 


Proposition 3.2.3 (Distance zeta function of the Sierpinski gasket). Let A be the 
Sierpinski gasket in R*, constructed in the usual way inside the unit equilateral 
triangle; see Figure 4.5 on page 275. Let 6 be a fixed positive real number. We 
assume without loss of generality that 6 > \/3/12, so that the set Ag is connected.'! 
Then, for all s € C, the distance zeta function C, of the Sierpinski gasket is given by 


6(/3)!-52-5 5 6°-! 


ls) = yay +27 +35 (3.2.11) 


'l More precisely, for this choice of 5, Ag is equal to the 6-neighborhood of the unit triangle A. 
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which is meromorphic on the whole complex plane and equivalent to (2° —3)~'. In 
particular, the set of principal complex dimensions of the Sierpitiski gasket is given 


by 


: 20, 
dimpcA = log, 3 + jog (3.2.12) 


and consists only of simple poles of C4. In particular, 


6 (v3)! 
res(C4, 5) = Ask (log 2)sx(s% — 1) 


where sx := logy 3 + eagki € dimpc A, for every integer k € Z. 


We deduce from Equation (3.2.12) that the set of complex dimensions (i.e., the 
set of poles of C4 in all of C) of the Sierpifiski gasket is given by 


2 
i iZ), (3.2.13) 


P (fa) = (0, 1}U (1og3+ oo 


and consists only of simple poles of €,. 


3.3 Tensor Products of Bounded Fractal Strings and Multiple 
Complex Dimensions of Arbitrary Orders 


In this section, we construct a class of bounded fractal strings Y with principal 
complex dimensions of any prescribed order (i.e., multiplicity); see Theorem 3.3.6 
below. Furthermore, the same theorem provides a construction of a class of fractal 
strings with principal complex dimensions of infinite order; that is, with essential 
singularities on the corresponding critical line. The idea of the construction is to use 
iterated tensor products of suitably chosen bounded fractal strings. 

Let us first recall the definition of a self-similar fractal string (see [Lap3], 
[LapPe2], [Lap-vFr1-—2], [LapPeWi1], [Lap-vFr3, Section 2.1]). In fact, we intro- 
duce a more general notion. 


Definition 3.3.1. Let % be a bounded fractal string and {r,,...,ry} a multiset of 
positive numbers (“ratio list’) such that 


rpteetry <i. (3.3.1) 


An extended self-similar fractal string Z = Z(LDsr1,...,1y), generated by Y and 
{ri,r2,...,ry}, is the bounded fractal string defined by 


Bi || ire (3.3.2) 


ae (No) 
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where @ := (0,...,Q,) and the notation LI is described towards the end of Sec- 
tion 1.3. Therefore, & can be written as the following tensor product of fractal 
strings: 


B= PhO FZ Cush) (3.3.3) 


where the tensor product is defined at the end of Section 1.3 and the fractal string 
L(r,,...,r7) is defined by 


Pity et at eee Nay |, (3.3.4) 


viewed as a multiset. 


The following lemma provides some basic properties of the geometric zeta func- 
tion of tensor products of fractal strings. 


Lemma 3.3.2. Let “4, and YL be two bounded fractal strings. Then, their tensor 
product is also a bounded fractal string and the corresponding geometric zeta func- 
tion is given by 


C¥,eA(s) =C¢,(s)- Cals) G35) 
for alls € C such that Res > max{dimg-Y ,dimg-Z }. Furthermore, 


dimg(-Y, @Ly) = max{dimg-Y% ,dimg-4}, (3.3.6) 


where dimp-Y; denotes the upper box (or Minkowski) dimension of 2;. Equiva- 
lently, 
D( LY, ® Lo) = max{D(4,),D(Z)}. (3.3.7) 


Proof. If s € C is such that Res > max{dimg.“, dimg-% }, then (3.3.5) holds since 
the series defining ¢y,2.%(s) on the left and ¢y,(s) and ¢y(s) on the right are 
absolutely convergent, which allows us to use the corresponding special case of 
Fubini’s theorem. 

For any fractal string & and a > 0, we let 2% := (A™)aey and |Z]; := 
YacgyA. Since |Z"|; and |.Z,|; are series with positive entries, we then have that 


(Ai ®L2)"|1 =| LP |". (3.3.8) 


If a < max{dimg-“%,dimg-4}, then either |Z" |1 = +ee or |L3%|1 = +e, and by 
(3.3.8), we thus deduce that |(.41 ® Y2)%|; = +e. On the other hand, if a € R is 
such that & > max{dimg-7,,dimg-Y}, then both |-7,%|1 < and |.Z4"|; < ee, and 
by (3.3.8), we must have that |(.%, ® %)%|; < ce. This proves Equation (3.3.6). 
Finally, Equation (3.3.7) follows from Theorem 2.1.55. This completes the proof of 
the lemma. 


Part (b) of the following theorem extends [Lap-vFr3, Theorem 2.3] to the present 
more general context of extended self-similar strings, while part (a) corresponds to 
the special case of the just mentioned theorem when the geometric self-similar string 
under consideration has a single gap (see Remark 3.3.4 below). 
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Theorem 3.3.3. Let the assumptions of Definition 3.3.1 be satisfied and let D € 
(0, 1) be the (necessarily unique) real solution of the Moran equation wet r =1. 
Then: , 


(a) The fractal string L(r\,...,rz) generated by the scaling ratios r\,...,1rj is 
bounded and has total length given by 


1 
LF ie —_,——- 3.3.9 
Cie ie (3.3.9) 


Furthermore, its geometric zeta function has a meromorphic continuation to the 
entire complex plane and is given by 


1 
C (rn ary) (8) = ; (3.3.10) 
(71 J) 1 _ yy ri 
for all s € C. Moreover, its abscissa of convergence is given by 
D(C L(r,..4r))) = D- (3.3.11) 


(b) The extended self-similar fractal string Z := Ly® L(r\,...,r7) is bounded 
and has total length given by 


(3.3.12) 


Furthermore, its geometric zeta function has for abscissa of meromorphic continu- 
ation Dmer(Sg) = Dmer(¢4%) and its meromorphic extension is given by 


CH(s) 
1-yiur 


Ces) = ; (3.3.13) 


for all s € C such that Res > Dmer(C. Ly)» Moreover, its abscissa of convergence is 
given by 
D(Gy) = max{D(Cg,),D}. (3.3.14) 


Finally, for a given window W of CA the visible complex dimensions in W of 
f satisfy 
P(Sg,W) CDV A(Ca,W), (3.3.15) 


where D is the set of complex solutions in W of the Moran equation per rj =1. 
Furthermore, if there are no zero-pole cancellations in (3.3.13), then we have an 


equality in (3.3.15). 


Proof. (a) Itis clear that Equation (3.3.2) defines a fractal string, since r; € (0, 1) for 
eat ay and 
ryt. .ry! > 0as |oely = 01 +--+ + Gy > &. The multiset {7/1 ... rf” : @ € (No)”} 


all j = 1,...,J, while each element oe ee ry has finite multiplicity 
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is itself a bounded fractal string “(r),...,r7), since of all of its members are listed 
as monomials in the expansion of the sum ¥}f_9(71 +-*+ + r;)* and therefore, we 


have 
co J k 1 


IZ(n.- oh= > (X15) 


Se, (3.3.16) 
k=0 *j=1 Lay 


due to condition (3.3.1). 
Exactly as in the proof of [Lap-vFr3, Theorem 2.3], Equation (3.3.10) follows by 
direct computation: 


ae (No) 
Care (3.3.17) 
(8) -raha 


Note that, a priori, the above computation is valid for Res > D (since then, 
pa r| < a a < 1), but in fact, the endresult (i.e., Equation (3.3.10) above) 
remains valid for all s € C, upon meromorphic continuation. 


(b) In light of Equation (3.3.2), the extended self-similar fractal string Y can be 
written as follows: 


w= (i) AS: (3.3.18) 
AECL (r,.-.,77) 
We then have 

Zi= Yo ASh=|4h YH A 

AECL (r,..5°7) ACL (r,..577) (3.3.19) 
|Zol1 a 
= |Z -|L(n,...,77)|1 = ———- << », 
lr = St 


where in the last equality we have used Equation (3.3.16). This completes the proof 
of Equation (3.3.12). Equations (3.3.13) and (3.3.14) are a consequence of part (a) 
and of Lemma 3.3.2. 

Finally, the remaining part of the theorem (i.e., the inclusion (3.3.15)) now easily 
follows from Equation (3.3.13). 


Note that in order to deduce (3.3.10) from (3.3.13), it suffices to let Y := {1}, 
so that C4 (s) = 1, for all s € C. 


The following comment provides a direct and alternative proof of Equa- 
tion (3.3.13) and, in fact, of all of Theorem 3.3.3, based on a useful scaling ar- 
gument. 


Remark 3.3.4. The above Definition 3.3.1 coincides with the usual definition of self- 
similar strings of total length equal to | given in [Lap-vFr3, Section 2.1] when % 
is taken to be a finite string with lengths g1,..., gx (corresponding to the gaps) such 
that 
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J K 
rit se=h (3.3.20) 


This situation corresponds to the geometric construction of a self-similar string. For 
this reason, the resulting fractal string & is then referred to as a geometric self- 
similar string. 

Remark 3.3.5 (Alternative proof of Theorem 3.3.3). Let us consider the extended 


self-similar fractal string Y introduced in Definition 3.3.1 and studied in part (b) of 
Theorem 3.3.3. Then, 


J 
2a ol |: ee. 321) 


It follows that the geometric zeta function of Y satisfies the following functional 


equation: 
J 


Co(s) =Sa(s)+ dS, 9(9). (3.3.22) 


j=l 
Furthermore, by using the scaling ae of the geometric zeta function, the above 
equation becomes Cy(s) = C4 (s) + ye 17; Ce/(s); that is, 


J 
Cals) =Sa(s) + Sols) Di 5- (3.3.23) 


nm. 
Il 
= 


Since the series defining the geometric zeta function ¢z(s) of the bounded fractal 
string Y introduced in Equation (3.3.2) is (absolutely) convergent for all s € C such 
that Res > 1 (see Equation (3.3.9) in Theorem 3.3.3(a)), this functional equation 
yields Equation (3.3.13) directly for all s €¢ C such that Res > Dmer(¢.~). Indeed, 
upon meromorphic continuation, each of the meromophic functions involved in the 
above scaling argument can be interpreted as the meromorphic continuation of the 
corresponding zeta functions. This completes the proof of part (b) of Theorem 3.3.3. 

Note that the special case when “% = {1} and hence ¢ y = 1, also yields part (a) 
of Theorem 3.3.3. In particular, Equation (3.3.10) holds for all s € C and Equation 
(3.3.9) holds since ||, = Cv(1), where 2 := L(r,...,7r7). 


The next theorem gives a general construction of complex dimensions of higher 
order generated by means of extended self-similar strings. 


Theorem 3.3.6. Let FZ := 4 ®L(ri,...,ry) be an extended self-similar fractal 
string in R generated by a bounded fractal string Lo and the set of scaling ratios 
{r1,12,-+-,ry} with 0 < rj <1, such that pare < 1. Furthermore, assume that 
¢ ~ is meromorphic on C and that there are no zero-pole cancellations in (3.3.13). 
Let © be the set of complex solutions of the Moran equation Ye \1j = 1 and let 
m be an arbitrary positive integer. Then, one can explicitly construct an extended 
self-similar fractal string Yim which has exactly the same complex dimensions as 
L but with the orders (i.e., the multiplicities) of the complex dimensions located in 
D multiplied by m. 
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Moreover, if we let D* := DN {Res > 0}, then one can explicitly construct an 
extended self-similar fractal string L.. such that all of its complex dimensions con- 
tained in D* are of infinite order; that is, they are essential singularities of its 
geometric zeta function Cz_. In particular, we have that Dmer(z.,) = D(Gz.,)- 


Proof. Let Zp be the generator and let {r),72,...,ry} with 0 < rj < 1 be the associ- 
ated scaling ratios. Furthermore, we define Y := % ® L(ri,...,ry) as in part (b) 
of Theorem 3.3.3, and we now let this be our new generator; that is, we define a new 
extended self-similar fractal string 7 := 4 ® L(r),...,r7) as the disjoint union 
of scaled copies of & by scaling factors built by all possible words of multiples of 
the ratios r;. This construction implies that 


J 
#22 75| [2a (3.3.24) 


j=l 


and, similarly as before, by the scaling property of the geometric zeta function (see 
Remark 3.3.5 above) and, in light of part (b) of Theorem 3.3.3, we then have 


__ Ses) _ als) 
Ser (1 dha)’ 


(3.3.25) 


As is apparent in Equation (3.3.25), the fractal string “> has exactly the same com- 
plex dimensions as 7, except for the fact that the orders of the ones contained in D 
are multiplied by 2. 

We can next proceed inductively by using 7 as our new base fractal string and, 
for each n € N, we thus obtain a fractal string £,, such that 


C“(s) 
(1-D- 1 r’) 


£, has exactly the same complex dimensions as 7, except for the fact that the ones 
contained in D have their orders multiplied by n. 

In order to generate essential singularities, we take a disjoint union of the fractal 
strings Y,, scaled by (n!)~!. More specifically, we define Y... as 


Cy, (s) = z: (3.3.26) 


co 


Zoe | Bu (3.3.27) 


n=1 


The construction of Y... (see Definition 4.5.7 and Lemma 4.5.10 in Subsection 4.5.2 
below) and the scaling property of the geometric zeta function (see Remark 3.3.5) 
then imply that 
— 1 
bz_(s)=Sa(s) s\n 
“ . n= 1 (n ie (1 ~~ ye 1 r) 


(3.3.28) 
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By the Weierstrass M-test, the above sum defines a holomorphic function on {Res > 
0}\D* and D7 is the set of essential singularities of the function defined by this 
sum. 


Example 3.3.7. (The n-th order Cantor string). In this example we introduce the no- 
tion of an n-th order Cantor string, where n € N is arbitrary. Namely, in the notation 
of Theorem 3.3.6 define 2; to be the Cantor string of total length 1 (see Example 
2.3.31). Furthermore, define now the 2nd order Cantor string as the extended self- 
similar string 4% := Y= 4, @ L(3~!,37'). By using Theorem 3.3.6 and since 
Cy, is given by Equation (2.3.53), one now concludes that 


Cz (9) 3° 


[a =5 5.4 aa (3.3.29) 


that is, Cy, is meromorphic on all of C. Moreover, 


2 
* 2 (3.3.30) 


= log,2 
Aly) 083 7 Toe 


and all of the above (principal) complex dimensions are of second order. 

To define the n-th order Cantor string for n > 2, we proceed inductively by defin- 
ing Y, := Y_| ® L(37',37'). The associated geometric zeta function is then 
given by 

35(n— 1) 

Cv,(s) = G2" (3.3.31) 
is meromorphic on all of C and the set of its poles coincides with (3.3.30) but all of 
them are of n-th order. 

Finally, we define %., the Cantor string of infinite order, as the union of the 
resulting fractal strings (viewed as multisets; that is, taking the multiplicities into 
account): 


2 | aly (3.3.32) 
n=1 


Its geometric zeta function is then given by 


35(n— 1) 


b2.(8) = 2 Gpsaraay 


n=1 


(3.3.33) 


and, by the Weierstrass M-test, is holomorphic on the open set 


20. 
{Res > 0} \ (log; 2+ ions 


The line {Res = 0} is a (meromorphic) partial natural boundary for Cy, (in the 
sense of part (i) of Definition 1.3.8 of Subsection 1.3.2, and strengthened as in Re- 
mark 1.3.9) and the set log; 2 + eas iZ consists of essential singularities of Cyv.. 
Anticipating on the future developments to be discussed in Chapter 4, we point out 


that the fractal string -Z. is strongly hyperfractal, in the sense of part (ii) of Defini- 
tion 4.6.23 of Subsection 4.6.3. 
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We note that this example will be revisited in Example 4.2.10 of Subsection 4.2.2 
below in the more general context of relative fractal drums. 


Remark 3.3.8. Taking any bounded fractal string Zp in R as a base fractal string, we 
can spray it using two (or more) sets of scaling ratios {r|,...,77} and {p),...,Px} 
in (0,1). More specifically, we first generate Y as the extended fractal string ob- 
tained in Definition 3.3.1. Next, taking Y as a new base fractal string, we define the 
corresponding extended fractal string % by using {p1,..., 0x} as the set of scaling 
ratios. Then, having used twice part (b) of Theorem 3.3.13, we conclude that the 
geometric zeta function of -Z is given by 


C%(s) . 
1 -Ye r) ; (1 —y p’) 


Ca(s)= (3.3.34) 


Finally, if ¢ 4, can be meromorphically extended to a window W such that it has no 
common zeros in W with the functions | — = 4 rj and | — ae pj , then (taking 
into account the multiplicities), we have 


J K 
L,,W)=4sEew: “=1+Uisew: f=] 
P(L,,W) {s un \ {s dP) } (3.3.35) 
UP(L,W). 


In closing, we mention that the results of this section can be generalized from the 
case of bounded fractal strings to that of ‘relative fractal drums’, which also include 
bounded fractal subsets of Euclidean spaces as a special case, as well as bounded 
fractal strings; see Subsection 4.2.2 of Chapter 4 below. 


3.4 Weighted Zeta Functions 


The notion of weighted distance zeta function, associated with a fractal A, is an 
inevitable consequence of the definition of the usual distance zeta function Ca. 
Namely, upon repeated differentiation of C4, the logarithmic weights emerge im- 
mediately. This section can be considered as providing a natural path towards an 
even more general situation, in which we may consider a fractal A jointly with a 
Borel measure L defined on a fixed 6-neighborhood of A, for some (small) 6 > 0. 
This yields the notion of a distance zeta function with measure: 


Calssu) = | d(x.A)'duta), B41) 


for all s € C with Res sufficiently large. 
All of the fractal zeta functions appearing in this section (i.e., Section 3.4) belong 
to this class. 
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3.4.1 Definition and Properties of Weighted Zeta Functions 


We can also consider the weighted distance zeta functionC,(-,w) of a bounded set 
A in RN, associated with a given complex-valued weight function w defined on As, 
for a fixed 6 > 0: 


€a(s,w) := i, w(x) d(x,A)° "dx, (3.4.2) 


for all s € C with Res sufficiently large. 

Here, we shall need the notion of a limit L™-space, or the space of (at most) 
weakly singular functions, defined as the intersection of L?-spaces (with respect to 
the Lebesgue measure on R”) of complex-valued functions, for 1 < p <9, 


L™)(As)= () L?(As). (3.4.3) 


1<p<co 


Example 3.4.1. Note that since Ag is bounded, then L*(Ag) C L®)(Ag), and the in- 
clusion is strict. Indeed, the function f(x) = logd(x,A) is in the space L”) (Ag) for 
any positive 6, provided dimgA < N; see [Zul, proof of Theorem 1(d)]. It suffices 
to fix p > 1 and to note that |logd(x,A)|? < Cd(x,A)~” for all x € Ag \ A, where 
C is a positive constant. Taking 0 < y < N—dimgA, we deduce that f € L?(Ag) in 
light of Lemma 2.1.3. 


Naturally, the standard distance zeta function C4 = C4.4,, introduced in Defini- 
tion 2.1.1 (see Equation (2.1.1)), corresponds to the case when the weight function 
is constant: w= 1. 


Proposition 3.4.2. Let Q be an open set in R'. Then, the following properties hold: 


(a) The vector space L®)(Q) is an algebra of functions with respect to pointwise 
multiplication. 


(b) Assume, in addition, that Q is bounded. If f € L?(Q) and g € L”)(Q), then 


fee L(Q):= f) LQ). (3.4.4) 
l<q<p 


In particular, the product of LP) and L®)-functions is an L?) -function. 


Proof. (a) If we take f,g € L*)(Q) and a fixed p > 1, then we have fg € 
L?(Q) since for any r > 1, we have by Hélder’s inequality, |||fg|? || < 
FIle Pipe = (Ufllzllellzye)? here, == r/(r-—1) is the conjugate ex- 
ponent of r); that is, 


Ilfgllee <[lFllellsllpoe <°, (3.4.5) 


and therefore fg € L”)(Ag). 
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(b) Let q € (1,p) be fixed. Much as in (a), we have ||fgllz¢ < || f\lz"llgll pq 
<0, since f € L?(Q) and L?(Q) C L4"(Q) (due to the boundedness of Q) for 
r > 1 sufficiently close to 1, or more precisely, for gr < p. To prove the second part 
of (b), let f € L?)(Q). Then f € L4(Q) for any q € (1, p), and by the first part of (b), 
we have that fg € L4)(Q). Hence, fg € N<g<pL? (Q) = L?)(Q). 


Remark 3.4.3. We point out that the notion of limit L?-space (denoted here by 
L?)(Q), see case (b) of Proposition 3.4.2 above) is close to the already existing 


notion of grand L?-space, which we denote by @ (Q). The latter notion has been 
introduced in 1992 by T. Iwaniec and C. Sbordone in [IwSb], and the corresponding 


space rP) (Q) is defined as the set of measurable functions f : Q > C satisfying 


1/q 
ans o(q (J, 10° |p(x) )!) <00, (3.4.6) 


qe(1,p) 


where @(q) := (jon aie) 4 The grand L?-space is always contained in the limit L?- 
space. More precisely, for any given bounded Lebesgue measurable subset Q such 
that |Q|y > 0 and for each p € (1, +e), we have that 


L?(Q) CL(Q) CLP\(Q):= [) LQ). (3.4.7) 


l<q<p 


Also, we caution the reader that the grand Lebesgue space L) (Q) is often denoted 
by L”)(Q) in the literature. 


The following result extends Theorem 2.1.11 to weighted distance zeta functions 
of fractal sets. It shows, in particular, that the derivative of a weighted distance zeta 
function of A is again a weighted distance zeta function of A but, of course, for a 
different weight function. 


Theorem 3.4.4. Let A be a bounded set in RX, 5 > 0, and assume that 1 < p<. 
Then: 


(a) If w € L?(Ag), then the weighted distance zeta function C,(s,w) of A (see 
(3.4.2)) is holomorphic in the open half-plane 


re 
Res > —dimgA + —, (3.4.8) 
P P 


where p' := p/(p—1) is the conjugate exponent of p, defined by 1/p+1/p' = 1. 
Furthermore, in that same half-plane, we have 


64 (s,w) = i} w(x) d(x,A)°" logd(x,A) dx; (3.4.9) 


As 
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that is, the derivative of the weighted distance zeta function is again a weighted 
distance zeta function: 


Ca(s,w) = Ca(s,w1), 


where w(x) := w(x)logd(x,A) € L?)(Ag). Moreover, if w € L*)(As), then w € 
L*) (Ag). 


(b) Assume, as in part (a), that w € L? (Ag). If dimgA =: D exists and P(A) > 
0, then the lower bound on the right-hand side of (3.4.8) is optimal for the collection 
of all weight functions w € L?(As). 


(c) Ifw € L®)(Ag), then $4(s,w) is holomorphic in the half-plane Res > dimgA. 
If, in addition, dimg A =: D exists and “@?(A) > 0, then the lower bound for dimpA 
on the right hand side of (3.4.8) is optimal for the collection of all weight functions 
w € L”)(As). 


Proof. (a) Let s € C with real part satisfying the inequality (3.4.8). Repeating the 
proof of Theorem 2.1.1 in this more general situation, we obtain the following ana- 
log of (2.1.21): 


IR(H)| <n) [ |w(x)|d(x,A)Rs- 4 dx. (3.4.10) 
5 


By using Holder’s inequality, we deduce that 
|R(h)| < ClA| ||w|lz2 |lglly, (3.4.11) 


where g(x) := d(x,A)Res-"—-©, Letting y := 2e +N —Res, with € > 0 sufficiently 
small, and by using Lemma 2.1.3, we see that g € LP (As) provided p’y < N— 
dimgA. This inequality follows from (3.4.8) (which is assumed here) provided € 
is small enough. This shows that €4(-,w) is holomorphic in the open half-plane 
defined by (3.4.8), and that ¢/(-,w) exists and is given by (3.4.9) in that same half- 
plane. (See the corresponding part of Theorem 2.1.11; see also Theorem 2.1.45, 
in the statement of which the weight function w can be can be absorbed into the 
measure: du(t) = w(r)df, in the notation of that theorem.) The L’) and L®) claims 
(more precisely, the fact that for g = p,-», with 1 < p < ©, wi (x) = w(x) logd(x,A) 
belongs to L”(A¢) if w(x) does) follow from Proposition 3.4.2. 


(b) If dimgA = N, then the right-hand side of (3.4.8) is equal to N, and the 
optimality of the bound follows from Theorem 2.1.11(c), as we now explain. Here, 
we assume that w € L?(Ag) with 1 < p<. IfA is such that dimgA < N, let us define 
w by w(x) = d(x,A)~” for some y satisfying 0 < y < 5 (N — dimgA). Therefore, 
w € L?(Ag); see Lemma 2.1.3. We have 


Calsw) = fi d(xa)- Nar = Cals) (3.4.12) 
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so that, by Theorem 2.1.11, the function €,4(s,w) is holomorphic for Re(s — y) > 
dimaA, that is, for Res > y+dimgA. We have y+ dimgA < pdimgA + : =:r. Using 
Theorem 2.1.11(c), we see that C4(s,w) + +c0 as R 3 s— y+D from the right. 
Since y+ D can be made arbitrarily close to r for y sufficiently close to 7 (N —D), 
we deduce that the estimate (3.4.8) cannot be improved. 


(c) If w € L*)(As), then the weighted zeta function 4(s,w) is holomorphic in 
the union of the half-planes defined by (3.4.8), corresponding to all p > 1; note 
that the right-hand side of (3.4.8) is decreasing as p grows and so the half-planes 
are increasing. The claim now follows from (3.4.8) by letting p —> +9, since then 
pol. 


Note that the number r defined by the right-hand side of (3.4.8) is a convex com- 
bination of dimgA and N, and therefore, r € [dimgA,N]. Furthermore, if p + +, 
then r > dim gA, while if p— 1, thenr— N. It is also worth noticing that the deriva- 
tive of the standard distance zeta function of A defined by (2.1.1) in Theorem 2.1.11 
is equal to the weighted zeta function of A with weight w(x) = logd(x,A), see 
(2.1.13): 


Ca(s) = Ca(s,w). (3.4.13) 
Remark 3.4.5. Motivated by the notion of generalized fractal string discussed in 
[Lap-vFr3, Chapter 4] (and introduced in [Lap-vFr1]), one can generalize the 
weighted zeta functions (3.4.2) to distance zeta functions associated with positive 
or complex Borel measures pf) on R% (or more generally, on As, for some small 
positive 6): 


Ca(ssu) =f d(xa)%au(a), (3.4.14) 


for all s € C with Res large enough. 
If is such that |du(x)| < |w(x)| dx, with w as in Theorem 3.4.4, then the coun- 
terpart of (3.4.9) in Theorem 3.4.4 reads as follows (see Theorem 2.1.45): 


Ch(ssu) = fh d(x,A)" logd(x,A) du (x), 


for all s € C such that Res > dimgA. 


Remark 3.4.6. The singular dimension of Ee (Q) is equal to 0, while its upper sin- 
gular dimension is equal to N (see [Zul, Theorem 1(d)]): 


s-dimL”)(Q) =0, s-dimL”)(Q) =N. (3.4.15) 


The singular dimension (respectively, the essential singular dimension) of a vector 
space X (or just a set) of measurable complex-valued functions f : Q — C is defined 
by 


s-dimX = sup{dimy (Sing f): f € X}, 
s-dimX = sup{dimy(e-Sing f) : f € X}. 
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Here, dimy E denotes the Hausdorff dimension of E C RY, Sing f is the singular set 
of f consisting of all a € Q for which there exists y > 0 such that | f(x)| > Clx—a|~? 
Lebesgue a.e. in a neighborhood of a, while e-Sing f is the extended singular set of 
Ff defined by 


1 
e-Sing f = {ae Q : limsup 1 | | f(x) | dx = tec}. 
rot T° JB,(a) 


The extended singular set of f contains, for example, all points a € Q of logarithmic 
and iterated logarithmic growth of f. For any f € L®) (Q), we have Sing f = 0, while 
e-Sing f may be nontrivial; see Example 3.4.1. A detailed analysis of pointwise 
regularity and local oscillations of functions can be found in the memoir [JaffMey] 
by Jaffard and Meyer. 


The space L~) (Q) appears naturally in the theory of Sobolev spaces, that is cen- 
tral to the study of partial differential equations. If Q is a bounded open set in RY 
and kp = N, where k is a positive integer and 1 < p < ~, then by the Sobolev em- 
bedding theorem (see, e.g., [Bre]), 


w?(Q) C L*)(Q). 


If Q is not necessarily bounded, then under the same conditions on k, p and N, we 
have a more general result: 


WP (Q) CLP) (Q):= () L1(Q). 


psqcce 


3.4.2 Harmonic Functions Generated by Fractal Sets 


Let A be a bounded subset of R”. Writing s = € + ni € C, where €,n € R, and 
separating the real and imaginary parts u and v of the distance zeta function C4(s) = 
u(&,n)+v(&,n)i defined by (2.1.1), we obtain the following functions, defined by 
means of singular integrals (see also Proposition 2.1.22) for € = Res sufficiently 
large, 


u(.n) =f _d(x,a)§™ cos(m logd(x,)) de, 
eave (3.4.16) 
v(E,n) = ) doa)?" sin(n losd(4)) dr 


Note that in the integrands, the singularities appear on the set A both in the function 
xt» d(x,A)®—, provided € < N, and in the function x++ logd(x,A). The oscillatory 
nature of the corresponding chirp-like function (0,5) 3 t+ t5~" cos(n log) has 
been discussed in Subsection 2.1.7. 
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Since C, is holomorphic for Res > dimgA, we can immediately deduce the fol- 
lowing consequence, in which we obtain a new class of harmonic functions gen- 
erated by fractal sets in R. It is noteworthy that the natural common domain of 
definition of these harmonic functions depends on the upper box dimension of A. 


Corollary 3.4.7. Let A be a bounded set in R™, and 6 be a fixed positive number. 
Define G = (dimgA, +) x R C R*. Then the functions u and v defined by (3.4.16) 
are of class C® and harmonic on G, that is, Au=0 and Av = 0 on G. Furthermore, 
if D = dimgA exists and MP (A) > 0, then u(&,0) + +00 as € + Dt, with & real. 


More general harmonic functions than those obtained in Corollary 3.4.7 can be 
easily generated by using distance zeta functions with weights, or even measures; 
see Theorem 3.4.4 and Remark 3.4.5. 


Example 3.4.8. Extremely complicated harmonic functions are those generated by 
the boundary A of the Mandelbrot set; see (3.4.16). Thanks to Shishikura’s well- 
known theorem [Shi], we have that dimgA = dimy A = 2, where dimy A denotes 
the Hausdorff dimension of A;!? so that the associated distance zeta function C,(s) 
is holomorphic for Res > 2, #(€,) = {Res > 2} and D(C,) = 2. We do not know 
if 2(A) > 0; if this is true, then it follows from Corollary 3.4.7 that €4(s) > +e° 
asRSs— 27. - 

In closing this example, we note that the question of whether or not ¢4 or €, 
(the distance or the tube zeta function of the Mandelbrot set, respectively) admits 
the critical line {Res = 2} as a (meromorphic) partial natural boundary, or even as a 
(meromorphic) natural boundary (in the sense of Definition 1.3.8 and possibly when 
C4 and by are defined via an appropriate gauge function, see footnote 12 on page 
222), will be addressed in Problem 6.2.21 of Subsection 6.2.2. 


3.5 Zeta Functions of Fractal Nests 


In this section, we provide several examples of fractal sets illustrating the use of zeta 
functions for the computation of their box dimensions. Note that the sets appearing 
in Example 3.5.1 below are not the boundary of any fractal spray; see [LapPo3], 
[Lap-vFr3, Section 1.4] for the definition of fractal sprays. In short, a fractal spray 
(as introduced in [LapPo3]) is a disjoint union of countably many scaled copies of 
a single bounded and open subset of R% (called the ‘basic shape’ in [Lap-vFr3] or 
the ‘generator’ of the spray in [LapPe2—3, LapPeWil-—2]). The scaling is done via a 


12 However, it does not seem to be known whether A is either Hausdorff or Minkowski nonde- 
generate, and in case it is degenerate, what is a corresponding gauge function h with respect to 
which it is h-Minkowski (or h-Hausdorff) nondegenerate. See Definition 6.1.4 and the discussion 
following it. 
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fractal string & = (¢;);>1, as in Example 3.5.1. As a variant, one can also allow (as 
in [LapPe2—3, LapPeWil-2]) finitely many generators for the fractal spray. At first 
glance, the notion of a fractal nest may seem to be close to that of a fractal spray, 
but it is in fact essentially different; see Remark 3.5.2 following Example 3.5.1. 


Example 3.5.1. (Fractal nests of concentric circles and spheres). Let 2 = (€;)j>1 
be a bounded fractal string, i.e., a nonincreasing sequence of positive numbers tend- 
ing to 0, such that ¥)j5)¢; <e. Let A =A yv = {ag : k € N} be the corresponding 
bounded subset of R, defined by a; := > j>, ¢; for each k > 1. Clearly, A C [0,a)]. 

We stress that whereas up to this point in this monograph, A = A.yv was viewed 
as a subset of the real line R, we will view A in this example as being embedded in 
a higher-dimensional Euclidean space; namely, we will consider it as a subset of R* 
(in parts (a) and (b)) and as a subset of R% (in parts (c) and (d)), where N > 2 is 
arbitrary. 

(a) We view A as a subset of the x,-axis in R?. Let A; be a planar set obtained 
by rotation of A around the origin, that is, as the union of the sequence of con- 
centric circles of radii ay; see Figure 3.2. By a method similar to the one used in 
Example 2.1.58, we obtain that A; has the following zeta function: 


Qnd®  2najd* + 2? nS oy 
Lr 3.5.1 
ar a py t (Get 4x41); (3.5.1) 


CAy (s) = 


where we assume that 6 > /,;/2. This assumption is inessential due to Proposi- 
tion 2.1.76. The first two terms on the right-hand side of (3.5.1) correspond to the 
annulus aj <r <a, +6 in R?, and they are also inessential since it is clear that the 
box dimension of A is at least 1. Since ay41 = ax — Ix, we deduce from (3.5.1) that 


f(s) := s OO" (ag + ax41) = Sy | (ay —) = O1(s) + G(s) (3.5.2) 
k=1 k=1 


where €)(s) :=25 7, €{ ‘a, and (s) := —Yz_, 4. Assuming that D(¢)) > D(&), 
from Lemma 2.3.5 we conclude that f(s) ~ ¢)(s). Therefore, in light of Lemma 
2.1.81, we have 

dimgA; = max{1,D(¢i)}. (3.5.3) 


Moreover, this value is equal to dimpc A}. 
Note that if D(f) = 1, then €4(s) ~ + + f(s) and if D(f) < 1, then C4(s) ~ 4; 
see Equation (3.5.1). 


(b) As a special case of (a), let us consider a standard example of a fractal string, 
namely, the o-string, where a, = k~™ for each k > 1, and ~ > 0. (See [Lap], Ex- 
ample 5.1] and [Lap-vFr3, Subsection 6.5.1]. Recall, however, that A = {a, :k > 1} 
is now viewed as a subset of R?.) Let us check the condition D(;) > D(C2) in this 
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v2 


Fig. 3.2. The fractal nest of center type in the plane R? generated by the fractal string Y = (€;) j>1- 
Note that for every k > 1 we have ; = ax — ax41, where ax := D1 j>,¢;. Furthermore, we have 
Ag := {ay :k > 1}. Compare with Figure 2.7. 


situation. Since the case when a > | is easy to deal with,!’ we only consider the 
case when a € (0,1). 

It is easy to see that D(C) = 2/(1+a) > 1. Indeed, assuming that s € R, and 
since by the Lagrange mean value theorem, & = k~% —(k+1)~% xk-®"! ask 4 ©, 
we conclude that 


iz (s) -2 > la, ~ y Ko (a+ l)(s-1)-o oe: 5 ko (at 1)s—1) | 
k=1 


(The notation = is explained in Subsection 1.3.3, on page 41.) The last Dirichlet 
series converges if and only if (a+ 1)s—1> 1. Hence, D(C,) > 2/(1+ qa). In 
particular, D(C1) > 1 since a € (0,1). 

Similarly, we have D(€2) = 1/(1 +) since for any s € R, 


-6() = Vax Ses, 
k=1 k=1 


and the last Dirichlet series converges if and only if (a+ 1)s > 1. Since D(¢1) > 1, 
we deduce from (3.5.1) that 


Ca, (s) ~ Si(s) + G2(s). 


13 For a > 1, the set A, is rectifiable (in other words, the sum of circumferences of all circles 
contained in A, is finite). We note that in the case when a = | we have dimgA, = 1, but the set 
is Minkowski degenerate. More precisely, its 1-dimensional Minkowski content exists and is equal 
to +o. However, it can be shown that h(t) = log(1/t), for 0 <t < 1, is the corresponding gauge 
function of A,, in the sense of Definition 6.1.4. 
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Furthermore, since D(¢,) > D(¢2), Lemma 2.3.5 implies that 
Ci(s) + G2(s) ~ Si(s). 


Therefore, C4,(s) ~ ¢1(s), and by using Theorem 2.1.11, we obtain that for any 
a € (0,1), 


BAA] fl ( ) 
We can summarize the above discussion by stating that for any > 0, 
1m. max 7 Fa 
BO] ’ 1 


This result was obtained earlier in [ZuZup1, Remarks 2 and 8], where it was also 
noted that the set A, is Minkowski measurable if and only if «@ 4 1. For a € (0,1) 
the Minkowski content of A; can be explicitly computed directly by analyzing the 
function 6 +> |(A1)s| and is given by 
MA )= 2a/(1+a) 1 +o 
1) =2(2/a) toe? (3.5.6) 
where D := 2/(1+ a), while for @ > 1 we have that D = | and the corresponding 
value of .@'(A;) is finite and equal to the length of the curve. (Compare with 
[Lap1, Example 5.1 and Appendix C] and [Lap-vFr3, Subsections 6.5.1 and 8.1.2]; 
note also that ./! (A,) =o for @ = 1.) Furthermore, the value in (3.5.5) is equal 
to dimpc A. Finally, as a consequence of Equation (2.2.4) from Theorem 2.2.3 
and Equation (3.5.6), still assuming that a < 1, we deduce that the residue of the 
distance zeta function of Aj computed at s = D is given by 


res(C4,,d) = (2—D).@"(A1) = n(2/ayraliira) -o (3.5.7) 


See also Example 5.5.16 where the results of Chapter 5 were used to obtain the value 
(3.5.6) of the Minkowski content of A; directly from its distance zeta function. More 
generally, the results of Chapter 5 give an asymptotic formula for the tube function 
t+ |(A1);B(0)| as t + O* in terms of the complex dimensions of the set A. 


(c) Next, we view the set A = {ax}z>1 from (a), generated by a fractal string 
L = (;)j>1, as a subset of IR" placed on the x,-axis, where N > 2. Let Ay_; be 
the subset of IR” defined as the union of the concentric (N — 1)-dimensional spheres 
of radii a, and with common center at the origin. It is well known that the (NW — 1)- 
dimensional Hausdorff measure of the unit sphere of R% is equal to N@y, where 
@y is the N-dimensional Lebesgue measure of the unit ball in R” (with explicit 
values recalled on page 40 in Section 1.3). Passing to spherical coordinates (and 
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by dropping the part depending on 6, corresponding to the shell aj <r <a,+6, 
because it is inessential), we deduce that 


ay ee 
Ee Now [ d(r,A)>" rar = Noy > Jus (3.5.8) 
0 k=l 
where 
ae s—N 
n= fo je Gy 
ak+1 2 
iw N-1 N-1 
=2 pr’ "(Pp +a) +(ae—p) |p. (35.9) 


It is clear that only the constant terms in square brackets yield (under suitable re- 
strictions, see below) the largest real pole, namely, the box dimension, because the 
other terms yield the singularities s = 0,1,...,N — 1 after integration. Therefore, 
dimgAy_1 > N—1, that is, D(Cay_,) = N—1, which is intuitively clear since Ay 
consists of (NV — 1)-dimensional spheres. Let us therefore assume that D(Cay_,) > 
N— 1. Dropping all the unnecessary terms from (3.5.9) except for the one involving 


aj, ', we obtain that J, ~ a! fer p°’ “dp ~ &-Nt1qN-l and therefore 
Cae ye a, S27 is (3.5.10) 
k=1 


We thus deduce from Corollary 2.1.63 that 
dimgAy—, = max{N—1,D(f)}. (3.5.11) 
If we consider the special case of the a-string and of the associated fractal set 


Ay_1 in R, where a; = k-@ and = a, — ay+1, then using (3.5.10) we obtain the 
following result generalizing the one obtained in case (a) above: 


i 1 a 
Cay ( ~ ae a6 ee = © yarenn GaN (3.5.12) 
and hence, 
dimgAy_ | = ai (3.5.13) 
BAN-1| — a+? WJ. 
provided 0 < a < 1/(N—1). Indeed, for ~@ > 1/(N— 1) we have au <N-—1,s0 


that the half-plane {Res > “4h contains the singularity s = N — 1, which we have 
dropped (since in this case, C4,_,(s) ~ 1/(N— 1)). Therefore, if a is any positive 
number, we have 


N 
dimgAy_1 = N-1 3.5.14 
impAyn-1 max { a}. ( ) 
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Fig. 3.3 The fractal nest B, of outer type in the plane R? generated by the fractal string Y = 
(£;) ;>1- Note that £; = aj —aj+ forall j > 1. 


It can be shown that dimgAy_ exists in this case. Formula (3.5.14) can be viewed 
as a generalization to the N-dimensional case of Tricot’s formula (3.5.5) (see [Tri3, 
p. 121] or [DupMenTri]). 

(d) Let us now define the subset By_; of IR exactly in the same manner as 
the set Ay_; C R in (c), but with center at a, (instead of at the origin). In other 
words, By_; C R% is the union of the concentric (N — 1)-dimensional spheres of 
radii by = Y j<q x and with center at the point a; on the x-axis; see Figure 3.3 for 
N = 2. Then, using much the same methods as in (c), we obtain that 


1 a 
~——_ ¥ ps Nt 3.5.15 
SBy_1 (5) SoN+I k ve) 


Taking again a, = k_™ with positive a, we have that 


Cay_1(8) apa: ACES CETEERE (3.5.16) 


which converges for Res > N—1+(a@+1)7!. Therefore, using Corollary 2.1.63, 
we deduce that ; 
dimgBy_1 = N—1+4+——_. (3.5.17) 
at+l 
This dimension result is intuitively clear since the set By_; looks locally like a 
Cartesian product (0,1)%~! x {bg :k > 1} (see [ZuZup1, Remark 6]) and dimg({b; : 
k > 1}) =1/(a@+1) (see [Lap1, Examples 5.1 and 5.1’]). For N = 2, we obtain that 
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2+ 
d:= dimeg B, =>"; 
l+a 


which is precisely the box dimension of the spiral r = 1 — 0~% of the limit cycle 
type, where 0 > 0 > 0; see [ZuZup1, Theorems 2 and 5, Remarks 2 and 8]. Of 
course, the set B; can also be described as the graph of a discrete spiral r = f(0), 
much as in part (c). It is Minkowski measurable for any a > 0 and the value of the 
Minkowski content of B; C R? can be computed directly by analyzing the function 
6 +> |(B,)s| and is given by 


M(B) = 2n(1+a)(2/a)/ +, (3.5.18) 


Hence, in view of Equation (2.2.4) from Theorem 2.2.3, we obtain the following 
value of the residue of the distance zeta function Cg, at s = d: 


res(g, ,d) = (2—d).@4 (By) = 2ma(2/a)%/0+%), (3.5.19) 


Remark 3.5.2. In Example 3.5.1 just above, it may seem at first glance that the frac- 
tal nest is a ‘fractal spray’ generated by the unit circle as the ‘basic shape’ (note that 
its interior is empty), using the sequence (aj) j>1 as the corresponding fractal string. 
This is not the case, however. Indeed, in the case of fractal sprays, only the ‘inner 
geometry’ of scaled copies is important, whereas for fractal nests, their ‘outer ge- 
ometry’ is also essential. More specifically, a fractal spray is any disjoint collection 
of scaled copies of the basic shape; see for, example, Figure 4.5 illustrating the case 
of the Sierpinski gasket. The corresponding inner box dimension of the boundary of 
the union Q of scaled copies (more precisely, dimg(0Q,Q); see Chapter 4 and, in 
particular, Section 4.2.1) does not depend on the ‘arrangement’ of the scaled copies 
in R. In contrast, in the case of fractal nests, the arrangement of the scaled copies 
of the basic shape is essential. 


It is convenient to introduce the notion of fractal nest, which generalizes the 
construction of the fractal sets considered in Example 3.5.1. We use the notion of a 
basic shape introduced in the context of fractal sprays in [Lap-vFr3, p. 28] (see also 
[LapPo3]) for a set which generates the nest.!4 


Definition 3.5.3. Let Qo be a given basic shape in R”, which we assume here to 
be a bounded open subset of IR” that is starshaped with respect to the origin. Recall 
that {29 is said to be starshaped if for any x € Q, the open interval {tx : t € (0, 1)} 


joining x and the origin is contained in Qo. In particular, the origin belongs to Qo. 
Note that for such a set Qo, the condition a; > az > 0 implies that a,}Qo D a2Q. 


'4 Note that in [LapPo3, Lap-vFr3], the ‘basic shape’ (of a fractal spray) is allowed to be an arbi- 
trary bounded open subset of R”. Recall that the ‘basic shape’ is also referred to as a ‘generator’ 
in [LapPe2—3, LapPeWil-2, Pe, PeWi]. 
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(a) Let (ax)¢>1 be a nonincreasing sequence of positive real numbers, converging 
to zero. Then define the open set Q = a)Qo \ Ug_, 0 (az.Q0), viewed as a subset of 
RY. Its boundary 


AQ = {O}U LJ A(aQo). (3.5.20) 
k=1 
is called a fractal nest of center type. Note that if Qo is the unit ball, then the corre- 
sponding fractal nest coincides with the set Ay_; in Example 3.5.1(c). 


(b) Let (by)x>1 be a nondecreasing sequence of positive real numbers, converg- 
ing to bo. Then define the open set Q = boQo \ Ug) 0 (bp.20), viewed as a subset 
of R%. Its boundary 


AQ = |J A(Qo) (3.5.21) 
k=0 
is called a fractal nest of outer type. Observe that if Qo is the unit ball, then the 
corresponding fractal nest is congruent to the set By_; in Example 3.5.1(d). 


If we take as a basic shape an open pyramid Q in R™ with vertex at the ori- 
gin, and let a, = k-% for each k > 1 and some @ > 0, then the corresponding set 
OQ has box dimension equal to max{N — 1,N/(a@+ 1)}. This can be easily proved 
using Example 3.5.1(c) and the property of finite stability of the upper box dimen- 
sion (namely, for any finite family of bounded subsets C),...,C, of IR”, we have 
dimg(Uz_, Cy) = max{dimgC; : k = 1,...,n}; see, e.g., Equation (6.1.8) in Subsec- 
tion 6.1.2 of Chapter 6, [Fall], [Mat] and [Tri3]). 


3.6 Zeta Functions of Geometric Chirps and Multiple String 
Chirps 


In the present section, we introduce geometric chirps and study their fractal zeta 
functions (modulo equivalence); see Section 3.6.1. We also investigate (still mod- 
ulo equivalence) the fractal zeta functions of so-called string chirps and multiple 
strings (in Section 3.6.2) as well as of the Cartesian products of fractal strings (in 
Section 3.6.3). 


3.6.1 Geometric Chirps 


By a geometric (a, B )-chirp, defined by the positive parameters a and 8B, we mean 
the planar set A defined by 


A=JAg, Ax = {k7'/P} x (0,4-%/8). (3.6.1) 
k>1 
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Here, Ax is the Cartesian product of the one-point set {k-1/ B } and the open inter- 
val (0,k-@/ B ). The set A is a simplified geometric imitation of the standard chirp 
defined as the graph of the function y = x% sinx 8 for x € (0, 1]. See Figures 3.4 
and 3.5. Note that the zero points x, of y(x) have the asymptotics x, =< ag := k-1/B 
as k — oo, and that by := y(ax) < kB Let &, = ap — ayy, < ko11/B as k 0. 
Then 
Ca(s) = DY x(s) + R(s), (3.6.2) 
k=l 
where ¢x(s) := Ca,.0,(s), and Q, is the rectangle containing A; defined by Qg = 
(ay — ay - 1) for each k > 1, and R(s) is the remainder term equal to the zeta 
function of A corresponding to Ag \ (Ux> 12x). The critical line of the function R(s) 
is located to the left of the critical line corresponding to the sum };>) J; in (3.6.2), 
since R(s) corresponds to the boundary of A (a discrete set); we omit the details. As 
usual, we take 6 large enough, so that Ag contains Ug> 1 Q,; see Proposition 2.1.76. 
The corresponding zeta function of the ‘needle’ A; with respect to Q, is equivalent 
to Abe, uniformly with respect to k, since 


Ol? 5 be G&a/2 4 Dg 
Capes) =| x ax [ ay+ | rom ax [ dy 
0 0 0 0 


a 5 


Note that we placed the origin of the local coordinate system at (a,,0), oriented to 
the left on the part of the rectangle Q; left of A;,, and to the right on the part of Q; to 
the right of A,. Therefore, the zeta function of the geometric (a, 8 )-chirp satisfies 


Lia 3 Casale) 
k=1 


1 <S ; 1 
ma — ¥ by! i 
s-1S s—l 


The latter series converges if and only if B +(14 g)(Res 1) > 1, and from this 


we see that D(€4) = 1+ aan =2- 4, provided D(4) > 1. Therefore, using 
Corollary 2.1.63, we deduce that the upper box dimension of the geometric (a, B)- 
chirp is given by 


UitigA = max {1,2— 728. (3.6.3) 


Remark 3.6.1. This result can be used to prove Tricot’s formula for the box dimen- 
sion of the graph of the chirp y = x” sinx 8 near the origin (see [Tri3, p. 121]): 


dimg Gr(y) =max{ 1,2 aH. (3.6.4) 
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0.54 a 


hs 


aa 


Fig. 3.4 The bounded (1/2,1)-chirp defined by f(x) = x!/* sin(ax7!), 0 < x < 1; its graph has 
box-dimension equal to 5/4. 
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Fig. 3.5 The geometric (1/2, 1)-chirp; its box-dimension is the same as the box-dimension of the 
graph of the function in Figure 3.4, and hence is equal to 5/4. 
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Observe that the box dimension is nontrivial (i.e., larger than 1) if and only if a < B. 
Furthermore, we note that in Section 3.6.2, the notion of a geometric chirp will be 
generalized to 2-strings. 


Let R3(A) be the subset of R? obtained by rotating the geometric (a, B)-chirp A 
with respect to the vertical axis. We have 


R3(A) = {(x,z) € R? x R: (|x|,z) € A}, 


where |x| denotes the Euclidean norm of x € R?. This set is a simplified geometric 
imitation of the (a@,B)-chirp wave in R? defined as the graph of the spherically 
symmetric function z(r,0) = r® sin r—'/B. where we have used polar coordinates 
(r,0) in the plane. Using a procedure similar to the above one, we obtain the value 
of the box dimension of the geometric (a, B )-chirp-like surface in R?: 


232 3 Applications of Distance and Tube Zeta Functions 
: 2+6 
dimg R3(A) =max {2,3 at. (3.6.5) 


This box dimension of the surface is nontrivial (i.e., larger than 2) if and only if 
B-a>l. 

More generally, if we view RV+! as RN x R, let us define Ry+1(A) as the N- 
dimensional surface (where N is the topological dimension), obtained by rotating A 
around the vertical axis: 


Ry+i(A) = {(x,z) € RNt : (|x|,z) € A}, (3.6.6) 


where |x| is the Euclidean norm of x € R%. Note that this surface has countably 
many connected components. The following result extends Tricot’s formula (3.6.4) 
to N-dimensional chirp-like spherically symmetric surfaces. 


Proposition 3.6.2. The spherically symmetric geometric (a, B)-chirp surface in 
Rt! defined by (3.6.6) and (3.6.1) has box dimension 


_ N 
dimpRy41(A) = max {wn ia \ 


i+B (3.6.7) 


Proof. Note that Ry+1(A) = Uss1Rw41(Ag). We introduce the spherical coordinate 
system of R%, i.e., (r,01,...,y—1), with respect to the origin. Let 


Le £ 
Qa = Ry ((a- Bet a1 x (0.01)) 


Passing to the variable p = a, —r in the inner part of Q; with respect to Ry+1(Ax), 
and to p = r—ax in the outer part, the zeta function of the surface Ry+1(A,) with 
respect to QQ, satisfies 


Rwy .1 (Ag) & j~ [a ah ~“+) New (a, —p)*—'do 
‘n+1( k) k 


oe &- i —(N+1) N-1 
a \N@y(p —ax)N~!dp (3.6.8) 


where rV—! = |a, — p|‘—! is the Jacobian, @y is the N-dimensional Lebesgue mea- 


sure of the unit ball in R’, and so Nay is the (N — 1)-dimensional Lebesgue mea- 
sure of the unit sphere in R™. In order to justify the last equivalence in (3.6.8), we 


first note that a, - corresponds to the obvious term in the Jacobian. Upon integra- 


tion, every other term a ae r/, for fixed j > 1, generates the series 


L+B \ Ne 
g(s)~ —— > eo meer ae 'b, ne ce k + (s N+A)+%5 


-N+j* s-N+j4 
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We have D(¢;) = max{N — j,N+1—j-— a} <N, and this number is clearly 
smaller than D(Go) = max{N,N + 1 — apt > N. We reason analogously for the 
term in (3.6.8) containing €,_; instead of ¢,. Therefore, the zeta function of the 
whole surface satisfies 


Oe (3.6.9) 


CRw41(A) (5) ~ Co(s) ~ <a 


k=l 
Using the fact that 


N—-1+a+(1+B)(s 


PL en ie (3.6.10) 


CRy (A) 


we deduce that D(Cr,,, ,(4)) = max{N,N +1 <a The claim now follows from 
Corollary 2.1.63. 


It can be shown that in Proposition 3.6.2, the box dimension dimg Ry +1 (A) exists. 


Remark 3.6.3. Let the spherically symmetric function z : RY — R be defined by 
z(x) = |x| sin |x|~!/F, 0 < |x| < 1. We expect that the box dimension of its graph in 
R‘*! is also given by the right-hand side of (3.6.7): 


(3.6.11) 


a 
dimg Gr (z) = max {N,N+ 1- un \ 


1+B 


which would extend Tricot’s formula (3.6.4). This will be the subject of a further 
investigation. Note that the box dimension of the surface is nontrivial (i.e., larger 
than N) if and only if B-—a>N-—1. 


We can modify the set A in (3.6.1) as follows: 


A=(JAg, Ag={1—k71/9} x (0,4°-/8), (3.6.12) 
k>1 


The box dimension of A is clearly the same as in (3.6.3) since the set A is obtained 
by reflection of an (@,f)-chirp with respect to the vertical line x = 1/2. Let us 
consider the corresponding set Ry+1(A), defined by (3.6.6). Using the method of 
zeta functions, as in the proof of Proposition 3.6.2, we obtain that 


—_ 1 
dimgRy+,(A) = max {n. Vols 5} ; (3.6.13) 


It can be shown that the graph Gr(z) of the function 


z(x) = (1—|x|)®sin(1—|x|)“'/8, xeRY, O<|x|<1, 


234 3 Applications of Distance and Tube Zeta Functions 


has the same box dimension: 


4 
dimg Gr(z) = max {Nin ise aH (3.6.14) 


We note that this formula was also proved by Naito, PaSi¢, Tanaka and the third 
author in [NaPaTaZu, Proposition 1.1 and Example 1.1], by using different methods. 


3.6.2 Multiple Strings and String Chirps 


In the present section, we first show that the geometric chirp in the plane can be 
generated by two (fractal) strings, that is, by a so-called 2-string. Assume that two 
bounded fractal strings Y = (¢;)j>1 and W = (my) j>1 are given; that is, & and 
Md are two nonincreasing sequences of positive numbers (¢;) and (m;) with finite 
sums. For each k > 1, let a, := Dirk €; and by := DL j>k Mj: Here, instead, it is more 
natural to think of two monotone sequences of positive numbers (a,) and (b;) given 
in advance, both converging to zero, so that the sequences &, = ay — ag4, and my = 
by — by are monotone. 


(a) Given an arbitrary set Y C RY, we let OY := dL NIntF and call it the 
inner boundary of &. We define a 2-string Ly = Lo(L,-M@) as the union of the 
interiors of the convex hulls of A, UA 1, for all k > 1: 


L = |J Int (conv (A, UAg41)), (3.6.15) 
k=1 


where for each k > 1, A, is the vertical interval in R* defined by Ay = {ax} x (0, dx). 
Each set Int (conv (A; UAx+1)) is a connected component of &, which we call the 
k-th slice of &. It is clear that the set 


A=Ax (3.6.16) 
k=1 


is the inner boundary of the 2-string 24, which we can view as the geometric chirp 
associated with the 2-string. We call it the 2-string chirp. Similarly as above, we can 
show that its zeta function satisfies 


{, 2. 
Ca(s) ~ — > Bb, (3.6.17) 
“* k=1 


and the corresponding upper box dimension is dimgA = max{1,D(¢,4)}. Special 
cases of this situation are the (a, 8 )-geometric chirps from the beginning of Sub- 
section 3.6.1, where a, = k~!/8 and by =k-®@/B. 
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(b) Analogously, if we have three given strings “ = (¢;), “@ = (mj) and 
VY = (nj) which generate monotone sequences (ax)x, (bx), and (cx), converging 
to zero as k — ce, where €, = ag — agi, Mp = by — bg, and ng = cy — Ce41, then 
we can define the sequence of rectangles Ay = {ax} x (0,b,) x (0,cx) in R?, and the 
corresponding 3-string (3.6.15), with the set A defined by (3.6.16). Then 


1 
Ca(s)~ a2 Sf > Dec. (3.6.18) 


We can think of the 3-string 43 = .23(2,.@,-/) as a loaf of bread cut into thinner 
and thinner slices. 


(c) Let N be any integer > 2. Assume that N strings G i inky G), ; are given. 


: 
They generate the sequences (ai) ae (a) )x, Where al’: = Dj>k eo for each k > 


1. Then, we can define the sequence of (N — 1)-dimensional slices as quadrilaterals: 
2 N 
Ag = {ay} x (0,a,”) x --- x (0,ak”), 
contained in the hyperplane {a,} x R‘~! of R, and the corresponding N-string Y 


defined by (3.6.15). Then, for the associated N-string chirp A defined by (3.6.16), 
we have: 


ee wo PAG jer, (3.6.19) 


In light of Corollary 2.1.63, the corresponding box dimension is given by 
dimgA = max{N — 1,D(C,)}. (3.6.20) 


Example 3.6.4. If we take oj-strings ZY = (2), with gi) = al’ - al), for each 


k > 1, generated by al’ =k “i,i=1,...,N, where a; are positive numbers, then 
for the associated N-string chirp defined by (3.6.16), we deduce from (3.6.19) that 


1 co 
a k [(s—N+1) (oy +1) +0g+--+0ty] 
Ca(s) j—-Nad py 

The series converges for Res > D, where (D—N+1)(o, +1) +0)+-:-+ay =1. 
Using (3.6.20), we obtain that 


— 1—Q)—::--a@ 
dimpA = max {1 1,.N—1+ : I 


14+ 
Oj +02+---+On 
1+aQ, : 


= max {w 1,N (3.6.21) 


The value of the upper box dimension lies in the interval (N — 1, NV) if and only if 
O2 +---+ ay < 1. Note that it can be shown that the box dimension dimgA exists. 


236 3 Applications of Distance and Tube Zeta Functions 


3.6.3 Zeta Functions and Cartesian Products of Fractal Strings 


Let @ = (€;)j>1 and MW = (mx)x>1 be two bounded fractal strings such that both 
sequences are nonincreasing, 0; > 0, my > 0, and a, = > j= ej < oo and by = 
Yee Mk < oe. We identify the sequence # = (¢;) ;>1 with the family 2 =(1;) 51 of 
subsets of [0, a;] consisting of bounded open intervals J; of length £;, written in non- 
increasing order starting from the right endpoint a; ani ending at the left ina ag 0 
of the interval [0,a;]. We proceed analogously for ./ = (Jx)x>1. Let aj := Dis; 4i, 
by = Li>gmi, and A i= (aj)j>1, B:= (bg)g>1. We define dimp-Y = dimpA and 
dimg.W = dimgB. 
The Cartesian product of the fractal strings £ and @, defined by 


LX M = {lj x Jib inet, (3.6.22) 


consists of the countable disjoint family of rectangles R jx, = J; x J, densely covering 
the rectangle [0, a] x [0, b1]. Now, denote by 0(.2 x .@) the boundary of the union 
of all these rectangles: 0(2 x .@) = 0(U;;Rjx). It is clear that 


a(L x M) = (Ax (0,b1])U ((0,a1] xB), (3.6.23) 


and A =AU{0}, B= BU {0}. See Figure 3.6. In the following theorem, we compute 
the zeta function of 0(2 x .@). 


Theorem 3.6.5. Let 2 = (1j)j>1 and = (Jy)x>1 be two fractal strings, |I;j| = €;, 
\J| = my, where (€;)j>1 and (mg) x>1 are nonincreasing sequences of positive real 
numbers. Then, for E := 0(2 x M), we have 


co 


ae ; 
C(s)~ ¥ [2; — mel min{ Cj,mp}°' + —min{C;,m,}° : (3.6.24) 
jk=l1 


J, 


J» 


Fig. 3.6 The boundary 0(.2 x -@) of the Cartesian product # x @ of two fractal strings 2 = 
(¢j)j>1 and @ = (mg)g>1. 
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Furthermore, 
dimgE =1 +max{dimg/,dimg./}, (3.6.25) 


and this value is equal to the abscissa of convergence of the zeta function Cr. 


Proof. Let us consider a typical rectangle translated at the origin, R = (0,2) x (0,m) 
with m > £. If we choose a point T € R, then we consider the distance function 
d(T,OR). We split R into the union of eight right-angle triangles with sides £/2 and 
m/2, and two smaller rectangles with sides ¢/2 and m — £, placed in the middle of 
R. Denoting a typical triangle by A, and placing it in an (x, y)-coordinate system so 
that A = {(x,y):0<x< ¢/2; 0<y <x}, we find that the zeta function of its side 
S = [0,£/2] x {0} relative to A (more information about relative zeta functions can 
be found in Section 4.1 below) is given by 


Cs.A(s) y= ff? y y= (5) - (3.6.26) 


Similarly, the zeta function of the vertical side V = {0} x [0,m— 4] with respect to 
the rectangle R’ = (0, ¢/2] x [0,m— 4] is given by 


by p(s) y= ff x 2 axdy ="— ys (3.6.27) 


Therefore, we can compute 


Carr(S) = 2Cy.rr(s) + 8Cs,a(s) 
— |m—¢| . = 
= G-pe2 _ 


1 ; 
s(s—1)23 min{,m}*. (3.6.28) 


Using the definition of the distance zeta function in (2.1.1), we can then write 


Ce(s) = ¥, Corp ey(s) +8(s) 


j k=l 
=-»y, lS — ial esi jm : (3.6.29) 
Fre 1)2 
1 : 
ape + g(s). 


Here, the term g(s) is unimportant, and for 6 > 5max{0 1,m 1}, its value is given by 


88) = PP sgasrerany 9) Oval x [0.b1))* Peed 


265-1 


— (a, +b,4+7). 
s—1 
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This follows easily by splitting the domain of integration into four rectangles and 
four right-angle triangles. Since g(s) is holomorphic, this proves (3.6.24); see Propo- 
sition 2.1.76. The second claim follows easily using (3.6.23) and the property of 
finite stability of the upper box dimension: 


dimgo(Y x @) = dimg((A x [0,b1]) U (0, a1] x B)) 
= max {dimig (A x [0,b1]), dimp ([0,a1] x B)} 
= max{1 +dimgA,1+dimgB}. 


This concludes the proof of Theorem 3.6.5. 


Remark 3.6.6. Any fractal string @ = (¢;)j>1 (viewed here as a sequence of 
‘lengths’ or ‘scales’) can be identified with the measure 1 = > j>) 6)-1, and its nat- 
ae 


ural generalization is the weighted string n = ¥j>,wj6,-1, where (w;);>1 is a se- 
> F > 


quence of positive real numbers and (/;) ;>1 is a decreasing sequence of positive real 
numbers (corresponding, when the numbers w; are integers, to the distinct values of 
the lengths £;); see [Lap-vFr3, Section 4.1, page 121, and Assumption (P) on page 
307], along with Remark 4.1.4. Using the Dirichlet integral ¢,(s) = Jo” x~°n (dx) 
(see [Lap-vFr3, Equation (4.4)]) and viewing 7) as a positive local measure (as in 
[Lap-vFr3, Chapter 4] and Definition A.1.1 of Appendix A below), we obtain the 
following weighted (generalized) Dirichlet series: !> 


The distance zeta function of E = (2 x .@) in Theorem 3.6.5 is equivalent to a 
weighted zeta function of the string (¢;) ;>1 U (m)x>1. Indeed, it follows at once 
from (3.6.24) that, up to equivalence (in the sense of Definition 2.1.69), Cz(s) can 
be written as the following weighted Dirichlet series:!° 


Ce(s) ~ » wi) gs a »y we) mf, 
i {king Aj, 7} 


where the weights are respectively given by 


2 
WO = 61D (me —6)) += (HE: me > G)}) 
{k:m,>1;} » 


'S Tn light of Example 2.1.44 above, Cn is a tamed DTI, in the sense of Subsection 2.1.3.2 or of 
Definitions A.1.2 and A.1.3 of Appendix A. 


'6 Through the end of this discussion, (mx) _, is viewed as a decreasing sequence of positive real 


numbers with an associated sequence of generalized multiplicities denoted by Caner 
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and ; 
wi) Te y (6; — mm) + GS: €j > may), 
{jlj>m} 


with #D denoting the cardinality of the finite set D. 


Corollary 3.6.7. Assume that a and b are positive real numbers. Let @ = (Ij) j>1 
and M = (Jx)e>1 be a and b-strings, respectively, so that \I;| ~~ aj-*', |Jk| ~ 
bk-’-!, where the sequences of lengths (\I;\)j>1 and (|Jg|)x>1 are nonincreasing. 
Then, for E = 0(L£ x M), we have 


Ce(s) ~ y ag =bk?"|minfaj-* pe Oe 
[k=l 


im) 


+ minfag obey | , (3.6.30) 


AY 


and the abscissa of convergence of the zeta function Cr is given by 


1 


dinge =i __= 
Bt eee ela 


(3.6.31) 


(Note that dimg E exists in this case.) Furthermore, the set E is Minkowski nonde- 
generate, and Cr(s) > +c as R3 s— dimgE from the right. 


Proof. The claim follows from Theorem 3.6.5 and the fact that dimg({k“ : 
k>1}) =1/(1+a); see [Lap2, Example 5.1 and Appendix C], [Lap-vFr3, Sub- 
section 6.5.1], [Tri3, p. 25] or [LapPo2, Theorem 2.4] for a more general statement. 
Minkowski nondegeneracy of E follows from the fact that this property is preserved 
under Cartesian products; see [KraPa, Theorem 3.3.6] or [Zu4, Proposition 4.3] for 
a more general statement involving gauge functions. For the remaining part, see 
Theorem 2.1.11 (c). 


At this stage, we do not have any information about the possible complex dimen- 
sions of (2 x .@) in Theorem 3.6.5. 


Remark 3.6.8. Assume that given bounded sets A and B in (possibly different) Eu- 
clidean spaces, we know the corresponding distance zeta functions ¢, and ¢g. We do 
not know how the zeta function of the Cartesian product €,,.g is related to them. We 
do not know this even in the case of the a-string for which A = B= {k-“: k> 1}, 
where a > 0. What does 64,4 look like in this case? This zeta function converges for 
Res > 2/(1+a) and C4x4(s) 4 +e0 as R 5 s > 2/(1 +a) from the right (see Theo- 
rem 2.1.11), since A x A is Minkowski nondegenerate and dimg(A x A) = 2/(1+a) 
(see [KraPa, Theorem 3.3.6]). For a related open problem, see Problem 6.2.7 on 
page 556 below. 
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3.7 Zigzagging Fractal Sets and Alternating Zeta Functions 


In this section, we construct a class of sets A in [0, 1] with different upper and lower 
box dimensions, and we compute their distance zeta functions. Such sets have a 
nonuniform oscillating nature; we call them zigzagging fractals. It is a result of 
intermittent spraying and swarming during their construction; see below. We stress 
that this kind of oscillations of fractals is different from the type of oscillations 
discussed and analyzed, for example, in [Lap-vFr1-3]. For an even more general 
definition of zigzagging fractals, see [Zu4, Remark 1.7]. 


Definition 3.7.1. Let (nj) ;> be a given sequence of positive integers. We construct 
a family of disjoint open intervals J; in [0, 1], and define the corresponding set A to 
be the boundary of the union. All the intervals will have endpoints on the binary 
grid, that is, the intervals will be of the form (k2~/,(k+1)2~/), where k € No, 
JEN. Starting from x = 0 to the right, we take the first nj consecutive intervals 
Tj, j=1,...,m1, of lengths 2-/, We then say that we have sprayed n, intervals in 
(0, 1]. In the next nz steps, we consecutively halve the remaining portion of the unit 
interval of length 2~”!, so that in the last step, we obtain 2”2 new subintervals (we 
call this n2-swarming). In each of these subintervals of length 2-(1+") we then 
spray n3 new open intervals having lengths 2~(+"2+)).., 2-(+™2+"3)_ In the 
remaining parts of each of the subintervals, we do the n4-swarming, and so on, by 
intermittently spraying and swarming. The family of open intervals obtained in 
this way is a fractal string contained in [0, 1], and the boundary of the union is the 
zigzagging set A. 


If we let |J;| = €; and use (2.1.82) and (2.1.83), we can compute the distance 
zeta function of A as follows (we drop two inessential terms corresponding to x = 0 
and 1): 


Hise i 
jal Fi j=l 


ql-s n| n3 
- 2 a2 > 2 ees (3.7.1) 

k=1 k=1 

gnatna y 9— (k++ +ng-+13-+ng+Ns)s tee. |; 
k=1 

that is, 
QI1-s ; ae 
als) ~ S554) (ao poe eo erate ae 
see 


4.27S(mitngtngtng)tng+ng 9 Aenea ate pe), 
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Substituting 
Me =Nj TNA +N, Ce = NTN +++ +N, 


we deduce that the distance zeta function of A can be represented as the following 
alternating series of complex numbers, which we call an alternating zeta function: 


C4(s) wi? sm 49 sm+e] _9 sm3+ey 4 
43 -Smaten _ g-sms ter 4... 49 SMACK _ SINK] 2 oo (3.7.2) 


More precisely, this is an alternating zeta function generated by the fractal string 
L! = (27™*)¢>0 (we define mo = 0) with weights (or multiplicities) (wz)x>0, since 
(3.7.2) can be written as 


co 


Ca(s)~ ¥ (-1)y2™, (3.7.3) 


k=0 


where w; := 2°l4/2) and the index |k/2| is the integer part of k/2. 

Let 6; = 0,(A) be the number of intervals of the 2~*-grid in [0,1] which have 
nonempty intersection with A. It is well known that for s, := logy @ (the swarming 
sequence associated to A, according to the terminology of [Zu4, Section 1]), we 
have 

: - . Sk ao : Sk 
dimzA = liminf—, dimgA = limsup —; (3.7.4) 

kj0 (ok k-3ee k 
see [Fall, p. 41] or [Tri3, 24]. Now we compute the sequence 6,. It is easy to see 
that during the first spraying, we have 0; = 2, 62 = 4, 03 = 6,..., 9), = 2n,. Further- 
more, during the ensuing swarming, we have 6,4; = 2nj +2, @n,42 = 2n1 + DP sci 
On, +n. = 2n; + 2”. The second spraying yields @n,+n)+n,; = 2m) + 2”2(2n3) = 
2(nj + 2”2n3). The second swarming results in 0),+n)+n3+ny = 2(m1 + 2’n3) + 

2”27"4, etc. We can now recognize the general pattern: for each k > 0, we have 


(ny +2 ng +++ 42% ny, _1) +2%, (3.7.5) 
= 2(ny +2%ng +--+ 2% np_) + 2% 1441). (3.7.6) 


We note that the mapping j ++ 6; has intermittent exponential and linear growth 
rate. More precisely, it is of exponential growth rate for j € {mox_1,...,12,} and of 
linear growth for j € {mz,,...,™2x+1}. In other words, odd indices in m; correspond 
to switching from linear to exponential growth of the sequence (0;) ;>1, while even 
indices correspond to switching from exponential to linear growth. 


We are now ready to state and prove the main result of this section. 


Theorem 3.7.2. Let (nj) j>1 be an increasing sequence of positive integers. Let A be 
the corresponding zigzagging set, as given in Definition 3.7.1. Then 


= ; nz +g +++ +N 
dimgA = limsup 
kj00 MY NZ FN 


(3.79) 
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oe png 
; re na +n4 +++ + NIK 
dim,A = liminf : 
kyon. NY FQ He FMR + NIK4+1 


(3.7.8) 


Furthermore, the corresponding distance zeta function C, is equivalent to the ex- 
pression given by (3.7.2). Moreover, we have that C4(s) + +¢° as s + dimgA from 
the right, with s € R. 


Proof. Since the sequence nz is nondecreasing, then using (3.7.5) and (3.7.6) we 
have 


2(k+ 1)2% nox_1, 


2°k < BOrnoy < 
< 2(k+ 1)2% nosy. 


aes Brgy 41 
From this we easily deduce that 
Sing, ~ ky — Sap .1 ~ (3.7.9) 


as k + ©, since 


€k S Sy, < ex + logna,_1 +log2(k+ 1), 
Ce S Sing See + lognazy +1og2(k+1), 


and (assuming that k > 2), 


lognox_1 2 log m2, oc. ee log(k+ 1) 2 log(k+ 1) 


0< 


>0, 
M2 M2 M25 2k 
re lognaxt1 — logman+1 :0, 02 log(k+1) — log(k+1) 


< < >0 
M244 M244 M2K+1 2k+1 


as k —> oe, due to the lower bound m; > j. Let C and D be the right-hand sides in 
(3.7.8) and (3.7.7), respectively; that is, 
ek 


C = liminf , D=limsup ay (3.7.10) 
ko N2k+1 k00 ND 


In order to prove the theorem, we have to show that for any sequence (j,) of positive 
integers such that jx, — +9, 

— < limsup <D. (3.7.11) 
Jk 


C < liminf els 
Jk 


k-y00 
It suffices to consider the following two cases: 


(a) The case when jx € [mx 441] for all k. Then sj, € [Sm 5 Siz,,,], and there- 
fore, 


Sima, < Sik < Smit 
Mok+1 Jk MM 
Using the right-hand side inequality and (3.7.9), we see that 
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; Sj : Sing, 7 é 
limsup £ < limsup ein sup Sk D, 
k-00 Jk kc |= Nk k00 ND 


and similarly, we show that liminf;_,.. “ue >C. 


(b) The case when jg € [m2x—1,m2,] for all k. We have sj, € [Sm,_ 155m, |, there- 
fore, 
Smgx—1 < Sik < Sing, 
Mg Jk ~ MoK-1 


Using the right most inequality and (3.7.9), we obtain that 


‘ Sip ‘ S ‘ ek 
lim sup ook. < limsup mie < limsup — =D 
k-00 Jk k-oo M2k—-1 k00 IND 


7 


and similarly, liminf;_,.. sk > D. The claim follows from (a), (b) and (3.7.4). 
The last claim of the theorem follows from the fact that the zeta function in 
(3.7.1) has nonnegative coefficients; see [Ser, Proposition 7, p. 67]. 


We do not have any information about the possible complex dimensions of A in 
Theorem 3.7.2. It is easy to see that for real s, the absolute values of members of 
the alternating series €4(s) in (3.7.2) are nonincreasing if and only if s > 1. Indeed, 
since the exponents must be nonincreasing starting from some ko, we must have 
—sM41 +e, > —SMop42 +ex41 for all k > ko, which is satisfied if and only if s > 1. 
Furthermore, for s > 1, we have —smm,.+ e, < —mo, +e, = —N — 3 —-+ ++ — N41 
—oo, so that 2752 re —» C0 as k > , Therefore, still for real s, the Leibniz criterion 
of convergence for the alternating series defining €4(s) is applicable only for s > 1. 


In the following corollary, as before, we denote by |x| the integer part of a real 
number x. We obtain a class of fractal sets with unequal values for the upper and 
lower box dimensions and with explicit expressions for the associated zeta func- 
tions. 


Corollary 3.7.3. Let a> 1 be a fixed real number. Let (ng)x>1 be a sequence of 
positive integers such that nz ~ ak as k > ~ (for example, nz, = |a*|,'7 for all k > 1). 
Then, for the corresponding zigzagging set A in [0,1] (as given in Definition 3.7.1), 
we have 


— a 1 
dimgA = dim,A = —— 7.12 
1M. a+l’ dim, atl? (3 ) 


and the associated distance zeta function €,4(s) is equivalent to the expression given 
by the alternating series (3.7.2), at least for Res > dimgA. (Note that, in light of 
(3.7.12), dimpA < dimgA if and only if a > 1.) 


Proof. Since ng ~ ak as k —> ©, there exist two monotone sequences, (cx) increasing 
and (d,) decreasing, both converging to 1, such that 


cya <n < dya*, (3.7.13) 


'7 Here, for x € IR, we have |x| = [x] (the integer part of x, also called the ‘floor’ of x). 
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for all k > 1. Let j be a fixed even positive integer. Then for k > j, writing mz := 
mj +nj+-+++n, and using (3.7.13), we obtain that 


; : @k-itl_4 
mo <mj_1+djai(1+a+--»+a*7) =m; +djai—___—,,_ 3.7.14) 
and similarly, 
@k-ith_4 
mo 2 mj + ¢ja’ ——_—. (3.7.15) 
a— 
Analogously, writing e, := e;-2 +nj +nj42 +--+: +2, we show that 
g@k-i+2_] Q7k-i+2 _ | 
ej-2 + ¢ja’ — <ex < ej-2 + dja’ — 7 — (3.7.16) 
Using (3.7.14), (3.7.15) and (3.7.16), we obtain the inequality 
cja ek . ek dja 
———~ < liminf — < limsup —— < ———_., 3.7.17 
dj(1+a) ~ k-y00 MN2E i Mey — cj(1+a) ( ) 
for all k > j. Letting j — o-, we deduce that 
co ae (3.7.18) 


lim = : 
k-yoo N2~ l+a 


The first equality in (3.7.12) then follows by using Theorem 3.7.2; see (3.7.7). 
The second equality in (3.7.12) follows from the first one since mo;41 ~ amp,; see 
also (3.7.10). 


Assume that the hypotheses of Corollary 3.7.3 are satisfied. It is noteworthy that 
if a + +o, then dimzA > 0+ while dimgA — 1~. Furthermore, it is possible to 
construct a set A C [0,1] such that we even have dim,A = 0 and dimgA = 1; see 
[Zu4, Theorem 1.2], as well as [Fral] and [RoSha]. 


Chapter 4 


Relative Fractal Drums and Their Complex 
Dimensions 


Only yesterday the practical things of today were decried as 
impractical, and the theories which will be practical tomorrow 
will always be branded as valueless games by the practical man 
of today. 

William Feller (1906-1970) 


Abstract In this chapter, we introduce the notion of relative fractal drums (or RFDs, 
in short). They represent a simple and natural extension of two fundamental objects 
of fractal analysis, simultaneously: that of bounded sets in RY (i.e., of fractals) and 
that of bounded fractal strings (introduced by the first author and Carl Pomerance 
in the early 1990s). Furthermore, there is a natural way to define their associated 
Minkowski contents and relative distance as well as tube zeta functions. We stress a 
new phenomenon exhibited by relative fractal drums: namely, their box dimensions 
can be negative as well (and even equal to —°°). This can be viewed as a property 
of their ‘flatness’, since it is related to the loss of the cone property. In short, a 
relative fractal drum (RFD) consists of an ordered pair (A, Q), where A is an arbi- 
trary (possibly unbounded) subset of R% and Q is an open subset of R% of finite 
volume and such that Q C Ag, for some 6 > 0. The corresponding zeta function, 
either a distance or tube zeta function, is denoted by C49 or an Q, respectively. We 


show that C4 o and an g are connected via a key functional equation, which implies 
that their poles (i.e., the complex dimensions of the RFD (A,@)) are the same. We 
also extend to this general setting the main results of Chapters 2 and 3 concerning 
the holomorphicity and meromorphicity of the fractal zeta functions. We introduce 
the notion of transcendentally quasiperiodic relative fractal drums, using their tube 
functions. One way of constructing such drums is based on a carefully chosen se- 
quence of generalized Cantor sets, as well as on the use of a classic result by Alan 
Baker from transcendental number theory. This construction and result extend the 
corresponding ones obtained in Chapter 3, in which we studied transcendentally 
quasiperiodic fractal sets. Furthermore, some explicit constructions of RFDs lead 
us naturally to introduce a new class of fractals, which we call hyperfractals. Partic- 
ulary noteworthy among them are the maximal hyperfractals, for which the critical 
line {Res = dimg(A,Q)}, where dimg(A,Q) is the relative upper box dimension 
of (A,Q) and coincides with the abscissa of convergence of C49 or C,,o, consists 
solely of nonisolated singularities of the corresponding fractal zeta function (i.e., of 
the relative distance or tube zeta function), C49 or ba Q: 
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Key words: relative fractal drum (RFD), relative Minkowski dimension, relative 
Minkowski content, relative distance and tube zeta functions, relative fractal zeta 
functions, scaling, relative fractal spray, flatness of RFDs, compact sets of positive 
reach, spectral zeta function, modified Weyl—Berry conjecture, meromorphic exten- 
sion, abscissae of meromorphic and absolute convergence, residue, inhomogeneous 
Sierpinski N-gasket, relative Sierpifiski N-carpet, spectral zeta functions of fractal 
drums, transcendentally co-quasiperiodic RFD, hyperfractals, embeddings of RFDs 
into higher-dimensional spaces. 


In this chapter, we introduce the notion of relative fractal drums. They represent a 
simple and natural extension of two fundamental objects of fractal analysis, simul- 
taneously: that of bounded sets in RY” (ie., of fractals) and that of bounded fractal 
strings (introduced by the first author and Carl Pomerance in the early 1990s). Fur- 
thermore, there is a natural way to define their associated Minkowski contents and 
relative distance zeta functions. We stress a new phenomenon exhibited by relative 
fractal drums: namely, their box dimensions can be negative as well (and even equal 
to —co), This can be viewed as a property of their ‘flatness’, since it is related to the 
loss of the cone property; see Proposition 4.1.33. 

In short, a relative fractal drum (RFD) consists of an ordered pair (A,Q), where 
A is an arbitrary (possibly unbounded) subset of R% and Q is an open subset of R% 
of finite volume and such that Q C Ag for some 6 > 0; see Definition 4.1.2. 

In Section 4.6, we introduce the notion of transcendentally quasiperiodic rela- 
tive fractal drums, using their tube functions. One way of constructing such drums, 
described in Theorem 4.6.9, is based on a carefully chosen sequence of generalized 
Cantor sets, as well as on a classic result by Alan Baker from transcendental number 
theory; see Theorem 3.1.14. This construction and result extend the corresponding 
ones obtained in Section 3.1, in which we studied transcendentally quasiperiodic 
fractal sets. 

Furthermore, some explicit constructions of RFDs lead us naturally to introduce 
a new class of fractals, which we call hyperfractals; see Definition 4.6.23. Particu- 
lary noteworthy among them are the maximal hyperfractals, for which the critical 
line {Res = dimg(A,Q)}, where dimg(A,Q) is the relative upper box dimension 
of (A,Q) and coincides with the abscissa of convergence of the corresponding zeta 
function, consists solely of nonisolated singularities; see Corollary 4.6.17. There- 
fore, for such a (relative) maximally hyperfractal drum, the critical line is a (mero- 
morphic) natural boundary (in the sense of part (i7) of Definition 1.3.8) for each of 
the associated fractal zeta functions ¢4 9 and a Q: 


4.1 Zeta Functions of Relative Fractal Drums 


We discuss here several natural generalizations of various notions which are central 
to this and related works, including notably relative distance zeta functions (in which 
the region of integration need not be bounded but is of finite volume), the associated 
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relative box (and complex) dimensions, and RFDs. As is illustrated in a number of 
examples, this additional flexibility enables us to account for a broad range of situ- 
ations and phenomena, including the case of fractal strings (Example 4.1.3) and of 
unbounded geometric chirps (Example 4.4.1). We also provide sufficient conditions 
ensuring the existence of a (necessarily unique) meromorphic continuation of the 
relative distance zeta function. 


4.1.1 Relative Minkowski Content, Relative Box Dimension, 
and Relative Zeta Functions 


In this subsection, we introduce the notion of a relative zeta function, associated 
to an appropriate ordered pair (A, Q) of two suitable subsets of R”, which may be 
unbounded. The relative distance zeta function (see (4.1.1)), is a natural general- 
ization of the standard distance zeta function defined by (2.1.1). We have already 
briefly encountered it in Section 2.1.5 in a less general context (see especially, Def- 
inition 2.1.75, Proposition 2.1.76 and Theorem 2.1.78, where Q was assumed to be 
bounded), but we will now significantly relax our earlier assumptions. 


Definition 4.1.1. Let Q be an open subset of RY, not necessarily bounded, but 
of finite N-dimensional Lebesgue measure. Let A C R%, also possibly unbounded, 
such that Q is contained in Ag for some 6 > 0.! The distance zeta function C4 9 of 
A relative to Q (or the relative distance zeta function) is defined by 


Ca.a(s) = i d(x,A)° dx, (4.1.1) 


for all s € C with Res sufficiently large. 


Unlike in (2.1.102), the closure of A is allowed here to intersect the boundary 
of Q. (The closures of A and Q may even be disjoint; see Example 4.1.22.) For this 
reason, the abscissa of convergence of this new zeta function will depend not only 
on the set A, but on Q as well; see Theorem 4.1.7 and Example 4.1.25 below. 


Definition 4.1.2. We propose to call the ordered pair (A, Q), appearing in Defini- 
tion 4.1.1, a relative fractal drum (RFD). Therefore, we shall also use the phrase 
zeta functions of relative fractal drums instead of relative zeta functions. 

Example 4.1.3. Any bounded fractal string £& = (£;)j>1 (initially defined, as 
usual, as an infinite nonincreasing sequence of positive numbers (¢ Di , such 
that pe £; < e) can also be viewed as a relative fractal drum (Av, Qy). Indeed, 
the associated sets Av and Q y are 


co 


Ay ={a = ej:kEN}, Qz= L) (ai+1,4%); (4.1.2) 
j=k k=1 


1 We need this technical condition on A and Q in order to ensure that the integral defined by 
Equation (4.1.1) is well defined for all s € C with Res large enough. 
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see Subsection 2.1.4. Therefore, the notion of relative fractal drum (A, Q) is a nat- 
ural extension of the notion of bounded fractal string & = (¢;) j>1. Here, we point 
out that the notion of “generalized fractal string” already exists, and has a different 
meaning; see [Lap-vFr3, Chapter 4]. See also Remark 4.1.4 just below. 


Remark 4.1.4. In short, a generalized fractal string (in the sense of [Lap-vFr3]) is 
a local positive or complex measure on (0,-+°*) which does not have mass near 0. 
A local positive measure is simply a locally bounded positive Borel measure on 
(0,+¢°), while a local complex measure is a locally bounded set-function on (the 
Borel o-algebra of) (0,+c°) whose restriction to every compact subinterval J of 
(0,-+c°) is a (necessarily bounded) Borel complex measure on J. (See Definition 
A.1.1 in Appendix A.) For example, an ordinary fractal string is represented by the 
positive measure 1) v := 24 by! , where for x > 0, 6, denotes the unit Dirac mass 


(or measure) concentrated at x. Note that clearly, since 4; | 0 as j + ~, Ny isa 
generalized fractal string because it does not have any mass near 0. More generally, 
one could consider generalized fractal strings which are discrete but with noninteger 
multiplicities, say, 7 = Nv := Liev b)5,-1, where = {I} is an ordinary fractal 
string (now consisting of distinct lengths /) and ‘multiplicities’ or ‘weights’ b; (with 
b; > 0 or b; € C for each / € #); so that its ‘geometric zeta function’ 


En(s) = [xn (a) 


is the Mellin transform of the generalized Dirichlet series ¥)< yb)l*. Of course, 
one can also consider continuous analogs, say, 1 (dx) = @(x)dx, with @ a suitable 
real-valued function on (0,-+¢°). See, especially, [Lap-vFr3, Chapters 4, 5, 9, 10] 
and [Lap-vFr3, Section 6.3 and 11.1] for a variety of examples and applications of 
the theory of generalized fractal strings. 


Remark 4.1.5. For results and conjectures concerning the spectra and the vibrations 
of (ordinary) fractal drums (or ‘drums with fractal boundary’), we refer, e.g., to 
[Berrl, Berr2], [BroCar], [SapGoMar], [Lap1—3], [Ger], [GerSc], [FlVa], [Cae], 
[LapNeuReGr], [LapPa], [MolVai], [HeLap], [vVBGilk], [Lap-vFr1—2], [HamLap], 
as well as [Lap-vFr3, Section 12.5] and the relevant references therein. We note that 
in the present monograph, however, we study mainly the geometry (rather than the 
eigenvalue spectrum) of (relative) fractal drums. A short discussion of the spectral 
zeta functions of a simple class of RFDs in R™ can be found in Section 4.3.1. 


We can define the relative complex dimensions of A with respect to Q (and with 
respect to a given window W) as the set of poles (in W) of the meromorphic ex- 
tension of the relative distance zeta function C4 9. 

In particular, when C49 has a meromorphic continuation to an open (con- 
nected) neighborhood of {Res = dimg(A,@Q)}, one can define (much as in Defi- 
nition 2.1.67) the set of relative principal complex dimensions of (A,Q), which is 
denoted by A(Cy.Q) or by dimpc(A, Q), and consists of the poles of C4 .@ which 
lie on the critical line {Res = dimg(A,Q)}. (We will see in Theorem 4.1.7 and 
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Remark 4.1.8 that the abscissa of convergence of C4 9 coincides with dim (A, Q) 
and hence, €4.9 is holomorphic in the open half plane {Res > dimg(A,Q)}.) See 
Definition 4.1.13. 

In the previous paragraph and in the sequel, we are using the relative upper box 
dimension dimg (A,Q) (introduced in [Zu4] and generalizing that of [BroCar] and 
[Lap1—3], where A := 0Q), instead of dimg(A). Its definition is analogous to that of 
the usual upper box dimension. 

First, for any r € R, we define the upper r-dimensional* Minkowski content of 
A relative to Q (or the upper relative Minkowski content, or the upper Minkowski 
content of the RFD (A,Q)) by 


JA, .Q| 


M*"(A,Q) = limsup oe 


t>0t 


(4.1.3) 


and then proceed exactly as in (1.3.4) or in (1.3.5) in order to define dimg (A,Q): 
dimg(A,Q) =inf{r€ R:.@*"(A,Q) =0} 
=inf{reR:.4*(A,Q) < } (4.1.4) 
= sup{r € R: .@*"(A,Q) = +0}. 


We call it the relative upper box dimension (or relative upper Minkowski dimension) 
of A with respect to Q (or else the relative upper box dimension of (A,Q)). Note 
that 

dimg(A,Q) € [—~,N], (4.1.5) 


and the values can indeed be negative, and even equal to —9; see Proposition 4.1.35 
and Corollary 4.1.38. 
Naturally, 4) (A,Q), the lower r-dimensional Minkowski content of (A,Q), is 
defined as in (4.1.3), except for a lower instead of an upper limit. 
We define analogously the relative lower box (or Minkowski) dimension of 
(A, Q): 
dim,(A,Q) =inf{r eR: 4] (A,Q) =0} 
=inf{reR: ZA, Q) < } (4.1.6) 
=sup{re€ R: 4{(A,Q) = +e}. 


Furthermore, when dim, (A, 2) = dimg(A,Q), we denote by dimg(A, Q) this com- 
mon value and then say that the relative box (or Minkowski) dimension dimp(A, Q) 
exists. See Remark 4.1.6 below. 

If0<.@?(A,Q) < M*?(A,Q) <0», we say that the relative fractal drum (A, Q) 
is Minkowski nondegenerate. It then follows that dimg(A,Q) exists and is equal 
to D. 

If 4?(A,Q) = .@*"(A,Q), this common value is denoted by .@?(A,Q) 
and called the relative Minkowski content of (A,Q). If @?(A,Q) exists and is 


? An important novelty here is that we allow negative values of r as well. 
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different from 0 and +ce (in which case dimg(A,Q) exists and we necessarily have 
D = dimg(A, Q)), we say that the relative fractal drum (A, Q) is Minkowski measur- 
able. For relative box (or rather, Minkowski) dimensions and their properties, see 
[Lap1], [HeLap] and more generally, [Zu4]. 

For example, if we assume that A = dQ, then dimg(0Q,Q) is also called the 
one-sided box dimension of the boundary (1.e., with respect to Q, see [HeLap]) or 
the inner Minkowski dimension of 0Q (see, e.g., [BroCar], [Lap1—3], [LapPol-3], 
[LapMa1—2], [FlVa] and [Lap-vFr1-—3]). It may be different from dimgdQ. 


Remark 4.1.6. Here and in the sequel, we use interchangeably the terms “relative 
box dimension” and “relative Minkowski dimension”. However, strictly speaking, 
only the latter term is correct in this general context because we do not have a proper 
independent (and geometric) definition of relative box dimension. See Problem 6.2.6 
on page 556. 


If A is a bounded subset of R% and Q is an open subset of R% of finite N- 
dimensional Lebesgue measure, it is clear that 


dimg(A,Q) € [—c,dimgA], (4.1.7) 


and similarly for the lower box dimension. The inequality dimg(A, Q) < dimgA may 
be strict; see Examples 4.1.23 and 4.1.25. An obvious example is when the distance 
between A to Q is positive, in which case dimg(A,Q) = dimg(A,Q) = —», no 
matter what value is taken by dimgA. Furthermore, there are simple examples of 
disjoint sets A and Q for which dimg(A,Q) is nonzero; see Example 4.1.22. It is 
interesting that the value of dimg(A,Q) may be negative, whereas dimgA (as well as 
dim,A) is always nonnegative. See, especially, Proposition 4.1.35, Corollary 4.1.38 
and Remark 4.1.39. 


The following result extends Theorem 2.1.11 to the present, more general, set- 
ting. To see this, it suffices to take Q = A; for any fixed 6 > 0. 


Theorem 4.1.7. Let Q be an open subset of R™ of finite N-dimensional Lebesgue 
measure, and let AC R™ be such that Q C Ag for some & > 0. Then the following 
properties hold: 


(a) The relative distance zeta function €4.Q(8) is holomorphic in the half-plane 
{Res > dimg(A,Q)}, and for those same values of s, we have 


Chas) = ff d(x.) “logd(x,A)de. 
Q 
(b) The lower bound in the open right half-plane {Re(s) > dimg(A,Q)} is op- 


timal, from the point of view of the (absolute) convergence of the Dirichlet-type 
integral initially defining C,_g in (4.1.1). In other words, 


D(E4,.2) = dimg(A,Q), (4.1.8) 
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where D(C,4.Q) is the abscissa of convergence of C4.q. (See also Remark 4.1.8 and 
part (i) of Corollary 4.1.10 below.) 


(c) If D = dimg(A,Q) exists, D < N, and MP(A,Q) > 0, then C4.a(s) + +20 
as s € R converges to D from the right. See also part (ii) of Corollary 4.1.10 below. 


Proof. The proof is similar to that of Theorem 2.1.11. Instead of Lemma 2.1.3, we 
have to use a more general result (see [Zu4, Theorem 3.3]): 


If'y<N —dimp(4,@), then [ d(x,A)~Ydx < ©, (4.1.9) 
A5NQ 


where 6 is any fixed positive number. Lemma 2.1.6 can be easily adapted to the case 
of the relative box dimension; see [Zu2]. We omit the details. We simply note that 
in [Zu4, Theorem 3.3], the result is proven under the assumption that we deal with 
relative Minkowski contents for r > 0. Here, we allow r < 0 as well and it is easy to 
see that, nevertheless, this result still holds in this more general context. 


Remark 4.1.8. The claim in Theorem 4.1.7(b) follows easily from (a) and the fact 
that if s € R and s < dimg(A,Q), then the defining integral in (4.1.1) is equal to in- 
finity. Note that it follows from Theorem 4.1.7(b) that the relative upper box dimen- 
sion, dimg(A,@), coincides with the abscissa of convergence of the Dirichlet-type 
integral defining C4 o in (4.1.1). Equivalently, as was stated in Theorem 4.1.7(b), 
we have 

dimp(A,Q) = D(L,,0), (4.1.10) 


where the latter notation is defined in Equation (2.1.92). 


Remark 4.1.9. The continuity property stated in Theorem 2.1.78 also holds in the 
more general case of the relative zeta functions studied in the present subsection 
(that is, under the general assumptions of Definition 4.1.1). The proof of this fact is 
completely analogous to that of Theorem 2.1.78. 


Since, as we have noted in Example 2.1.41, the relative distance zeta function 
C4.q is a Dirichlet-type integral satisfying condition (2.1.54) specified in Subsection 
2.1.3.2 (ie., it is a tamed DTI, in the sense of Definition A.1.3 of Appendix A), its 
abscissa of convergence D(Ga,o) is well defined. (For more details, see also the 
proof of part (1) of Proposition A.2.4 in Appendix A.) Exactly the same comment 
can be made about the relative tube zeta function CA.Q> to be introduced later in 
Subsection 4.5.1, Equation (4.5.1). 


The following result is the exact analog for RFDs of Corollary 2.1.20 and Corol- 
lary 2.2.10 combined with Remark 4.1.11 and Remark 4.1.8. Note, however, that 
we no longer conclude that D(C4,.q) > 0, as will be further discussed in Subsec- 
tion 4.1.2. Moreover, the analog of this result holds for the relative tube zeta func- 


tion Ca,Q- 
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Corollary 4.1.10. (i) Let (A,Q) be a relative fractal drum of R%. Then: 


Dmer(64,2) < Dnoi(Ca.a) < D(Ca.q) = dima(A,Q), (4.1.11) 


and each of these inequalities is sharp, in general. 


(ii) If, in addition, we assume that the hypotheses of part (c) of Theorem 4.1.7 
are satisfied, we then have the following equalities: 


Dpoi (64,2) = D(C4,0) = dimg(A, Q), (4.1.12) 


and hence, II(C4,.9) = #(Ca.Q), whereas under the assumptions of part (i) just 
above, we only have IT(C4,a) C (Cua). 


Remark 4.1.11. Much as was noted in part (a) of Remark 2.1.21, we do not know 
whether there exist RFDs (A,Q) for which the second inequality in (4.1.11) is strict; 
namely, Dpoi(C4.a) < D(C4.q). Such RFDs could not be ordinary fractal strings 
since we always have an equality in the latter case. 


It is easy to find a relative fractal drum (A,Q) for which Dmer(C4.a) < 
Dnoi(Ga.q). In fact, for every (nontrivial) fractal string, the equalities in Equa- 
tion (4.1.12) always hold (without assuming the hypotheses of part (c) of Theorem 
4.1.7), and with dimg (A,Q) > 0, but, for example, for the Cantor string, we have 
Dyer(C4,a) i oe 


It is easy to see that, given any subset A and an open set Q in R™ with finite 
N-dimensional Lebesgue measure, the relative zeta function of (A,@) can also be 
defined in the following way: 


C4.0(s;8) ay d(x,A)° "dx, (4.1.13) 


QndAs 


where 6 is a fixed positive number. Namely, for Q’ := QM As, the condition in 
Theorem 4.1.7 according to which Q’ C A; is clearly satisfied. 


In our definition of RFDs (A,Q), we assume that Q is an open subset of R™. 
Actually, Theorem 4.1.7 holds even in the case when Q is a Borel set in R”. For ex- 
ample, Q may have an empty interior and a positive Lebesgue measure. Therefore, 
it is natural to consider more general fractal drums (A,Q), for which Q is just an 
arbitrary Borel subset of R'. This issue is pursued in Appendix B, where the notion 
of ‘local zeta function’ is discussed. 


In the following result, we obtain a simple sufficient condition for two RFDs to 
be equivalent. Its proof is similar to the proof of Proposition 2.1.76, and therefore 
we omit it. 


Proposition 4.1.12. Assume that (A,Q)) and (A,Q2) are RFDs in R™ such that 
fi(s) = Ja;\(a,n@) d(x,A)* “dx are entire functions, for j = 1,2. Then the corre- 
sponding distance zeta functions are equivalent, that is, 
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CA, He CA,Q)- 


Definition 4.1.13. Assume that (A,Q) is a relative fractal drum in R™ such that its 
distance zeta function possesses a meromorphic extension to a domain which con- 
tains the critical line {Res = D(C, q)} in its interior. The set of poles of C4 o located 
on the critical line is called the set of principal complex dimensions of the relative 
fractal drum (A,Q), or the set of relative principal complex dimensions of (A,Q), 
and is denoted by dimpc(A,Q) or equivalently, A-(C4,.q). (This extends the defi- 
nition of dimpcA = Y-(Ca) given in Definition 2.1.67.) We can analogously define 
the set dimpc Y of principal complex dimensions of any bounded (or unbounded) 
fractal string 2 = (€;);>1, as the set of poles of ¢y contained on the critical line 


{Res =D(Cv)}. 
In light of Theorem 2.2.3, we have the following result. 


Theorem 4.1.14. Assume that (A,Q) is a Minkowski nondegenerate RFD in RN, 
that is, 0 < M(A,Q) < M*?(A,Q) < (in particular, dimg(A,Q) = D), and 
D<N. If C4,.Q(s) can be extended meromorphically to a connected open neighbor- 
hood of s = D, then D is necessarily a simple pole of C4.a, the residue res(C4 9,D) 
is independent of 6 and 


(N — D).@?(A,Q) <res(E4.0,D) < (N—D).M*?(A,Q). (4.1.14) 
Furthermore, if (A,Q) is Minkowski measurable, then 


res(€4.9,D) = (N—D).@”(A,Q). (4.1.15) 


The next lemma follows immediately from the definition of the relative upper 
and lower box dimensions. 


Lemma 4.1.15. Assume that we have two RFDs (Aj;,Q;) in RN (j = 1,2), 
where each Q; is of finite Lebesgue measure. If Ay © Ay and Q) © Qo, then 
dimg(A;,Q1) < dimg(Az,Q2). This is also true for the lower relative box dimen- 
sions. 


An immediate consequence is the following simple and useful result. 


Lemma 4.1.16. Assume that Q) C Q C Q» are open sets of finite Lebesgue measure 
in RN. If a = 
dimg(A, Q)) = dimg(A,Q2), 


then this common value is equal to dimg(A,Q). 


The following countable additivity property of zeta functions is a simple conse- 
quence of the o-additivity property of the Lebesgue integral. 


Proposition 4.1.17. Assume that Q = U;_,Bj is an open subset of RY of finite N- 
dimensional Lebesgue measure, where (B ja is a sequence of pairwise disjoint 
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open subsets of IR‘. Furthermore, assume that A C RN and there exists 6 > 0 such 
that Q C Ag. Then, for all s € C such that Res > dimg(A,Q), we have 


Ca.a(s) = >) Can, (s). (4.1.16) 


Example 4.1.18. Let Q C R be a disjoint union of open intervals /, in the real line, 
of lengths 1/k? for each k > 1. Here, Q may be unbounded. Let A = 0Q. Then 


q1—2s co 


Dy aaa x k-*5 = €(25), (4.1.17) 
k=) 


S f=] 


tials) =¥ Giy(8)= 
k=1 


where €(s) = ¥ j,k * is the classical Riemann zeta function (or its meromorphic 
continuation). The abscissa of convergence of €4 o(s) is therefore equal to s = 1/2, 


and by using Theorem 4.1.7(b) we conclude that dimg(A,Q) = 1/2. Note that 
by analytic continuation, ¢4 9 has a meromorphic extension to all of C, and that 


C4,a(S) = ae € (2s) for all s € C. 


Ss 


The following example is a relative analog of Example 2.2.21. 


Example 4.1.19. Let Q = Br(0) be the open ball in R of radius R and let A = 
OQ be the boundary of Q, i.e, the N — 1-dimensional sphere of radius R. Then, 
introducing the new variable p = R—r, we have 


R R 
Ca.a(s) =Nox | (RN 1dr = Now | p* *(R—p)*—ldp 
: 2 f 
R N-1 N=1 
0 k=0 k 


= ean (NAT) 
= wow > (UE ey 


k=0 
_nnae’s (=H) UEP 
j=0 J s—j 


for all s € C with Res > N — 1, where @y is the N-dimensional Lebesgue measure 
of the unit ball in R%; see Equation (1.3.22) on page 40. (Note that we have also 
used the well-known symmetry of the binomial coefficients, ee 3) = ( re) In 
particular, C4 @ can be meromorphically extended to the whole complex plane and 
is given by 


N-1 _ _1)N-j-1 
Ca,0(s) =NaoyR’ ¥ (* ; ——— (4.1.18) 


fo\ i 2] 


for all s € C. 


4.1 Zeta Functions of Relative Fractal Drums 255 


Therefore, we have 


dimp(A, Q) = D(E4,a2) =N-1 


F(a.) = {0,1,...,N— 1} and dimpc(A,Q) = {N—1}. (4.1.19) 


Furthermore, 
: N-1 ; 
res(Caand) = ("Ian (—! (4.1.20) 
J 


for 7 =0,1,...,N—1. It is noteworthy that the set A(C4 ) of complex dimensions 
of (A, Q) is not the same as the set A(C,4) of complex dimensions of A; compare 
Equation (4.1.19) with Equation (2.2.58) of Example 2.2.21 on page 128. As a spe- 
cial case of (4.1.20), for 7 = D := N — 1 we obtain that 


res(C4,0,D) = N@yRN' = .@°(A,Q). (4.1.21) 


The last equality follows from a direct computation: 


PU te aie on Soe 


:30+ tV—-P t>0t t 


= No@yRN~!. (4.1.22) 


Furthermore, recall that H?(A) = H‘—!(dBr(0)) = N@yRN—!, where H'~! is the 
(N — 1)-dimensional Hausdorff measure. In particular, the relative fractal drum 
(A, Q) is Minkowski measurable and 


M”(A,Q) =H? (A). (4.1.23) 
Equation (4.1.21) is a special case of Equation (4.5.13) in the case when m := 0 in 


Theorem 4.5.1 on page 353; see also Equation (4.5.1). 


Proposition 4.1.20. (a) For any relative fractal drum (A,Q), with |Q| < , we 
have 


dima(A,Q) = dima(A,Q), 


and similarly for the relative lower box dimension. 


(b) The Cartesian product (A, x Az,Q x Q2) of two Minkowski nondegenerate 
RFDs (A,,Q)) and (Az, Q2), is also Minkowski nondegenerate. Furthermore, 


dimg (Ai x Az, Q x Q2) = dimg(A1,Q1) + dimg (Az, Q2). 


Proof. Part (a) follows easily from the fact that A, = (A), for all t > 0, where A 
denotes the closure of A in R¥. Part (b) follows from [Zu2, Proposition 4.3]. 


Some basic open questions about the relative upper box dimension can be found 
in Problem 6.2.31 of Section 6.2.2. 
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dimg(A,Q)=1+a 


> 
x 


Fig. 4.1 A relative fractal drum (A,@) in the plane with relative box dimension dimg(A,Q) = 
1+a@€ (1,2), for a € (0,1); see Example 4.1.21. 


Example 4.1.21. Here, we deal with a situation where both of the sets A and Q are 
unbounded. This example is based on [Zu2, Example 2.1]. Let A = {0} x (1, +0) C 
R? and Q = {(x,y) € R?: x € (0,1), 1<y<x~“}, for some fixed a € (0,1); see 
Figure 4.1. Note that Q is unbounded, but has finite two-dimensional Lebesgue 
measure. The relative distance zeta function is then given by 


Caa(s) = ff d((x.),A) Paddy 


1 xo 1 
= ; sea / ae ji (9-2-4 — 95-2) de (4.1.24) 
0 1 0 
1 1 1 


s-l-a@ s—-1 s—1-—a@’ 


where in the computation of the double integral, we have assumed that Res > 1+ a. 
It follows that o = | + @ is the abscissa of convergence of the relative zeta function 
€a.a: D(C4,.q) = 1+ a. Therefore (see (4.1.10)), the half-line A has a nontrivial 
relative box-dimension with respect to Q, given by 


dimg(A,Q) = D(s,.0) = 1 +a. 


It is not difficult to show that a stronger result holds; namely, dimg(A,@) exists, 
dimg(A,Q) = 1+, and the relative fractal drum (A, Q) is Minkowski measurable. 
It follows from the above discussion that the set A.(C4 a) of relative principal 
complex dimensions of the half-line A (with respect to the open unit square Q) is 
given by 
P(ba,a) = {1+ a}. 
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dim (4g,2)<1 1 


Fig. 4.2 A relative fractal drum (Ag, @Q) such that dimg(Ag,Q) = 1—a <1 (here, 0 < a < 1), 
whereas dimg Aq = 1; see Example 4.1.23. This illustrates the drop of dimension phenomenon for 
relative Minkowski dimensions. 


Actually, a more precise result holds. Indeed, note that according to the last equality 
of (4.1.24), C4.o has a meromorphic continuation to all of C (given by the right- 
hand side of the last equality of (4.1.24)), and furthermore, the set A(C,4 o) of all 
relative complex dimensions of (A,Q) is given by 


P(Cao) ={1,l+a}={l+a}uU {I}, 


the union of {1+ a}, the set of scaling complex dimensions, and {1}, the set 
of positive integer dimensions (in the sense of [LapPe2—3] and [LapPeWil1], see 
also [Lap-vFr3, Section 13.1]). We point out, however, that the theory of [LapPe?2, 
LapPeWi1] cannot be applied to the present example in order to also yield this result. 
Hence, the relative ‘fractal drum’ (A, Q) is not fractal (in the sense of [Lap-vFr1-—3]) 
since it does not have any nonreal principal complex dimensions, which is, of 
course, natural since both A and Q are standard Euclidean geometric shapes. 


Example 4.1.22. Let Q be the same as in the preceding example, and define A = 
{(x,y) € (—1,0) x R: y = |x|~}, where @ € (0,1) is fixed. Here, we also have that 
dimg(A,Q) exists and 


dimg(A,Q) = D(Ca a) =l+a. 


Note that now, the sets A and Q are disjoint. 


It is clear that in the case of a bounded set A, we have dimg(A,Q) < dimgA, and 
analogously for the lower box dimension. The following example shows that the 
inequality may be strict. 


Example 4.1.23. We provide here an example showing that a smooth rectifiable 
curve (see part (a) of Remark 4.1.24 below) may have a relative box dimension 
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strictly less than one, whereas its (ordinary) box dimension is equal to one. This ex- 
ample illustrates what we propose to refer to as the drop of dimension phenomenon, 
which is frequently encountered in the context of RFDs. For an even more dramatic 
example of this important and surprising phenomenon, see Corollary 4.1.38 and 
Remark 4.1.39 on pages 265-266. 

Let Q = (—1,0) x (0,1) and let Ag be the graph of a Hélder continuous function 
y=x%,0<x< 1, fora fixed a € (0,1); see Figure 4.2. Then, the relative box 
dimension of the curve Ag (with respect to Q) exists and is given by 


dimg(Ag,Q) =1—a. 


Note that, in contrast, dimg Ag, = 1, independently of the value of a € (0,1), since 
Aq is clearly rectifiable, i.e., of finite length. (See part (b) of Remark 4.1.24 be- 
low.) Also, it is worth noting that Ag and Q are disjoint. The relative zeta function 
Ca,,.@(S) is holomorphic on the half-plane Res > 1 — a, and the bound is optimal: 


D(Cay.@) = dimg(Ag, 2) =1—a. 


Remark 4.1.24. (a) Note that Ag is a C*-curve, since it does not contain the origin. 
Furthermore, the curve A, is at least of class C! (more precisely, of class C* with 
k =|1/a]), since it can be viewed as the graph of the function x = y!/“ for y € [0, 1], 
where the exponent | /a is larger than 1 (and in particular, the function is Lipschitz 
continuous). 


(b) The length of Ag is bounded by the sum of its projections onto the vertical 
and horizontal axes, that is, by 2. If a curve is rectifiable (i.e. of finite length), then 
its graph has box (i.e., Minkowski) dimension equal to 1; see, e.g., Federer [Fed2, 
Theorem 3.2.39] for a more general statement concerning k-rectifiable sets. Namely, 
the Minkowski (or box) dimension of a closed and k-rectifiable set (i.e., of the image 
in R¥ under a Lipschitz map of a bounded set in R“) exists and does not exceed k, 
and, moreover, its k-dimensional Minkowski content exists and is finite. Here, we 
have k = 1, N = 2 and, clearly, the Minkowski dimension of a smooth curve is not 
smaller than 1. 


Example 4.1.25. Slightly modifying the above example, let us set A’ = {0} x (0,1) 
and consider the family of open sets Q/, = {(x,y) € (0,1)? : y < x%}, where a € 
(0,1). Then 

D( Eq a1) = dimp(A’, Q4) = 1— a. 


This shows that the relative box dimension depends on the domain Q/,. 


In the following proposition, we extend the well-known property of finite sta- 
bility of the usual upper box dimension dimgA (see, e.g., [Fall]) to the more gen- 
eral case of the relative upper box dimension dimg(A,Q); see Equation (4.1.25) in 
Proposition 4.1.26 below. The claim is not true for the relative lower box dimension 
dim, (A, Q); see the discussion immediately following Equation (6.1.8) in Subsec- 
tion 6.1.2 of Chapter 6 below. 
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Proposition 4.1.26 (Finite stability of the relative upper box dimension). Let 
(A, Q) and (B,Q) be two relative fractal drums in RN. Then (AUB, Q) is an RFD 
as well, and the following property of finite stability of the relative upper box di- 
mension holds: 


dimg(AUB,Q) = max{dim,(A, Q),dimg(B,Q)}. (4.1.25) 
Moreover, for any real number s € R, we have that 


max{.M*5(A,Q), 5(B,Q)} < M5 (AUB,Q) < (A, Q) + M*(B,Q). 
(4.1.26) 


Proof. Since (A, Q) and (B,Q) are RFDs, then Q C Ag and Q C Bs for some 6 > 0; 
hence, Q C As UBs = (AUB)5. Therefore, (AU B,Q) is an RFD as well. 

Let us first prove the two inequalities appearing in (4.1.26). The first one follows 
immediately from the two inclusions A C AUB and B C AUB, while the second one 
is an easy consequence of the fact that (A UB), = A; U By, for all t > 0: 


(AUB),NQ| _ 


3 (A; UB) NQ| 
tN-s 


limsu a 


to0r 
IAANQ|  |BsNQ| 
( tN-s + tN-s ) 


M*(AUB,Q) = limsup 


t>0+ 


< limsup 

130+ (4.1.27) 

: IAANQ|.. IB,NQ| 

< limsup —,—_— + imsup —,-.— 
t 


N—s 
t>0t us 30+ 


= .M*(A,Q)+.M*(B,Q). 


Now, Equation (4.1.25), which we write as L = R, follows easily from Equation 
(4.1.26). Indeed, assume that (4.1.25) does not hold, i.e., that L 4 R. Let us consider 
the following two cases: 


(a) If L < R in (4.1.25), then by taking any real number s € (L,R), we have that 
M**(AUB,Q) =0 and either .4**(A,Q) = +c¢ or 4 (B,Q) = +c. However, 
this is impossible, due to the first inequality in (4.1.26). 

(b) If L > R, then by taking any real number s € (R,L), we obtain that .@**(AU 
B,Q) = +e and @*(A,Q) =.@*(A,Q) =0. This is also impossible, due to the 
second inequality in (4.1.26). 


This completes the proof of Equation (4.1.25), as well as of the proposition. 


Remark 4.1.27. If (A,Q1) and (B,Qp) are two relative fractal drums in R™ such that 
for some € > 0, AgN Q2 = @ and Bg MN Q; = , then the property of finite stability 
holds in the following sense: 


dimg(A UB, Q; UQ2) = max{dimg(A, Q;),dimg(B,Q2)}. (4.1.28) 
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Moreover, for any real number s € R, we have that 


max{.M@*5(A,.Q)), M@"(B,Qo)} <*> (AUB, Q, UQ>) 


4.1.29 
M*(AUB,Q)UQ)) < M(A,Q)) +.M(B,Q5). 17?) 


Note, however, that Equations (4.1.28) and (4.1.29), jointly with the indicated as- 
sumptions, do not contain Proposition 4.1.25 as a special case. 

In order to prove (4.1.29), it suffices to observe that for any t € (0,€), we have 
that (AUB); 9 (Q)N Q2) = (Ay N.Q1) U (B; 1.Q2), and then to proceed analogously 
as in the first part of the proof of Proposition 4.1.26. Equation (4.1.28) follows from 
(4.1.29) and the arguments from the second part of the proof of the proposition. 


4.1.2 Cone Property and Flatness of Relative Fractal Drums 


We introduce the cone property of a relative fractal drum (A,Q) at a point, in or- 
der to ensure that the abscissa of convergence of the associated relative zeta func- 
tion C4 q be nonnegative. The main result of this subsection is stated in Proposi- 
tion 4.1.33. We also construct a simple class of RFDs for which the relative box 
dimension is negative; see Proposition 4.1.35. 


Definition 4.1.28. Let B,(a) be a given ball in RY of radius r. Let 0B be the bound- 
ary of the ball, which is an (N — 1)-dimensional sphere, and assume that G is a 
closed connected subset contained in a hemisphere of OB. [Intuitively, G is a disk- 
like subset (‘calotte’) of a hemisphere contained in the sphere 0B.] We assume that 
G is open with respect to the relative topology of 0B. The cone K = K,(a,G) with 
vertex at a, and of radius r, is defined as the interior of the convex hull of the union 
of {a} and G. 


Definition 4.1.29. Let (A,Q) be a relative fractal drum in RY . We say that a relative 
fractal drum (A,Q) has the cone property at a point a € AN Q if there exists r > 0 
such that Q contains a cone K,(a,G) with vertex at a (and of radius r). 


Remark 4.1.30. If ae ANQ (hence, a is an inner point of Q), then the cone property 
of the relative fractal drum (A,@Q) is obviously satisfied at this point. So, the cone 
property is actually interesting only on the boundary of Q, that is, ata CE ANOQ. 


Example 4.1.31. Given a > 0, let (A, Qq) be the relative fractal drum in R? defined 
by A = {(0,0)} and Qg = {(x,y) € R?:0<y<x%,x€ (0,1)}. FO<a <1, 
then the cone property of (A,Q) is fulfilled at a = (0,0), while it is not satisfied 
(at a = (0,0)), for a > 1. Using these domains, we can construct a one-parameter 
family of RFDs with negative relative box dimension; see Proposition 4.1.35 below. 


Proposition 4.1.33 below is an extension of Lemma 2.1.52, which states that 
D(C,4) > 0 for any bounded set A. We first need an auxiliary result. 
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Lemma 4.1.32. Assume that K = K,(a,G) is an open cone in RN with vertex at a 
(and of radius r > 0), and f € L'(0,r) is anonnegative function. Then there exists a 
positive integer m, depending only on N and on the opening angle of the cone, such 
that 


| f(le—al)dx <m | f(lx—al) de. (4.1.30) 
B,(a) K 


Proof. Since the sphere 0B is compact, there exist finitely many calottes G1,...,Gyn 
contained in the sphere, that are all congruent to G (that is, each G; can be obtained 
from G by arigid motion), and which cover OB. Let K; = K,(a,G;), i= 1,...,m, be 
the corresponding cones with vertex at a. It is clear that the value of 


| f(\x—al) dx (4.1.31) 
Kj 


does not depend on i. Since B,(a) = Uy", Kj, we have 


m 


hehe adersd ffle-aldr=m f fle alya, 4.1.32) 


Proposition 4.1.33. Let (A, Q) be a relative fractal drum in RN. Then: 


(a) If the sets A and Q are a positive distance apart (i.e., if d(A,Q) > 0), then 
D(C4,q) = —2; that is, C,,o is an entire function. Furthermore, dimg(A,Q) = —-. 


(b) Assume that there exists at least one point a € AN Q at which the relative 
fractal drum (A,Q) satisfies the cone property. Then D(€4,q) > 0. 


Proof. (a) For r > 0 small enough such that r < d(A,Q), where d(A,Q) is the 
distance between A and Q, we have A,™ 2 = 0; so that C4 4,,9(s) = 0 for all 
s €C. Therefore, D(C4 4,nq@) = —°e. Since C4 0(s) — Ca.4,na(s) is an entire func- 
tion, we conclude that we also have that D(C4.9) = —»-. Since |Ag N Q| = 0 for 
all sufficiently small € > 0, we have .@"(A,Q) = 0 for all r € R, and therefore, 
dimg(A,Q) = —~, 


(b) Assume, by reasoning by contradiction, that D(€4.9) < 0. In particular, 
€4,a(s) is continuous at s = 0 (because it must then be holomorphic at s = 0). By 
hypothesis, there exists an open cone K = K,(a,G), such that K C Q. Using the 
inequality d(x,A) < |x—a] (valid for all x € R% since a € Q) and Lemma 4.1.32, 
we deduce that for any real number s € (0,N), 


Ca.als) > Coals) = fi d(xay Nae > ff x—alt Max 


1 ‘ No 
> — | lx— al’ "de = gt 
mM JB,(a) m 
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where m is the positive constant appearing in Equation (4.1.30) of Lemma 4.1.32. 
This implies that €4 o(s) + +e° as s > 0*, s € R, which contradicts the holomor- 
phicity (or simply, the continuity) of €4 a(s) at s = 0. 


The cone condition can be replaced by a much weaker condition, as we will now 
explain in the following proposition. 


Proposition 4.1.34. Let (rj,)x>9 be a decreasing sequence of positive real numbers, 
converging to zero. We define a subset of the cone K,(a,G) as follows: 


co 


K,(a,G, (rk)e>0) = {x € K-(a,G) : |x—a| € U (mes roe) }- (4.1.33) 
k=0 


If we assume that the sequence (rx)x>1 is such that 


co 


S(-1l*f3L>0 as s+0*,sER, (4.1.34) 
k=0 


then the conclusion of Proposition 4.1.33(b) still holds, with the cone condition 
involving K := K(a,G) replaced by the above modified cone condition, involving 
the set K' := K,(a,G, (rg) x50) contained in K. 


Proof. In order to establish this claim, it suffices to use a procedure analogous to 
the one used in the proof of Proposition 4.1.33: 


le . 
tsa(s) > f x—al°-Ndx > = ae x—al°-Yde 
IN 0 J Bry (@)\Brog (9) 


NQn —1 os so 
=——_Ss x 14 Mes) DG 
m k= 


For example, if 7 = 2-* then condition (4.1.34) is fulfilled since 


Yat = YC = 


k=0 k=0 


1 
55 as soO',sER. 


This concludes the proof of the proposition. 


The following proposition (building on Example 4.1.31 above) shows that the 
box dimension of a relative fractal drum can be negative. It also shows that the 
analog of Lemma 2.1.52 does not hold for arbitrary RFDs. 


Proposition 4.1.35. Let A = {(0,0)} and 
Q={(x,y) eR? :0<y<x", x€ (0,1)}, (4.1.35) 


where a > 1; see Figure 4.3. Then the relative fractal drum (A,Q) has a nega- 
tive box dimension. More specifically, dimg(A,Q) exists, the relative fractal drum 
(A, Q) is Minkowski measurable and 
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A 


dimg (A, Q) <0 


A 


Fig. 4.3 A relative fractal drum (A, Q) with negative box dimension dimg(A, 2) = 1— a < 0 (here 
a > 1), due to the ‘flatness’ of the open set Q at A; see Proposition 4.1.35. This provides a further 
illustration of the drop in dimension phenomenon (for relative box dimensions). 


dimg(A,Q) = D(s.9) =1l-a<0, 
1 
1-a(4 Q) = —— 4.1.36 
M ( ’ ) 14a’ ( ) 


Dmer(S4,Q) < 3(1 4 a). 
Furthermore, s = 1— is a simple pole of C40. 
Proof. First note that Ag = B,((0,0)). Therefore, for every € > 0, we have 


etl 


€ 
ena < [ xdx = = 
0 atl 


If we choose a point (x(€),y(€)) such that 
(x(e),y(e)) € (Ae) f(x,y) y= 2%, ¥E (0,D}, 
then the following equation holds: 
xe) paler =e. (4.1.37) 


It is clear that 


x(€) atl 
ena|> [ dx — 28) 
0 at+l 
Letting D := 1 — a, we conclude that 
1 x(e)\otl — |AgNQ| 1 
— [| —— < ———_ < —.. forall 0. 4.1.38 
aa € ) = ee Sgt ERY Be ( ) 
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We deduce from (4.1.37) that x(€) ~ € as € > 0°, since 


we) = (1+x(e)2@-))-1/2_,1 as e014, (4.1.39) 
and therefore, (4.1.38) implies that dimg(A,Q) = D and.@?(A,Q) = 1/(a+1). 
Using (4.1.38) again, we have that 


p27. Pel (1 a. (4.1.40) 


atl e2-D = ati € 


Using (4.1.39) and the binomial expansion, we conclude that 


(BEY a1 Sth e292 4 ofx(ey#) as e404. 


Therefore, we deduce from (4.1.40) that 
fle) = O(x(e2?)) = O(e2-2) as e+ 0. 


Since |Ag M Q| = €?-?((a + 1)~!+4 f(e)), by using Theorem 2.3.18 (adjusted to 
the case of RFDs, see Theorem 4.5.1), we then conclude that 


Dmer(G4,@) <D— (2a —2) = 3(1 = a). 


Furthermore, s = D is a simple pole. 
Finally, we note that the equality D(C, 9) = D follows from (4.1.10). 


Example 4.1.36. Let (A,Q) be the relative fractal drum in R? defined by A = 
{(0,0)} and Q = {(x,y) € R?:0<y <x", x € (0,1)}; see Figure 4.2, for a = 2. 
This relative fractal drum does not satisfy the cone property (at any point). (Note 
that since AN dQ = {(0,0)}, it suffices to check that (A, Q) does not have the cone 
property at a = (0,0), which is the case since 2 > 1; see Remark 4.1.30 and Exam- 
ple 4.1.31.) According to Proposition 4.1.35, its relative box dimension is equal to 
—1. We will show directly that the relative distance zeta function C4 a(s) is well de- 
fined at s = 0, and equal to Catalan’s constant. First, using polar coordinates (7,0), 
we obtain that for every s > 0, 


Ca.a(s) )= f ac x,y),A)*? dedy = chet Je +9?) dy 
nes 1/cos@ nm/4 1 —t 
= -["a 6 | poqrat - { cae ae 
tan @/cos@ S JO cos’ 8 
The function under the integral sign is dominated by a constant (independent of s), 
so we conclude from the Lebesgue dominated convergence theorem that the integral 


in the last expression above converges to zero. We can now apply I’ Hospital’s rule 
and differentiate under the integral sign in order to compute the limit at s = 0: 


4.1 Zeta Functions of Relative Fractal Drums 265 


m/4 = F 
lim 4,0(s) = lim a = - 


s0+ s30+ Jo as\ cos*@ 
m/4T /tan@\° log(cos@),_, 
= 1 tO) + tan® 1)| d 
0% 0 (5) PExese?) cos* 8 ea ae 


eS ija=y 
= [ og(co ) = 2 Ont be 


The next-to-last equality again follows from an application of Lebesgue’s dominated 
convergence theorem, while the last sum is Catalan’s constant, which is approxi- 
mately equal to 0.915. 


In the following lemma, we show that for any 6 > 0, the respective sets of prin- 
cipal complex dimensions corresponding to RFDs (A, Q) and (A,As MQ) coincide. 


Lemma 4.1.37. Assume that (A,Q) is a relative fractal drum in R. Then for any 
6 > 0 we have 


CA.Q (s) ry CaAsna(s). (4.1.41) 

In particular, 
dimpc (A, Q) = dimpc(A,As NQ) (4.1.42) 

and therefore, 
dimg(A,Q) = dimg(A,A5 NQ). (4.1.43) 


Here, the &-neighborhood of A can be taken with respect to any norm on RN? 


Proof. Recall that according to the definition of a relative fractal drum (A, Q), there 
exists 6; > 0 such that d(x,A) < 6; for all x € Q; see Definition 4.1.2. On the 
other hand, we have that d(x,A) > 6 for all x € Q \ Ag. Therefore, by using The- 
orem 2.1.45 with p(x) := d(x,A) and du(x) := d(x,A) “dx, we conclude that the 
difference 
bs,a(5)—Caasnals) =f dx,a) Max 
Q\A5 

defines an entire function. This proves the desired equivalence in (4.1.41). The re- 
maining claims of the lemma follow immediately from this equivalence. Finally, the 
fact that any norm on R% can be chosen to define Ag follows from the equivalence 
of all the norms on RY. 


The following result provides an example of a nontrivial relative fractal drum 
(A, Q) such that dimg(A,Q) = —-. It suffices to construct a domain Q in R? which 
is flat in a connected open neighborhood of one of its boundary points. 


Corollary 4.1.38 (A maximally flat RFD). Let A = {(0,0)} and* 


Q! = {(x,y) €R?:0<y<e™, 0<x< 1}. (4.1.44) 


3 This fact will be used in an essential manner in the proof of Corollary 4.1.38. 
4 The corresponding RFD (A,’) is very similar to the RFD (A, @Q) exhibited in Figure 4.2, but 
now with an extremely sharp spike at the origin. 
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Then dimg(A,.Q’) exists and 

dimg(A, Q') = D(C, 91) = —~. (4.1.45) 
Proof. Let us fix @ > 1. Then, by l’Hospital’s rule, 


; eo l/x ; 1a 
lim = lim — =0. 
x30+ x t>+oo ef 


Hence, there exists 6 = (a) > 0 such that 0 < e~!/* < x for all x € (0,5); that is, 
23 (a) C Q5(a); 


where 
Qa = {y) ER? 0<y<e'*, 0<x< 8(a)} 


and 
Qa) = {%Y) ER? :0<y<x%,0<x< 6(a)}. 


Using Lemma 4.1.37 (with Q! instead of Q and with the --norm on R? instead of 
the usual Euclidean norm) and Proposition 4.1.35, we see that 


dim, (A, Q’) = dimg(A,Q5(q)) < dimg(A, Q5(a)) =1-a. 
The claim follows by letting @ —> +c, since then, we have that 


—co < dimy(A,Q") < dimg(A,Q’) = —e. 


We conclude, as desired, that dimg(A, Q) exists and is equal to —c. 


Remark 4.1.39. (Flatness and ‘infinitely sharp blade’). It is easy to see that Corol- 
lary 4.1.38 can be significantly generalized. For example, it suffices to assume that 
A is a point on the boundary of Q such that Q has the flatness property of A relative 
to Q. This can even be formulated in terms of subsets A. We can imagine a bounded 
open set Q C R? with a Lipschitz boundary 0Q, except on a subset A C OQ, which 
may be a line segment, near which Q is flat. A simple construction of such a set is 
Q = Q' x (0,1), where Q’ is given as in Corollary 4.1.38, and A = {(0,0)} x (0,1); 
see Equation (4.1.44). Note that this domain is not Lipschitz near the points of A, 
and not even Hélderian; see Figure 4.4. The flatness of a relative fractal drum (A,Q) 
can be defined by 


fi(A,Q) = (dimg(A,Q)) , 


where (r)~ := max{0,—r} is the negative part of a real number r. We say that the 
flatness of (A,Q) is nontrivial if fl(A,Q) > 0, that is, if dimg(A,Q) < 0. In the 
example just mentioned above, we have a relative fractal drum (A, Q) with infinite 


5 Note that Qs 
max{|x|,|y|}- 


(a) = Q!7 Bg(q) (0), where Bs (0) := {(x,y) € R? : |(x,y) loo < 5} and |(x,y)|oo := 
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Fig. 4.4 A relative fractal drum (A, Q) with infinite flatness, as described in Remark 4.1.39. In 
other words, Q has infinite flatness near A; equivalently, dimg(A,Q) = —ce, which provides an 
even more dramatic illustration of the drop in dimension phenomenon (for relative box dimen- 
sions). 


flatness, i.e., with fl(A,Q) = +e. Intuitively, it can be viewed as an ‘ax’ with an 
‘infinitely sharp’ blade. 


4.1.3 Scaling Property of Relative Zeta Functions 


We start with the following result, which shows that if (A,Q) is a given relative 
fractal drum, then for any A > 0, the zeta function C,4 ,.9(s) of the scaled relative 
fractal drum (AA,AQ) is equal to the zeta function C4 9(s) of (A,Q) multiplied 
by A*. This result extends Proposition 2.1.77. 


Theorem 4.1.40 (Scaling property of relative distance zeta functions). Let 
Ca,a(s) be the relative distance zeta function. Then, for any positive real number i, 
we have that D(C,4,,a) = D(Ca,Q) = dimg(A,Q) and 


Caaaals) =A*Caa(s), (4.1.46) 


for Res > dimg(A,Q) and any A > 0. (See also Corollary 4.1.42 below for a more 
general statement.) 


Proof. The claim is established by introducing a new variable y = x/A, and by 
noting that d(Ay,AA) = Ad(y,A), for any y € R% (which is an easy consequence 
of the homogeneity of the Euclidean norm). Indeed, in light of Remark 4.1.8 or 
part (b) of Theorem 4.1.7, for s € C with Res > dimg(A,Q) = D(C4.q), we have 
successively: 
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raaa(s)= ff d(x,AA) ax 
= | d(Ay, AA)" ANdy 
Q 


- as | d(y,A)* Ndy =A°C4.0(s). 
Q 


It follows that (4.1.46) holds and €),4 ,.9(s) is holomorphic for Res > dimg(A, Q). 
Since D(4.9) = dimg(A,Q) (by part (b) of Theorem 4.1.7 and by Remark 4.1.8, 
as was recalled above), we deduce that D(C,4,.0) < D(C4,q), for every A > 0. But 
then, replacing A with its reciprocal A~! in this last inequality, we obtain the reverse 
inequality,° and hence, we conclude that 


dimg(A,Q) = D(G4,0) = D(Cr4..@); 


for all A > 0, as desired. 


If @ = (€;)j>1 is a fractal string and A is a positive constant, then for the 
scaled string AY := (Aj) j>1, the corresponding claim in Theorem 4.1.40 is triv- 
ial: C, v(s) =A*Cy(s), for every A > 0. Indeed, by definition of the geometric zeta 
function of a fractal string (see Equation (2.1.71) in Section 2.1.4), we have 


Cav(s) = yar L4- MC v(s) 


iM 


j=! 


for Res > D(€v). (The exact same argument as above then shows that D(C v) = 
D(C,.v)-) Then, by analytic (i.e., meromorphic) continuation, the same identity con- 
tinues to hold in any domain to which ¢ v can be meromorphically extended to the 
left of the critical line {Res = D(C v)}. 


Remark 4.1.41. Let Y := (A,Q) be a relative fractal drum in R% and let AY := 
(AA,AQ), where A > 0. If we define C.¥(s) := Ca.0(s) = fo d(x,A)* “dx, then we 
can reformulate Theorem 4.1.40 as follows: D(C, _¥) = D(¢yv) = dimg-# and 


6, ¢(s)=A°Cv(s), for Res>dimgpZ% and A>0. (4.1.47) 
More explicitly, 
Caaaa(s)=A%Cx.a(s), for Res>dimg(A,Q) and A>0. (4.1.48) 


Clearly, in light of the principle of analytic continuation, the identities (4.1.47) and 
(4.1.48) continue to hold for all s € U, where U is any domain of C to which Cv 
can be meromorphically continued. 


6 More specifically, we replace (A,@) with (A~'A,A~!Q) to deduce that for every A > 0, 
D(Es.a) < D(C,-14.4-1Q)- We then substitute 2—! for A in this last inequality in order to obtain 
the desired reversed inequality: for every A > 0, D(C4.a) < D(Cx4.aQ)- 
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The following result supplements Theorem 4.1.40 in several different and signif- 
icant ways. 


Corollary 4.1.42. Fix 2 > 0. Assume that €4.Q admits a meromorphic continu- 
ation to some open connected neighborhood U of the open half-plane {Res > 
dimg(A,Q)}. Then, so is the case for Cxa,aq and the identity (4.1.46) continues 
to hold for every s € U which is not a pole of C49 (and hence, of €,4.40 as well). 

Moreover, if we assume, for simplicity,’ that @ is a simple pole of 64.q (and 
hence also, of €,4.,.q), then the following identity holds: 


res(C,4..9,@) =A°res(Cy.0,@). (4.1.49) 


Proof. The fact that €)4 4.9 is holomorphic at a given point s € U if and only if C4 0 
is holomorphic at s (i.e., if and only if Res > dimg (A, Q)), follows from (4.1.46) and 
the equality D(Q,4 20) = D(Cs.2) = dimg(A,Q). An analogous statement is true 
if “holomorphic” is replaced with “meromorphic”. More specifically, by analytic 
continuation of (4.1.46), ¢,4,.,@ is meromorphic in the domain U (containing the 
critical line {Res = dimg(A,Q)}) if and only if C49 is meromorphic in U, and 
then, clearly, identity (4.1.46) continues to hold for every s € U which is not a pole 
of C4. (and hence also, of ¢,4,@). Therefore, the first part of the corollary is 
established. 

Next, assume that @ is a simple pole of C4 9. Then, in light of (4.1.46) and the 
discussion in the previous paragraph, we have that for all s in a punctured neighbor- 
hood of @ (contained in U but not containing any other pole of C4 9), 


(s—@)Cyara(s) =A* ((s—@)Cy,0(s)). (4.1.50) 


The fact that (4.1.49) holds now follows by letting s > @, s £ @ in (4.1.50). Indeed, 
we then have 


res(C4.0, @) = lim(s = )CA.0 (s), 


and similarly for res(€,,4 ..0,@). 


This important scaling property of distance zeta functions of RFDs, established 
in Theorem 4.1.40 and Corollary 4.1.42, is analogous to the well-known scaling 
property of Hausdorff measure in Euclidean space (see, e.g., [Fal2]), but note that 
in the spirit of the theory of complex fractal dimensions, it now holds for all com- 
plex values of s (rather than just for the Hausdorff fractal dimension in the case of 
Hausdorff measure). See, in addition, identity (4.1.49) of Corollary 4.1.42 where a 
corresponding scaling property also holds for the complex fractal dimensions them- 
selves, at the level of the residues. 


7 If s is a multiple pole, then an analogous scaling property holds for the principal parts (instead of 
the residues) of the zeta functions involved, as the reader can easily verify. 

8 If we use the notation Y := (A, Q) andAY := (AA,AQ) from Remark 4.1.41, Equation (4.1.49) 
can be written more compactly as res(€,.4,@) =A°@ res(Cv, @). 
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The scaling property of relative zeta functions (established in Theorem 4.1.40 

and Corollary 4.1.42) motivates us to introduce the notion of relative fractal spray 
(Definition 4.2.1), which is very close to (but also subtly different from) the 
usual notion of fractal spray introduced by the first author and Carl Pomerance in 
[LapPo3] (see [Lap-vFr3] and the references therein). First, we define the operation 
of union of (disjoint) families of RFDs (Definition 4.1.43). 
Definition 4.1.43. (Union of relative fractal drums). Let (A;,Q;) j>1 be a countable 
family of relative fractal drums in R™, such that the corresponding family of open 
sets (2;) j>1 is disjoint (i.e., Qj .Q, = for j # k), and the set Q := UF_ Q; is of 
finite N-dimensional Lebesgue measure (but may be unbounded). Then, the union 
of the (finite or countable) family of relative fractal drums (A;,Q;) (j = 1) is the 
relative fractal drum (A,Q), where A := Ue_ Aj; and Q := U?_, Q). We write 


co 


(A,Q) = J (Aj,Q)). (4.1.51) 
j=l 


It is easy to derive the following countable additivity property of the distance 
zeta functions. 


Theorem 4.1.44. Assume that (Aj,Q;) ;>1 is a finite or countable family of RFDs 
satisfying the conditions of Definition 4.1.43, and let (A, Q) be its union (in the sense 
of Definition 4.1.43). Furthermore, assume that the following condition is fulfilled: 


For any j € N and x € Q;, we have that d(x,A) = d(x,A)j). (4.1.52) 


Then, for all s € C such that Res > dimg(A,Q), we have 
64,0(8) = >! Sa;,0,(5). (4.1.53) 
j=l 


Condition (4.1.52) is satisfied, for example, if for every j € N, Aj is equal to the 
boundary of Qj in RY: that is, Aj = 0Q). 


Proof. The claim follows from the following computation, which is valid for Res > 
dimg (A, Q ) : 


_ x s—N a ~ x s—N 
foals) = frdtnayNae= % J dtsay Nay 
S . (4.1.54) 
= jk s). 
=& fp, dena Mae= ¥ Eana,() 


More specifically, clearly, (4.1.54) holds for s real such that s > dimg (A,Q) > 
D(C,.q). Therefore, for such a value of s, 


bs,0,(8) = i d(x,A) Ndr < I d(x,A)’ "dx = Ly. a(s) <@, 
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for every j > 1. Hence, 


sup {D(Ca,0;)} < D(Ga.a) < dima(A,Q), (4.1.55) 
Jz 


from which (4.1.54) now follows for all s € C with Res > dimg(A, Q), in light of the 
countable additivity of the complex Borel measure (and hence, bounded measure) 
on Q, given by dy(x) := d(x,A)*-“dx. Note that according to the hypothesis of 
Definition 4.1.43, we have |Q| < ce, so that dy is indeed a complex Borel measure; 
see, e.g., [Foll] or [Ru]. 


Remark 4.1.45. In the statement of Theorem 4.1.44, the numerical series on the 
right-hand side of (4.1.53) converges absolutely (and hence, converges also in C) 
for Res > dimg(A, Q). In particular, for s real such that s > dimg(A,Q), it is a con- 
vergent series of positive terms (i.e., it has a finite sum). It remains to be investigated 
whether (and under which hypotheses) Equation (4.1.53) continues to hold for all 
s € Cinacommon domain of meromorphicity of the zeta functions C4 9 and CAj, Q; 
for j > 1 (away from the poles). At the poles, an analogous question could be raised 
for the corresponding residues (assuming, for simplicity, that the poles are simple). 
We will encounter a similar issue when discussing ‘local distance zeta functions’ in 
Appendix B. 


Since, among other things, Theorem 4.1.44 gives a way to compute the distance 
zeta function of a given relative fractal drum if it can be appropriately subdivided 
into a disjoint union of relative fractal ‘subdrums’, we introduce the following im- 
portant definition. 


Definition 4.1.46. (Disjoint union of relative fractal drums). Let the conditions of 
Definition 4.1.43 be satisfied and also assume that condition (4.1.52) is satisfied 
(so that the conclusion of Theorem 4.1.44 holds). Then, we call the union given in 
(4.1.51) a disjoint union of relative fractal drums and write 


ae: 


(A,Q) = |] (A4j,2);). (4.1.56) 


J 


Furthermore, in the special case when for every j € N, we have that (Aj, Q;) = 
1;(Ao, Qo) for some sequence of positive numbers (A;) ;>1 and some given relative 
fractal drum (Ag, 20), we will slightly abuse the notation and write 


(A, Q) = |_| Aj(Ao, 20), (4.1.57) 
j=l 
in the sense that the scaled RFDs appearing in (4.1.57) are actually isometric images 


of A;(Ao,@o) arranged in such a way that the union (4.1.57) is indeed a disjoint 
union of relative fractal drums. 
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4.1.4 Stalactites, Stalagmites and Caves Associated With Relative 
Fractal Drums 


In this subsection, we extend the notions of stalactites, stalagmites and caves, intro- 
duced in Subsection 2.1.6, associated with fractal sets. Let (A, Q) be a given relative 
fractal drum in RY. Assume that 


2\A=VUX, 
kes 


where {U;}xc, is the disjoint family of connected components of the open set Q \ A. 
It is clear that the index set is at most countable. Let r be a given nonzero real 
number, and let us define the following function: 


f:Q—- (0,+], f(x) :=d(x,A)’. 


(If r < 0, we let 0" = +e.) For each k € J, we also introduce the function f; := f Up: 


Definition 4.1.47. For each k € J, the graph of the function f; is called the k-th 
stalactite corresponding to the relative fractal drum (A,Q) (and to r). The set 
cave(A,Q) = cave(A,Q,r) defined by 


cave(A,Q) := {(x,u) € Q x (0,420) :0<u< f(x)} 


and contained in R“*", is called the (A, Q)-cave associated with the relative fractal 
drum (A, Q) (and corresponding to r). 


Note that a connected component U; of an unbounded open set Q \ A may be 
unbounded. However, when r > 0, the corresponding function f; is bounded, due 
to the assumption according to which there exists 6 > 0 such that Q C Ag; see 
Definitions 4.1.1 and 4.1.2. 


We could now proceed with further discussion and illustrative examples, in the 
spirit of Subsection 2.1.6. Instead, we will limit ourselves to stating the analog of 
Proposition 2.1.84. 


Proposition 4.1.48. Jf s is a real number and s > dimg(A,Q), then the volume of 
the (A, Q)-cave, corresponding to the parameter r = s —N, is finite. 


Proof. This follows at once from Theorem 4.1.7. 


4.2 Relative Fractal Sprays With Principal Complex Dimensions 
of Arbitrary Orders 


In this section, we consider a special type of RFDs, called relative fractal sprays, 
and consider their distance zeta functions. We then illustrate the results obtained by 
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computing the complex dimensions of relative Sierpiriski sprays. More specifically, 
we determine the complex dimensions of the relative Sierpiriski gasket and of the 
relative Sierpinski carpet; we also calculate the associated residues. 


N 


4.2.1 Relative Fractal Sprays in R 


We now introduce the definition of relative fractal spray, which is very similar to 
(but more general than) the notion of fractal spray (see [LapPo3], [Lap-vFr3, Def- 
inition 13.2], [LapPe2—3] and [LapPeWil-—2)]), itself a generalization of the notion 
of (ordinary) fractal string [LapPol—2, Lap1—3, Lap-vFr3]. 


Definition 4.2.1. Let (0Qo,Qo) be a fixed relative fractal drum in R (which we 
call the base relative fractal drum, or generating relative fractal drum or else, sim- 
ply, the generator), (A;) ;>0 a decreasing sequence of positive numbers (scaling fac- 
tors), converging to zero, and (bj) ;>0 a given sequence of positive integers (mul- 
tiplicities). The associated relative fractal spray is a relative fractal drum (A,Q) 
obtained as the disjoint union of a sequence of RFDs ¥ := {(0Q;,Q;) :i € No}, 
where No := NU {0}, such that each Q; can be obtained from 4;Qo by a rigid mo- 
tion in RY, and for each j € No there are precisely b ; RFDs in the family ¥ that 
can be obtained from 2;Qo by a rigid motion. Any relative fractal spray (A,Q), 
generated by the base relative fractal drum (or ‘basic shape’) Qo and the sequences 
of ‘scales’ (A;) j>0 with associated ‘multiplicities’ (b;)>0, is denoted by 


(A, Q) := Spray(Qp, (Aj) j>0, (bj) j0)- (4.2.1) 


The family ¥ is called the skeleton of the spray. The distance zeta function C4 9 of 
the relative fractal spray is computed in Theorem 4.2.5 below. 

If there exist A € (0,1) and an integer b > 2 such that 2; = A/ and b; = b/, for 
all 7 € No, then we simply write 


(A, Q) = Spray(Q0,A,). 


Here, it should be noted that there exist nonsprayable RFDs (0Qo,Qo) in RY; 
see Example 4.2.13 below. 


Definition 4.2.2. The relative fractal spray (A, Q) = Spray(Qo, (A;) j>0, (bj) >0) can 
be viewed as a relative fractal drum generated by (0.Qp, Qo) and a fractal string 7 = 
(£;) ;>1, consisting of the decreasing sequence (A;) ;>0 of positive real numbers, in 
which each A; has multiplicity b;. Thus, we can write (A, Q) = Spray(Qo, 7). It is 
also convenient to view the construction of (A, Q) in Definition 4.2.1 as the tensor 
product of the base relative fractal drum (Ap, Qo) and the fractal string 2: 


(A, Q) = (0Qo, Qo) ® Z. (4.2.2) 
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We can also define the tensor product of two (possibly unbounded) fractal strings 
L, = (C1) j>1 and Ly = (Cox) x>1 as the following fractal string (note that here, 
and .Z) are viewed as nonincreasing sequences of positive numbers tending to zero, 
but that we may have >i", C1; = +9 or Vie Cog = +00): 


LOL := (£1 j£2%) j ke 1- (4.2.3) 


The multiplicity of any / € 2 ® Ly is equal to the number of ordered pairs of 
(€1;,€2%) in the Cartesian product “%, x 2 of multisets such that / = £; ;£.. 


We can easily modify the notion of relative fractal spray in Definition 4.2.1 
in order to deal with a finite collection of K basic RFDs (or generating RFDs) 
(0Qo1, 201),--- (0 Qox, Qox ), similarly as in [LapPo3], [Lap-vFr3, Definition 13.2] 
(and [LapPe2-3, LapPeWi1—2]). A slightly more general notion would consist in re- 
placing (0Qo, Qo) with any relative fractal drum (Ao, Qo); see Definition 4.2.9. 


It is important to stress that, from our point of view, the sets Q; in the definition 
of a relative fractal spray (Definition 4.2.1) do not have to be ‘densely packed’. In 
fact, in general, they cannot be ‘densely packed’, as indicated by Example 4.2.4(c) 
below. They can just be viewed as a union of the disjoint family {(0Q;,Q;)}i>0 of 
RFDs in R™, where the corresponding family of open sets {Q;};51 is disjoint. Its 
union, U;-_92;, can even be unbounded in RY, although it has to be of finite N- 
dimensional Lebesgue measure. As an example, we can consider the family of balls 
{Q; := B,,(a;)}i>0 in RY, such that |a;| 4 +0 as i > 0 and D2 gr! < «, 


The following simple lemma provides necessary and sufficient conditions for a 
relative fractal spray (A, Q) to be such that |Q| < ©. 


Lemma 4.2.3. Assume that (A,Q) := Spray(Qo, (A;) ;>0, (bj) >0) in RY is a relative 
fractal spray. Then \Q| < © if and only if |Qo| < e and 


Y dja; <0. (4.2.4) 
j=0 
In that case, we have 
|Q| = |Qo| > b;a7". (4.2.5) 
j=0 


In particular, the relative fractal drum (A,Q) is well defined and dimg(A,Q) < N. 


Proof. Let us prove the sufficiency part. For Q; = A;Qo we have |Qj| = |A;Qo| = 
AN |Qo|, and therefore, 


12] = ¥ 1] = ¥ P1220] = 01 Y 6,29 


j=0 j=0 j=0 


The proof of the necessity part is also easy and is therefore omitted. 
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Fig. 4.5 Left: The Sierpitiski gasket A, viewed as a relative fractal drum (A, Q), with Q being the 
countable disjoint union of open triangles contained in the unit triangle Qo. Right: An equivalent 
interpretation of the Sierpifiski gasket drum (A, Q). Here, Q is a countable disjoint union of open 
equilateral triangles, and A = 0Q. (There are 3/—! triangles with sides 2~/ in the union, with 
j € N.) Both pictures depict the first three iterations of the construction. We can also view the 
standard Sierpiriski gasket A as a relative fractal drum (A,Q), in which Q is just the open unit 
triangle in the left picture. 


Example 4.2.4. Here, we provide a few simple examples of relative fractal sprays: 


(a) The ternary Cantor set can be viewed as a relative fractal drum 
(A, Q) = Spray(Qo, 1/3,2) 


(or the Cantor relative fractal drum, or the relative Cantor fractal spray), gener- 
ated by 


(9.Qo,.Q0) = ({1/3,2/3}, (1/3,2/3)) 


as the base relative fractal drum, A = 1/3 and b = 2. Its relative box dimension is 
given by D = log; 2. Of course, this is just an example of ordinary fractal string, 
namely, the well-known Cantor string. 


(b) The Sierpinski gasket can be viewed as a relative fractal drum (or the 
Sierpinski relative fractal drum, or Sierpiriski relative fractal spray), generated by 
(0.Qo, Qo) as the basic relative fractal drum, where Qo is an open equilateral trian- 
gle of sides of length 1/2, A = 1/2 and b = 33. Its relative box dimension is given by 
D=log,3. 


(c) If Qo is any bounded open set in IR? (say, an open disk), A = 1/2 and b =3, we 
obtain a fractal spray (A, Q) = Spray(Qo, 1 /2,3), in the sense of Definition 4.2.1. In 
Theorem 4.2.5, we shall see that if Qo has a Lipschitz boundary, then the set of poles 
of the relative zeta function of this fractal spray (which is a relative fractal drum), 
as well as the multiplicities of the poles, do not depend on the choice of (po. In this 
sense, examples (b) and (c) are equivalent. In particular, the box dimension of the 
generalized Sierpinski relative fractal drum is constant, and equal to D = log, 3. 


In other words, the Sierpifiski gasket (A,Q) = Spray(Qo, 1/2,3), appearing in 
Example 4.2.4(b), can be viewed as any countable disjoint collection of open trian- 
gles in the plane (which can be even an unbounded collection) and their bounding 


276 4 Relative Fractal Drums and Their Complex Dimensions 


triangles, of sizes Aj = 2-/ and multiplicities b j= 3/, 7 © No, and not just as the 
standard disjoint collection of open triangles, densely packed inside the unit open 
triangle. See Figure 4.5. 


Using the scaling property stated in Theorem 4.1.40, it is easy to explicitly com- 
pute the distance zeta function of relative fractal sprays. Note that the zeta function 
involves the Dirichlet series f(s) := Yj-02 jas . Theorem 4.2.5 just below can be 
considered as an extension of Theorem 4.1.40. 


Theorem 4.2.5 (Distance zeta function of relative fractal sprays). Let 
(A, Q) = Spray(Qp, (Aj) j>0; (2j) j>0) 


be a relative fractal spray in RN, in the sense of Definition 4.2.1, and such that 
|Qo| < ce. Assume that condition (4.2.4) of Lemma 4.2.3 is satisfied; that is, |Q| < 
co, Let Q be the (countable, disjoint) union of all the open sets appearing in the 
skeleton, corresponding to the fractal spray. In other words, Q is the disjoint union 
of the open sets Qj, each repeated with the multiplicity b; for j € No. Let f(s) := 
27-0 bjA? Then, for Res > max{dimg(A,Q),D(f)}, the distance zeta function of 
the relative fractal spray (A,Q) is given by the factorization formula 


Ca,2(8) = $%,29(8) f(s), (4.2.6) 


and 


dimg(A,Q) = max {dimg (dQ, Q),D(f)}- (4.2.7) 


Proof. Clearly, it follows from (4.2.4) that f(N) < oe. Hence, D(f) < N; so that 
dimg(A,Q) < N. Each open set of the skeleton of the relative fractal spray is ob- 
tained by a rigid motion of sets of the form A;Qo, and for any fixed j € No , there 
are precisely b; such sets. Identity (4.2.6) then follows immediately from Theo- 
rems 4.1.40 and 4.1.44. The remaining claims are easily derived by using this iden- 
tity. 


Note that it follows from Definition 4.2.2 and relation (4.2.6) that the distance 
zeta function of the tensor product is equal to the product of the zeta functions of its 
components: 


C(8.29,2)a-L (8) = F9.2p,.0y (5) S-¥(5). (4.2.8) 


Equation (4.2.7) can therefore be written as follows: 
dimg((0Qo, Qo) ® LZ) = max{dim(dQo, Qo), dimg-Z}. (4.2.9) 


Theorem 4.2.6. Assume that a relative fractal spray (A,Q) = Spray(Qo,A,b), in- 
troduced at the end of Definition 4.2.1, is such that |Qo| <°%, A € (0,1), b> 2 is an 
integer, and bAN <1. Then, for Res > max{dimg (A Qo, Qo), log, /, b}), we have 


9 Note that according to (4.2.4), this Dirichlet series converges absolutely for Res > N; hence, 
D(f) <N. 
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Ca,a(s) = See (4.2.10) 


and the lower bound for Res is optimal. In particular, it is equal to D(€4,q), and 
dim,(A,Q) = D(Ca,a) = max {dim (AQ, Q), logy /, b}. 


If, in addition, Qo is bounded and has a Lipschitz boundary 0Qo which can be 
described by finitely many Lipschitz charts, then dimg(A,Q) exists and 


dimg(A,@2) = max{N — 1, log; Db}. (4.2.11) 


If we assume that log), b € (N—1,N), then the set dimpc(A, 2) = Pe(Ca,a) of 
principal complex dimensions of the relative fractal spray (A,Q) is given by 


dimpc (A, Q) = log) 45+ (4.2.12) 


2m Ci; 
iog(1/A) 
Proof. If 4; =A and bj = b/ for all j € N, with bAN < 1, then D7 _9b/AIN = 
Tar <%; so that |Q| < oe, Identity (4.2.10) follows immediately from (4.2.6), by 
using the fact that for Qo with a Lipschitz boundary satisfying the stated assump- 
tion, we have dimg(0.Q, Qo) = dimg AQ) = N — 1 (this follows, for example, from 
[ZuZup2, Lemma 3]; see also [Lap1]), together with the property of finite stability 


of the upper box dimension; see, e.g., [Fall, p. 44]. 


Example 4.2.7. Here, we construct a relative fractal spray 
(A, Q) = Spray(Qo, (Aj) j>1, (Bj) >1) 


in R? such that |Qo| < -, bj =1, D7 Ae < 0 (hence, |Q| < co by Lemma 4.2.4), 
and such that the base set Qo is unbounded, as well as its boundary 0Q . Let Qo be 
any unbounded Borel set of finite 2-dimensional Lebesgue measure, such that both 
Qo and 0Qo are unbounded, and Qo is contained in a horizontal strip 


Vi := {(x,y) €R?:0<y< i}. 
We can construct such a set explicitly as 
Qo = {(x,y) ER? :0<y<x%, x> 1}, 


where @ > 1, so that |Qo| < . 

Let (V;)j>1 be a countable, disjoint sequence of horizontal strips in the plane, 
defined by V; = Vi + (0, j) for each j € N. Let (A;) j>1 be a sequence of real numbers 
in (0,1) such that d= A? < oo. It is clear that for any Aj, j > 2, the set AjQp is 
congruent (up to a rigid motion) to the subset Q; := A;Qo + (0, j) of V;. Then, the 
fractal spray 


has the desired properties. 
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It is clear that the tensor product introduced in Definition 4.2.2 is associative, in 
the following sense:!° 


((Ao, 20) ® Li) ® H = (Ao, Qo) ® (A @ LH). (4.2.13) 


This equation shows that the tensor product defines the action of bounded fractal 
strings Y on the set of relative fractal drums. [Here, we consider the set of bounded 
fractal strings (with the trivial strings included and equipped with the tensor prod- 
uct ®) as a monoid, where the identity element is the trivial fractal string consisting 
of only one length ¢ = 1.] We can therefore extend Theorem 4.2.5 as follows. 


Theorem 4.2.8. Assume that (Ag,Qo) is a base relative fractal drum in RN, and 
let (Li)e>0 be a sequence of fractal strings. Let (Az, Q ), k > 1, be a sequence of 
relative fractal sprays defined by 


(Ax, Qe) = (Ag—-1, Q-1) @ Hr. (4.2.14) 
Then 
k-1 
(Ax, Q) = (Ao, Qo) ® (@4). (4.2.15) 
j=0 
Furthermore, for each k > 1, we have 
Cp. (8) = $Ap,Qo (8 1 Ce(s (4.2.16) 


for alls € C with Res > max{dimg(Ao, Qo), dimg-%, ... ,dimg-Z_1}, and 
dimg (Ax, Qx) = max{dimg(Ao, Qo), dimg-%, eee ,dimg.-4_1}. (4.2.17) 


Proof. Relation (4.2.15) follows easily by induction, using the associativity of the 
tensor product. The remaining claims then follow much as in the proof of Theo- 
rem 4.2.5. 


We close this subsection by providing the following generalization of the notion 
of fractal spray, which is quite natural in our context. 


Definition 4.2.9. A relative fractal spray is defined exactly as a fractal spray in 
Definition 4.2.1, except that the generator of the spray is now allowed to be an 
arbitrary relative fractal drum (Ap, Qo), where Ag C R’ is arbitrary and Qo C RY 
is open, but not necessarily bounded; see Definition 4.1.2. (We assume that Qo C 
(Ao)s, for some 6 > 0. In addition, we may also require that the total volume of the 
spray be finite: |Q| < ce.) The corresponding relative fractal spray (A, Q) is denoted 
by 

(A, Q) := Spray((Ao, 20), (A;) j>0, (Bj) >0)- (4.2.18) 


‘0 This equality should be understood modulo isometric displacements of scaled copies of (Ag, 20). 
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In the special case when A; = A/ and b; = b/, j > 0, where A € (0, 1) and an integer 
b > 2 are fixed, the corresponding relative fractal spray is denoted by (A,Q) := 
Spray((Ao, 20),4,). 


For example, ‘spraying’ a given relative fractal spray Spray((Ao, 20),Ao, bo) is 
also possible: 


(Aj, 21) = Spray(Spray((Ao, Qo), A0, bo), A1, 51). (4.2.19) 


By continuing to spray as in Equation (4.2.19), we can define iterated relative fractal 
sprays (Ay, Qn) inductively by 


(An, Qn) = Spray((An—1,Qn—-1);An; bn), foreach n> 1. (4.2.20) 


The notion of a relative fractal spray will be used in several places in the remain- 
der of this chapter as well as in Chapters 5—6, most often without explicit mention. 
We leave it to the reader (or to future work) to further explore some of the addi- 
tional properties of relative fractal sprays and their relative (distance or tube) zeta 
functions, defined as in Definition 4.1.1 and by using Theorem 4.1.40. 


4.2.2 Principal Complex Dimensions of Arbitrary Multiplicities 


The goal of this subsection is to show how one can effectively construct fractal 
sets (as well as fractal strings and even RFDs) which have poles along the criti- 
cal line (i.e., principal complex dimensions) of any given order (i.e., multiplicity), 
and even infinitely many essential singularities (see Theorem 4.2.19 and Remark 
4.2.21 below). Such fractal strings and more general RFDs are interesting exam- 
ples of strongly hyperfractal RFDs, in the sense of part (ii) of Definition 4.6.23 in 
Subsection 4.6.3 below. The corresponding method for constructing these RFDs is 
explained and illustrated in the following example. 


Example 4.2.10. (Cantor sets of higher order). We will provide here an example of 
a relative fractal drum of R such that, for any given m €N, its distance zeta function 
has an infinite set of poles of order m in arithmetic progression and located on the 
critical line. The construction is based on an ‘iterated Cantor set’, as we now explain. 

Let C be the standard middle-third Cantor set contained in [0,1] and let Q := 
(0,1). Then, let (C,Q) be our base relative fractal drum and let # := cs be the 
Cantor string with total length 3; that is, 


eh cad ed tee, Be race 
SSE SS 
4 times 8 times 


We now define the relative fractal drum (C2, Q2) as the tensor product (C,Q) @ 2; 
see Definitions 4.2.1, 4.2.2 and Figure 4.6. Furthermore, one can see clearly that 
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(Cy,.Q2) = (C,Q)U3! (Cy, Qo) U3“! (Cy, Q), (4.2.21) 


where L! denotes a disjoint union of isometric images of scaled copies of (C2,Qz); 
see Definition 4.1.46. Then, by the scaling property of the relative distance zeta 
function (see Theorem 4.1.40), we have 


Go, (8) = $c,a(8) +2 3-10,,3-10, (8) = $c,a(8) 2°37 Sey. (3), 
for all s € C such that Res is sufficiently large, or, in other words, 


3° 2-3° 
Cy, Q5 (s) = 37 Sea (s) = 255(38 —2)2” 


(4.2.22) 
where, in the second equality, we have used the expression for ¢c = €c,q obtained 
in Example 2.1.82. In light of the principle of analytic continuation, it is clear that 
Equation (4.2.22) continues to hold for all s € C, and hence, ¢c, 9, is meromorphic 
on all of C and 


20, 
P(bc,,0,) = {O}U (108: 2+ aia) ‘ (4.2.23) 
log3 
Furthermore, the poles @ := log; 2+ at for k € Z are all of second order (i.e., 


of multiplicity two). We conclude that dimg(C),Q) = log, 2. More specifically, by 
Theorem 5.3.16 in Chapter 5 below, and in light of expression (4.2.22) for Cc, 9,, 
we obtain the following exact tube formula for the second order Cantor set, valid 
pointwise for all t € (0, 1): 


| (C2): V.Q2| = #11832 (loge !G(logr") +H (logt”')) +21, (4.2.24) 


where G,H: R — R are nonconstant, bounded periodic functions with minimal pe- 
riod T := log3. These functions can be computed explicitly in terms of their Fourier 
series but the algebraic expressions for their Fourier coefficients are too complicated 
to be given here in a concise manner. Furthermore, we conclude from the tube for- 
mula (4.2.24) that dimg(C2, Q2) exists and dimg(C2, 2) = log; 2, and moreover, 
that M? (C,.Q2) = +00, 

We can now repeat the above process inductively; that is, for each integer n > 2, 
we define the relative fractal drum (C,,,Q,) as a relative fractal spray generated by 
(Cy—1, Qn—1) and Y; that is, (C,, Qn) := (Cr_1, Qn_1) ® Y,, for each integer n > 2. 
Much as before, we obtain that 


2.3(n-1)s 


Sen) = 5553s Dye forall s€C. (4.2.25) 


The set of complex dimensions of the RFD (C,,, Q,) is the same as in the case when 
n = 2 (see Equation (4.2.23) above), but except at s := 0 (which is simple), the 
corresponding multiplicities are not the same and depend on n. (Hence, the multisets 
P\(Cc,,@,) are different for each n € N.) More specifically, the poles of c,9, at 
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Fig. 4.6 The second order Cantor set from Example 4.2.10. Only the first four iterations are shown 
here. More precisely, from left to right, we have the middle-third Cantor set C in [0,1], then two 
copies of C scaled by 1/3, and then four copies of C scaled by 1/9; and so on, ad infinitum. 


S!= MO =log,2+ iat for each k € Z are of order n and D := dimg (C2, Q2) = log; 2. 


Furthermore, again by Theorem 5.3.16, we have the following exact tube formula, 
valid pointwise for all t € (0,1): 


(Cu) Qn] = 1183? logt!)''G; (loge!) +28, (4.2.26) 
i=l 
where for i= 1,...,n, G;: R — Ris a nonconstant, bounded periodic function with 


minimal period T := log3. As in the case of the second order Cantor set, each of 
these functions can be computed explicitly in terms of its Fourier series. 

Finally, we can now use the sequence of relative fractal drums (C,,,Q,), forn EN, 
in order to construct an RFD (A,Q) which will have an infinite set of essential 
singularities on the critical line {Res = dimg(A, Q)}. The construction is analogous 
to the one in the proof of Theorem 3.3.6 and in Example 3.3.7 in Section 3.3 above, 
dealing with Cantor strings of higher order. We let (C), Q1) := (C,Q), scale down 
every RFD (C,,@,) by the factor 3~”/n! and define (A, Q) as the disjoint union of 
copies of the resulting RFDs; that is, 


(Cy, Qn). (4.2.27) 


(Here, we have used Definition 4.5.7 and Lemma 4.5.10 in Subsection 4.5.2 below.) 
We then have 


Ca.a(s) = y C3 —"(n!)—1(Cy,Qn) = 


n=1 n 


, = 
Ss x rae —2)r 


bias Lac = ns 


(4.2.28) 
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By the Weierstrass M-test, C4 9(s) is holomorphic on {Res > 0} \ (log32+ 2%iZ). 
More precisely, it has essential singularities at each point of the set log; 2 + jong iZ.. 
Note that the critical line {Res = log; 2} is clearly not a natural boundary for C40 
since C4 9 given by Equation (4.2.28) can be holomorphically continued to the con- 
nected open set {Res > 0} \ dimpc(A, Q). 

In light of Theorem 5.3.16 of Chapter 5 below, we deduce that the tube formula 
of (A,Q) has the following asymptotic expansion: 


|A, 0.Q| = 1! 1°83? S$ (logt7')-'G,(logt~') + O(t'"*)_ as. 307, (4.2.29) 
i=1 


for any a > 0, and where, similarly as before, the functions G; for i € N are non- 
constant, bounded periodic functions with minimal period T := log3. Although in 
Chapter 5, we always assume that the corresponding fractal zeta function has a 
meromorphic extension to a suitable connected open neighborhood of the critical 
line, the results of Chapter 5 actually extend to functions having only isolated sin- 
gularities in a suitable neighborhood of the critical line; that is, the correspond- 
ing fractal zeta functions may also have essential singularities. It is now easy to 
check that C49 given by (4.2.28) satisfies the conditions of Theorem 5.3.16, with 
Ka := —1; (see Definitions 5.1.3 and 5.3.9), and with the screen S' taken as the 
vertical line {Res = a}. The tube formula (4.2.29) now follows by calculating the 
residues res(t!~*(1 —s)~!€4 o(s), @g), where @ € log, 2+ 23iZ. 

We close this discussion by observing that, as was alluded to earlier, the RFD 
(A, Q) is a strongly hyperfractal RFD (in the sense of part (ii) of Definition 4.6.23 
in Subsection 4.6.3 below and as strengthened in both parts of Remark 1.3.9), which 
is not maximally hyprefractal (in the sense of part (iii) of that same definition). 


The above construction can be generalized verbatim for any (nontrivial) bounded 
fractal string Y instead of the Cantor string Z¢s5. This suggests that the definition 
of complex dimensions should be extended to also include potential essential sin- 
gularities (as well as algebraic and transcendental singularities) of the fractal zeta 
functions, in the spirit of [Lap-vFr3, Subsection 13.4.3]. 

Let us now recall the definition of a self-similar spray or tiling (see [LapPe2-3], 
[LapPeWi1—2], [Lap-vFr3, Section 13.1]). More precisely, let us state this definition 
slightly more generally and in the context of relative fractal drums. 


Definition 4.2.11. (Self-similar spray or tiling). Let G be a given open subset 
(base set or generator) of R™ of finite N-dimensional Lebesgue measure and let 
{ri,r2,..-,ry} be a finite multiset (also called a ratio list) of positive real numbers 
(in (0, 1)) such that J € N, J > 2 and 


Ms 


re ed, (4.2.30) 


j=l 


Furthermore, let A be the multiset consisting of all the possible ‘words’ of multiples 
of the scaling factors 7),...,7,; that is, let 


4.2 Relative Fractal Sprays With Principal Complex Dimensions of Arbitrary Orders 283 


A= Pigass PPP ign sy PIPT TOP g o5 PICT TIM yo a TIT (4.2.31) 


ririni,.--,Firiry,-.-} 


and arrange all of the elements of the multiset A into a scaling sequence (Aj) i>0, 
where Ag := 1. Note that 0 < A; < 1, for every i> 1. 

A self-similar spray (or tiling), generated by the base set G and the ratio list 
{r1,m,--.,ry} is an RFD (0Q,Q) in R%, where Q is a disjoint union of open sets 
Gj; 1.e., 


O=|_\G;, (4.2.32) 


such that each G; is congruent to A;G, for each i > 0. Here, the disjoint union LI 
can be understood as the disjoint union of RFDs given in Definition 4.1.46, with 
(Aj, Q;) := (0G;, G;) for every i > 0, in the notation of that definition. 


Remark 4.2.12. Note that in the above definition, the scaling sequence (A;);+0 con- 
sists of all the products of ratios r},...,7y7 appearing in the infinite sum 


co J n 
by e r) ; (4.2.33) 


n=0 \ j=1 


after expanding the powers and counted with their multiplicities. More precisely, 
we have that for every multi-index @ = (M,...,07) € Ni, the multiplicity of 


rf'rs?...rf” in the multiset A is equal to the multinomial coefficient 


( jo \-adte (4.2.34) 


1 ,0,...,07) Oy! Qo! ay!’ 
where |a| := an a;. Of course, depending on the specific values of the ratios 
r1,-.-,%7, Some of the numbers at are a may be equal for different multi- 


indices @ € Nj. 
Furthermore, the condition (4.2.30) ensures that the set Q = Ljj>0G; has finite 
N-dimensional Lebesgue measure. Indeed, we have 


co co 


|2| = VIG = VAG] = |G] Ya" 
i=0 


ee ie ia (4.2.35) 
=\¢ 1) a Cee 
PO) estar 


since (4.2.30) is satisfied. Note that the second to last equality above follows from 
the construction of the scaling sequence (A;);>0. 


In Definition 4.2.11, it is implicitly assumed that the generator G is such that 
it is indeed possible to construct the disjoint union appearing in (4.2.32), as given 
in Definition 4.1.46. This can always be achieved when G is bounded, which is 
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the usual assumption made when dealing with self-similar sprays as, for instance, 
in [LapPe2-3], [LapPeWil-—2] and [Lap-vFr3, Section 13.1]. However, contrary to 
intuition, this does not have to be the case for a general open set G of finite N- 
dimensional Lebsgue measure, as is shown by the following example. 


Example 4.2.13. Here, we construct an open set G in R% of finite N-dimensional 
Lebesgue measure, and which is dense in R’. Therefore, any isometric image of 
a scaled copy of G has an intersection with G of positive N-dimensional Lebesgue 
measure. Let A = {a, € R“ :k € N} be accountable dense subset of RY (for example, 
the set of points in R” with rational coordinates). Let (Px)k>1 be a sequence of 
positive real numbers such that >)", pr <_c, and consider the open set G defined 
as the (not necessarily disjoint) union of the open balls Bp, (ax) of radius p; and with 
centers at a,, fork > 1: 


G:= |) Bp, (ax). (4.2.36) 
k=1 


Then, its N-dimensional volume is positive and finite since 


0<|Gly < ¥ |Bp, (ax)|v = on ¥ py <, (4.2.37) 
k=1 k=1 


where @y is the volume of the unit ball of RY. Since A = R, it follows that A 
(and hence, G as well) has a nonempty intersection with any nonempty open subset 
of RY. 

We proceed by discussing some interesting properties of the RFD (A,G). Since 
A = RN and since d(x,A) = d(x,A) = 0 for any x € R¥, we have that A, = R for 
any t > 0; so that A; 7G = G, and therefore, |A; 1 G| = |G| for all t > 0. Hence, for 
any fixed real number s, we have 


JA, G| 


N= =|G|*~r* as t0t; (4.2.38) 


it follows that 
dimg(A,G) = N. (4.2.39) 


Let us now compute the tube zeta function ae of the RFD (A,G): 


5 


G| —— 4.2.40 
il, 4240) 


= 6 6 
éig(s):= | t*—A,nG| dt =|G| | N-ldp = 
0 0 
for all s € C such that Res > N. Therefore, aie can be (uniquely) meromorphically 


extended to the whole complex plane by letting €, ¢(s) = |G| a for alls € C. 
In order to compute the distance zeta function of the RFD (A, G), note (much as 
before) that for any x € R”, we have 


d(x,A) = d(x,A) = d(x,R%) =0. (4.2.41) 
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Therefore, the distance zeta function C, g satisfies C4 G(s) := Jgd(x,A)* “dx = 0 
for all s € C such that Res > N. This function can be holomorphically extended to 
the whole complex plane by letting ¢4 Gg = 0 on all of C. We have thus constructed 
an RFD (A,G) in R% such that 


D(Ca.G) = N, Dro (Ga,G) = Dyer (64,G) = 95 
D 


e o (4.2.42) 
D(Ca.c) =Dnoi(Sa.e) =N;  Dmer(Sa,g) = —©- 
Note that in the case of the relative distance zeta function C4 Gg, we have achieved 
the maximal possible gap between its abscissa of (absolute) convergence and its 
abscissa of holomorphic continuation, since for any RFD (A,G) in R%, we have 
D(a,G),Dhoi(Sa,a) € [-2°,N]. 

It is also worth noting that the open set G has finite N-dimensional Lebesgue 
measure, while the N-dimensional Lebesgue measure of its boundary 0G is infinite. 
Indeed, we have that 


|9G\|v = |G\ Q\y = [RY \ Gly = [R* |v —|Gly = +20 —|G|y =+00. (4.2.43) 


In light of the above example, it is natural to introduce the following definition. 


Definition 4.2.14. We let RFD, (R™) be the family of all relative fractal drums 
(A,Q) in R% such that for a given multiset A = A(r),...,ry) of scaling factors 
A € (0,1) defined by (4.2.31), one can construct the disjoint union Uy <,A (A, Q), 
in the sense of Definition 4.1.46. We then say that (A, Q) is A-sprayable in R™. Fur- 
thermore, we say that (A, Q) is universally sprayable if it is sprayable with respect 
to any finite multiset of scaling factors A. 


Example 4.2.15. We can provide two simple classes of RFDs (0G,G) which are 
universally sprayable: 


(a) Any (0G,G), where G is a bounded subset of RY. 


(b) Any (0G,G), where G is a strip-like subset of R; i.e., such that the set G is 
contained between two parallel hyperplanes in R™ (more precisely, there exists two 
real constants a and b and a nonzero vector c € R™ such that a < c-x < b for all 
x € G, where - denotes the inner product in R¥). 


Note that, according to this definition, each bounded set G is a strip-like set. 


Consider now a self-similar spray as a relative fractal drum (A,Q), which we 
refer to in the sequel as a self-similar RFD or as the self-similar RFD associated 
with the self-similar spray (A,Q) (see Definition 4.2.20 on page 290 below, along 
with the corresponding footnote 13); that is, let A := 0Q and Q := LisoG; (see 
Definition 4.2.11). The ‘self-similarity’ of (A,Q) is nicely exhibited by the scaling 
relation (4.2.44) given in the following lemma. 


Lemma 4.2.16. Let (A,Q) be a self-similar spray in IRN, as in Definition 4.2.11. 
Then, the relative fractal drum (A, Q) satisfies the following ‘self-similar identity’: 
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(A,Q) = (0G,G)U(r A,r} Q) +L (r7A,r7Q), (4.2.44) 


where (with the exception of the first term on the right-hand side of (4.2.44)) the 
symbol U indicates that this represents a disjoint union of copies of (A,Q) scaled 
by factors r,,...,r; and displaced by isometries of R™ (see Definition 4.1.46). 


Proof. Let us reindex the scaling sequence (A;);+0 in a way that keeps track of 
the actual construction of the numbers A; out of the scaling ratios r),...,ry; see 
Equation (4.2.31) above. We let 


P=40p0 | Jind (4.2.45) 
m=1 


be the set of all finite sequences consisting of numbers 1,...,/ (or, equivalently, 
of all finite words based on the alphabet {1,...,/}). Furthermore, for every a € J, 
define 


1 =0 
jst ee (4.2.46) 
NoTon'**Tam, FO. 
We then deduce from the construction of (A, Q) that 
(A,2) = |](0Gi, Gi) = |] 4i(9G,G) 
i=0 i=0 
=| |40(0G,G) =(0G,G)U || Aa(AG,G). 
acl ael\{0} 
Observe now that in the last disjoint union above, every a € {1,...,J}” can be writ- 


ten as {j} x {1,...,J}""|, for some j € {1,...,/}, provided we identify {7} with 
{j} x {0} when m = 1. Note that this identification is consistent with the defini- 
tion of Aq, in the sense that Ay j},.g = rjAg for all j € {1....,J} and B € J. In light 
of this, we can next partition the last union above with respect to which number 
J€{1,...,J} the sequence @ begins with: 


J J 
(A,Q)=(0G,G)U| | [|| Aa(@G,G) = (0G,G)u age U rjAg(0G,G) 
J=lae{j}xl j=l 
J J 
= (0G,G) Lni( LJ29(26.6)) = (9G,G)U| |r,(A, 
j=l Bel j=l 


This completes the proof of the lemma. 


In light of (4.2.44) and the additivity of the distance zeta function, it is now clear 
that the distance zeta function of (A, Q) satisfies the following functional equation: 


C4,0(s) = Sac,e(s) + Srar.a(s) +++ + Sr 4,7,2(5); (4.2.47) 
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for all s € C with Res sufficiently large.'! Furthermore, for such s, by using the 
scaling property of the relative distance zeta function (Theorem 4.1.40), we deduce 
that the above equation then becomes 


€4,0(8) = Sag.a(s) +1741 S4,a(s8) +++- +75C4,.0(5). (4.2.48) 


Finally, this last identity together with an application of the principle of analytic 
continuation now yields the following theorem. We note that the second equality in 
Equation (4.2.50) of Theorem 4.2.17 follows from Equation (4.2.17). 


Theorem 4.2.17. Let G be the generator of a self-similar spray in RN, and let 
{ri,12,--.,ry}, with rj > 0 (for j =1,...,J, J > 2) and such that Yar <1 
be its scaling ratios counted according to their multiplicities. Furthermore, let 
(A, Q) := (0Q,Q) be the self-similar spray generated by G, as in Definition 4.2.11. 
Then, the distance zeta function of (A, Q) is given by 


_ $aa,a(s) 
€4,a(s) = =. (4.2.49) 


forall s € C with Res sufficiently large. Furthermore, 
D(C4.2) = dimg(A,Q) = max{dimg(dG, G), oo}, (4.2.50) 
where 09 > 0 is the unique real solution s of the Moran equation oye t= 1 (i.e., 
Op is the similarity dimension of the self-similar spray (A,Q)).'* 
More specifically, given a connected open neighborhood U of the critical line 
{Res = D}, where D := dimg(A,Q), €4.9 has a meromorphic continuation to U if 


and only if $ag.g does, and in that case, Ca.a(s) is given by (4.2.49) for all s € U. 
Consequently, the visible complex dimensions of (A, Q) satisfy 


P(bs.0,U) C(DNU)VU A(Caga,U), (4.2.51) 


where D is the set of all the complex solutions s of the Moran equation yi rj =1. 
Finally, if there are no zero-pole cancellations in (4.2.49), then we have an equality 


in (4.2.51). 


We refer to [Lap-vFr3, Chapter 3, esp. Theorem 3.6] for detailed information 
about the structure of 9; see also the brief discussion given before Corollary 5.4.23 
and Problem 6.2.36 below. 


Remark 4.2.18, There are two particularly interesting situations in which Theorem 
4.2.17 can be applied: 


!l For instance, it suffices to assume that Res > N since, by Theorem 4.1.7, all of the zeta functions 
appearing in (4.2.47) are holomorphic on the right half-plane {Res > N}. 


Y Clearly, 69 > 0 since J > 2 > 1; furthermore, 09 < N since Dai ry <i. 
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(i) The case when U := {Res > Dmer(96.G)}. the largest open right half-plane 
to which C3g,g can be meromorphically extended. 


(ii) The case when U := W, where W is an arbitrary window for 65g ¢ and 
hence also for C4.9, either in the sense of Chapter 2 (see Subsection 2.1.5, page 
95) or in the sense of Chapter 5 (see Definition 5.1.1 in Subsection 5.1.1). In that 
case, since the screen S = dW associated with the window W does not contain 
any poles, the inclusion (4.2.51) can be equivalently written as follows: 


P(bs.a,W) C(DAW)U A(CoG,c,W). (4.2.52) 


Furthermore, if there are no zero-pole cancellations for any s © W in the right-hand 
side of (4.2.49), then we have an equality in (4.2.52). 


The next theorem gives a general construction of complex dimensions of higher 
order generated by self-similar sprays. It is stated for RFDs in R%. For notational 
simplicity, in that theorem, we assume that €3¢ Gg admits a meromorphic continua- 
tion to all of C (which is very often the case, in practice), but the reader will easily 
be able to extend it to a more general situation, in the spirit of Theorem 4.2.17 and 
Remark 4.2.18 above. 


Theorem 4.2.19. Let (A,Q) := (0Q,Q) be a self-similar spray in RN (with N > 1) 
generated by an open set G and the set of scaling ratios {r\,r2,...,ry}, with rj > 0 
(for j =1,...,J, J > 2) and such that Yet ry < 1; see Definition 4.2.11 above. 
Furthermore, assume that Cag.Gg has a meromorphic continuation to all of C and 
that there are no zero-pole cancellations in (4.2.49); i.e., that DN P(b3g.g) = % 
where 2D is the set of all the complex solutions s of the Moran equation ya rj =1 
(also called the scaling complex dimensions of the self-similar spray (A,Q) in the 
sequel); see, e.g., Subsection 5.5.6 or Section 6.2. 

Then, given an arbitrary integer n € N, there is an explicitly constructible relative 
fractal drum (An, Q,) (in fact, a fractal spray also generated by G or, more precisely, 
with base RFD (0G,G)) which has exactly the same complex dimensions as (A, Q), 
provided the corresponding multiplicities are not taken into account, but with the 
orders (i.e., multiplicities) of the complex dimensions belonging to D now being 
multiplied by n. 

Moreover, if we let U := {Res > 0} and Dt := DOU, then there is an explicitly 
constructible RFD (A..,Q..) such that its complex dimensions visible through U 
are the same as the complex dimensions of (A,Q) visible through U, provided the 
multiplicities are not taken into account, but with the complex dimensions belonging 
to D* now being of infinite order, that is, being essential singularities of its distance 
zeta function Ca.,.9.,. In particular, we have that 


Dire Aw, Qe) =D Ci.) = dimig(As Ms). (4.2.53) 


Proof. We use the RFD (A, Q) as our new ‘generator’; that is, we define a new rel- 
ative fractal drum (Az, Q2) as a disjoint union of scaled copies of (A, Q) by scaling 
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factors A;, where (A;);>0 is the scaling sequence of the self-similar spray (A, Q). 
Much as in the proof of Lemma 4.2.16, this construction then implies that 


= 


(Az, Q2) = (A,Q)U (rjA2,rjQ2). (4.2.54) 


j=l 


Furthermore, much as before, by the scaling property of the relative distance zeta 
function (see Theorem 4.1.40) and in light of Theorem 4.2.17, we then obtain (after 
an application of the principle of analytic continuation) that 


C4,a(S) = Cac,c(s) 


CAp,Q (8) = 7 a 2 
Say (0-245) 


(4.2.55) 


for all s € C, since, by hypothesis, 3g G admits a meromorphic continuation to all 
of C. From the above identity (4.2.55), we now conclude that the relative fractal 
drum (Az, 22) has the same complex dimensions as (A,Q), but with the orders of 
those belonging to D being multiplied by two. 

We can now proceed inductively by using (Az, Q) as a new ‘generator’. There- 
fore, for each n € N, we obtain a relative fractal drum (A,,@,) (in fact, a fractal 
spray also generated by G or, more precisely, with base RFD (0G, G)) such that 


a= __$96.c'8) : (4.2.56) 
U-37) 

for all s € C; that is, (A,,Q,) has the same complex dimensions as (A,Q), but 

the complex dimensions belonging to 9 (i.e., the scaling complex dimensions of 

the fractal spray (A,,Q,)) have their orders multiplied by n. By convention, we let 
(A1,Q1) := (AG,G). 

In order to generate essential singularities, we take a disjoint union of copies of 

the relative fractal drums (A,;,Q,) scaled by (n!)~!. More specifically, we define 
(A..,Q..) as follows: 


co 


(Aco, Qa.) = (A, Q)U |_| (n!)~! (An, Qn). (4.2.57) 
n=2 


The construction of (A..,@..) and the scaling property of the relative distance zeta 
function (see Theorem 4.1.40) then imply that 
= 1 
CA...2..(8) = b6,a(s) > Ws 
1 (n!)§ (1-475) 


for all s € C with Res sufficiently large. By the Weierstrass M-test, the sum in the 
above equation (4.2.58) defines a holomorphic function on {Res > 0}\\D* and, 
furthermore, it is easy to show that D* is the set of essential singularities of the 
function defined by this sum. This completes the proof of the theorem. 


(4.2.58) 
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Clearly, the relative fractal drums constructed in the proof of Theorem 4.2.19 also 
exhibit some kind of self-similarity. Indeed, we can introduce the notion of a self- 
similar RFD, which generalizes the notion of a self-similar spray used, in particular, 
in [Lap2—3], [LapPo3], [Lap-vFr1—3], [LapPe2—3] and [LapPeWil—2]. Namely, we 
can give the following formal definition. 


Definition 4.2.20. Take (Ag, Qo) to be a base or generating relative fractal drum 
and define the self-similar relative fractal drum (A, Q) analogously as in Definition 
4.2.11; that is, let 


(A,Q) := | |Ai(Ao, Qo), (4.2.59) 
i=0 
where (A;);>0 is the scaling sequence corresponding to the multiset A defined by 
(4.2.31). Of course, in this case, we implicitly assume that the base relative fractal 
drum (Ag, Qo) is such that the above disjoint union can be constructed (see Exam- 
ples 4.2.13 and 4.2.15). 

When this is the case (for example, when { is bounded), (A, Q) is called a self- 
similar RFD. More specifically, (A,Q) is called “the” self-similar RFD with base 
RFD (or generated by the RFD) (Ao, Qo) and with the scaling ratios r,...,r7.!° 
Its self-similarity dimension Oo is the unique real number s such that yi jo 
Necessarily, we have that 0 < dp < N. 


Note that in the terminology introduced in Definition 4.2.20, the self-similar 
spray (OG,G) of Theorem 4.2.17 is also a self-similar RFD with base RFD (or 
generated by the RFD) (0G,G). 


Remark 4.2.21. The iterative construction given in the proof of Theorem 4.2.19 can 
also be applied in the more general situation where the relative fractal drum (A, Q) 
is actually a relative fractal spray. Namely, we fix a fractal string & and define the 
sequence of fractal strings (.4)x>0 from Theorem 4.2.8 by 4% := L for every k > 
0. Then, under the assumption that the base relative fractal drum (Ap, 0) is ‘nice 
enough’, for each given k € No, the set of complex dimensions of the relative fractal 
drum (Ax, Q,) from Theorem 4.2.19 will contain the set of complex dimensions of 
£, but with their orders (i.e., multiplicities) now multiplied by k. 


4.2.3 Relative Sierpinski Sprays and Their Complex Dimensions 


In this subsection, we provide two examples (Example 4.2.24 and 4.2.29) of relative 
fractal sprays, dealing with the inhomogeneous relative Sierpiriski gasket RFD and 
the relative Sierpinski carpet, respectively, viewed as RFDs. We also discuss higher- 
dimensional analogs of these classic examples of self-similar fractals, namely, the 
inhomogeneous Sierpinski N-gasket RFD, also called the inhomogeneous N-gasket 


'3 Clearly, such an RFD is unique only up to multiple choices of isometries (or displacements) of 
RY, corresponding to the countably many copies of the base RFD (Ag, Qo) it is composed of. 
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RFD (Example 4.2.26) and associated with the so-called inhomogeneous N-gasket, 
along with the (relative) Sierpinski N-carpet, (Example 4.2.31), with N > 3. (In this 
notation, the N = 2 case corresponds to the above standard Sierpinski gasket and 
carpet RFDs, respectively.) In fact, far from being trivial generalizations to higher- 
dimensions, these families of examples reveal several interesting new phenomena, 
which will be discussed especially in Example 4.2.26 (the inhomogeneous N-gasket 
RED, with N > 3) and whose consequences will be considered in several parts of 
Chapter 5, including Subsection 5.5.6 (particularly, part (c) of Remark 5.5.26), as 
well as in some of the open problems of Chapter 6 (especially, Problems 6.2.32, 
6.2.35 and 6.2.36). 


In order to avoid any possible confusion, we stress from the outset that for N > 3, 
the inhomogeneous Sierpiriski N-gasket can be viewed as a ‘self-similar RFD’ (or 
a self-similar spray, called a relative Sierpinski spray in the title of this subsection) 
but is not associated with a self-similar set, in the usual sense of the term; see, e.g., 
[Hut] or [Fall, Chapter 9]. Indeed it is not associatd with a ‘homogeneous self- 
similar set’, as in the aforementioned references and the classic literature on fractal 
geometry, but (still for N > 3) it is instead associated with (in a sense to be speci- 
fied in Example 4.2.26 below) an ‘inhomogeneous self-similar set’, in the sense of 
Barnsley and Demko [BarDemk], a notion already briefly described in a specific ex- 
ample in Remark 2.1.87 above. (See also [Fra2], along with the relevant references 
therein, for more detailed information about this topic.) The same comment also ap- 
plies to Examples 4.2.33, 4.2.34 and 4.2.35, except for the fact that the self-similar 
fractal nest from Example 4.2.35 is a self-similar set in an even more general sense, 
which will be described below. 


We note that aspects of this subsection are closely related to Section 3.2. In the 
sequel, it will be useful to use the following definition. 


Definition 4.2.22. We say that two given relative fractal drums (A,,Q) and 
(Az, 2) in R% are congruent if there exists an isometry!* f : RY — RY such that 
Az = f(A1) and Q) = f(Q:). 


It is easy to see that the congruence of RFDs is an equivalence relation. 

The following lemma states, in particular, that any two congruent RFDs have 
the same distance zeta functions. We leave its proof as a simple exercise for the 
interested reader. 


Lemma 4.2.23. Let (A1,.Q1) and (Az, Q2) be two congruent RFDs in RN. Then, for 
any r ER, we have 


M1 (A,,Q)) = M5 (A2,Q2), *"(Ay,Q)) = WH" (Ar, Q2) (4.2.60) 
and 


dimg(A;,Q1) = dimg(A2,Q2),  dimg(A;,Q)) = dimg(A2,Q2) =:D. (4.2.61) 


14 Recall that, up to a translation, an isometry (or displacement) of RY is necessarily linear, with 
determinant +1. 
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As a result, dimg(A,, Q)) exists if and only if dimg(A2,Q2) exists and in that case, 
we have 


dimg(A;,Q1) = dimg(Az,Q)). (4.2.62) 


Furthermore, 
CAy 2, (8) = $4y,0, (5), (4.2.63) 


for any s € C with Res > dimg(Ay,Q). 

More generally, the identity (4.2.63) holds for alls € U, where U is any connected 
open neighborhood of the common critical line {Res = dimg(A,,Q,)} to which 
Ca,,a, (07 equivalently, C4,,9,) can be meromorphically continued. 


It follows from (4.2.63) that under the hypotheses of Lemma 4.2.23 and given 
a connected open set U C C chosen as in the last part of the theorem (containing 
the common critical line {Res = D} of the RFDs (Aj, Qj) and (Az, Q2); see Equa- 
tion (4.2.61)), G4 ,,Q, and CAs 0s have the exact same mermomorphic continuation 
to U, and therefore the same poles in U and associated residues (or more generally, 
principal parts in the case of multiple poles). In particular, two congruent RFDs have 
the same (visible) complex dimensions. 


Example 4.2.24. (Relative Sierpinski gasket). Let A be the Sierpiiski gasket in R?, 
the outer boundary of which is an equilateral triangle with unit sides. Consider the 
countable family of all open triangles in the standard construction of the gasket. 
Namely, these are the open triangles which are deleted at each stage of the construc- 
tion. If Q is the largest open triangle (with unit sides), then the relative Sierpinski 
gasket is defined as the ordered pair (A,Q). The distance zeta function C4 9 of the 
relative Sierpifiski gasket (A,Q) can be computed as the distance zeta function of 
the following relative fractal spray (see Definition 4.2.1): 


Spray(Qo,4 = 1/2,b =3), 


where Qp is the first deleted open triangle with sides 1/2. It suffices to apply Equa- 
tion (4.2.10) from Theorem 4.2.6. Decomposing Qp into the union of six congruent 
right triangles (determined by the heights of the triangle Qo, see Figure 4.7) with 
disjoint interiors, we have that 


Cay. (8) = 6Eu1.0"(8) =6 ff d((x,),A'Y Mardy 
1/4 x/V/3 1—sy-s 
=6/ ax [ yay = 6 V3) 82 

s(s— 1) 


for all s € C with Res > 1. Using Equation (4.2.10) and appealing to Lemma 4.2.23, 
we deduce that the distance zeta function of the relative Sierpiriski gasket (A, Q) 


satisfies 
6(/3)!-82-8 1 
s(s—1)(1—3-275) 1—3-2-5’ 


where the equality holds for all s € C with Res > log, 3 and as usual, the equivalence 
~ holds in the sense of Definition 2.1.69. Therefore, by the principle of analytic 


(4.2.64) 


C4,a(S) = 


(4.2.65) 
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(AQ, Qo) 


0 1/4 1/2 0 A’ 1/4 * 


Fig. 4.7 On the left is depicted the base relative fractal drum (0.29, Qo) of the relative Sierpiriski 
gasket, where {o is the associated (open) equilateral triangle with sides 1/2. It can be viewed as 
the (disjoint) union of six RFDs, all of which are congruent to the relative fractal drum (A’, Q’) on 
the right. This figure explains Equation (4.2.64) appearing in Example 4.2.24; see Lemma 4.2.23. 


continuation, it follows that C4 9 has a meromorphic extension to the entire complex 
plane, given by the same closed form as in Equation (4.2.65). More specifically, 


6(/3)!-82-8 
G@=1(1t=3-25%" 


Ca.Q(8) = for alls € C. (4.2.66) 
Ss 

Hence, the set of all of the complex dimensions (in C) of the relative Sierpinski 

gasket is given by 


2 
P(Cs.a) = (10g, 3 + jopa2) U {0,1}. (4.2.67) 


Each of these complex dimensions is simple (i.e., is a simple pole of C4 a). Note 
that here, {0, 1} can be interpreted as the set of integer dimensions of A, in the sense 
of [LapPe2-3] and [LapPeWi1] (see also [Lap-vFr3, Section 13.1]). In particular, 
we deduce from (4.2.67) that D(C4,.q) = log, 3, and we thus recover a well-known 
result. Namely, the set dimpc(A,Q) := A-(C4,Q) of principal complex dimensions 
of the relative Sierpifiski gasket (A, Q) is given by 


dimpc (A, Q) — log, 3 + piZ, 


where p = 277 /log2 is the oscillatory period of the Sierpifiski gasket; see [Lap-vFr3, 
Subsection 6.6.1]. 


Note, however, that in [Lap-vFr1—3], the complex dimensions are obtained in a 
completely different manner (via an associated spectral zeta function corresponding 
to the Dirichlet Laplacian on the bounded open set 2) and not geometrically. In 
addition, all of the complex dimensions of the Sierpinski gasket A are shown to 
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be principal (that is, to be located on the vertical line Res = log, 3 = dimgA), a 
conclusion which is different from (4.2.67) above. We also refer to [ChrIvLap] and 
[LapSar], as well as to [LapPe2—3] and [LapPeWi1—2], for different approaches (via 
a spectral zeta function associated to a suitable geometric Dirac operator and via a 
self-similar tiling associated with A, respectively) leading to the same conclusion. 
In light of (4.2.66), the residue of the distance zeta function C4 9 of the rela- 
tive Sierpinski gasket computed at any principal pole s; := log, 3 + pki, k € Z, is 


given by 
_ 6(/3)!-%* 
Tes(G4s0 58) = 255 Clog D)su(se— 1) 


In particular, 


VIP 
D2? log2 


|res(C4.0, 5x) | as k— to, 


where D := log, 3. 


The following proposition shows that the relative Sierpinski gasket can be viewed 
as the relative fractal spray generated by the relative fractal drum (A’, Q’) appearing 
in Figure 4.7 on the right. 


Proposition 4.2.25 (Relative Sierpinski gasket). Ler (A’, Q’) be the relative fractal 
drum defined in Figure 4.7 on the right. Let (A,Q) be the relative fractal spray 
generated by the base relative fractal drum (A',Q'), with scaling ratio 4 = 1/2 and 
with multiplicities m, = 6-3*—!, for any positive integer k: 


(A, Q) = Spray((A’,Q’),A = 1/2, m =6-3*"! fork EN), (4.2.68) 


in the notation of Definition 4.2.1. (Observe that we assume here that the base rela- 
tive fractal drum (A’,Q') has a multiplicity equal to 8.) Then, the relative distance 
zeta function of the relative fractal spray (A,Q) coincides with the relative distance 
zeta function of the relative Sierpinski gasket; see Equation (4.2.66). 


Example 4.2.26. Inhomogeneous Sierpinski N-gasket RFD). The usual Sierpinski 
gasket is contained in the unit triangle in the plane. Its (inhomogeneous) analog in 
IR, which we call the inhomogeneous Sierpiriski 3-gasket or inhomogeneous tetra- 
hedral gasket, is obtained by deleting the middle open octahedron (from the initial 
compact, convex unit tetrahedron), defined as the interior of the convex hull of the 
midpoints of each of the six edges of the initial tetrahedron (thus, four sub-tetrahedra 
are left after the first step), and so on. 

More generally, for N > 2, the inhomogeneous Sierpinski N-gasket Ay, contained 
in R%, can be defined as follows. (More briefly, Ay is also referred to as the inho- 
mogeneous N-gasket.) Let Vy := {P\,P2,..-,Pv+1} be a set of N points in RY such 
that the mutual distance of any two points from the set is equal to 1. 

The set Vy, where N > 2, with the indicated property, can be constructed induc- 
tively as follows. For N = 2, we take V> to be the set of vertices of any unit triangle in 
IR. We then reason by induction. Given N > 2, we assume that the set Vy of N+ 1 
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Fig. 4.8 The open octahedron Q3 9 inscribed into the largest (compact) tetrahedron (3, surrounded 
with 4 smaller (compact) tetrahedra scaled by the factor 1/2. Each of them contains analogous 
scaled open octahedra, etc. The countable family of all open octahedra (viewed jointly with their 
boundaries) constitutes the tetrahedral gasket RFD or the Sierpinski 3-gasket RFD (A3, Q3). The 
complement of the union of all open octahedra, with respect to the initial tetrahedron (23, is called 
the inhomogeneous Sierpinski 3-gasket RFD (or the relative Sierpinski 3-gasket). 

Unlike the classic Sierpinski 3-gasket (also known as the Sierpiriski pyramid or tetrahedron) 
S := $3, which is a (homogeneous or standard) self-similar set in R? and satisfies the usual fixed 
point equation, S = Ufa @;(S), where {®i}4_, are suitable contractive similitudes of IR? with re- 
spective fixed points {Pj} and scaling ratios {r iS j=1 of common value 1/2, the inhomogeneous 
Sierpifiski 3-gasket RFD A3 is not a self-similar set. Instead, it is an inhomogeneous self-similar set 
(in the sense of [BarDemk], see also [Fra2] and Remark 2.1.87 above). More specifically, A := A3 
satisfies the following inhomogeneous fixed point equation (of which it is the unique solution in the 
class of all nonempty compact subsets of R*), A = Uj=1 @;(A) UB, where B is the boundary 0Q39 
of the first octahedron Q3 9. In fact, B can simply be taken as the union of four middle triangles on 
the boundary of the outer tetrahedron 223. 


points in RY has been constructed. Note that the set Vy is contained in a sphere, 
whose center is denoted by O. Let us consider the line of RY+! = R% x R through 
the point O and perpendicular to the hyperplane RY = R% x {0} in RY*!. There 
exists a unique point Py+2 in the half-plane {xy+ > 0} of IRN+1, which is a unit dis- 
tance from all of the N vertices of Vy. (Here, we identify Viv with Vy x {0} c RV+1) 
We then define Viv41 by Vai := Vn U{Py+2}. 

Let us define Qy as the convex hull of the set Vy. As usual, we call it the N- 
simplex. Let Qy.o, called the N-plex, be the open set defined as the interior of the 
convex hull of the set of midpoints of all of the CS) edges of the N-simplex Qy.!> 
The set Qy \ Qy.o is equal to the union of N + 1 congruent N-simplices with disjoint 
interiors, having all of their side lengths equal to 1/2. This is the first step of the 


15 Ror example, for N = 2, the set Q2 0 (that is, the 2-plex) is an open equilateral triangle in R? of 
side lengths equal to 1/2, while for N = 3, the set Q3 9 (that is, the 3-plex) is an open octahedron 
in R? of side lengths equal to 1/2. 
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construction. We proceed analogously with each of the N + 1 compact N-simplices. 
The compact set Ay obtained in this way is called the inhomogeneous Sierpiriski N- 
gasket (or, more briefly, the inhomogeneous N-gasket). The corresponding relative 
fractal spray in R, defined by 


(Ay, Qn) = Spray ((0Qnv 0, Qy.0),A = 1/2,b=N+1), (4.2.69) 


is called the inhomogeneous Sierpiriski N-gasket RFD (or, more briefly, the inho- 
mogeneous N-gasket RFD). It is a self-similar spray RFD; see the end of Defini- 
tion 4.2.1 or of Definition 4.2.20. According to Theorem 4.2.6, we have the follow- 
ing factorization formula: 


Cay Qy (5) = F(S) - Sa.Qy o,Qv 9 (5), (4.2.70) 
where . 
_ k(y—ky\s __ 
T= ND) (2™) —ToW4+)D2" 


Upon analytic continuation, we deduce that f(s) has a meromorphic continuation to 
all of C given by 
f(s) : for alls € C (4.2.71) 
s) = ——__—_ or all s : 2, 
1—(N+1)2-8’ 
Hence, the set of poles of the function f (which can be uniquely meromorphically 
extended to the whole complex plane), is given by 


21 
=] N+1)+—<1Z. 4.2.72 
P(f) =l09,(N +1) + i (4.2.72) 
Furthermore, the set of poles of the distance zeta function of the relative N-plex 
(AQy 0, Qn 0) is given by 
F (Cioy 5 ty) HAO LN 1), (4.2.73) 


while C9 ay 9,Qy 9 (8) £9 for all s € C\ A(Caay o,Qy 9). Both in (4.2.72) and (4.2.73), 
all of the poles are simple. Consequently, in light of (4.2.70), we conclude that 
the set of poles of C30, ay, i-e., the complex dimensions of the inhomogeneous 
Sierpinski N-gasket (An, Qn), is given by 


2n . 
Pay ey) = {0,1,...,N—1}U { log,(N + ee iZh, (4.2.74) 
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with each nonreal complex dimension @ := log, (N+ 1) +7 long ik (with k € Z\ {0}) 


being simple.'© In particular, the set of principal complex dimensions of (Ay, Qn) 
is given by!” 


log, 3+ ee iZ, forN =2, 


dimpc(Aw, Qu) = 4 2+ G35 iZ, for N = 3, (4.2.75) 
{N— I}, for N > 4, 


while the (upper) box dimension of (Ay, Qy) is given by 
dimg(Ay, Qu) = max { log,(N + 1),N— 1} (4.2.76) 


and so 
log,3, forN =2, 


(4.2.77) 
N-1, forN>3, 


dimg(Ay, Qu) = 
which extends the well-known results for N = 2 and 3, corresponding to the usual 
Sierpiriski gasket in R? and the tetrahedral gasket in R3, respectively. Namely, their 
respective relative box dimensions are equal to log, 3 and 2. 
It can be readily shown that in this case, dimg(Ay,Qy) and dimg Ay exist and 


dim (Ay, Qy) = dimg (Ay, Quy) = dimg Ay = dimy Ay, (4.2.78) 


where as before, dimy(-) denotes the Hausdorff dimension. More generally, it is 
easy to see that dimpc (Ay, Qu) = dimpc An, where the equality holds between mul- 
tisets, that is, counting multiplicities. See also Remark 4.2.27 below. 

Moreover, it can also be easily checked (and is essentially known, at least for 
N = 2) that (Ay, Quy) is Minkowski nondegenerate if N 4 3:!° 


0 <.,(An, Qn) < M* (Ay, Qn) <0. (4.2.79) 


In the special case when N = 3, due to the factorization formula (4.2.70), CAs, Q, has 
a double pole at s = 2 and it can be shown by some of the methods of Chapter 5 
(see, especially, Theorem 5.3.21) that in this case, (A3,.Q3) is Minkowski degenerate 
with .@(A3, 23) = +o, but that it is also A-Minkowski measurable where the gauge 
function h is given by h(t) :=logt—! for all t € (0,1). (For an introduction to gauge 
functions and gauge Minkowski contents, see the beginning of Subsection 4.5.1 
and also Definition 6.1.4 below.) In particular, since D = dimg(Ay, Quy) exists and 


'6 Note that it could happen that @p = log,(N + 1) is equal to an integer m € {0,1,...,N—1}, 
which occurs if and only if VN = 2” — 1 with m € N\ {1} and N > 3 or if N = 1 (the trivial case of 
the unit interval discussed in Example 5.5.1 below). In that situation (when N > 3), @p = Oo (the 
similarity dimension of Ay and (Ay, Qy), to be discussed further on) is a double pole of Cay ay - 
'T Recall that, by definition, dimpc(Ay, Qu) := Pc(Cay,Qn )» the set of principal complex dimen- 
sions of the RFD (Ay, Qy). 

'8 The truth of this statement can also be deduced from the methods and results of Chapter 5 below, 
especially, in Sections 5.3-5.5, including Example 5.5.12 and Subsection 5.5.6. 
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M,(An,Qy) > 0, the hypothesis of part (c) of Theorem 4.1.7 (and hence, also of 
part (ii) of Corollary 4.1.10) are satisfied and so, in light of the factorization formula 
(4.2.70), a moment’s reflection shows that 


D := dimp (Ay, Qy) = max { log,(N+1),N—1} 
= D(Cay,Qy) = Dro (Say Qn )> 


as was Claimed in Equation (4.2.76) above. 

Note that in (4.2.76) and (4.2.80), log,(N + 1) stands for the similarity dimen- 
sion Oo of the self-similar RFD or spray (Ay,Qy) (or, equivalently, of the inho- 
mogeneous self-similar set Ay), while N — | refers to the (inner) dimension of the 
boundary 0Qy 0 of the generator (the N-plex Quy), i-e., of the RFD (Ayo, Qy,0). 

In the sequel, the function f appearing in Equations (4.2.70)-(4.2.72) will often 
be called the scaling zeta function of the RFD (A, Q) and denoted by Ge; see, e.g., 
Subsection 5.5.6 or Section 6.2. Therefore, for example, Equation (4.2.70) can be 
rewritten as follows (using the abbreviated notation Cay, Qy and Chg, Beg) 


Cay) = Cols) Cayo taints) (4.2.81) 


Also, in Equation (4.2.74), and in agreement with the terminology of [LapPe2-3] 
and [LapPeWil-—2] (see also [Lap-vFr3, Section 13.1]), {0,1,...,N— 1} and 
P (Gs) = {log,(N+1)+ inns iZ} are called, respectively, the set of integer dimen- 


(4.2.80) 


sions and the set of scaling complex dimensions of the self-similar RFD (Ay, Quy). 
Note that some points could be common to those two sets, for instance, when 
N = 3, the point s = 2, which is therefore a double pole of C4,,0, or, equivalently, 
a complex dimension of (A3,Q3) of multiplicity two. 

Recall that the classic Sierpiriski N-gasket Sn (used, for example, in [KiLap1], 
[Kil], and the relevant references therein),!° is a standard (or homogeneous) self- 
similar set. Hence, S$ := Sy satisfies the fixed point equation § = hay @;(S), where 
{® Ae are contractive similitudes of R% with corresponding fixed points { ean 


N+1 


and scaling ratios {r; of common value 1/2: 7) = +++ =ry4, = 1/2. In partic- 


j=l? 
ular, S is the unique nonempty compact subset of R” which is the solution of that 
equation. See, e.g., [Hut] or [Fall, Chapter 9]. 

By contrast, the inhomogeneous Sierpiriski N-gasket RFD (Ay,Qy) is a self- 
similar spray or RFD, but (for N > 3) Ay is not a (classic or homogeneous) self- 
similar set. Interestingly, however, Ay is an inhomogeneous self similar set (in the 
sense of [BarDemk], see also [Fral] and Remark 2.1.87 above), as is explained in 
more detail when N = 3 in the second part of the caption of Figure 4.8 above. In 
particular, when N > 3, A := Ay Satisfies the following inhomogeneous fixed point 
equation: 


N+1 
A= | ®((A)UB, (4.2.82) 
j=l 


'9 The classic Sierpiriski N-gasket Sy has been used, for example, in [KiLap1], in a work dealing 
with the spectral analysis of Laplacians on self-similar fractals. 
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where B is a suitable (nonempty) compact subset of R” (described in the caption 
of Figure 4.8 in the prototypical special case when N = 3); for example, B can be 
chosen to be the boundary of Qy_.9: we can let B = 0Qy 9 = Ayo. More specifically, 
Ay is the unique nonempty compact subset A of RY satisfying the identity (4.2.82). 
Nevertheless, since in the terminology of Definition 4.2.11, (Ay, Quy) is a self- 
similar spray with generator the N-plex Qy 9 and ratio list {r; =--- =ryi, = 1/2}, 
the self-similar set Sy (the classic Sierpifiski N-gasket), the inhomogeneous self- 
similar set Ay (the inhomogeneous N-gasket) and the self-similar spray (or RFD) 
(Ay, Qy) have the same similarity dimension, 69, which is the unique real solu- 
tion of the Moran equation pa rj = |; that is, (V+ 1)-27~* = 1, with s ER, or, 

equivalently, 
0 = log, (N+ 1). (4.2.83) 


Finally, we point out that Equations (4.2.78) and (4.2.80) imply that 
dimg (Ay, Qy) = max { 00, dimg (Ano; Qn 0) } . (4.2.84) 


(See also Equation (4.2.50) in Theorem 4.2.17.) Therefore, dimg (Aw, Quy) is equal 
to 09 = dimgAy when N < 3 and is strictly greater than 69 when N > 4. (See also 
Remark 4.2.27 just below.) We will obtain a natural generalization and application 
of these results towards the end of Section 5.5.6; see, especially, part (c) of Remark 
5.5.20. 

It is noteworthy that when N = 2, we not only have that Az = S2, the classic 
Sierpinski gasket, but it is also the case that Az = S2 is both a (homogeneous or 
standard) self-similar set and an inhomogeneous self-similar set, with respect to the 
same iterated functions system (or IFS) { ®}7_,, comprised of similarity transfor- 
mations of R?. Indeed, in the inhomogeneous fixed point equation (4.2.82), with 
A := Ag and N = 2, we can not only choose B := 0 (the empty set), but we can also 
choose B := 0A? 0, the boundary of the unit triangle. 


Remark 4.2.27. It is well known (see, e.g., [Hut], [Fall, Theorem 9.3]), that if a 
higher-dimensional self-similar set satisfies the open set condition, as is the case 
(for every N > 2) of the standard Sierpinski N-gasket Sy but not (for any N > 3) of 
the inhomogeneous Sierpinski N-gasket Ay (see the discussion following Equation 
(4.2.80), along with the caption of Figure 4.8), then its Minkowski and Hausdorff 
dimensions coincide with its similarity dimension; moreover, dimg Sy exists. Hence, 
this means that 

dimg Sy = dimy Sy = 09 = log,(N + 1), (4.2.85) 


where Oo is the common similarity dimension of the self-similar set Sy, the inho- 
mogeneous N-gasket Ay, and the self-similar RFD (Ay, Qy). Hence, when N > 4, 
it follows that dimg Ay > 09 = dimg Sy. There is no contradiction, however, in light 
of Equations (4.2.76) and (4.2.77), along with the fact that Ay is not a self-similar 
set (only a nonhomogeneous self-similar set) for such values of N.7° 


20 Tt is possible to construct simpler examples in R? which also illustrate this situation; see Exam- 
ples 4.2.33, 4.2.34 and 4.2.35 below. 
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What is true, in general, under the above hypotheses (see Theorem 4.2.17 and 
Definition 4.2.20 above) is that the Minkowski dimension of the self-similar RFD 
is equal to the maximum of the similarity dimension 09 and the (inner) Minkowski 
dimension Dg of the boundary of the generator G, which is assumed to be suf- 
ficiently nice (see Subsection 5.5.6 below);7! here, G := Qy 0 and hence, Dg = 
dimg(Ay 9, 2y,0) = N — 1. We will further discuss this issue in Remark 5.5.26 of 
Subsection 5.5.6, where we will see that the proper counterpart of this situation is 
case (iii) of part (c) of Remark 5.5.26, namely, when Dg := dimg(0G,G) > oo. 
This latter possibility cannot occur in the case of a (standard) self-similar set; see 
[Fall, Theorem 9.3]. More specifically, as does not seem to have been observed be- 
fore, this impossibility is a somewhat surprising consequence of the aforementioned 
result of Hutchinson in [Hut], as described in [Fall, Theorem 9.3] and extending 
to any dimension N > 1 a corresponding one-dimensional result due to Moran in 
[Mora]. 

In closing this remark, we mention that such a problem does not occur when 
N = 1, which is the situation considered in the theory of the complex dimensions of 
geometric self-similar strings developed, in particular, in [Lap-vFr3, Chapters 2, 3 
and Section 8.4]. Indeed, we then have that Dg < 09 since Dg = 0 (when N = 1) 
and 09 > 0 (always). 


We next explain in more detail how to calculate the complex dimensions (and 
hence also the principal complex dimensions) of the relative inhomogeneous 
Sierpinski N-gasket (Ay, Qy) in the prototypical case when N = 3. 

The relative distance zeta function Cj ay 9,Qy. Of the N-plex RFD (0Qy 0, Qy.0) 
= (Ayo, 2y,0) can be explicitly computed as follows, in the case when N = 3. It 
is easy to see that the octahedral RFD (0.Q3 9, Q3 9) can be identified with sixteen 
copies of disjoint RFDs, each of which is congruent to the pyramidal RFD (T, Q’) in 
IR, where Q’ is the open (irregular) pyramid with vertices at O(0,0,0), A(1/4,0,0), 
B(1/4,1/4,0) and C(0,0,1/(2V2)), while the triangle T = conv (A,B,C) is a face 
of the pyramid. Since for any (x,y,z) € Q', we have 


d((x,y,z),T) = a (x5 V2x :), (4.2.86) 


we deduce that (recall that A3.9 := 0Q3.0) 
Caspian (s) — 16E7.a/(s) 


a= fiG Ill, d((x,y,z),T)* *dedydz (4.2.87) 


s—3 
1/4 x .—v2x : V2x—z 
=16[ dx [ay | ae | 
0 0 0 J3 


21 Tf we allow the boundary of G to be fractal, then new interesting phenomena may occur, as was 
illustrated in Subsection 4.2.2 above. 
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Evaluating the last integral in (4.2.87), we obtain via a direct computation that 


Laoag (8) = 1 "(1 — v3)" “xan 


(V3)* pO a 1 
= [ ‘ (su) (4.2.88) 
_8(/3)(2V3)— 

s(s—1)(s—2) ” 


for any complex number s such that Res > 2. Therefore, we deduce from (4.2.70) 
that the distance zeta function of the thetrahedral RFD in R* can be meromorphi- 
cally extended to the whole complex plane and is given for all s € C by 


ee 8(V3)?*(2v2)° 
atts s(s—1)(s—2)(1—4-2>5) 


(4.2.89) 


It is worth noting that s = 2 is the only pole of C4, 0, of order 2, since s = 2 isa 

simple pole of both (s—2)~! and (2°—4)~!. More specifically, since the derivative 

of 1—4-27* computed at s = 2 is nonzero (and, in fact, is equal to 4log2), then 

s =2 isa simple zero of 1 —4-2~°; that is, it is a simple pole of 1/(1—4-27*). 
Moreover, it immediately follows from Equation (4.2.89) that 


1 


b4s,05(8) ~ (s—2)(1—4-2-5)’ 


(4.2.90) 


In particular, as we have already seen in Equation (4.2.75) and recalling that N := 3 
here, we have 

see a ai (4.2.91) 

log2 

Since D := dimg(A3,Q3) = dimg(A3,Q3) = 2 is a simple pole of both 1/(s— 2) 
and 1/(2*° — 4), we conclude that D = 2 is the only complex dimension of order 
two of the RFD (A3,Q3). Consequently, the case of the relative Sierpiriski 3-gasket 
(A3, Q3) reveals a new phenomenon: its relative box dimension D = 2 is a complex 
dimension of order (i.e., multiplicity) two, while all the other complex dimensions of 
the relative Sierpinski 3-gasket (including the double sequence of nonreal complex 
dimensions on the critical line of convergence {Res = 2}) are simple. Since, as we 
have already observed earlier, we have that dimpc(Ay, Qy) = dimpc Ay for every 
N > 2, we deduce from (4.2.91) and the discussion following it that 


2 
dinipe Ay = 2+ —-iZ, (4.2.92) 
log2 


with s = dimgA3 = 2 being the only principal complex dimension of A3 of order 
two, all the other complex dimensions being simple. 
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We challenge the interested reader to use similar arguments as in the case when 
N = 3 in order to infer that for any N > 3, the distance zeta function of the relative 
N-plex (0Qy,o, Qyo) is of the form 


7 g(s) 
S30 oAv0l8) = S61)... (s=(N= 1)’ 


(4.2.93) 


where g(s) is a nonvanishing entire function. (Note that, when N = 3, this is in 
agreement with Equation (4.2.88) above.) Therefore, we conclude from Equations 
(4.2.70) and (4.2.71) above that 


_ g(s) 
San tu (8) = Gye (N- DEE) 


(4.2.94) 


This extends Equation (4.2.89) to any N > 3 (really, of the base RFD (A3.9,23.) 
generating the self-similar RFD (A3, Q3)). 

In the case when N > 4, D = N — | is the only principal complex dimension 
of the inhomogeneous Sierpinski N-gasket RFD. [Indeed, for VN > 4, we have that 
log,(N+1) <N—1 (i.e., N+1 <2%~!), which can be easily proved, for example, 
by using mathematical induction on N.] Furthermore, we immediately deduce from 
Equation (4.2.94) that 

1 
s—(N-1) 

Moreover, if N > 4 is of the form N = 24 — 1 for some integer g > 3, then g = 
log,(N + 1) (note that it is smaller than D = N — 1) is the only complex dimension 
of order two (since it is a simple pole of both (s—q)~! and (1 —(N+1)2~°)~}), 
while all of the other complex dimensions of (Ay, Qy) are simple. 

On the other hand, if N > 4 is not of the form N = 24% — 1 for any integer g > 3, 
then all of the complex dimensions of the inhomogeneous Sierpinski N-gasket RFD 
are simple. 

Roughly speaking, in the case when when N = 3, the fact that s = 2 has mul- 
tiplicity two can be explained geometrically as follows: firstly, s = 2 is a simple 
pole of the scaling zeta function Cs (s) = 1/(1—(N+1)2~°) =1/(1—4-2°5) of 
the RFD (A3,.Q3),77 while at the same time, s = 2 is the simple pole arising from 
the boundary of the first (deleted) octahedron, which is also 2-dimensional; more 
specifically, s = 2 is also a simple pole of C4, ,0,). Therefore, the double pole of 
CAy,Qy arises both from the (inhomogeneous) self-similarity of the RFD (Ay, Qvy) 
(or, equivalently, of the set Ay) and from the special geometry of the boundary of 
the generator (really, of the base RFD (Ay 0, Qv.o) generating the self-similar RFD 
(Ay, Qy)) when N = 3. 


Ayu S)9 (4.2.95) 


Remark 4.2.28. Since as was noted earlier, dimpc Ay = dimpc(Ay, Quy), where the 
equality holds between multisets, exactly the same comment as above holds about 
the principal complex dimensions of the inhomogeneous N-gasket Ay (instead of 


>2 Indeed, the similarity dimension of the 3-gasket A3 is equal to 2. 
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the complex dimensions of the inhomogeneous N-gasket RFD (Ay, Qy)). For ex- 
ample, if N > 4 is not of the form 27 — 1 for any integer gq > 3, then all of the 
complex dimensions of Ay are simple, while otherwise (i.e., if N = 27 — 1, for some 
q = 3), then s = q is the only complex dimension of multiplicity 2 and all the other 
complex dimensions (including D = dimg Ay = dimg(Ay, Q) = N — 1) are simple. 
The multiplicity of s = q arises both from the (inhomogeneous) self-similar struc- 
ture of Ay and of the geometric structure of the boundary of the generator Quy 0, 
Ay.0 := 0Qy 0, exactly as in the case when N = 3. 


In the case of the relative inhomogeneous Sierpinski 2-gasket (A2,Q2), the 
value of s = log,3 (which is the simple pole arising from the self-similarity of 
(Az, Q2)) is strictly larger than the dimension s = | of the boundary of the deleted 
triangle (i.e., of the 2-plex (229). Moreover, the relative 2-Sierpinski gasket is 
Minkowski nondegenerate and Minkowski nonmeasurable, while the relative in- 
homogeneous 3-Sierpinski gasket (A3,Q3) is Minkowski degenerate, with its 2- 
dimensional Minkowski content being equal to +c. Its gauge function (a notion 
introduced in Subsection 6.1.4 of Chapter 6.1.1) can be determined by methods in- 
volving the fractal tube formulas developed in Chapter 5. 

More specifically, in Chapter 5, we will show that it is possible to find a gauge 
function (namely, h(t) := logt—! for all t € (0, 1)) relative to which the relative in- 
homogeneous 3-gasket RFD (A3,Q3) is Minkowski nondegenerate and moreover, 
Minkowski measurable; see Theorem 5.4.27. (The same is true for the inhomoge- 
neous 3-gasket A3.) This should be contrasted with the case of the ordinary (clas- 
sical) Sierpinski N-gasket Sj, which is Minkowski nondegenerate and Minkowski 
nonmeasurable (in the usual sense, i.e., with respect to the trivial gauge function 
h(t) = 1 correspoding to a standard power law). 

On the other hand, when N > 4, the dimension Dg = N — 1 of the boundary of the 
N-plex Qy 0 is larger than the similarity dimension 69 = log,(N + 1) arising from 
“fractality”. Hence, Dg = N — 1. Since D = N — | is the only complex dimension 
on the critical line (and it is simple), we conclude that for N > 4, the RFD (Ay, Qy) 
is Minkowski measurable (see Theorem 5.4.20 in Chapter 5). Thus, the case when 
N = 3 is indeed very special among all of the inhomogeneous Sierpinski N-gasket 
RFDs. These issues will be clarified and revisited, as well as placed in a much 
broader framework, towards the end of Chapters 5 and 6; see, especially, part (c) of 
Remark 5.5.26 in Subsection 5.5.6, along with Problems 6.2.32, 6.2.35 and 6.2.36. 


Example 4.2.29. (Relative Sierpinski carpet). Let A be the Sierpinski carpet con- 
tained in the unit square Q. Let (A,Q) be the corresponding relative Sierpiriski 
carpet (or Sierpiriski carpet RFD), with Q being the unit square. (See Figure 2.1 on 
page 49 for a picture of the standard Sierpinski carpet.) Its distance zeta function 
€a,q coincides with the distance zeta function of the following relative fractal spray 
(see the end of Definition 4.2.1): 


Spray(Qo,4 = 1/3,b = 8), 
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Sy 


A’ 1/6 * 


Fig. 4.9 On the left is the base relative fractal drum (0.Qo,@o) of the relative Sierpitiski carpet 
(A, Q) described in Example 4.2.29, where @p is the associated (open) square with sides 1/3. The 
base relative fractal drum (0.Q,@o) can be viewed as the (disjoint) union of eight RFDs, all of 
which are congruent to the relative fractal drum (A’, Q’) depicted on the right. This figure explains 
Equation (4.2.97); see Lemma 4.2.23. 


where Qo is the first deleted open square with sides 1/3. Similarly as in Example 
4.2.24, by using Theorem 4.2.6 and Lemma 4.2.23, we obtain that C40, the rela- 
tive distance zeta functions of (A, @), has a meromorphic continuation to the entire 
complex plane given for all s € C by 


8-6 °° 
s(s—1)(1—8-3-)" 


C4,0(5) = (4.2.96) 


Indeed, clearly, the base relative fractal drum (AQ, Qo) is the (disjoint) union 
of eight relative fractal drums, each of which is congruent to a relative fractal drum 
(A’, Q’), where Q’ is an appropriate isosceles right triangle; see Figure 4.9. We then 
deduce from Lemma 4.2.23 that 


C3.Qp,2 (8) = 8 Saar(s) = 8 [dea aeay 


1/6 x 6-5 
=38 [a fy tay= 
0 0 s(s—1) 


for all s € C with Res > 1, and hence, in light of Theorem 4.2.6, that C4 a(s) is 
given by (4.2.96). Note that, after analytic continuation, we also have 


(4.2.97) 


8-6°° 
C9.2,2p (s) = s(s—1)’ for all s E C. (4.2.98) 
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Since by (4.2.96), 
1 
baal) ~ Tea 
one deduces from this equivalence that the abscissa of convergence of C, g is given 
by D = log; 8 = dimg(A, Q), where the equality follows from Theorem 4.1.7(b) and 
Remark 4.1.8. 

Here, the relative box dimension of A coincides with its usual box dimension, 
namely, log; 8. Moreover, the set dimpc(A, 2) := A-(C4,q) of the relative principal 
complex dimensions of the Sierpinski carpet A with respect to the unit square Q is 
given by 

dimpc(A, Q) = log; 8 + piZ, (4.2.99) 


where log, 8 =: D is the Minkowski dimension and p := 27/1log3 is the oscillatory 
period of the Sierpiriski carpet RFD (A,@) (as well as of the ordinary Sierpiriski 
carpet). Each principal complex dimension is simple (i.e., is a simple pole of €4 9). 

Observe that it follows immediately from (4.2.96) that the set A(Cy4 a) of all 
relative complex dimensions of the Sierpinski carpet A (with respect to the unit 
square Q) is given by 


P(ba.q) = dimpc(A,Q)U {0, 1} = (log; 8 + piZ) U {0, 1}, (4.2.100) 


where dimpc(A, Q) = log,8+ piZ can be viewed as the set of ‘scaling complex 
dimensions’ of the self-similar RFD (A,Q) and {0,1} can be viewed as the set of 
‘integer dimensions’ of (A, Q) (in the sense of [LapPe2-3] and [LapPeWi1], see 
also [Lap-vFr3, Section 13.1]). Furthermore, each of these relative complex dimen- 
sions is simple (i.e., is a simple pole of C4 g). Interestingly, these are exactly the 
complex dimensions which one would expect to be associated with A, according to 
the theory developed in [LapPe2—3] and [LapPeWi1—2] (as described in [Lap-vFr3, 
Section 13.1]) via self-similar tilings (or sprays) and associated tubular zeta func- 
tions. 

Exactly the same results concerning the principal complex dimensions and 
the complex dimensions hold for the ordinary Sierpinski carpet A instead of the 
Sierpifiski carpet RFD (A,@Q); in particular, the exact counterparts of (4.2.99) and 
(4.2.100) hold, with (A, Q) replaced by A. See Proposition 3.2.1 in Subsection 3.2.1 
above. 

In light of (4.2.96), the residue of the distance zeta function of the relative 
Sierpitiski carpet (A, Q) computed at any principal pole s; := log; 8+ pik, k € Z, is 
given by 


2% 
res(C4.0,5x) = (log3)sy(s% — 1)’ 


In particular, 


—2 


2 
| res(C4.0,5x)| oy Dlog3 as k— +e, 


where D := log; 8. 
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Similarly as in the case of the relative Sierpifiski gasket (see Proposition 4.2.25), 
the relative Sierpifiski carpet can be viewed as a fractal spray generated by the base 
RFD appearing in Figure 4.9 on the right. 


Proposition 4.2.30 (Relative Sierpinski carpet). Let (A’,Q’) be the RFD defined 
in Figure 4.9 on the right. Let (A,Q) be the relative fractal spray generated by the 
base relative fractal drum (A',Q'), with scaling ratio A = 1/3 and with multiplici- 
ties mz = 8* for any positive integer k: 


(A, Q) = Spray((A’,.Q’), A = 1/3, mg = 8* for k EN). (4.2.101) 


(Note that here we assume that the base relative fractal drum (A’,Q’) has a mul- 
tiplicity equal to 8.) Then, the relative distance zeta function of the relative frac- 
tal spray (A,Q) coincides with the relative distance zeta function of the relative 
Sierpinski carpet. (See Equation (4.2.96).) 


Example 4.2.31. (Sierpinski N-carpet). It is easy to generalize the notion of a stan- 
dard Sierpitiski carpet (which is a compact subset of the unit square [0, 1]* C R?), 
to the Sierpinski N-carpet (or N-carpet, for short), defined analogously as a com- 
pact subset A of the unit N-dimensional cube [0,1] Cc R%. More specifically, we 
divide [0, 1] into the union of 3‘ congruent N-dimensional subcubes of length 1/3 
and with disjoint interiors and then remove the middle open subcube. The remain- 
ing compact set is denoted by F;. We then remove the middle open N-dimensional 
cubes of length 1/3? from the remaining 3 — 1 subcubes. The resulting compact 
subset is denoted by Fy. Proceeding analogously ad infinitum, we obtain a decreas- 
ing sequence of compact subsets F; of [0,1], k > 1. The Sierpiriski N-carpet A is 
then defined by 


A:=()F. (4.2.102) 
k=1 


Note that the Sierpinski 1-carpet coincides with the usual ternary Cantor set, while 
the 2-carpet coincides with the classic Sierpinski carpet; furthermore, the Sierpiriski 
3-carpet is discussed in [LapRaZu5, Example 6.10]. 

It is clear that the Sierpiriski N-carpet RFD (A,Q), where A is the standard 
Sierpifiski N-carpet and Q := (0,1) is the open unit cube of R%, can be viewed as 
the following relative fractal spray; see the end of Definition 4.2.1: 


(A, Q) = Spray ((9Qo, Qo), A = 1/3,b = 3% — 1). (4.2.103) 


Here, the cube Qo = (0,1/3)% is obtained by a suitable translation of the middle 
open subcube from the first step of the construction of the set A. According to The- 
orem 4.2.6, we then have that 


£a,0(8) = f(s) - Saa»,09(8) 
$9,208) 1 (4.2.104) 
~ T= B%=139 > 1-BY—-1)3>"’ 
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where f(s) = Ce (s) =1/(1—(3% —1)3~), for all s € C, is the scaling zeta function 
of the self-similar RFD (A, Q). Since Qo has a Lipschitz boundary and log, [A b= 
log; (3% — 1) € (N—1,N), we deduce from (4.2.104) and from (4.2.12) in Theorem 
4.2.6 that the set of principal complex dimensions of the relative Sierpitiski N-carpet 
spray is given by 


20 


dimpc(A,Q) = log;(3% — 1) + ee 


iZ (4.2.105) 


and hence, 
dimpc(A,Q) C {Res = log,(3% — 1)} c {N—1 < Res <N}. 
In particular, according to Theorem 4.1.7(b), we have that 
dimg(A, Q) = log, (3% — 1). (4.2.106) 


Furthermore, it can be shown that in the present case of the Sierpinski N-carpet 
RED, dimg(A,Q) and dimgA exist and 


dimg(A,Q) = dimgA = log;(3" — 1). (4.2.107) 


It is easy to see that the set of principal complex dimensions dimpcA of the 
Sierpifiski N-carpet A in R% coincides with the set dimpc(A,Q) appearing in Equa- 
tion (4.2.105) and that the multiplicities of the complex dimensions are the same 
(hence, all of the complex dimensions are simple). As simple special cases, for 
N = 1 we obtain the set of principal complex dimensions of the ternary Cantor set 
appearing in Equation (2.1.114) on page 105, or of the usual Sierpifski carpet ap- 
pearing in Equation (4.2.99), for N = 1 or N = 2, respectively. 

Since the set of all complex dimensions of the RFD (09o,@p) is equal to 
{0,1,...,N—1},”? and hence, dimg(0.Qo, Qo) = dimg(9.Qo, Qo) = N —1, it follows 
from Equation (4.2.104) that the set of all complex dimensions of the Sierpiriski N- 
carpet relative fractal spray (A,Q) is given by 


P(C4.Q) = dimpc(A,Q)U{0,1,...,NV—1} 


21 
= (log;(3" —1 
(1083(3 )+ i053 


(4.2.108) 


iZ.) U{0,1,...,N—1}. 


This concludes for now our study of the relative fractal drum (A, Q) naturally 
associated with the N-dimensional Sierpinski carpet. 

We will return to this subject in Chapter 5 (Example 5.5.13) when obtaining a 
corresponding fractal tube formula in the case when N = 3. 


23 Note that the relative zeta function ¢4 ¢ appearing in Equation (4.2.104) can be meromophically 
extended in a unique way to the whole complex plane C since the same can be done with €30, 0,- 
See, for example, Equation (4.2.97) dealing with the case when N = 2. 
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Remark 4.2.32. It is natural to wonder why the same new phenomena as for the rel- 
ative inhomogeneous Sierpinski N-gasket (Example 4.2.26) do not occur in the case 
of the relative Sierpiriski N-carpet (A,Q). In particular, the Minkowski dimension 
D := dimg(A,@Q) and the similarity dimension 09 of the Sierpifiski N-carpet RFD 
(A, Q) coincide (in fact, D = 09 = log;(3% — 1), see Equation (4.2.107)). Further- 
more, again in light of Equation (4.2.107), D also coincides with the Minkowski 
dimension of the classic Sierpifiski N-carpet A. [Since A is a (homogeneous) self- 
similar set satisfying the open set condition, we must have that dimgA exists and 
dimgA = 0o, the common similarity dimension of A and of (A,Q).] Moreover, 
dimpcA := PA-(E4) and dimpc (A, Q) := A-(C4.q) coincide, as multisets. Finally, it 
is always the case that dimg(A,Q) = max{oo,dimg(0.Qo, Qo)} = Oo, in agreement 
with (4.2.106). 

All of these statements hold for every N > 1. The reason, of course, for all these 
simplifications (compared to the case of the N-gasket RFD in Example 4.2.26, when 
N > 3 and, especially, when N > 4) is that the first component, A, of the self-similar 
RFD (A, Q) is precisely the classic Sierpifiski N-carpet. Therefore, for every N > 1, 
Ay is a self-similar set, in the usual sense, and not just an inhomogeneous self- 
similar set (as was the case for every N > 3 of the first component, Ay, of the 
inhomogeneous self-similar RFD (Ay, Qy) in Example 4.2.26). 


Example 4.2.33. (The 1/2-square fractal). In this planar example, we will further 
investigate and illustrate the new interesting phenomenon which occurs in the case 
of the Sierpifiski 3-gasket RFD discussed in Example 4.2.26. Namely, we start with 
the closed unit square J = [0,1]* in R? and subdivide it into 4 smaller squares by 
taking the centerlines of its sides. We then remove the two diagonal open smaller 
squares, denoted by G; and G2 in Figure 4.10; so that G:= G; UG? is our generator 
in the sense of Definition 4.2.11. Next, we repeat this step with the remaining two 
closed smaller squares and continue this process, ad infinitum. The | /2-square frac- 
tal is then defined as the set A which remains at the end of the process; see Figure 
4.10, where the first 6 iterations are shown. More precisely, the set A is the union of 
all of the boundaries of the disjoint family of open squares appearing in Figure 4.10 
and packed in the unit square J. If we now let Q := (0, 1)”, we have that (A,Q) is 
an example of a self-similar spray (or tiling), in the sense of Definition 4.2.11, with 
generator G = G; UG? and scaling ratios r; = r2 = 1/2. Note, however, that A is not 
a (homogeneous) self-similar set in the usual sense (see, e.g., [Fall, Hut]), defined 
via iterated function systems (IFSs), but is instead an inhomogeneous self-similar 
set. 

More specifically, the set A is the unique nonempty compact subset K of R? 
which is the solution of the inhomogeneous equation 


2 
K = |) ®(K)vuB, (4.2.109) 


where ® and ®> are suitable contractive similitudes of R? with fixed points located 
at the lower left vertex and the upper right vertex of the unit square, respectively, and 
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with a common scaling ratio equal to 1/2 (i.e., r) = ro = 1/2, where {rj}e-4 are the 
scaling ratios of the self-similar RFD (A,Q)). Furthermore, the nonempty compact 
set B in Equation (4.2.109) is the union of the left and upper sides of the square 
G; and the right and lower sides of the square G2; see Figure 4.10. We note that 
here, the corresponding (classic or homogeneous) self-similar set (i.e., the unique 
nonempty compact subset of R? which is the solution of the homogeneous fixed 
point equation, C = Ui1 ®;(C)), is the diagonal C of the unit square connecting the 
lower left and the upper right vertices of the unit square. 

Let us now compute the distance zeta function C4 of the 1 /2-square fractal. With- 
out loss of generality, we may assume that 6 > 1/4; so that we have 


Ca(s) = Caa(s) + G(s), (4.2.110) 


where, intuitively, ¢; denotes the distance zeta function corresponding to the ‘outer’ 
6-neighborhood of A. Clearly, ¢; is equal to the distance zeta function of the unit 
square J := [0, 1]?; it is straightforward to compute it and show that it has a mero- 
morphic extension to all of C given by~* 


A s—l 2 Ss 
Cr(s) = 2 + a, (4.2.111) 


s—1 Ss 


for all s € C. 


Fig. 4.10 The 1/2-square fractal A from Example 4.2.33. The first 6 iterations are depicted. Here, 
G := G, UG? is the single generator of the corresponding self-similar spray or RFD (A, Q), in the 
sense of Definition 4.2.11. The set A is equal to the complement of the union of the disjoint family 
of all open squares, with respect to Q = (0, 1)*. Equivalently, the set A coincides with the closure 
of the union of the boundaries of all the open squares. 


24 See also the proof of Proposition 3.2.1 where this computation was performed. 
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Furthermore, by using Theorem 4.2.17, we obtain that 


t= fg,» Moe 


(4.2.112) 


for all s € C with Res sufficiently large. Next, we compute the distance zeta function 
of (0G, G) by subdividing G = G; UG; into 16 congruent triangles (see Figures 4.9 
and 4.10) and by using local Cartesian coordinates (x,y) € R? to deduce that 


—s 


s(s—1)’ 


1/4 er 
fac.a(s)=16 f° ax fy Pay = 


for all s € C with Res > 1. Hence, 


Cac,c(s) = 


4.2.113 
a ( ) 
an identity valid initially for all s € C such that Res > 1, and then, after meromorphic 
continuation, for all s € C. Finally, by combining Equations (4.2.110)-(4.2.113), we 
conclude that the distance zeta function C4 is meromorphic on all of C and is given 
by 


ay 46°"! 226° 
= | : 4.2.114 
cals) = pats s ( ) 
for all s € C. 
Consequently (see just below), we have that dimgA exists and 
D(Ca) = dimgA = 1, 
(4.2.115) 
Pa) = A(Sa,C) = {O}U(1 + piZ) 
and thus 
dimpcA := P-(Ca) = 14+ piZ, (4.2.116) 


where the oscillatory period p of A is given by p:= CE. All of the complex dimen- 
sions in A(C,) are simple except for @ = 1, which is a double pole of Cy. 

We will revisit this example in Chapter 5 where we will use the distance zeta 
function of A given by (4.2.114) in order to derive a corresponding fractal tube 
formula (see Example 5.5.22 in Subsection 5.5.6). For now, we simply mention 
that it will follow from the results of Chapter 5 (see, especially, Theorem 5.4.30) 
that dimgA exists, dimgA = D(€,4) = 1 and that A is not Minkowski measurable 
because of the presence of the double pole of €4 at @ = 1. On the other hand, we 
will show that A is h-Minkowski measurable, where the gauge function h is given 
by A(t) :=logr~! for all t € (0,1), and by Theorem 5.4.32, the corresponding h- 
Minkowski content is given by 


1 


M(A,h) = Galll-2 = ae: 


(4.2.117) 
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where C,[1]-2 is the (—2)-nd coefficient in the Laurent series expansion of C, 
around s = 1. Finally, we note that in light of Equation (4.2.115) (and hence, in 
light of the presence of nonreal complex dimensions), the set A is indeed fractal, 
according to our proposed definition of fractality given in Remark 4.6.24. 


Example 4.2.34. (The 1/3-square fractal). In the present planar example, we illus- 
trate a situation which is similar to that of the inhomogeneous Sierpinski N-gasket 
RFD discussed in Example 4.2.26 for N > 4. Again, we start with the closed unit 
square J = (0, 1]? in R? and subdivide it into 9 smaller congruent squares (similarly 
as in the case of the Sierpinski carpet). Next, we remove 7 of those smaller squares; 
that is, we only leave the lower left and the upper right squares (see Figure 4.11). In 
other words, our generator G (in the sense of Definition 4.2.11) is the (nonconvex) 
open polygon depicted in Figure 4.11. 

As usual, we proceed by iterating this procedure with the two remaining closed 
squares and then continue this process ad infinitum. The first 4 iterations are de- 
picted in Figure 4.11. The 1/3-square fractal is then defined as the set A which 
remains at the end of the process. We now let Q := (0,1)?, which makes the RFD 
(A, Q) a self-similar spray (or tiling), in the sense of Definition 4.2.11, with gener- 
ator G and scaling ratios {rjVie1 such that r) = r2 = 1/3. Again, the set A is not a 
homogeneous self-similar set, but is an inhomogeneous self-similar set. 

More specifically, the set A is the unique nonempty compact subset K of R? 
which is the solution of the inhomogeneous fixed point equation 


2 
K =|) ®(K)uB, (4.2.118) 


where ®, and @) are contractive similitudes of R? with fixed points located at the 
lower left vertex and the upper right vertex of the unit square, respectively, and 
with a common scaling ratio equal to 1/3 (i.e., r) = r2 = 1/3). Furthermore, the 
nonempty compact set B in Equation (4.2.118) is equal to the boundary of G without 
the part belonging to the boundary of the two smaller squares which are left behind 
in the first iteration; see Figure 4.11. We also observe that here, the corresponding 
(classic or homogeneous) self-similar set generated by the IFS consisting of ®; and 
@), is the ternary Cantor set located along the diagonal of the unit square. 

We now proceed by computing the distance zeta function C4 of the 1/3-square 
fractal. Without loss of generality, we may assume that 6 > 1/4; so that we have 


Ca(s) = C4.a(8) + G(s), (4.2.119) 


where, as before in Example 4.2.33, ¢; denotes the distance zeta function corre- 
sponding to the ‘outer’ 6-neighborhood of A and coincides with the distance zeta 
function of the unit square J := [0,1]?. Recall that ¢; was computed in Example 
4.2.33 and is given by Equation (4.2.111) for all s € C. 


312 4 Relative Fractal Drums and Their Complex Dimensions 


N 
i \ 
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Fig. 4.11 The 1/3-square fractal A from Example 4.2.34. The first 4 iterations are depicted. Here, 
G is the single generator of the corresponding self-similar spray or RFD (A, Q), in the sense of 
Definition 4.2.11 or Definition 4.2.20. The set A is equal to the complement of the union of the 
disjoint family of all the open 8-gons, with respect to the open square Q = (0,1)*. The largest 
8-gon is equal to the union of two open squares indicated by dashed sides of length 2/3, while 
each of the next two smaller 8-gons is obtained by scaling the first one by the factor 1/3. Any of 
the 2* 8-gons of the k-th generation is obtained by scaling the first one by the factor 1/3*—!, for any 
k € N. Equivalently, A coincides with the closure of the union of the boundaries of all the 8-gons. 


Furthermore, by using Theorem 4.2.17, we obtain that 


35 
bs.a(s) = ste = ee . (4.2.120) 


for all s € C with Res sufficiently large. 

Next, we compute the distance zeta function of (0G,G) by subdividing G into 
14 congruent triangles denoted by Gj, fori = 1,..., 14 (see Figure 4.11). Therefore, 
by symmetry, we obtain the following functional equation: 


Cac,c(s) = 12€96,6, (5) + 2096.63; (4.2.121) 


valid initially for all s € C such that Res is sufficiently large. 
We use local Cartesian coordinates (x,y) € R? to compute Cac,c, and obtain 


—s 


ae x s2q 3 
Cac.c (s) =| [ y y= s(s— 1) 


375 
= —__ 4.2.122 
rea()= aay (4.2.122) 
an identity valid initially for all s € C such that Res > 1, and then, after meromor- 
phic continuation, for all s ¢ C. In order to compute C3g.g,;, we use local polar 


coordinates (7,0) and deduce that 


Hence, 
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' (sin @+cos 0)~ 
Cac, Gn if of a ‘dr 
(4.2.123) 


m/2 
=-— (cos 8 + sin@)*dé, 
s Jo 
valid initially for all s € C such that Res > 0 and after meromorphic continuation, 
for all s € C. Note that by using Theorem 2.1.45 with @(0) := (cos@ +sin@)~! for 
6 € (0,271), it is easy to check that 


n/2 
Z(s) =), (cos 8 + sin@)~*d@ (4.2.124) 
0 


is an entire function, since it is of the form of the generalized DTI f(s) := 
J 9(0)%du(@), where E = [0,72/2], (0) := (cos@+sin@)~! for all 6 € E is uni- 
formly bounded by positive constants both from above and below, and du(@) := dé. 

Finally, by combining Equation (4.2.111) and Equations (4.2.119)-(4.2.124), we 
obtain that C, is given by 


s-l1 S 
t4(s) = a (= - +Z(s )) + ie Rel (4.2.125) 


1 s 


an identity valid initially for all s € C with Res > 1 and then, after meromorphic 
continuation, for all s € C. 
Consequently, we deduce that 


D(Ca) = 
(4.2.126) 
P(Ca) = A(Ca,C) € {0} U (log; 2 + piZ) U {1} 
and 
dimpcA := A-(C4) = {1}, (4.2.127) 


where the oscillatory period p of A is given by p := a In Equation (4.2.126), 
we only have an inclusion since, in principle, some of the complex dimensions with 
real part log; 2 may be canceled by the zeros of 6/(s— 1) +Z(s). However, it can be 
checked numerically that log; 2 € A(C,) and that there also exist nonreal complex 
dimensions with real part log, 2 in A(C,). All of the complex dimensions in A(C,) 
are simple. 

We will revisit this example in Subsection 5.5.6 (see Example 5.5.23) where we 
will obtain a fractal tube formula for the set A from Equation (4.2.125). For now, 
we simply mention that, dimgA = | and that, by Theorem 5.4.2, A is Minkowski 
measurable with Minkowski content given by 


MM '(A) =r1es(C,,1) = 16. (4.2.128) 
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We also note that A is indeed fractal, according to our proposed definition of fractal- 
ity (see Remark 4.6.24). More precisely, in light of Equation (4.2.126), it is strictly 
subcritically fractal and fractal in dimension d := log, 2, in the sense of case (ii) of 
Remark 5.5.15 below. In closing, we also mention that the set A is rectifiable and 
that its ‘length’ (i.e., its 1-dimensional Hausdorff measure) is given by 


_ MA) 
=& 


H'(A) = 8, (4.2.129) 
which can, of course, be easily checked directly. Here, @; = 2 is the volume of the 
1-dimensional ball of radius 1. 


Example 4.2.35. (A self-similar fractal nest). In the final planar example of this sub- 
section, we investigate the case of a ‘self-similar fractal nest’.2> The set A which we 
now define is an inhomogeneous self-similar set. Similarly as in Example 4.2.34, 
the set A will be fractal in the sense of our proposed definition of fractality given 
in Remark 4.6.24 and, moreover, will be strictly subcritically fractal in the sense of 
Remark 5.5.15. 

Let a € (0,1) be a real parameter. We define the set A as the union of concentric 
circles with center at the origin and of radius a“ for k € No (see Figure 4.12). Fur- 
thermore, let G be the open annulus such that 0G consists of the circles of radius 1 
and a, as depicted in Figure 4.12, and let Q := B,(0). We can now consider the RFD 
(A, Q) as a self-similar spray with generator G, in the sense of Definition 4.2.11. 


Fig. 4.12 The self-similar fractal nest from Example 4.2.35. 


25 As we shall see, throughout this example, the use of the adjective “self-similar” is somewhat 
abusive since only one similarity transformation is involved in order to define A. 


4.2 Relative Fractal Sprays With Principal Complex Dimensions of Arbitrary Orders 315 


We note that even though (A,@Q) is a fractal spray, with a single generator G, 
it is not (strictly speaking) self-similar in the traditional sense because it only has 
one scaling ratio r = a (associated with a single contractive similitude). However, 
we will continue using this abuse of language throughout this example. Also, a 
moment’s reflection reveals that this fact does not affect any of the conclusions 
relevant to the distance zeta function of such an RFD. Namely, we obviously have 
that 

(A, Q) = (0G,G)U (aA,aQ); (4.2.130) 


so that 


€4,0(s) = Cac,e(s) + Saa,aa(s), (4.2.131) 


for all s € C such that Res is sufficiently large. Furthermore, by using the scaling 
property of the relative distance zeta function (see Theorem 4.1.40), we conclude 
that c (3) 
_ $aG,G\§ 
Ca,Q (s) = 1 —@ 
again for all s € C such that Res is sufficiently large. 
Next, we compute the distance zeta function of the generator by using polar 
coordinates (7,0): 


(4.2.132) 


Qn (1-+a)/2 
Cac.c(s) = ao | (r—a)**rdr 
0 a 


2n i 
+ [ do / (l1—r)*?rdr (4.2.133) 
0 (14a) /2 
_ 2?-8m(1+a)(1—a)*! 
a s—l : 


an identity valid, after meromorphic continuation, for all s € C. 
Equation (4.2.133) combined with Equation (4.2.132) now yields that C4 9 is 
meromorphic on all of C and is given for all s € C by 


27-*n(1+a)(1—a)! 
(s—1)(1—a’) 


Finally, we fix an arbitrary 6 > (1 —a)/2 and observe that for the distance zeta 
function of A, we have 


€a,a(s) = (4.2.134) 


Ca(s) = Ca,a(s) + Cap, 5(0)\a(5), (4.2.135) 
for all s € C with Res sufficiently large. Furthermore, we have that 


2n 1+6 _ W755! = 2d5 
Sas onals)= [> 60 f (r-1)Prar= + 2 4.2.136) 


where the last equality is valid, initially, for all s € C such that Res > 1, and then, 
after meromorphic continuation, for all s € C. 
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Combining now the above equation with (4.2.135), we finally obtain that Cy, is 
meromorphic on all of C and is given by 


_ 2 $a(Lta)(1—a)! 206%! 206° 
ba(s) = (s—1)(1-a’) ass | s 0 


(4.2.137) 


for all s € C. 
Consequently (see also Theorem 5.4.30 below), we have that dimgA exists and 


D(Ca) = dimgA = 1, 


. (4.2.138) 
POs) = P(Sa,C) = piZu {1} 
and 
dimpcA := Y-(C4) = {1}, (4.2.139) 
where the oscillatory period p of A is given by p := ee ; and all of the complex di- 


mensions in “(C,) are simple. We will also revisit this example in Subsection 5.5.6 
(see Example 5.5.24 below) where its fractal tube formula will be derived directly 
from Equation (4.2.137) and the results of Chapter 5. Here, we simply mention that 
dimgA exists (which is also easy to check directly), dimgA = | and that, according 
to Theorem 5.4.2, A is Minkowski measurable, with Minkowski content given by 


4n 
l-a 


MM '(A) =1es(€,,1) = (4.2.140) 


We also note that the set A is rectifiable and that its ‘length’ (really, its 1-dimensional 
Hausdorff measure) is given by 


(4.2.141) 


where, as before, @; = 2 is the volume of the 1-dimensional ball of radius 1. Of 
course, formula (4.2.141) can also be easily recovered via a direct computation. 

In closing, we mention that A is indeed fractal according to our proposed def- 
inition of fractality (see Remark 4.6.24). More specifically, in light of Equation 
(4.2.138), A is strictly subcritically fractal and fractal in dimension d := 0, in the 
sense of Remark 5.5.15 below. 


The following example can be viewed as an analog of Example 4.2.35 (the self- 
similar fractal nest) in the one-dimensional Euclidean space R. 


Example 4.2.36. (The geometric progression fractal string). Fix a € (0,1), which 
will play the role of a parameter. Let 2 = (€;)z0 be defined as the geometric 
sequence with progression a; 1.e., 


(,:=a*, forall k>O. (4.2.142) 
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The geometric zeta function of this fractal string is given by 


1 


= —., (4.2.143) 
l-a 


valid for all s € C with Res > 0. Upon meromorphic continuation, we see at once 
that ¢y is meromorphic on all of C and is given by 


= —— 4.2.144 
C¢(s)= 7 ( ) 
for all s € C. 
Let A.v be the bounded subset of the real line generated by 2; i.e., 
Ag:= {« = Zacazol. (4.2.145) 
jek 


Then, by means of Proposition 5.5.4 of Chapter 5 below (see also Example 2.1.58 
and Equation (5.5.15)), we deduce that for any fixed 6 > 1/2, its distance zeta func- 
tion C4, is meromorphic on all of C and given by 


1—s Ss 
Cag(s) = aoe + a (4.2.146) 
for all s € C. Here, the term 26*/s corresponds to the ‘outer’ 6-neighborhood of 
Ay, i.e., the left 6-neighborhood of the point 0 and the right 6-neighborhood of the 
point ap = 1/(1—a). 
We now see that the set of complex dimensions of Av (or, equivalently, of 2) 
coincides with the set of principal complex dimensions of A ¢ (i.e., of &); that is, 


P(Cay) =dimpcA v = piZ, (4.2.147) 


where p := 27/loga~!. Furthermore, all of the complex dimensions are simple, 
except for 
D:=D(Ca,) =dimgAv = 0, (4.2.148) 


which has multiplicity two. See Remark 4.2.37 below for a justification of this claim. 

In Example 5.5.25 of Chapter 5, we will use Equation (4.2. 146) in order to obtain 
an exact fractal tube formula for the set Av C R. For now, we mention that the pres- 
ence of the double pole of ¢4 ,,(s) at s = 0 implies that the set A v is not Minkowski 
measurable, since .W° (Av) = +e, but that Av is h-Minkowski measurable with 
respect to the gauge function h defined by h(t) := logt~! for all t € (0,1), and that 
its h-Minkowski content is given by 


—_ 2 
~ loga!” 


M(Ag,h) (4.2.149) 


318 4 Relative Fractal Drums and Their Complex Dimensions 


In closing this example, we point out that the geometric progression string & (or, 
equivalently, its canonical geometric realization A_y, as well as any of its geometric 
realizations Q C R as bounded open sets of IR) is indeed an example of a fractal 
set, according to our proposed definition of fractality (see Remark 4.6.24), due to 
the presence of nonreal complex dimensions. More specifically, in light of Equation 
(4.2.147), Ay (or, equivalently, /) is critically fractal; i.e., it is fractal in dimension 
d:= D =O, in the sense of Remark 5.5.15. Finally, we note that although A ¥ is h- 
Minkowski measurable, its intrinsic geometry still possesses geometric oscillations 
of order O(t) in the fractal tube formula of Ay, as will be shown in Example 5.5.25. 


Remark 4.2.37. The fact that the complex dimension 0 of Av has multiplicity two 
(and not one, as might naively be expected) follows from the following relation 
between Cy and C4,, (see Equation (5.5.15) or, more generally, Equation (5.5.16) 
in Subsection 5.5.2 below): 


qI1-s 
S 


Cay(s) = Cv(s), (4.2.150) 
valid (in the present case of Example 4.2.36) for all s € C. Since 0 is a simple pole 
of Cv (in light of Equation (4.2.144)), it is now apparent that 0 is a double pole 
of C4.,, as claimed. For the same reason, the nonzero poles of Cy and C4, are the 
same, and have the same multiplicity. 


Remark 4.2.38. When a := p~', where p is a prime number, Example 4.2.36 (the 
geometric progression string) reduces to the p-th Euler string %,, studied in 
[Lap-vFr3, esp., Subsection 4.2.1] (see also [HerLap1—5] and, in the p-adic setting, 
[LapLu2—3, LapLu-vFr1—2]) and whose geometric zeta function Cy,(s) coincides 
with the p-th local Euler factor (1 — p~*)~!, in agreement with (4.2.144) where we 


have set a:= p™!. 


4.3 Spectral Zeta Functions of Fractal Drums and Their 
Meromorphic Extensions 


We review here some of the known results concerning the spectral asymptotics of 
(relative) fractal drums, with emphasis on the leading asymptotic behavior of the 
spectral counting function (or, equivalently, of the eigenvalues), along with a cor- 
responding sharp remainder estimate (obtained in [Lap1] and expressed in terms of 
the upper box dimension of the boundary). 

We then apply these results, along with some results obtained in Section 2.3 of 
this monograph, in order to show that the spectral zeta functions of these fractal 
drums have a (nontrivial) meromorphic extension. This fact was already observed 
in [Lap2-—3] by other means, but also by using the error estimates of [Lap1]. 

Moreover, we show the optimality (or sharpness) of the corresponding upper 
bound for the abscissa of meromorphic continuation of the spectral zeta function of 
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the fractal drum. This latter result is new and makes use in an essential way of our 
results obtained later on in this chapter, especially in Sections 4.5 and 4.6. 


4.3.1 Spectral Zeta Functions of Fractal Drums in RX 


Let (A,Q) be a given RFD in R%. In particular, this means that |Q| < oo. We 
consider the corresponding Dirichlet eigenvalue problem, defined on the (possi- 
bly disconnected) open set Q4 := Q \ A.7° It consists in finding all ordered pairs 
(u,u) € C x Hj (Qa4) such that u 4 0 and 


4.3.1 
u=0, on d(Qa), ae. 


—Au=wpmu, inQs,, 
in the variational sense (see, e.g., [LioMag], [Bre], along with [Lap1] and the rele- 
vant references therein). Here, Hj (Q,4) := A ?(Qy) is the standard Sobolev space 


(see, e.g., [Bre], [GilTru] or [MitZu]), and Au = yy os where A is the Laplace 


operator. Recall that the Hilbert space Hi (Qa) is defined as the completion of 


Cp (Qa) (the space of infinitely differentiable complex-valued functions with com- 
pact support in (24) under the Sobolev norm 


int =(f, wears J IvusyPar) 432) 


and the associated inner product. 
Equation (4.3.1) is, by definition, interpreted as follows: the scalar 1 is an eigen- 
value of —A if there exists u 4 0, u € Hj (Qa), such that 


/_ Vuls) Vorar=a fused, 


for all @ € Cf (Qa) (or, equivalently, for all p € Hj (Qa)).?’ This is the usual vari- 
ational formulation of the Dirichlet eigenvalue problem on a bounded open set Qa 
with possibly nonsmooth (or even fractal) boundary. As it turns out, in order for 
(4.3.1) to be satisfied, 4 must be real and even positive. 


Throughout Section 4.3, we could assume equivalently that the relative fractal 
drum (A, Q) is of the form of a standard fractal drum (0.Qo, Qo). Indeed, it suffices 


26 For example, if Q is the unit equilateral triangle and A is the Sierpiriski gasket, then Qy is the 
union of a disjoint countable family of open triangles; see Figure 4.5 on page 275. 

27 In the case of Neumann boundary conditions, both Hd (Qq4) and C#(Q,4) will be replaced by 
the Sobolev space H!(Q,), as will be discussed further on. Also, we must then assume that Q is a 
suitable bounded open subset of IR; see the discussion at the end of this section on pages 343-344. 
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to apply the quoted results (from [Lap1], for example), to the ordinary fractal drum 
(0.Qo, Qo), which is precisely what we will do, implicitly. 


The following lemma describes the boundary of Q4 := Q\ A. As we see, the 
subset A \ Q of A does not have any influence on Q,. In particular, if A and Q are 
disjoint, then Q4 = Q. For example, Qj]9 = Q. Here and in the sequel of Section 
4.3, in order to avoid trivial statements, we assume implicitly that all of the open 
sets Q C R are nonempty. 


Lemma 4.3.1. Let (A,Q) be a relative fractal drum in R®. If the closure of A does 
not possess any interior points,”® then (Qa) = OQU(ANQ). In particular, if 
A CQ, then 0(Q4) = OQUA. 


It is well known that the (eigenvalue) spectrum of the Dirichlet eigenvalue prob- 
lem (4.3.1) is discrete and consists of an infinite and divergent sequence ([,),>1 of 
positive numbers (called eigenvalues), without accumulation point (except +o) and 
which can be written in nondecreasing order according to multiplicity as follows: 


O<MiSo2S---SMeS..., lim ty = +o. 
—}oo 


Furthermore, each of the eigenvalues pz is of finite multiplicity. Moreover, if Qa is 
connected, then the first (or ‘principal’) eigenvalue 1; is of multiplicity one (..e., 
1 < U2); see [GilTru]. Because the Laplace operator is symmetric, the algebraic 
and geometric multiplicities of each of its eigenvalues coincide. We say for short 
that the sequence of eigenvalues (LU,),>1 corresponds to the relative fractal drum 
(A,Q). 


Remark 4.3.2. (a) For the present Dirichlet problem (4.3.1), the discreteness of the 
spectrum, along with the finiteness of the multiplicity of each (necessarily positive) 
eigenvalue, follows from the fact that for any open subset Q of R” which is bounded 
(or, more generally, of finite volume), Hd (Q) is compactly embedded into H!(Q) 
and hence, into the Lebesgue space LV? (Qa). (See, e.g., [EdmEv].) Recall that the 
Sobolev space H!(Q4) := W!?(Q,4) (which is used to formulate the variational 
Neumann eigenvalue problem) is the space of all functions u € L*(Q,) with distri- 
butional (or ‘weak’) gradient Vu € [L?(Qq)}. Like H} (Qa), H' (Qa) is a complex 
Hilbert space for the Sobolev norm || - || defined by (4.3.2) and the associated inner 
product. 


(b) In contrast, for the Neumann problem, which will be briefly discussed to- 
wards the end of Subsection 4.3.2, even the discreteness of the spectrum does not 
always hold (for very rough boundaries) and even when it holds, the counterpart 
of Weyl’s asymptotic formula (Equation (4.3.13) below) need not be verified. (See 
[Mét2-3].) This is why, following [Lap1], appropriate assumptions will be made 
on Q in our discussion of the Neumann eigenvalue problem (or, more generally, 
of mixed Dirichlet-Neumann boundary conditions) towards the end of Subsection 
4.3.2. 


28 It is easy to see that this condition is satisfied if dimgA < N; see page 32. 
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Definition 4.3.3. The spectrum of a relative fractal drum (A,Q) in R™, denoted 
by o(A,@Q), is defined as the sequence of the square roots of the eigenvalues of the 
boundary value problem (4.3.1); that is, 
.— (1/2 
o(A,@) = (p," es. (4.3.3) 
Physically, the values of uy / . k EN, are interpreted as the (normalized)”” frequen- 
cies of the relative fractal drum. The eigenvalues are scaled here with the exponent 


1/2, for technical (as well as physical) reasons (and because the Laplacian is a sec- 
ond order linear partial differential operator). See, for example, Lemma 4.3.6. 


Definition 4.3.4. The spectral zeta function Cj ¢ of a relative fractal drum (A, Q) 
in RY is given by 


Cro(s)= Yu, ?, (4.3.4) 
k=1 


for all s € C with Res sufficiently large. 


Example 4.3.5. The spectral zeta function of a fractal string & = (¢;) j>1, where @ 
is viewed as a relative fractal drum (Av, Q.¢), is given by 


co 


Co(s)= D&G = O(5)-Ce(s), 


k j=l 


where € = Cr is the Riemann zeta function and Cy is the geometric zeta function 
of &; see [Lap2-3], [LapMa2] and [Lap-vFr3, Section 1.3]. Hence, by analytic 
continuation (and since € is meromorphic on all of C), we have 


C¥(s) = 6(s)-Cv(s), (4.3.5) 


in every domain U C C to which ¢¥ can be meromorphically continued. 


The above definition of the spectrum o(A,Q) and of the spectral zeta function 
G 4 g Of arelative fractal drum is in agreement with the definition of the spectrum of 
a bounded fractal string & = (¢;) ;>1 given in [Lap-vFr3, p. 2] or more generally, 
of a fractal drum (see, e.g., [Lap1—3]). (See also [Lap-vFr3, Equation (1.45), p. 29] 
and [Lap-vFr3, Appendix B], along with the relevant references therein, including 
[Gilk] and [See1].) Note that the sequence 


L(A,Q) == (up Dest, (4.3.6) 


which consists of the reciprocal frequencies in 0(A,Q), is also a fractal string (pos- 


sibly unbounded, ie., Ye Uy oo co), As we see, the spectral zeta function of a 


relative fractal drum (A, Q) is by definition equal to the geometric zeta function of 


2° When N = 1, see [Lap-vFr3, footnote 1 on page 2]. 
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the fractal string (A, Q). It is clear that D(C; q) = 0. Furthermore, since ¢; ¢ is 
a Dirichlet series with positive coefficients (and the spectrum of (A, Q) is infinite), 
we also have D(C g) = Dhoi(S4 g); See Subsection 2.1.3. 


We note that the usual definition of the spectrum involves the sequence of eigen- 
values (Ux),>1 rather than the sequence of their square roots (U 5 / * k>1, as in Equa- 
tion (4.3.3). We prefer the definition of the spectrum o(A,Q) given in Equation 
(4.3.3) and hence, the use of the exponent —s/2 (rather than of —s) in the definition 
of the spectral zeta function Cf Q in Equation (4.3.4) since, in this case, Lemma 
4.3.6, Proposition 4.3.10 and Theorem 4.3.17 below take a more elegant form. See 
[Lap2-—3] and [Lap-vFr3, p. 29 and Appendix B], and compare, for example, with 
[Gilk] and [See1]. 


The spectrum of a relative fractal drum has an interesting (but elementary) scal- 
ing property, which we now state. 


Lemma 4.3.6. Let o(A,Q) be the spectrum of a relative fractal drum (A, Q) in RN. 
If X is any fixed positive real number, then 


o(AA,AQ) =A! G(A,Q); (4.3.7) 


that is, 0(AA,AQ) = (Ant ys, where (Ux)x>1 is the sequence of eigenvalues 
of problem (4.3.1) on Qa. Equivalently, Z(AA,AQ) = 1 L(A,Q); see Equation 
(4.3.6). 


Proof. It is easy to see that if 4 is an eigenvalue corresponding to —A, with re- 
spect to the domain Q4 = Q \ A, generated by the relative fractal drum (A,Q), then 
A~? uy, is an eigenvalue corresponding to the operator —A with respect to the domain 
(AQ)z,, generated by (AA,AQ). Indeed, if uj, € H} (Qa) is such that —Au, = Lug, 
ux # 0, then for vg(y) := uz(x/A), where y € (AQ)j 4, we have 


—Avi(y) = 5%): 


In other words, the sequence of eigenvalues of —A on (AQ)j, is equal to 
(uxA~7)x>1. (This claim can also be checked directly by using the aforemen- 
tioned variational formulation of the eigenvalue problem (4.3.1).) Therefore, by 
Definition 4.3.3, 


O(AA,AQ) = (AN! )o1 = A-16(A,Q). 


This completes the proof of the lemma. 


An immediate consequence of Lemma 4.3.6 is the following scaling result for 
the spectral zeta functions of RFDs. 


Proposition 4.3.7 (Scaling property of spectral zeta functions). Let (A,Q) be 
a relative fractal drum in IR. Then for any 4 > 0, and for all s € C such that 
Res > dimg(A, Q), we have 
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Cra aa(s) = MCA. (s). 


The following result represents a partial extension in the present context of Ex- 
ample 4.3.5 (see also [Lap-vFr3, Theorem 2.1]), in the special case of fractal strings, 
or of the corresponding result for fractal sprays in [Lap2—3] and [LapPo3]. Its proof 
is similar to that of Theorem 4.2.5. 


Theorem 4.3.8. Let (Ap, Qo) be a base RFD in RN, and let Z = (Aj) ;>1 be anon- 
increasing sequence of positive numbers tending to zero (and repeated according to 
multiplicities), i.e., a (not necessarily bounded) fractal string. Assume that (A;,Q/;), 
J = 1 is a disjoint sequence of RFDs, each of which is obtained by a rigid motion 
of 4j(Ao, 20) = (AjA0, A; Qo). Let (A, Q) = Uj>1 (Aj, Q;) be the corresponding rel- 
ative fractal spray, generated by (Ap,Qo) and Y; that is, (A,Q) = (Ao, Qo) ® #. 
Then, assuming that s € C is such that Res > max{D(C4, a, ), dims}, we have 


C4,0(S) = $Ay,a (8) Sv(s); (4.3.8) 


where Cv is the geometric zeta function of £ (see Equation (2.1.71) of Subsection 
2.1.4). In particular, for all s € C with Res sufficiently large, we have 


Goo => te Dy (4.3.9) 
k=1 


(0) 


where (U; ’)x>1 is the sequence of eigenvalues corresponding to the relative frac- 

tal drum (Ao,Qo). Furthermore, by the principle of analytic continuation, Equation 

(4.3.8) continues to hold on any domain to which Cv and Cao Q, Can both be mero- 

morphically continued. (A similar comment applies to Equation (4.3.11) below.) 
Moreover, 


D(Gx,a) = max{D(C4, o,), dima}. (4.3.10) 


In particular, if Aj = AJ for some fixed A € (0,1), and each A/ is of multiplicity 
b!, where b EN, b > 2, then for Res > D(Ciy.Qo) 


DAS oan BAS ng 
hal) = pgs De = Fs So aol) (4.3.11) 


and 


D(Sq,a) = max{D(C4y 0): 1081/2 5}- 


Remark 4.3.9. In the case of fractal sprays (and of fractal strings, in particular), the 
factorization formula (4.3.8) was first observed in [Lap2—3]. In the special case of 
fractal strings, it has proved to be very useful; see, especially, [Lap2—3, LapPol-3, 
LapMal-2, HeLap, Lap-vFr1-3, Tep1—2, LalLap1—2, HerLap1-—5]. See also, e.g., 
[Lap-vFr3, Sections 1.4 and 1.5] and [Lap-vFr3, Chapters 6, 9, 10 and 11], both for 
the case of fractal strings and (possibly generalized or even virtual) fractal sprays. 
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4.3.2 Meromorphic Extensions of Spectral Zeta Functions 
of Fractal Drums 


It is well known that if Qo is any (nonempty) bounded open subset of IR, and 

0(0Qo, Qo) = (uf?) 2) (that is, (11> Vaca is the sequence of eigenvalues of 

—A with zero (or Dirichlet) boundary data on 0.Qo, counting the multiplicities of the 

eigenvalues), then the following classical asymptotic result holds, known as Weyl’s 
law [Wey 1-2]: 

An? 
nh ~ f2IN 
*  (@y|Qo))?/ 


where @y = 2/?/(N/2)! is the volume of the unit ball in RY.°° We recall that 
here, consistent with the notation introduced on page 41, the symbol ~ means that 
the ratio of the left and right sides of (4.3.12) tends to 1 as k > 9, 

The main result of this subsection is stated in Theorem 4.3.17. Its proof is based 
on the asymptotic result due to the first author, stated in Theorem 4.3.11, combined 
with Proposition 4.3.10. 

The asymptotic result stated in Equation (4.3.12) was obtained by Hermann Weyl] 
in 1912 for piecewise smooth boundaries, in [Wey 1-2]. It has since then been ex- 
tended to a variety of settings (for example, to smooth, compact Riemannian mani- 
folds with or without boundary, various boundary conditions, broader classes of el- 
liptic operators, fractal boundaries, etc.). See, for example, the well-known treatises 
by Courant and Hilbert [CouHil, Section VI.4] and by Reed and Simon [ReeSim1], 
along with [H63] and the introduction of [Lap1], as well as [Lap2—3] and [Lap-vFr3, 
Section 12.5 and Appendix B]. It has been extended by G. Meétivier in [Mét1—3] dur- 
ing the 1970s to arbitrary bounded subsets of R% (in the present case of Dirichlet 
boundary conditions). Independently and at about the same time, this latter result 
was also obtained by M. Sh. Birman and M. Z. Solomyak in [BiSo]. Furthermore, 
in this general setting (for example), sharp error estimates, expressed in terms of the 
upper Minkowski (or box) dimension of the boundary of Qo, were obtained by the 
first author in the early 1990s in [Lap1]; see Theorem 4.3.11 below, along with 
the comments following Theorem 4.3.17 and Remark 4.3.23 for further extensions 
about other boundary conditions and higher-order elliptic operators, with possibly 
variable coefficients. 

In the following result, we consider a class of bounded open subsets Qo of R% 
such that the corresponding sequence of eigenvalues (150) ot satisfies an asymp- 
totic condition involving the error term as well: 


ask —> 0, (4.3.12) 


2 
(0) _ An 2/N y 
= KIN 4+ O(k k > ©, 4.3.13 
Be ey] Qo))2% i es —— 


30 For odd N, we have (N/2)! = ¥(4 —1)--- 4, since (N/2)! :=T'(4 +1), where T is the classic 
gamma function. 


4.3 Spectral Zeta Functions of Fractal Drums and Their Meromorphic Extensions 325 


Here, we assume that y € (—°°,2/N). It will also be convenient to use the following 
short-hand notation: C4, = C3 Qp,Qy? 2nd more generally, Coy = $Ap.Qq? Provided Ao 
and Qo are disjoint. We say for brevity that Cop is the spectral zeta function of the 
bounded open subset Qo of R™. 


Proposition 4.3.10. Assume that Qo is an arbitrary bounded open subset of RN 
such that the corresponding sequence of eigenvalues of —A, with zero (or Dirichlet) 
boundary data on 0Qo, counting the multiplicities of the eigenvalues, satisfies the 
asymptotic condition (4.3.13), where y < 2/N. Then the spectral zeta function 


C4 (8) = SUP)? (4.3.14) 
k= 


— 


possesses a (necessarily unique) meromorphic extension (at least) to the open half- 
plane 


{Res >N—(2—YN)}. (4.3.15) 


In other words, Dmer(O6,) < N — (2— YN). As we see, the meromorphic extension 
vertical strip, to the left of the vertical line {Res = N}, is of width at least 2 — YN. 
The only pole of Co, in this half-plane is s = N, and in particular, D(Cg,) = N. 
Furthermore, it is simple and 
_ NQn 


res(Co, ,V) = (2n)" | Qo]. (4.3.16) 


Proof, Letting C := 42?(@y|Qo|)~2/", we have that ui? =C-k/" + dk, where 
dy = O(k”) as k — ©, and hence, 


(Ce say. 


Ms 


C0, (5) = 


k=1 


To prove the proposition, it suffices to apply Theorem 2.3.12 with a= 2/N, y< 
a and s; = s/2. Indeed, we obtain that C,, (8) possesses a unique meromorphic 
extension (at least) to the open half-plane {Re § > 4 — (1 —17)}, or, equivalently, 
to the open half-plane {Res > N — (2— yN)}, as claimed in (4.3.15). Furthermore, 
according to the same theorem, the residue of C4, (28) = Ley (nO)-s ats=a= 
2/N is equal to (1/a)C~!/4 = (N/2)C/*. Hence, the residue of Ca, (8) ats =N 
can be obtained as follows: 


res( £2, ,.N) = lim(s—)€@,(s) = Jim (2s—N)C8, (2s) 
5 tam (6 eee (05) NN c~wre - Neon 
a ee (s 2 ) S02 (2s) ee 2 . — (2n)N [2d], 


where in the next-to-last equality, we have used Equation (2.3.18) from Theorem 
2.3.12. This completes the proof of Proposition 4.3.10. 
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In practice, in light of the remainder estimates of [Lap1] recalled in Theorem 
4.3.11 and in Corollary 4.3.14 below, we will apply Proposition 4.3.10 under the 
assumption that D := dimg(0Qo,Qo0) < N and y € [((2+ D—N)/N,2/N). 


In light of Equation (4.3.16), under the hypotheses of Proposition 4.3.10, the 
residue of the spectral zeta function ¢4 computed at s = N is proportional to the N- 
dimensional Lebesgue measure (volume) of Qo; see (4.3.16). As we see, this result 
is of a similar nature as Equation (2.2.4) in Theorem 2.2.3. Moreover, the volume of 
Qo can be explicitly computed by using the spectral zeta function: 


(2m)" ps 
|Qo| = “Noy 8($20°%)- (4.3.17) 


Theorem 4.3.8, combined with Proposition 4.3.10, generalizes [Lap-vFr3, Theo- 
rem 1.19] to the N-dimensional case. See also Theorem 4.3.17 below, which relies 
on Theorem 4.3.11 (or, equivalently, on Corollary 4.3.14) and provides explicit con- 
ditions under which Equation (4.3.13) holds, and hence Proposition 4.3.10 can be 
applied. 


It is clear that the claim of Proposition 4.3.10 is true if in (4.3.13) we replace 
O(kY) by O(k'”) as k — oe. For example, we may have O(k’logk) as k — © in 
(4.3.13). 


Let (1 Yet be the sequence of eigenvalues of —A, where A is the Dirichlet 
Laplacian, associated with a given bounded open subset Qo of R%. In what follows, 
we denote by 


Ny (uM) = #kEN: pO <p}, for p>0, (4.3.18) 


the eigenvalue counting function of the fractal drum, taking into account the mul- 
tiplicities. It is also called the spectral counting function in the literature; see, e.g., 
[Lap 1-5], [Lap-vFr1—3] and the relevant references therein. 


In the proof of Theorem 4.3.17 below, we shall need the following significant 
result (see [Lap1, Equation (1.8), Theorems 1.1 and 2.3]), which provides a par- 
tial resolution of the modified Weyl—Berry conjecture. See [Lap1, Corollary 2.1], as 
well as [Lap1, Theorems 2.1 and 2.3], along with the comments following Theo- 
rem 4.3.17 and Remark 4.3.23, for a more general statement involving positive uni- 
formly elliptic linear differential operators (with variable and possibly nonsmooth 
coefficients) and mixed Dirichlet-Neumann boundary conditions. 


Theorem 4.3.11 (Lapidus, [Lap1]). Let Qo be an arbitrary (nonempty) bounded 
open subset of R®. Let D := dimg(0Qo, Qo) denote the upper relative Minkowski 
(or box) dimension of Qo, with respect to 0Qo. Then we have the following remain- 
der estimates: 


(i) If D € (N—1,N\, then for any d > D, 


Ny (pL) = (22)~" @y|Qo| 2 ++.0(u4/?) as pp +e. (4.3.19) 
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(ii) If D = N —1, then for any d > D, 
Ny (LL) = (27) @y|Qo|- w+. O(u4/7logu) as pte. (4.3.20) 
Moreover, in both cases (i) and (ii), the choice d = D is allowed, provided 
M*? (9.Q,Qo) <: 


that is, Qo has finite upper Minkowski content, relative to 0Qo (i.e., it has finite 
inner Minkowski content). 


Remark 4.3.12. (a) For Dirichlet boundary conditions, Theorem 4.3.11 just above 
(and hence also, Corollary 4.3.14 below) remains valid without change for an arbi- 
trary (and possibly unbounded as well as disconnected) nonempty open set Qo with 
finite volume: |Qo| < °. 


(b) Note that in [Lap1—3], D is referred to as the inner Minkowski dimension of 
Qo. It is known that since Qo is a (nonempty) bounded open set, we have N— 1 < 
D<N;see [Lap1, Section 3]. Also, in [Lap1], the case when D = N— 1 is referred to 
as the ‘nonfractal case’ (or the least fractal case), and the case when D € (N — 1,N] 
is referred to as the ‘fractal case’. Finally, note that in the most fractal case when 
D=N, the error estimate (4.3.19) is still valid, but is uninformative; indeed, even 
when d := D=N, the ‘error term’ is then of the same order as the ‘leading term’ in 
(4.3.19). 


(c) According to the notation introduced in Remark 2.3.4, this condition can be 
written more succinctly in the following form: 


Ny (ut) = (20) Ney |Qo|-w/? +O(UP?) as pw. (4.3.21) 
A similar comment applies to the error estimate (4.3.20). 


Various aspects of the study of the (possibly modified) Weyl—Berry conjecture 
are discussed in the introduction of [Lap1], in [Lap3] and, more recently, in a brief 
survey given in [Lap-vFr3, Section 12.5.1]. See also [Berr1—2], [BroCar], [Lap 1-3], 
[LapPo1-3], [Cae], [vBGilk], [HamLap], [FlVa], [Ger], [GerSc], [MolVai] and the 
references therein. The result stated in case (ii) of Theorem 4.3.11, that is, in 
the nonfractal case when D = N — 1, and under the additional assumption that 
M*\N-')(9Q) is finite, was already obtained in Métivier’s work [Mét3, Theorem 
6.1 on page 191]; see also [Mét1—2]. Métivier stated his result without the explicit 
use of box (that is, Minkowski) dimension or Minkowski content. See [Lap-vFr3, 
Section 12.5] for a more complete list of references. Results concerning the parti- 
tion function (the trace of the heat semigroup) of the Dirichlet Laplacian have been 
obtained by Brossard and Carmona [BroCar]. The main estimate in [BroCar] is now 
a consequence of the results of [Lap1] stated in Theorem 4.3.9, but the converse is 
not true. Indeed, as is well known, beyond the leading term, the spectral asymptotics 
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for the trace of the heat semigroup do not imply corresponding asymptotics for the 
eigenvalue counting function (or, equivalently, for the eigenvalues themselves). In 
fact, when they hold, the pointwise estimates for the eigenvalue counting function 
are considerably more difficult to prove. 


Remark 4.3.13. (a) As was mentioned earlier, the first general result concerning the 
leading term of the asymptotic expansion of the eigenvalues is due to Hermann Wey] 
in [Wey |—2] towards the beginning of the 20th century, in the case of a sufficiently 
smooth boundary. Eventually, this result was extended in the 1970s by Guy Métivier 
in [Mét1—3] (see also [BiSo]) for an arbitrary bounded open set (and for the Dirichlet 
Laplacian or more general elliptic operators and boundary conditions). The error 
estimate (4.3.20) is due to Courant in the case of a piecewise smooth boundary (and 
hence, D = N — 1), a very special case of (ii) in Theorem 4.3.11. An elementary 
concrete example of that situation can be found in the monograph by Courant and 
Hilbert [CouHil, p. 431], where in the case when {29 is a rectangle in the plane, with 
sides a and J, it is shown that the counting function of the associated sequence of 
eigenvalues of the Dirichlet Laplacian —A satisfies 


ab 
Nv(H) = ZH +O(VH) as UW +0. 


In fact, an equivalent number-theoretic formulation of this result was already known 
to Gauss in 1834; see [Gau]. 


(b) In case (ii) of Theorem 4.3.11, the remainder estimate (4.3.20) is known to 
hold without the logarithmic term (i.e., Equation (4.3.19) holds with d = N— 1 as 
well as .4@*? (0.Qo, Qo) < °) if the boundary of Qp is (sufficiently) smooth, or more 
generally, for sufficiently smooth compact Riemannian manifolds with or without 
boundary. (By “smooth” here, we mean C’, that is, r times continuously differ- 
entiable, with the positive integer r > 2 large enough.) See [H62-3], [Lap-vFr3, 
Appendix B] and the introduction of [Lap1] as well as the many references therein, 
describing, in particular, the results of H6rmander [H61], Seeley [See2—3] and Pham 
The Lai [Ph]. See also [Lap-vFr3, Remark B.1 of Appendix B]. 


From Theorem 4.3.11 it is possible to derive a result, also due to the first author, 
regarding the error term for the leading asymptotics of the eigenvalues of the Dirich- 
let Laplacian —A, associated with bounded open sets in R. As is well known by 
the experts in spectral theory, the statement of Corollary 4.3.14 is equivalent to that 
of Theorem 4.3.11 (by means of a standard Abelian/Tauberian argument, for exam- 
ple); furthermore, Corollary 4.3.14 can be deduced from Theorem 4.3.11 by means 
of the converse of a Tauberian theorem, called an Abelian theorem in [Sim], for ex- 
ample; see [Lap!, Appendix A] and [Sim] for a closely related situation. In order to 
keep this part of the exposition essentially self-contained, we provide (at least in a 
special case) a different proof, based on the elementary Lemma 4.3.15 below. 


Corollary 4.3.14 ({Lap1]). Let Qo be an arbitrary (nonempty) bounded open subset 
of RN. As before, we let D := dimg(AQo, Qo), and let (1 Ves be the sequence of 
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eigenvalues of —A, where A is the Dirichlet Laplacian on Qo. Then the following 
conclusions hold: 


(i) If D € (N—1,N\, then for any d > D, 


4n? = 
uw? = Toul an" KIN 4+ O(R2tE-NIIN) ag k > 00, (4.3.22) 


(ii) If D = N —1, then for any d > D, 


(0) An? 2/N 


Hy (oow 22" tO(KEt4-™)/N logk) as kyo, (4.3.23) 


Moreover, in each of the cases (i) and (ii), the choice of d = D is allowed, provided 
M°*? (9. Qo,Qo) < 09, 


More succinctly, according to the notation introduced in Remark 2.3.4, we can 
rewrite (4.3.22) in the following equivalent manner: 


24+D—N 


A 2 
@ li W) as kyo, (4.3.24) 


ye 2/N ( 
= —____. P/N 4 o(k 
Pk Ceo] Qo))27" ( 


A similar comment applies to the remainder term in (4.3.23). 


Postponing the proof of Corollary 4.3.14 for a while, we first state and prove an 
auxilliary technical result. 


Lemma 4.3.15. Let c > 0, m > 0 and @ € (—2°,m) be given real numbers. As- 
sume that (Ux)x>1 is a sequence of positive real numbers satisfying the following 
condition?! 


cou" +O(Ue)=k as ke, (4.3.25) 
Then a 
beac. EI LO(km 1) as ko, (4.3.26) 


Proof. Step 1: Let us first prove the lemma for m = 1. Note that in this case, we 
have a@ < 1. Without loss of generality, we may assume that c = 1; otherwise, we 
introduce a new sequence LU; = cL. In this case, by the assumption made in the 
lemma, there exists a positive real number C such that |k — px| < Cu for all positive 
integers k. Since this implies that k < py, + Cu for all k > 1, then, clearly, 


lim Ly = +°°. 
k-s00 


Therefore, from 
k 
|— = 1 < Cue“, (4.3.27) 
Uk 


3! Here, we write i” instead of (ux), for example; see also, (4.3.50) below, for instance. 
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and using a — 1 < 0, we conclude that lim,_,.. na = 1. In particular, there exists a 
positive constant C; such that uu, < C)k for all positive integers k. Hence, 


|k— Me] < Cue’ < CCT R® 
that is, Ld, = k+ O(k™) as k > ©, which proves the lemma for m = 1. 


Step 2: We now consider the case when c- p17" + O(u’) = k as k + ©, with m > 0 


and m # 1. Letting Ay := py” for every k > 1, we obtain c- A, + oa!) =k as 
k — o, By Step 1, we then conclude that 


1 
Ag = =k + O(k"/") as ko, 
Cc 


Therefore, 


Uk = (- + O(K#/")) I/m = a a + O(km!)) 1" 


=o lm 4 O(km—!)) ask 0, 


where in the last equality we have used the fact that a& < m. This concludes the proof 
of the lemma. 


Remark 4.3.16. Lemma 4.3.15 permits a slight generalization. If instead of condi- 
tion (4.3.25), we assume that 


cop +O(ue) =kK+O(kP) as k>0, (4.3.28) 


where f < 1, then (retaining the remaining conditions in the lemma) we have that: 


1 (ef 


Ug = RL 4 Om AMM BIAL) ag k + 0, (4.3.29) 
This conclusion is obtained by an easy modification of the proof of Lemma 4.3.15. 


We are now ready to prove Corollary 4.3.14 (in a special case). 


Proof of Corollary 4.3.14. Let us first assume that D € (N — 1,N]; that is, let us 
assume that we are in case (i) of the corollary. 

For simplicity, we assume that D € (N —1,N) and that the eigenvalues all have 
multiplicity one. (The case when D = N is of no interest while the case when 
D =N—\ can be dealt with similarly.) For the general case when the eigenvalues 
may have multiplicities larger than one, it would be best to work directly with the 
eigenvalue counting function (and, hence, to use Theorem 4.3.11 instead of Corol- 
lary 4.3.14), as is standard and done in [Lap2—3]. See the comment following the 
proof of Theorem 4.3.17 below. 


4.3 Spectral Zeta Functions of Fractal Drums and Their Meromorphic Extensions 331 


From the definition of the counting function, we obviously have that My ( u,”) = 
k, for all k > 1. By using Theorem 4.3.11(i), we obtain that 


(2) @y|Qo| i) + out!) =k as ko, 


Now, if we set m = N/2 and a = d/2, Lemma 4.3.15 immediately implies claim (i) 
in the corollary. The proof of case (ii) is similar. 


Combining Corollary 4.3.14 with Proposition 4.3.10, we deduce the main result 
of this section, already obtained by the first author in [Lap2—3]. As in [Lap2-3], it 
makes an essential use (via Corollary 4.3.14) of the key remainder estimate obtained 
in [Lap1]. Furthermore, it is stated a little bit more precisely than in [Lap2—3] and 
makes use of the notation introduced in Subsection 2.1.5. It shows that Dyer (So, )> 
the abscissa of meromorphic continuation of Com? does not exceed the upper box 


dimension of the boundary 0Qp relative to Qo, denoted (as above) dimg(0Qo, Qo) 
and called the inner Minkowski dimension of 0Qo in [Lap1]. 


Theorem 4.3.17 (Lapidus, [Lap2—3]). Let Qo be an arbitrary (nonempty) bounded 
open subset of RN such that dimg(dQo,Qo)} < N. Then the spectral zeta function 
Co, Of 20 is holomorphic in the open half-plane {Res > N} and Dpoi(SG,) = N. 
Furthermore, Co, can be (uniquely) meromorphically extended from {Res > N} to 
(at least) {Res > dimg(dQo, Qo) }. In other words,** 


Dynex (Sy) < dimg(9Qo, Qo). (4.3.30) 


Moreover, s = N is the only pole of C6, in the half-plane {Res > dimg (0.2, Qo) }; 
it is a simple pole and 

NQn 
6, VN) == 
res(Co,» ) (27) 


Proof. Let us prove the statement regarding the meromorphicity of ¢, Qo" [The proof 
of the statement regarding the holomorphicity of Cop in {Res > N} is left as an 
easy exercise for the interested reader. (Actually, as will be explained further below, 
it follows from the known properties of generalized Dirichlet series with positive 
coefficients recalled in Subsection 2.1.3.)] Let us set y = 2d Since we then 


| Qo]. (4.3.31) 


have N — (2— YN) = d, using Proposition 4.3.10 applied to the sequence (110? est 
in Corollary 4.3.14, we conclude that Cop can be meromorphically extended in a 
unique way to the half-plane {Res > d}. This property holds for any d > D:= 
dimg(0.Qo,Qo); hence, the function Cop can be meromophically extended to the 
half-plane {Res > D}. 

Finally, assume that De (N —1,N), for simplicity. Then, since D <N, we see 
that the meromorphic continuation of Cop must have a (simple) pole at s = N. In- 
deed, since Cop is initially given by a (generalized) Dirichlet series with positive 


32 Recall that, by definition, {Res > Dyer (Seq) t is the largest open right half-plane to which Cho 
can be meromorphically extended. 
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coefficients, Cop must have a singularity at s = N; but since ¢4 can be meromor- 
phically continued to a connected open neighborhood of s = N (and in light of either 
(4.3.19) or (4.3.22)), this singularity must be a simple pole of Cop: The value of the 
residue given in (4.3.31) follows from (4.3.16) in Proposition 4.3.10. This concludes 
the proof of the theorem. 


Alternatively, Theorem 4.3.17 follows easily from Theorem 4.3.11 (via standard 
arguments, well known to the experts in spectral theory) by proceeeding as follows, 
which is the method used in [Lap2-—3]. First, observe that, as is well known, the 
spectral zeta function (essentially) coincides with the Mellin transform of the spec- 
tral counting function, at least for Res > D, where D := dimg(0Qo, Qo). Then, use 
the remainder estimate for the eigenvalue counting function (see Theorem 4.3.11 
above, from [Lap1]), along with a suitable (and standard) Abelian theorem?? (the 
converse of a Tauberian theorem, in the terminology of [Sim]) or simply, a direct 
analysis of the corresponding integral (essentially, the Mellin transform of the spec- 
tral counting function My) in order to deduce that Cop admits a meromorphic ex- 
tension to the open half-plane {Res > D}, as desired. More specifically, one can 
use Theorem 2.1.47 about the holomorphicity of integrals depending analytically 
on a parameter, along with Theorem 4.3.11, to deduce that the spectral zeta function 
Ca, admits a meromorphic continuation to {Res > D}, with a single, simple pole 
located at s = N (thus, the meromorphic continuation is holomorphic for Res > D 
except at s= JN). 

The proof of Theorem 4.3.17 provided above, just after the statement of Theo- 
rem 4.3.17, presents the advantage of being elementary (assuming, of course, the 
results of Theorem 4.3.11, which are not at all elementary). However, at least for 
now, it is only valid under special assumptions on the multiplicities of the eigen- 
values (see Lemma 4.3.15 and Remark 4.3.16 on pages 329 and 330), whereas the 
aforementioned proof (from [Lap3]) is valid in full generality since it directly relies 
on Theorem 4.3.11 rather than on Corollary 4.3.14. 


We next state an easy but useful consequence of Theorem 4.3.17. At this stage, 
the reader may wish to review some of the relevant notation introduced in Sec- 
tion 2.1. 


Corollary 4.3.18. Under the same hypotheses as in Theorem 4.3.17, we have (with 
the notation introduced in Section 2.1) 


D(E6,) = Droi(Sa,) =N (4.3.32) 


and so 


IT(C6,) = (66,) = {Res > N},*4 (4.3.33) 


33 See, e.g., [Sim] or [Lap1, Theorem A in Appendix A] for the case of the Laplace transform 
instead of the Mellin transform. Of course, a simple change of variable of the form x = e’ then 
converts the (additive) Laplace transform to the (multiplicative) Mellin transform. 

34 That is, IT (¢6,). the half-plane of (absolute) convergence of Cay? coincides with #7 (S65)> the 
half-plane of holomorphic continuation of € Qy* 
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whereas 
Dyer (So) < Dpoi (Sa )- (4.3.34) 


Proof. The second equality in (4.3.32), Dpoi(SG,) = N, holds because (by the sec- 


ond part of Theorem 4.3.17 and since dimg(0Qo,Qo) < N) the meromorphic con- 
tinuation of C4, has a pole at s = N, so that {Res > N} is the largest open right 
half-plane on which C,, is holomorphic: #(¢,, ) = {Res > N}. Furthermore, the 
first equality in (4.3.32), D(C6,) = Dnoi(Sq,), holds because Cy), is initially given 
by a (generalized) Dirichlet series with positive coefficients; see Equation (4.3.4) of 
Definition 4.3.4 above, along with Subsection 2.1.3.1. This proves Equation (4.3.32) 
and hence also Equation (4.3.33). 

Finally, we note that clearly, in light of the second equality in (4.3.32) and of the 
inequality (4.3.30) in Theorem 4.3.17, the claimed strict inequality (4.3.34) holds 
since, by hypothesis, we have that dimg(Qo, Qo) < N. This concludes the proof of 
the corollary. 


For the sake of brevity, let D := dimg(0Qo, Qo), in the sequel. It is notewor- 
thy that the estimates obtained in [Lap1] (and recalled, in particular, in Equa- 
tions (4.3.19) and (4.3.22)) are best possible (i.e., sharp), in general, in the most 
important case of a fractal drum for which N > D>N-—1 and d =D, with 
M*? (dQ, Qo) < ~;°> that is, in case (i) of Theorem 4.3.11 and of Corollary 
4.3.14 (as well as for an open set Qo satisfying .W@*? (9Qo,Qo) < %), respectively, 
the estimates (4.3.19) and (4.3.22) are sharp. See [Lapl, Examples 5.1 and 5.1’] 
for a one-parameter family of examples {Q0,a}a 0 (based on the a@-string, often 
used in the present book) for which D takes all possible values (as @ varies in 
(0,+¢°)) in the allowed open interval (N — 1,N) and the error estimates (4.3.19) 
and (4.3.22) are sharp, with d := D; furthermore, each open set 20,q is Minkowski 
measurable and, in particular, is Minkowski nondegenerate (hence, the condition 
M°*? (d.Qo,Qo) < © is satisfied). 

More specifically, for a > 0, let Vo :-= Uj ((j +1), 7“) denote the o-string. 
Then, given N > 2, let Q0.¢ := Va x (0,1)%~!; so that the bounded open set Qo, 
is the ‘fractal comb’ obtained as the disjoint union of the ‘teeth’ ((j-+1)~%, j~%) x 
(0,1)~!. According to the results of [Lap1, Examples 5.1 and 5.1’] along with 
[Lap1, Appendix C], for each a > 0, 


D := dimg(0Qo,¢,Q0,a) = (N—1)+(a+1)! (4.3.35) 


exists, and the relative fractal drum (0.0,¢,,20,a) is Minkowski measurable with 
Minkowski content 


I-Dy&y 


; 2 
M?(8Q,4,20,4) = 


35 Recall from [Lap1, Corollary 3.2] that (since Qo is a nonempty, bounded and open subset of 
RY) D= dimg(0Qpo, Qo) always satisfies the following inequality: N— 1 < D<N. 
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Clearly, in light of (4.3.35), D ranges through all of (N—1,N) as @ ranges through 
(0,+c°). Furthermore, it can be shown by a direct computation (see [Lap1], loc. 
cit.) that the error estimates (4.3.19) and (4.3.22) hold with d = D and cannot 
be improved. Actually, much more is true in this case, although it is not neces- 
sary to know about it for the present argument. Indeed, in light of later results 
obtained in [LapPol—2] about the spectral asymptotics of Minkowski measurable 
fractal strings, one can even show that the error term in (4.3.19) can be replaced 
by an explicitly computable monotonic (asymptotic) second term, proportional to 
AM” (AQ, Qo) w?/? and with the implied constant of proportionality involving the 
positive number —¢(d), where d := 1/(a@ +1) € (0,1) and € denotes the Riemann 
zeta function; and analogously for (4.3.22). (See [LapPo2—3] and [Lap-vFr3, Sub- 
sections 6.5.1 and 8.1.2].) 

We note that the open sets Q0,q constructed in [Lap1] are not connected. How- 
ever, much as in [BroCar] and [FlVa], one can open appropriately small gates in 
each of the ‘teeth’ of the ‘fractal combs’ (po, in order to obtain a one-parameter 
family {96 ,}a>0 of connected (and even simply connected) open subsets of RY 
(with N > 2 arbitrary) having the same properties as the family {Qo.}qs0. More 
specifically, each domain 26. a 18 Minkowski measurable, with 


dimg Q§ g = dimg Qo, = (N—1)+(a+1)7! (4.3.36) 


taking all possible values in (NV —1,N), as @ varies in the interval (0,+°), and 
for the Dirichlet Laplacian on Oh as both of the remainder estimates (4.3.19) and 
(4.3.22) are best possible (with d := D and Qo = Qo ¢ or 2) = 26 o» Tespectively). 

We leave it to the interested reader to verify that the exact same conclusion 
as above can be reached (for the same two families of examples) in the case of 
Neumann (instead of the Dirichlet) Laplacian. In this case, we must replace D by 
D := dimg(0Qo) (as was done in [Lap1] when dealing with Neumann boundary 
conditions), and, of course, exclude the zero eigenvalue in the original definition 
(4.3.14) of the corresponding spectral zeta function (which we continue to denote 
by Coy? for simplicity). Observe that for these examples, it is easy to check that 
dimg(0Qp) exists and D = D = dimg(0Qp). 

We could naturally be tempted to use the same one-parameter families 
{Qo,a}a>0 and {Q6 y}a>0 of open sets and simply connected domains, respec- 
tively, along with some of the results of [LapPo2] concerning the modified Weyl— 
Berry conjecture (in dimension one) to solve the following open problem (Problem 
4.3.20), to which we will provide a partial answer in Theorem 4.3.21 below. How- 
ever, this is not possible, as will be explained in the next remark in the case of this 
first family. 


Remark 4.3.19. To see why the one-parameter family {Qo.0}a 0 cannot be used 
to resolve part (1) of Problem 4.3.20 below, one can reason as follows (in the case 
of the Dirichlet Laplacian). First of all, since Qo,¢ = Vo x (0,1)% ~l where Vo, = 
yt ((j+1)-%,7-%) is the a-string, we have that the eigenvalues of Qo 9, are the 
sums of the eigenvalues of V,, and of those of (0, Wing —1. therefore, similarly, the 
poles of C¢,, are the sums of the poles of Cy, and those of ¢ (0, 1yW-I- 
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Also, the spectral zeta function of a cube ((0, 1)‘~!, in this case) can be expressed 
as a linear combination of Epstein zeta functions; it therefore admits a meromorphic 
extension to all of C, with poles which are all simple and located on the real axis at 


{1,2,...,N—1}. Furthermore, according to the classic formula for the spectal zeta 
function of a fractal string ([Lap2—3], [Lap-vFr3, Theorem 1.10]), we have 
Cv, (5) = $(s) Svea (s), (4.3.37) 


where € = Cp is the Riemann zeta function and Cy, is the geometric zeta function of 
the a-string. Now, by [Lap-vFr3, Theorem 6.21], Cy, has a meromorphic extension 
to all of C (with simple poles located at d and in (a subset of) {—d, 2d, —3d, weh)s 
where d := dimg(9Vo,Vo.) = 1/(@ +1). Hence, in light of (4.3.37), Gy, is mero- 
morphic in all of C (with one more pole than ¢y,, namely, the simple pole of Cy, 
at 1). Therefore, Cj ,, can also be meromorphically extended to all of C (with poles 
which are all simple, with the exception of s = 1, which is double, and located 
on the real axis). We conclude that Dmer(¢9 4.) = —°e for every & > 0, whereas 
D := dimg(0Qo,a, 20,0) =N —1+(a@+1)~! sweeps out the interval (N — 1,N) as 
o ranges through (0, +¢°). Therefore, inequality (4.3.30) is strict, in this case, and 
is in fact, as far as possible from being an equality. 


We expect that the following open problem has a positive answer in every dimen- 
sion N > 1. (We will show in Theorem 4.3.21 and the ensuing comment, Remark 
4.3.23, that this is so both for the Dirichlet and Neumann Laplacians.) In the sequel, 
we assume implicitly that D := dimg(0Qo,Qo) < N. 


Problem 4.3.20. (i) Determine whether the inequality (4.3.30) in Theorem 4.3.17 is 
sharp; that is, find a bounded open set Qo C RN for which 


Dyer(S0, ) = dimg(0Qo, Qo) 


for the Dirichlet Laplacian on Qo. 


(ii) More generally, address the exact counterpart of this problem for higher 
order elliptic operators (see inequality (4.3.56) below) and/or for Neumann (or, 
more generally, for mixed Dirichlet-Neumann) boundary conditions instead of 
for Dirichlet boundary conditions (see the comment following the statement of 
this problem); that is, find a bounded open set Qy C R for which Dyer (So) = 


dimg (Qo, Qo). 


(iii) Either in the setting of (i), or, more generally, in the setting of (ii), find a 
one-parameter family of bounded open sets solving (i) (or more generally, (ii)) 
in the affirmative and for which the dimension D := dimg(0Qo,Qo) takes all the 
possible values in (N —1,N), as the parameter of the family varies. Furthermore, 
when N > 2, find such a family consisting of connected (or even simply connected) 
open sets. 


As before, in the case of Neumann (or, more generally, mixed Dirichlet— 
Neumann) boundary conditions, we must assume that Q is a suitable bounded 
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open subset of R% (see pages 343-344 at the very end of this section) and replace 
D:= dimg(0Qo, Qo) by D := dimg(dQo). (We have D < D andsoN—1<D<N.) 
Furthermore, we then let N(i1) denote the number of (strictly) positive eigenvalues 
which do not exceed tu (since 0 is always an eigenvalue of the Neumann problem) 
and similarly exclude the eigenvalue 0 in the original definition of Coy? given in 
Equation (4.3.14), for example (or, more generally, when m > 1, by (4.3.50) below). 


The next theorem is new and provides a partial solution to Problem 4.3.20. It 
actually answers part (i) of the problem in the affirmative. We expect (but do not 
want to claim) that a suitable modification and/or extension of the construction can 
be used to solve part (iii) as well, at least for the Dirichlet and Neumann Laplacians. 
It is noteworthy that our construction makes an essential use of aspects of classic 
fractal string theory and of the theory developed in this book (especially in Sections 
4.44.6 of the present chapter). 


Theorem 4.3.21. There is an explicitly constructible bounded open subset of RN 
solving part (i) of Problem 4.3.20 in the affirmative (and for which N—1 < D< 
N). Actually, this open set has a maximally hyperfractal (and transcendentally 
co-quasiperiodic) boundary, in the sense of Section 4.6 (specifically, of Defini- 
tion 4.6.23(iii) and Definition 4.6.7(a)) below. Equivalently, the associated rela- 
tive fractal drum (OQ o,Qo) is maximally hyperfractal (and transcendentally °- 
quasiperiodic). 


Proof. The proof parallels in part the reasoning outlined in Remark 4.3.19 above. 
It relies, however, in an essential way on the concepts introduced and the results 
obtained in Section 4.6 below. 

More specifically, assume for now that N = 1 and let / be the (effectively con- 
structible) bounded fractal string obtained in Corollary 4.6.17 of Section 4.6 below. 
Here, Y is viewed as a relative fractal drum (0Vo, Vo), with Vo a bounded open sub- 
set of R. By construction, we have that (Vo, Vo) is transcendentally -o-quasiperiodic 
(see Definition 4.6.7(a)) and maximally hyperfractal (see Definition 4.6.23(iii)); so 
that (with d:= dim(QVo,Vo)) all of the points of the critical line {Res = d} are 
nonisolated singularities of the geometric zeta function Cv of Y. Furthermore, we 
have 

d := dim(0Vo,Vo) = D(C.v) = Dmer(C¥). (4.3.38) 


(See part (a) of Corollary 4.6.17 below.) Then, in light of the (the counterpart for 
Vo) of the factorization formula (4.3.37) above, the spectral zeta function Cv also 
satisfies 

Dmer(Cy,) = d = dimg(AVo, Vo). (4.3.39) 


Indeed, the critical line {Res = d} consists entirely of nonisolated singularities of 
CV: (Also, eA has a single, simple pole at s = 1.) This takes care of the N = | case. 

Next, given a fixed integer N > 2, let Qo := Vo x (0, 1 —! viewed as a bounded 
open subset of R% (or rather, as the relative fractal drum (0.Qo,Qo) of R”). Then, 
just as in Remark 4.3.19, note that the principal poles / singularities of Cop are the 
sums of the principal poles / singularities of eA and the principal pole of C(0,1)"- 1's 
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which is equal to N — 1. (Note that the poles of ¢ (0,1)N-1 are all simple and located on 
the real axis, at {1,...,N —1}.) Therefore, we deduce that ¢6, has a single (simple) 


pole at s = N (= (N—1)+1) and that the critical line {Res = D} consists entirely 
of singularities of € Op" Here, 


D=(N—1)+d =dimg(0Qpo,Qo). (4.3.40) 
It follows that (much as in the NV = | case above) we must have 


D= Dil Cs,)s (4.3.41) 


as desired. In light of Equations (4.3.40) and (4.3.41), this completes the proof of 
the theorem. 


We deduce from the above discussion and known properties of the quantities 
involved that for the bounded open set Qo of Theorem 4.3.21, the abscissa of mero- 
morphic continuation of the spectral zeta function Cop does not only coincide with 
D := dimg(0Qp, Qo) (as is stated in Theorem 4.3.21 above), but also coincides with 
the abscissae of meromorphic, holomorphic and (absolute) convergence of the frac- 
tal (i.e., distance and tube) zeta functions of Qo, as is stated in the next result. Note 
that it follows from Theorem 4.3.21 that Dnoi (4, ) = D(Sa,) = N > 2; 


Corollary 4.3.22. For the example discussed in Theorem 4.3.21, we have 


Dmer(Sa) = dimg(0.Q0,Qo) =: D 


(4.3.42) 
= Dmer(f) = Droi(f) =D(f), 


for all f € {650,051 630y,0}- 


Proof. In light of Theorem 4.3.21, all we have to prove are the last three equalities 
of (4.3.42) and the equality D(f) = D. Now, these inequalities follow by combining 
the relevant result of Subsections 2.1.2, 2.1.3 and 4.1.1 (see part (b) of Theorem 
2.1.11, Proposition 2.2.19 and part (b) of Theorem 4.1.7). 


Remark 4.3.23. The use of the same geometric example as before in the proof of 
Theorem 4.3.21, Qo = Vo x (0, 1)%~!, and an entirely similar (but slightly simpler) 
argument, show that the exact counterpart of Theorem 4.3.21 and Corollary 4.3.22 
holds for the Neumann (instead of the Dirichlet) Laplacian. Recall that in that case, 
we must exclude the eigenvalue 0 in the original definition (4.3.14) of the spectral 
zeta function. We leave the easy verification as an exercise for the interested reader. 


Thus far, in connection with the remainder estimates for the leading spectral 
asymptotics (see Theorems 4.3.11 and 4.3.17 along with Corollaries 4.3.14 and 
4.3.18), we have restricted ourselves to discussing the Dirichlet Laplacian —A, 
although the Neumann Laplacian can also be discussed, as well as general posi- 
tive uniformly elliptic linear differential operators (with variable and possibly non- 
smooth coefficients) of order 2m (with m > 1) and of the form 
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B= YY (-1)*ID% (agg (x)D¥), (4.3.43) 


||<m, |B|<m 


described in [Lap1, Section 2.2]. We use here the standard multi-index notation: for 
example, o := (,..., Av) € (NU{O})%, |a| := a, +--+ + and 
0” oon 


D® := —7 ++ ‘ 
au eae 

All of these extensions are obtained in [Lap1]; see Theorem 2.1 and its corollaries 

in [Lap1]. In the latter case, the assumed assymptotic expansion of the eigenvalues 

of & in the corresponding version of Proposition 4.3.10, and implied (or, actually, 

equivalent to) by [Lap1, Theorem 2.1], should be replaced by 


HA? = (Hig (Qo)! «2% + O(K), as k +, (4.3.44) 


where !,,(Qo) is the “Browder-Garding measure” of Qo defined, for example, in 
[H63] or in [Lap1, Equation (2.18a) in Section 2.2] in terms of the (positive definite, 
unbounded) quadratic form associated with 7 and 


2m+d—N 
= W : (4.3.45) 
with d > D arbitrary and (as before) D := dimg(@Qo,Qo), the upper Minkowski 
dimension of the relative fractal drum (0.Q9,o). Furthermore, we may also take 
d =D provided .4@ *D (0Qo, Qo) < ce. We note that the remainder estimate (4.3.44) 
actually holds in the above form in the ‘fractal case’ when D > N — 1 (or, equiv- 
alently, when D € (N — 1,NJ, since we always have D € [N — 1, N]). Furthermore, 
in the nonfractal case when D = N — 1, we must replace O(k”) by O(k’logk) on 
the right-hand side of (4.3.44). Here and in the sequel, and as was mentioned ear- 
lier, we should replace D by D, where D := dimg(0Qp), the upper Minkowski di- 
mension of the boundary 0Qbp, in the case of Neumann (or, more generally, mixed 
Dirichlet-Neumann) boundary conditions. We should also assume that Q is a suit- 
able bounded open subset of IR; see the discussion on pages 343-344 at the very 
end of this section. 


Remark 4.3.24. For Neumann boundary conditions, and for example, for the Neu- 
mann Laplacian, one must also use the weak (or variational) formulation of the clas- 
sic eigenvalue problem —Au = tu in Qo, with du/dn = 0 on 0p, where du/dn 
stands for the normal derivative of u along dQ. However, since 0Qp is irregular 
(and hence, du/dn is not defined, in general), one must now use the Sobolev space 
H}(Qo) := W!?(Qp) instead of Hd (Qo) := Wy” (Qo0), which was used to formu- 
late the Dirichlet eigenvalue problem; see the discussion following Equation (4.3.1) 
in Subsection 4.3.1, along with references [LioMag], [Bre] and [Lap1]. (Neumann 
boundary conditions are sometimes referred to as natural boundary conditions in 
the physics and applied mathematics literature, because they are automatically sat- 
isfied once the problem has been written in variational form.) An entirely analogous 
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comment applies to general, uniformly elliptic, positive self-adjoint operators of the 
form (4.3.43); see, e.g., the aforementioned references. 


Recall that the Browder-Garding measure u',,(dx) := u!,(x) dx is the absolutely 
continuous measure on R% (with respect to the Lebesgue measure on RY), with 
density u!,(x) given (for a.e. x € Qo) as follows (with | - | =| - |y denoting the 
N-dimensional volume or measure, as usual): 


pl (x) = (ny {LE ER” : a'(x,€) < 1}, (4.3.46) 


where a’(x,€) denotes the leading symbol of the quadratic form a associated with 
the opeator & given by (4.3.43): 


a@éey= ¥ ayy@e”?, (4.3.47) 


|a|=m, |B|=m 


with €* := E"1...E0" for k = (K1,..., kv) € (NU{O})% and € = (€1,...,Ev) € RY 
(as well as with x € Qo). So that 


(Qo) = I, (x) dx, (4.3.48) 
‘0 


with 1!,,(x) given by (4.3.46) and (4.3.47) just above. 

Physically, and in light of (4.3.46)-(4.3.48), w/,(Qo) can be interpreted as an 
integral in the phase space R. In fact, it is well known that in the special case 
when ./ is a Schrédinger-type operator, the corresponding Weyl term (namely, the 
leading term in Equation (4.3.49) below) can be viewed as a volume in phase space 
(with the eigenvalue parameter 1 being thought of as an energy), in agreement with 
the semiclassical limit of quantum mechanics (see, e.g., [ReeSim1] and [Sim], along 
with the relevant references therein). 


We have just stated, in the remainder estimate (4.3.44), the analog (obtained in 
[Lap1]) of case (i) of Corollary 4.3.14 above. (Observe that when m = 1 and in light 
of (4.3.45), estimate (4.3.44) does reduce to estimate (4.3.22) of Corollary 4.3.14.) 
Now, in the nonfractal case (or ‘least fractal case’, still following the terminology of 
[Lap1]) where D=N-—1, the exact analog of part (11) of Corollary 4.3.14 also holds. 
More specifically, still according to [Lapl, Theorem 2.1 and its corollaries], the 
precise counterpart of estimate (4.3.44) holds, with O(k”) replaced by O(k’logk), 
exactly as in estimate (4.3.23) of part (ii) of Corollary 4.3.14 (which corresponds to 
the case when m = 1). 

Observe that if N(1) denotes the eigenvalue counting function of the operator .~/, 
the asymptotic remainder estimate (4.3.44) can be written equivalently as follows: 


N(u) = wy (Qo) WN?" + R(u), (4.3.49) 


where the error term R(1) is given by R(u) := O(u4/2”) in the fractal case when 
D>N-—1 and R(u) := O(u2/?" log) in the nonfractal case when D = N — 1. 
Here, d € (D,N] is arbitrary and if #/*? (9Qo, Qo) < -, we may choose d = D as 
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well. [And, similarly, with D = dimg(0Qo) instead of D = dimg(Qo, Qo) and with 
M*(9Qo) instead of .@*(A.Qo,.Qo), for Neumann or, more generally, for mixed 
Dirichlet-Neumann (instead of Dirichlet) boundary conditions.] As was observed 
before, when D = N — 1, then O(k”) must be replaced by O(k’logk) on the right- 
hand side of (4.3.44). 


Note that the value (4.3.45) of the exponent y, appearing in (4.3.44), corresponds 
to letting m' := N/2m and a’ := d/2m (instead of m and @, respectively) in (4.3.25) 
of Lemma 4.3.15. See Equation (4.3.49) (which we cited from [Lap1, Theorem 2.1]) 


and recall that nu) =k forallk > 1. 


Next, we consider the consequences of the above error estimates ((4.3.44) or, 
equivalently, (4.3.49)) for the spectral zeta function Cop = Ow. 2% of the uniformly 
elliptic operator </ of order 2m, defined (for s € C with Res sufficiently large) by 


0) := > oP yren. (4.3.50) 


Observe that since &/ is of order 2m, the (normalized) ‘frequencies’ of the corre- 
sponding drum are given by vz := (ul)-1/2m, so that C6 (8) = Lear (Ve) *, ex- 
actly as was done in Definition 4.3.4 when m = 1; see Equations (4.3.3) and (4.3.4). 
Indeed, note that for m = 1, Equation (4.3.50) reduces to (4.3.14). 

The following result generalizes Theorem 4.3.17 to the present context. We point 
out that thanks to our definition of Cop in Equation (4.3.50) just above, Theorem 
4.3.25 and its consequences (stated, in particular, in Equation (4.3.57) below) take 
a form which is essentially identical to their counterpart in Theorem 4.3.21 (and in 
Corollary 4.3.22), for which m = 1 and . is the Laplace operator. 


Theorem 4.3.25. Assume that Qo is a bounded open subset of R® such that 
dimg (020, Qo) <QN. 


Let & be a positive uniformly elliptic self-adjoint operator of order 2m, as described 
in [Lap1, Section 2.2]. Then the corresponding spectral zeta function Cop = Co Ar! 
defined by (4.3.50), possesses a (necessarily unique) meromorphic extension (at 
least) to the open half-plane 


{Res > dimg (Qo, Qo)}. 


In other words, 


Dyer (So ) < dimg(dQp, Qo). (4.3.51) 


The only pole of Cop in the above half-plane is s = N, and hence, in particular, 
D(C6,) =N. Furthermore, it is a simple pole and 


res(Co,,N) = N My (Qo). (4.3.52) 


4.3 Spectral Zeta Functions of Fractal Drums and Their Meromorphic Extensions 341 


In other words, the residue of the spectral zeta function of the operator <, computed 
at s =N, is proportional to the Browder—Garding measure of Qo. 


Proof. Let D := dimg(0Qo,Qo) < N. According to [Lap1, Theorem 2.1, case (i)], 
assuming D > N — 1 the sequence of eigenvalues corresponding to the operator .o/ 
satisfies (4.3.49), or, equivalently, condition (4.3.44) with y defined by (4.3.45) for 
any d > D. Let us fix an arbitrary number d € (D,N). 

First of all, applying Theorem 2.3.12, with a = 2m/N, to the sequence of eigen- 
values of & satisfying (4.3.44), we immediately obtain (much as in the proof of 
Proposition 4.3.10) that s = N is a simple pole. (Note that, since d < N, then y < a, 
as required in Theorem 2.3.12.) Furthermore, using (2.3.17) from Theorem 2.3.12, 
we see that C5 can be meromophically extended at least to the open set of all com- 
plex numbers s such that 


Re 


3 


s N yN d 
eae 
2m 2m 2m 2m 
that is, to the open half-plane {Res > d}. Since d > D can be chosen arbitrarily 

close to D, we deduce that Diner (€. dy) S Dz. 


Finally, the residue of the spectral zeta function Cop at s = N can then be com- 
puted as follows (much in the same way as in the proof of Proposition 4.3.10): 


res( Cy N) = lim (s—N)G(s) =, lim, (2s —N) Ef, (2ms) 


z N x N —N/2 
= 2m Se Fp) baby (2s) = Im>— -C pam (4.3.53) 


=Nuly(Qo), 


where in the next-to-last equality, we have used Equation (2.3.18) from Theorem 
2.3.12 with C := p!,(Qo)-2”/" and a := 2m/N. 


In the case when D = N — 1, we use [Lap1, Theorem 2.1, case (ii)], which can be 
stated equivalently as follows (using, for example, Lemma 4.3.15): 


ut”) = (uly (Qo))-2/" 2!" 4 O(kMlogk), as ke. 


Now, we can proceed analogously as in the above case when D > N — 1. This com- 
pletes the proof of the theorem. 


AS we see, assuming that the hypotheses of Theorem 4.3.25 are satisfied, the 
Browder—Garding measure of Qo can be recovered by using the spectral zeta func- 
tion ¢ Q in the following manner: 


1 
pt (Qo) = 7 res(C4,,N). (4.3.54) 


Let us now assume that D < N in order for the analog of Weyl’s asymptotic esti- 
mate to hold (in light of (4.3.44), or, equivalently, (4.3.49)); that is, in order for the 
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error term to be negligible compared to the leading term in (4.3.44) and (4.3.49). It 
then follows from the above discussion (that is, from estimate (4.3.44) or (4.3.49) 
when D > N — 1 or from its counterpart when D = N — 1) that € Q is holomorphic in 
the open half-plane {Res > N} and can be (uniquely) meromorphically extended to 
the (strictly) larger open half-plane {Res > D}, with a single (simple) pole at s = N 
in that half-plane. (This statement is true for any value of D in [V—1,N), whether 
or not .@*? (9Qo,Qo) is finite.) Consequently, we deduce that the abscissa of (ab- 
solute) convergence of ¢ Op? defined by (4.3.50), satisfies the following identity: 


Doi (Sa9) = P(Saa)) = N; (4.3.55) 


whereas the abscissa of meromorphic continuation of Coy satisfies the inequality 


Die. (4.3.56) 


(Observe that when m = 1, inequality (4.3.56) formally looks exactly like inequality 
(4.3.30) of Theorem 4.3.17.) In particular, (since D < N, by assumption) we have 
that 


Dyer (So) < Dot (Sap): 


As is noted in [Lap2-3], this latter result (in inequality (4.3.56)) follows from 
the analog of Theorem 4.3.11 (and Corollary 4.3.14) corresponding to uniformly 
elliptic differential operators <7 of order 2m, which is obtained in [Lap1, Theorem 
2.1 and Corollary 2.2]. See the precise definition of the spectrum and the domain of 
the operator </ given in [Lap1, Section 2.2]; see also [LioMag] or [Mét1]. 


In addition, much as in Corollary 4.3.22 (where m = 1), we have the follow- 
ing identity (concerning not only the spectral zeta function but also the fractal zeta 
functions of (0.Qo,9o)): 


Dyner(SQy ) = dimg (Qo, Qo) =:D 


(4.3.57) 
= Dmer(f) = Dhoi(f) = D(f), 


for all f € {C3a),0): é, Q,@y +. And analogously for Neumann or, more generally, 
mixed Dirichlet-Neumann boundary conditions, except with D := dimg(dQo) in- 
stead of D := dimg(@Qo,Qo) and with 0Qp instead of the relative fractal drum 
(0.Qo, Qo). 


Recall that the sharpness of inequality (4.3.56) is addressed in Problem 4.3.20, 
and that for the Dirichlet Laplacian and in the most important case when D € (N — 
1,N), it is established in Theorem 4.3.21 and Corollary 4.3.22 above (which relies in 
an essential way on the results of Sections 4.5—4.6 below). In light of Remark 4.3.23, 
the counterpart of the latter statement is also true for the Neumann Laplacian (with 
D replaced by D, as usual). 
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In the case of Neumann, or more generally, of mixed Dirichlet-Neumann bound- 
ary conditions, it follows from the results of [Lap1] (and [Lap2-3]) that Theorem 
4.3.11, Corollary 4.3.14, and hence also Theorem 4.3.17 still hold (along with their 
more general counterparts for positive uniformly elliptic operators of order 2m) pro- 
vided that Qo is assumed to be a bounded open set of R% satisfying the extension 
property (explicited in the next paragraph) and D = dimg(0Qp,Qo) (the upper, 
inner Minkowski dimension of 0Q) is replaced by D = dimg(0Qo), the upper 
Minkowski (or box) dimension of 0{Qo in the statement of Theorem 4.3.11, Corol- 
lary 4.3.14 and Theorem 4.3.17, as well as Theorem 4.3.21 and Corollary 4.3.22 
(which rely on results of Section 4.6 below and Theorem 4.3.25 along with Equa- 
tion (4.3.56)).°° See, in particular, [Lap1, Theorem 2.3 and Corollary 2.2]. 


Recall that the open set Qo C R is said to satisfy the extension property if every 
function in the Sobolev space H!(Qo) := W!?(Qo) can be extended to a function 
in H'(R%) := W!7(R%), and the resulting extension operator is a bounded linear 
operator. For example, a bounded domain Qo in R’ satisfies the extension property 
if its boundary 0Qg is of class C |. see, e.g., [Bre, Théoréme IX.7]. Note that, in this 
latter case, dimg (dQ, Qo) = N — 1 and .W*?P(Ad.Qo,.Qo) < ~. 


Alternatively, the aforementioned results of [Lap1] imply that (still for Neumann 
or mixed Dirichlet-Neumann boundary conditions) instead of satisfying the exten- 
sion property, Qo can be assumed to satisfy the so-called (C’)-condition [Lap1, Def- 
inition 2.2] (which is satisfied, for example, if Qo is locally Lipschitz, or satisfies 
either a ‘segment condition’, a “cone condition’, or else is an open set with cusp; 
see [Mét2-3] or [Lap1, Examples 2.1 and 2.2]), in which case we are necessarily in 
case (ii) of the counterparts of Theorem 4.3.11 and Corollary 4.3.14 (see, especially, 
Equation (4.3.49) and the text following it), with D (:= dimg(0Qo,Qo)) =N—-1 
and M*? (A.Qo,.Qo) < 0°, 


Recall that (as is proved by Jones in [Jon] and discussed in [Lap1, Example 4.2]; 
see also [Maz]) in two dimensions (1.e., when N = 2), a simply connected domain 
Qo satisfies the extension property (or is an extension domain) if and only if it is a 
quasidisk (i.e., a Jordan curve which is the quasiconformal image of the unit disk 
in R*). The boundary 0Qp of a quasidisk is called a quasicircle, and the property 
of being a quasicircle can be characterized geometrically by a chord-arc condition. 
Furthermore, a quasicircle can have any Hausdorff dimension between | and 2. See 
[Maz] and [Pom], along with the relevant references therein, for a detailed discus- 
sion of quasidiscs, quasicircles and extension domains. The class of quasicircles 
includes the classic Koch snowflake curve and its natural generalizations, as well as 
the Julia sets associated with the quadratic maps z+> z* +c (z € C), provided the 
parameter c € C is sufficiently small. Therefore, the Koch snowflake domain (and 


36 Tt is clear from the definitions that D < D, and it can also be shown (since Qo is open and 
bounded) that N—1< D< D<N; see [Lap1, Corollary 3.2]. Furthermore, there are natural ex- 
amples of planar domains for which D < D; see [Lap1, Note added in proof, p. 525] and the 
relevant reference therein, [Tri2]. 
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its generalizations) and the bounded simply connected domains having for bound- 
ary the aforementioned Julia sets, are natural examples of quasidisks and hence, of 
extension domains. 

In higher dimensions, extension domains (i.e., domains of R% satisfying the 
(Sobolev) extension property) are more difficult to characterize. However, it has 
been shown by Hajlasz, Koskela and Tuominen in [HajKosTu1—2] that a bounded 
domain Qo C R’ is an extension domain if and only if it satisfies a certain functional 
analytic condition and the following measure density condition; see [HajKosTul, 
Theorem 5]. The set Qo C R% is said to satisfy the measure density condition (or to 
be a lower Ahlfors regular N-set) if there exists a positive constant M such that 


|2Qo0B,(x)| > Mr, 


for all x € Qo and all 0 <r < 1, where B,(x) denotes the open ball of center x and 
radius r in RY; see [HajKosTul1]. 

Finally, we note that for Neumann boundary conditions, the above results con- 
cerning spectral asymptotics and spectral zeta functions also extend to higher order 
uniformly elliptic self-adjoint operators (with variable coefficients), under the anal- 
ogous hypotheses and with the same changes as those indicated above; see [Lap1]. 


Remark 4.3.26. It is noteworthy that when the extension property (or else the (C’)- 
condition) is not satisfied, the continuous embedding of H! (Qo) into L? (Qo) need 
not be compact and, hence, the spectrum of the Neumann Laplacian may not be 
discrete. Actually, even when this spectrum is discrete, there are explicit exam- 
ples of bounded open sets for which the leading spectral asymptotics of the Neu- 
mann Laplacian does not satisfy Weyl’s classic law (4.3.12), and hence, let alone 
the corresponding remainder estimate (4.3.22) (or, equivalently, (4.3.19)). See, e.g., 
[Mét1—3], [Lap1] and the relevant references therein. 

A similar comment can be made about more general uniformly elliptic opera- 
tors of order 2m, with Neumann (or, more generally, Dirichlet-Neumann) boundary 
conditions and with H” (Qo) instead of H' (Qo). 


4.4 Further Examples of Relative Distance Zeta Functions 


The aim of this section is to introduce several classes of RFDs and to study their 
associated fractal zeta functions. We will focus here on the distance zeta functions, 
although the corresponding tube zeta functions could be studied as well, either di- 
rectly or by using the functional equation (4.5.2) below. Of special interest are the 
unbounded geometric chirps, associated with the standard geometric chirps occur- 
ring, for example, in the oscillation theory of differential equations. We also com- 
pute the relative distance function of the Cartesian product of fractal strings. 
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4.4.1 Relative Distance Zeta Functions of Unbounded Geometric 
Chirps 


The following example and result (namely, Example 4.4.1 and Proposition 4.4.3) 
deal with unbounded geometric chirps; see Figures 4.13, 4.14 and 4.15. Also, refer 
to Section 3.6 for the case of bounded geometric chirps. 


Example 4.4.1. Let A be an (a, B)-geometric chirp, for ~@ € (—1,0) and B > 0; ie., 
A is a union of vertical segments at x = k1/B of length k-@/B for k € N; see (3.6.1). 
For Q we take the union of open rectangles R, for k € N, where R;, has a base 
of length k~!/B — (k+1)~!/8 and height k~%/8; see Figure 4.15. The associated 
unbounded geometric chirp RFD (A, 2) approximates the graph of the function 


xHx%sin(ax-F), for all x € (0,1). 


The relative distance zeta function of (A,Q) is then given by 


64,0(s) = see (k -1/B — (e+ yey (4.4.1) 


Fees 


> 


Fig. 4.13 The unbounded (—1/2,1)-chirp; the graph of f(x) = x7!/?sin(ax7!), 0< x < 1, is 
fractal near x = 0. We expect that dimg(A,Q) = 7/4, as for the related geometric chirp in Propo- 
sition 4.4.3(a) and depicted in Figure 4.15 on page 347. 


It can be shown that it has a rae ats =2— “4 TB © and is holomorphic in the open 


right half-plane {Res >2- iB ie (See Remark 4.4.2 just below for anes 


of this claim.) We conclude from Theorem 4.1.7 that dimg(A,Q) = -i , which 
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is Tricot’s formula in the case when « is negative and B positive. We note that 
the original Tricot formula was obtained for 0 < a < B and can be found in [Tri3, 
p. 122]. 


Remark 4.4.2. We provide here a short heuristic proof of the above claim (compare 
with the proof of Equation (3.6.3) in Subsection 3.6.1 above). Using the Lagrange 
mean value theorem, we approximate the difference k—!/P — (kK+ iy B (where 


1 
k € N) by k B~'. The Dirichlet series on the right-hand side of Equation (4.4.1) 
then becomes 


yo elB eae 2 > EG HEN), 
j=l 


It converges absolutely if and only if B + C +1)(Res—1) > 1; that is, when Res > 


2— te, This heuristic proof can be easily made precise using Cahen’s classical 


result stated in Theorem 2.1.27. We leave the details as a simple exercise for the 


054 va 


,t/ 


Fig. 4.14 The unbounded (—2, —3)-chirp; the graph of f(x) = x? sin(x*), x > 1, is fractal near 
x = co, We expect that dimg(A, Q) = 3/2, as for the related geometric chirp in Proposition 4.4.3(b). 


interested reader. (A different proof of the claim as well as additional information 
can be found in Example 5.5.19 in Subsection 5.5.5 below.) 


Proposition 4.4.3. Let A be an (a, B)-geometric chirp defined by (3.6.1), and as- 
sume that one of the following conditions holds: 


(a) -1<a<0<B8 and Q = {(x,y) ER? : x€ (0,1), 0<x% < yh, 


(b) B <a <—1and Q = {(x,y) € R?:x€ (1, +), 0<x% <y}. 
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Then i 
—_ +a 
di A,Q) =2—- — 
ima( o] ) 1+ 


and moreover, this value coincides with dimpc(A,Q). 


Proof. Computing the relative distance zeta function of the (a, B)-geometric chirp 
from Example 4.4.1 with respect to the ‘outer’ rectangles and using Lemma 4.1.15, 
we obtain the result in case (a). We can use the same technique in case (b), due to 
the fact that B < —1. 


We note that in Example 4.4.1 and Proposition 4.4.3, we can replace dimg(A, Q) 
by d = dimg(A,Q). This can be seen by direct computation: indeed, there exist 
positive constants c, and cz such that c,6?~¢ < IAsNQ|< c262¢, Therefore, cy < 
M!(A,Q) < M4 (A,Q) < cp. 


0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 10 


Fig. 4.15 Approximation of the unbounded chirp in Figure 4.13 on page 345, using rectangles. 
Here, @ = —1/2 and B = 1; hence, dimgA = 7/4. In the corresponding RFD (A, Q), the set A is 
defined as the union of the vertical segments while the open set Q is defined as the union of the 
open rectangles. 


In the case when —1 < o < Oand B <0, we have dimg(A, Q) = 1, which com- 
plements Proposition 4.4.3(a). Analogously, in the case when a < —1 anda < B, 
B £0, we have dimg(A,Q) = 1, which complements Proposition 4.4.3(b). 


In the work of the second and third authors with V. Zupanovi¢ [RaZuZup], a 
different approach to the study of the fractal properties of unbounded sets at infin- 
ity in R% has been undertaken, instead of using the relative box dimensions. If A 
is an unbounded set which does not possess the origin as its accumulation point, 
then it is natural to define the box dimension of A at infinity as the usual box dimen- 
sion of A~! = {x/|x|?: x € A}. Here, A~! is the geometric inversion of A, which 
under the stated condition is clearly a bounded set. This tool has been applied to 
the study of the Hopf bifurcation of several polynomial dynamical systems at infin- 
ity. In his thesis [Ral] and in [Ra2], the second author has significantly expanded 
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these ideas. In particular, in [Ral—2], the notions of Minkowski contents and box 
dimensions of unbounded open sets with respect to infinity have been introduced 
and studied, as well as the associated classes of fractal zeta functions, thereby ex- 
tending to (suitable) unbounded sets A C R the theory developed in this book and 
in [LapRaZu1-8]. 


4.4.2 Relative Zeta Functions of Cartesian Products of Fractal 
Strings 


In Theorem 3.6.5, we have computed a representative of the zeta function of E 
relative to Es, where E is the boundary of the Cartesian product of two fractal strings 
L = (£;)j>1 and M = (mg);>1. If we consider the zeta function of E relative to the 
rectangle Q = (0,a1) x (0,b1), then we deduce from the proof of Theorem 3.6.5 
that D(s) = 0 in (3.6.29), which yields the following explicit result. 


Theorem 4.4.4. Assume that the hypotheses of Theorem 3.6.5 are satisfied. Then, 
for E given as in Theorem 3.6.5 and for Q = (0,41) x (0,61), we have 


92-8 co : ee 2 ; : 
Cre.a(s) = aa » |€; —m,| min{ é;, mx} A = mint lj,mu} . 
jk=l 
Furthermore, 
dimg(E,Q) = dimgE =1 +max{dimg.Z, dimg./} (4.4.2) 


is the abscissa of convergence of 6r,9(s), and Cr.a(s) + +e as R > s — dimgE 
from the right. 


Let us consider the product of three fractal strings. Assume that 2 = (¢j) j>1, 
M = (mg) K>15 and VW = (ny) r>1, with a, := Lith by = YemMe and cj := Y/-Mr- 
We identify the strings with three standard families of open intervals, @ = (J;) j>1, 
M = (Je)e>1 and WV = (K;),>1. Furthermore, for any ordered triple L = (€;,m;,n,) 
in 2x “x NV, we define its nondecreasing permutation (Mj (L),M2(L),M3(L)) 
by {;,mj,n-} = {Mi (L),Mo(L),M3(L)} and Mj(L) < M2(L) < M3(L). Note that 
then, M,(L) = minL and M3(L) = max L. (Further, observe that we are really work- 
ing here with a Cartesian product of multisets, rather than of ordinary sets. Recall 
that a multiset is simply a set with multiplicities. For example, 2, .W and .V are 
multisets since, for instance, scales ¢; in the sequence may have finite multiplic- 
ities.) In this context, we obtain the following result. 


Theorem 4.4.5. Let 2 = (Ij) j>1, W = (Jke)eo1 and NY = (n;),>1 be three fractal 
strings, and define the set E=0(2x Mx WN). Let Q = (0,a,) x (0,51) x (0,c1). 


Then, with the notation introduced just above, we have 
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3-s 
ts.a(s) = 25 3 | a(t) — Mi (e)) (a(t) — aCe) a (Ly) 
+ (M3(E) + Ma(L) -2m(E)) (ME) (4.43) 
4 Ss 
+p (m(nyy 
where the summation runs over all ordered triples L = (¢;,mj,n,) from 


LX Mx N. Furthermore, the abscissa of convergence D(Cr.Q) of Cea is 
given by 


dimg(E,Q) = dimgE = 2+max{dimg-Y,dimg.Z,dimg-Y }, (4.4.4) 


and Cr,a(s) + +e asR 35> dimgE from the right. 


Proof. The set Q is a countable disjoint union of open parallelepipeds. Let R be a 
typical parallelepiped with sides n < m < &. We split R into 16 prisms (8 of them 
being pairwise isometric and having width m— n, and the rest with side @—n), 32 
isometric tetrahedra, and two isometric parallelepipeds with sides n/2, m—n, ¢—n, 
placed at the center of R. We have to integrate the function d(x,0R)*~> over these 
sets. The integral over each prism of width m — n is equal to 


gl-s 
(s—1)(s—2) 


(and analogously for the prism of width @—n). The integral over each tetrahedron 
is equal to 


(m nn}, 


2-8 a 
s(s—1)(s—2) ? 


while the integral over each parallelepiped is equal to 


From this, the claim follows easily. We omit the details. The dimension result is an 
immediate consequence of the finite stability of the upper box dimension and the 
fact that 


E = (Ax [0,bi] x [0,c1]) U (0, a1] x B x [0,c1]) U (0, a1] x [0,b1] x C), 


where A = (a;)j>1 with aj := X54, and analogously for B = (by)x>1 and C = 
(Cr) p>1- 


Note that the relative distance zeta function of the set E = 0(.2 x @) generated 
by two fractal strings is represented by a double sum (see Theorem 4.4.4), while the 
relative distance zeta function of E = 0(2 x @ x WV) is equal to a triple sum (see 
Theorem 4.4.5) taken over the indices (j,k,r), since L = (€;,m,,n,). Analogously, 
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the relative distance zeta function of the set E = 0(.4, x --- x Gy) generated by N 
fractal strings 4%, i= 1,...,N, can then be computed, and it is equal to an N-tuple 
sum. Furthermore, we then have 


dimg(E,Q) = dimgE = N—1+max{dimgY% :i=1,...,N}. 


4.5 Meromorphic Extensions of Relative Zeta Functions 
and Applications 


If we consider a class of RFDs with a prescribed value D for the abscissa of conver- 
gence of the associated distance relative zeta functions, it is of interest to know the 
corresponding values of the abscissa of meromorphic continuation Dmer = D— a. 
Clearly, we have a > 0. Intuitively, the smaller @, the more complex the (fractal) 
nature of the relative fractal drum. This can be considered even as a definition for 
comparing the complexity of different RFDs in the class. The most complex, then, is 
the subclass of relative fractal drums for which the abscissa of meromorphic contin- 
uation is equal to D; that is, « = 0. And among these, the most complex are the rela- 
tive fractal drums for which the set of nonisolated singularities is equal to the whole 
critical line {Res = D}. Indeed, there cannot be more complexity than that, at least 
from the present point of view of the higher-dimensional theory of complex fractal 
dimensions. We call them maximally hyperfractal drums; see Definition 4.6.23. 
This section is organized as follows. We first study the problem of determining 
an upper bound for the abscissa of meromorphic extension of the distance (or tube) 
zeta function for a class of RFDs; see Theorems 4.5.1 and 4.5.2. Furthermore, we 
construct a class of RFDs for which the abscissa of meromorphic continuation can 
be explicitly computed. We also construct an explicit class of maximally hyper- 
fractal drums (A,Q); see Theorem 4.5.8. As a consequence, we then construct (in 
Section 4.6) a class of maximally hyperfractal strings , which in turn generate 
maximally hyperfractal sets A = Ay on the real line; see Corollary 4.6.17. 


4.5.1 Meromorphic Extensions of Zeta Functions of Relative 


Fractal Drums 


By analogy with (2.2.8), we introduce the relative tube zeta function associated with 
the relative fractal drum (A,Q) in R. It is defined by 


i 6 
C4.a(s) = if poh NA ride, (45.1) 
0 


for all s € C with Res sufficiently large, where 6 > 0 is fixed. As we see, it in- 
volves the relative tube function t > |A, Q|. Its abscissa of convergence is given 
by D(C4,2) = dimg(A,Q). This follows from the following fundamental identity 
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or functional equation, which connects the relative tube zeta function 4 ‘4.Q and the 
relative distance zeta function C4 a, defined by (4.1.1): 


Crasna(s) = 6° As NQ| + (N—-5)b4,0(s). (4.5.2) 


This identity is analogous to (2.2.1) and (2.2.23). Its proof is analogous to that of 
Theorem 2.2.1, using the known identity 


6 
| d(x,A) "de = 5 NAS Q|-+y | 1-4, 1 Q|at, (4.5.3) 
Asn 0 


where y > 0; see Lemma 2.1.4, [Zu2, Theorem 2.9(a)], or a more general form 
provided in [Zu4, Lemma 3.1]. 


It follows from the identity (4.5.2) that the analog of Proposition 2.2.19 and of 
Equation (2.2.50) holds in the present more general context. More specifically, pro- 
vided that dimg(A,Q) <N, the relative tube zeta function ¢4 9 and the relative 
distance zeta function ¢4.4;n@ can be (uniquely) meromorphically extended to ex- 
actly the same domain U C C (chosen to be a connected open neighborhood of a 
given window W,, say), when it is possible. Furthermore, the relative fractal drum 
(A, Q) has exactly the same visible complex dimensions (and with the same mul- 
tiplicities), as measured from the point of view of either of these two fractal zeta 
functions: 


P(bs.0,W) = PlErasna,W). (4.5.4) 
In particular, we have 
dimg(A,Q) = D(&4.0) = D(La.agna), (4.5.5) 
Cao oo CAAsnQs (4.5.6) 
and so 7 
dimpc(A,Q) = Ae(Ca.a) = Ae(Saagna)- (4.5.7) 


Finally, if @ € U is a simple pole of fra, then it is also a simple pole of Ca asna 
and we have 


Z 1 
res(C4.0,@) = ~— a res(C4.4sn@,@); (4.5.8) 


that is, the counterpart of Equation (2.2.50) holds in this context. Note that as was 
the case for ordinary fractal sets A, these residues are independent of the choice 
of 6 > 0. 


We next consider a class of RFDs (A,@Q) such that both D = dimg(A,Q) and 
MM” (A,Q) exist, but the relative Minkowski content is degenerate in the sense that 
M”(A,Q) = +e. In general, we may also have .@? (A, Q) = 0, but we do not treat 
this case here. 

We shall treat these two cases by using the following assumption on the asymp- 
totics of the relative tube function t + |A;N.Q|: 
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JA, NQ| =t% Pn(t)(W@+O(t%)) as t—0t, (4.5.9) 


where .@ > 0, a > 0 and D < N are given in advance. Here, we assume that the 
function A(t) has a sufficiently slow growth near the origin, in the sense that for 
any c > 0, h(t) = O(t*) as t + 0*. Typical examples of such functions are h(t) = 
(log¢— 1)”, m > 1, or more generally, 


A(t) = (log.. -log(t~'))” 


n 


(the m-th power of the n-th iterated logarithm of t~!, n > 1), and in these cases 
we obviously have .#@?(A,Q) = +ce. For this and other examples, see [HeLap]. 
The function t +> t?h(t)~! is usually called the gauge function, but for the sake of 
simplicity, we shall rather use this name for the function /(t) only. 

Assuming that a relative fractal drum (A,Q) in R is such that D = dimg(A,Q) 
exists, and .@?(A,Q) =0 or +e (or .@*?(A,Q) =0 or +0), it is natural to define 
as follows a new class of relative lower and upper Minkowski contents of (A, Q), 
associated with a suitably chosen gauge function A(t): 


D We (Ar Q| 
A,Q,h) = liminf <1 
Ae Aid ft) — Manat = Day 


AN Q| 
M*?(A,Q,h) =limsu jeen,. 
( ) ee tN~Phit) 


(4.5.10) 


The aim is to find an explicit gauge function so that these two contents are in 
(0,+¢°), and the functions rH .7(A,Q,h) and r++ 4*"(A,Q,h), r € R, de- 
fined exactly as in (4.5.10), except for D replaced with r, have a jump from + to 0 
when r crosses the value of D. In this generality, the above gauge relative Minkowski 
contents have been introduced in [Zu4], motivated by [HeLap]. 

In Equation (4.5.10) above, @?(A,Q,h) (resp., @*?(A,Q,h)) is called the 
lower (resp., upper) h-Minkowski content of (A,@). Furthermore, much as in the 
usual case when h = 1, the RFD (A, Q) is said to be h-Minkowski nondegenerate if 


0< A?(A,Q,h) < P(A, Q,h) <2. 


If for some gauge function h, say, we have that .#?(A,Q,h) € (0,+0°) (which 
means, as usual, that “?(A,Q,h) =.@*?(A,Q,h) and that this common value, 
denoted by .@?(A,Q,h), lies in (0,+¢°)), we say (as in [HeLap]) that the fractal 
drum (A, Q) is h-Minkowski measurable, with h-Minkowski content (A,Q,h). 

It is easy to see that the counterparts of Theorems 2.3.18 and 2.3.25 also hold in 
the present context of relative fractal drums. It suffices to replace |A,| by |A; Q], 
€4(s) by &4.a(s), and dimgA by dimg(A, Q). Below, we state and prove two results 
dealing with RFDs with associated gauge functions; see Theorems 4.5.1 and 4.5.2. 
In both of these theorems, we have .@?(A, Q) = +c0. As we shall see, certain gauge 
functions generate higher-order poles of fractal zeta functions. The presence of a 
nonstandard gauge function may also force the tube (or distance) zeta function to 
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have a partial natural boundary along the critical line {Res = D} (i.e., not to have a 
meromorphic continuation beyond the open half-plane {Res > D} of holomorphic- 
ity). One could then try to view the fractal zeta function as an analytic function on 
an appropriate Riemann surface. However, we will not investigate this interesting 
topic here. 

In what follows, we denote the Laurent expansion of a meromorphic extension 
(assumed to exist) of the relative tube zeta function C4 @ to a connected open neigh- 
borhood of s = D (more specifically, an open punctured disk centered at s = D) by 


Eo(s)= ¥ ej(s—D), (4.5.11) 


where, of course, c; = 0 for all j < 0 (that is, there exists jo € Z such that c; = 0 
for all j < jo). 

The following theorem shows that, in order to obtain a meromorphic extension 
of the zeta function to the left of the abscissa of convergence, it is important to 
have some information about the second term in the asymptotic expansion of the 
relative tube function t ++ |A; 7 Q| near t = 0. We will provide two proofs of this 
result, because they each highlight different aspects of the issues involved. See The- 
orem 5.4.29 in Chapter 5 below (as well as Theorem 5.4.30) for a partial converse 
of Theorem 4.5.1. 


Theorem 4.5.1 (Minkowski measurable RFDs). Let (A,Q) be a relative frac- 
tal drum in R%, such that (4.5.9) holds for some D< N, 4 >0, a@>0 and 
with h(t) := (logt~!)” for all t € (0,1), where m is a nonnegative integer. Then 
the relative fractal drum (A,Q) is h-Minkowski measurable, dimg(A,Q) = D, and 
M”(A,Q,h) = M. Furthermore, the relative tube zeta function C4, (s) has for ab- 
scissa of convergence D(és.0) = D, and it possesses a (necessarily unique) mero- 
morphic extension (at least) to the half-plane {Res > D— 0}; that is, 


Dmer(G4,.9) <D—a. (4.5.12) 


Moreover, s = D is the unique pole in this half-plane, and it is of order m+ 1. In 
addition, the coefficients of the Laurent series expansion (4.5.11) corresponding to 
the principal part of C4. Q(s) at s = D are given by 


C_m-1 =m, 


(4.5.13) 
C_m=+':=c_,=0 (provided m > 1.) 


If m = 0, then D is a simple pole of a and we have that 


res(E4.9,D) = M@. (4.5.14) 
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Proof. (First proof of Theorem 4.5.1.) Let us set 


6 
i= 4a; aos i; P| (logs! yma, 
: (4.5.15) 


6 
go(s) =f "oge"o(et-P**) ar, 


Since 4 o(s) = 6,(s) + 62(s), we can proceed as follows. It is easy to see that for 
each € > 0, we have (logt~!)” = O(t~®) as t + 0*; hence, 


6 
ails f Or 2) de 


Then, since the integral is well defined for all s € C with Res > D—(a—€), in the 
same way as in the proof of Theorem 2.3.18, we deduce that D(¢2) < D—(a-—e). 
Letting € — 0°, we obtain the following desired inequality: D(€.) <D— «a. 

By means of the change of variable t := logr~! (for 0 < t < 4), it is easy to see 
that n 

Zm(S) = i, eo Ts-P) om dr, (4.5.16) 
log 6—! 

Integration by parts yields the following recursion equation, where we have to as- 
sume (at first) that Res > D: 


Zn(s) = — ((logd~!)"5°? + mzm_1(s)), m>1, (4.5.17) 
and zo(s) := (s— D)~'6*~”. Since D(¢2) < D— a, it is clear that the coefficients 
cj, J < 0, of the Laurent series expansion (4.5.11) of C4.a(s) = ¢1(s) + Co(s) in 
a neighborhood of s = D do not depend on 6 > 0. Indeed, changing the value of 
5 > 0 to d; > 0 in (4.5.1) amounts to adding fe t®N-lA, 9 Q| dt, which is an 
entire function of s. Therefore, without loss of generality, we may take 6 = | in 
(4.5.17): 


m m! m! 


, = —_7z, re a 4.5.1 
em(s) s_-D™ i(s) (s— Dyn 20l8) (s—D)m+1 ae) 
In this way, we obtain that 
= a M 4.5.19 
C1 (s) (s Dyn ? ( ae ) 


and we can meromorphically extend the definition of ¢; from the half-plane {Res > 
D} to the entire complex plane. The claim then follows from Lemma 2.3.5. 
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Proof. (Second proof of Theorem 4.5.1.) Let us define zp by 
é IA; Q| 
zo(s)= | ef ¥-17* at 4.5.20 
08) = J dl (4.5.20) 


where Res > N —D. As we see, zo(s) = €1(s), where €)(s) is defined as in the 
proof of Theorem 2.3.25, except with |A;| replaced by |A;™ Q]|, and Co(s) has all the 
properties stated in this theorem for €,4(s). It is easy to see that 


6 |JA;NQ| 
Mis) — | p-NOl t ie 
Zo(s) [ (logt—!)"—1 


Therefore, proceeding inductively, we obtain that (still for Res > N — D) 


(m) os 1 
2”) (s) = (—1)" [ BNA, Ql dt = (—1)"La.0(s). (4.5.21) 


We conclude that C4 o(s) and zo(s) possess the same meromorphic extensions. By 
using Theorem 2.3.18, we see that zo(s) = ¢)(s) can be meromorphically extended 
to {Res > D—«}, and therefore the same holds for C4 @(s). The remaining claims 


follow from the fact that €4 o(s) = (—1)"2") (s). 


Next, we consider a class of Minkowski nonmeasurable RFDs with associated 
gauge functions. The following result is a partial generalization of Theorem 2.3.25, 
which corresponds to the case when m = 0. 


Theorem 4.5.2 (Minkowski nonmeasurable RFDs). Let (A,Q) be a relative frac- 
tal drum in RN, such that there exist D < N, a nonconstant periodic function 
G:R-— R with minimal period T > 0, and a nonnegative integer m, satisfying 


|A, NQ| =t%~? (loge!) (G(logt') + O(t%)) as. t 3 OF. (4.5.22) 
Then dimg(A,Q) exists and dimg(A,Q) = D, G is continuous, and 
M?(A,Q,h)=minG, -@*?(A,Q,h) = maxG, 


where h(t) := (logt~')” for all t € (0,1). Furthermore, the tube zeta function 
€a.q has for abscissa of convergence D(C4,q) = D, and it possesses a (necessarily 
unique) meromorphic extension (at least) to the half-plane {Res > D— a}; that is, 


Dive Can) <D— a. (4.5.23) 


Moreover, all of its poles located in this half-plane are of order m+, and the set of 
poles P(C4.q) is contained in the vertical line {Res = D}. More precisely, 


P(E,.0) = Fe(baa) 


; fi (4.5.24) 
- {se=D+ rie C:6y (5) £0, kezh, 
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where sy =D € P(Es.Q) and Gy is the Fourier transform of Go (as given by 
(2.3.29)). The poles come in complex conjugate pairs; that is, if sz is a pole, then 
s_x is a pole as well (reality principle, see Remark 2.3.28). 

In addition, ify. a(s) = ae ce (s—s ,)/ is the Laurent expansion of the tube 
zeta function in a neighborhood of s = sx, for a given k € Z, then 


cH =0 for j<Oand j#-m-1 


I. (4.5.25) 
cf) = Go (=) ; 
T T 


where Go is the restriction of G to the interval |0,T|, and Go is given by (2.3.29), as 
above. Also, 


<i Pal G(t)dt, lime”, =0. (4.5.26) 


Cae 1 peas 


In particular, for k = 0, that is, for 59 = D, we have 


! T 
Or a G(t) dt 
T Jo (4.5.27) 


m!. M2(A,Q,h) <c°)_, <m!.4*?(A,Q,h). 


If m =0 (i.e, h(t) = 1 for all t € (0,1)), then D is a simple pole of &4.@ and we 
have that 


res( (€4.9,D) -7[ a G(t)dt= 4 (4.5.28) 


and 


MP (A, Q) <res(f4,0,D) <M? (A,Q), (4.5.29) 


where M = M”(A,Q) denotes the average Minkowski content of (A,Q). (See 
Remark 4.5.3 below.) 


Proof. For m € No, let us define z,, by 


fo) 
ore ie Pl (logr-!)"G(logt!) dt. 


The function zo(s) is the exact counterpart of ¢)(s) from the proof of Theo- 
rem 2.3.25, with |A,| replaced by |A;Q| and where, much as in that proof, C4 9 = 


€1 +2 and Cp is an entire function. It is easy to see that z,,(s) = (—1)” zn) (s), there- 
fore, the functions z,,(s) and zo(s) have the same meromorphic extension, and the 
same sets of poles. This proves that bao (s) can be meromorphically extended from 
{Res > D} to the half-plane {Res > D—c}. The set of poles (complex dimensions 
of (A,Q)) of the relative zeta function of (A,Q), contained in this half-plane, is 
given by 
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P(Cs,0) = Pen) = P (20) 
= {su =D+ hice: Gu (F ) 40, kezh, 


Each of these poles is simple. Furthermore, if 
(8) 
=) a‘ (s— sx)! 
j=-1 
is the Laurent series of zo(s) in a neighborhood of s = s,, then 


m m a — (m+ j)! ; 
2f")(s) = (—1)mtal)(s—s)-"t + 5 | — al) j(s— sy). 
jo OS 


Hence, 
© 8a ta (* 
CU), -y = mal, =m! oo (=) ’ 


where, in the last equality, we have used (2.3.33). The remaining claims are easily 
deduced from the corresponding ones in Theorem 2.3.25. 


Remark 4.5.3. In Equation (4.5.28), M = M” (A, Q), the average Minkowski con- 
tent of (A,Q), is defined as the multiplicative Cesaro average of t-V—?) |A, 9 Q|: 


se 1 
MA, Q) = ; / eee a 


4.5. 
ar ones (4.5.30) 


im 
t+ log T 


provided the limit exists in [0, +00]. See Section 2.4, Equation (4.5.9) and compare 
with [Lap-vFr3, Definition 8.29, Equation (8.55)]. 


Remark 2.3.19 also applies to Theorems 4.5.1 and 4.5.2. This means that in 
the statements of these theorems, we may have more general functions, which are 
O(t®)) (instead of O(t%)) as t > 0*, like t*log(1/t). 


Remark 4.5.4. In light of the functional equation (4.5.2) connecting C4 9 and bao, 
Theorems 4.5.1 and 4.5.2 also hold for relative distance zeta functions (instead of 
relative tube zeta functions), provided D < N, and in that case, all of the expressions 
for the residues and the Laurent coefficients are multiplied by N — D. 


Example 4.5.5. (Torus relative fractal drum). Let Q be an open torus in R? defined 
by two radii r and R, where 0 <r < R < o&, and let A := dQ be its topological 
boundary. In order to compute the tube zeta function of the torus RFD (A,Q), we 
first compute its tube function. Let 6 € (0,r) be fixed. Using Cavalieri’s principle, 
we obtain that 


|A, NQ\|3 = 2aR (r — (r—t)’) = 2aR(2rt — 2°), (4.5.31) 
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where t € (0,6), from which it follows that 


6°-2 7 o) 


- 5 
E, als) = 4A, Qs dr = 20R(2r — 
, 0 s—2 s-l 


(4.5.32) 
for all s € C such that Res > 2. The right-hand side defines a meromorphic function 
on the entire complex plane; so that, by the principle of analytic continuation, aN Q 
can be (uniquely) meromorphically extended to the whole of C. In particular, we 
see that the multiset of complex dimensions of the torus RFD (A,Q) is given by 
P(A, Q) = {1,2}. Each of the complex dimensions | and 2 is simple. In particular, 
we have that 


dimpc(A,Q) = {2} and res(&4 0,2) = 4nRr. (4.5.33) 


Also, dimg(A,Q) = D(€4) =2. From Equation (4.5.14) appearing in Theorem 4.5.1 
below, we conclude that the 2-dimensional Minkowski content of the torus RFD 
(A, Q) is given by 

AM (A,Q) = 4nRr. (4.5.34) 
Since |A,|3 = 2#R((r+1)* —(r—t)”), we can also easily compute the ‘ordinary’ 


tube zeta function C, of the torus surface A in R?: 


s—2 


&,(s) = gnRr® 


4.5. 
re (4.5.35) 


for all s € C. In particular, res(€4,2) = 87Rr. Using Equations (4.5.2) and (2.2.1), 
from (4.5.35) we obtain the corresponding distance zeta functions for all s € C: 


6-2 265-1 6°-2 
tials) = 2nR(2r— -=— ), Ca(s) = 82Rr—,. (4.5.36) 
Also, 7 
P(Cs.2) = P(Ca.Q) = {1,2} 
and 


P.(Caa) = P.(Es.0) = {2} 
(with each pole 1 and 2 being simple) and 
dimg(A, 2) = D(€4,a) = D(fa,a) =2. 


Furthermore, we see that res(C4,.9,2) = 47Rr and res(C4,2) = 87Rr, in agreement 
with Equation (4.5.8), while 


PGs) = P(Ga) = Pela) = Pe(Ea) = {2}. 


One can easily extend the example of the 2-torus to any (smooth) closed, com- 
pact submanifold of RY (and, in particular, of course, to the n-torus, with n > 2). 
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This can be done by using Federer’s tube formula [Fed1] for sets of positive reach, 
which extends and unifies Weyl’s tube formula [Wey3] for smooth compact subman- 
ifolds of R% and Steiner’s formula (obtained by Steiner and his successors [Stein]) 
for compact convex subsets of R”. The global form of Federer’s tube formula ex- 
presses the volume of t-neighborhoods of a (compact) set of positive reach A C R“ 
as a polynomial of degree at most N in t, whose coefficients are (essentially) the 
so-called Federer’s curvatures and which generalize Weyl’s curvatures in [Wey3] 
(see [BergGos] for an exposition) and Steiner’s curvatures in [Stein] (see [Schn2, 
Chapter 4] for a detailed exposition) in the case of compact submanifolds of R% and 
compact convex sets, respectively. 

Recall from [Fed1] that a closed subset A of RY is said to be of positive reach if 
there exists 6) > 0 such that every point x € R% within a distance less than 6p from A 
has a unique metric projection onto A; see [Fed1] and, e.g., [Schn2]. The reach of A, 
denoted by reach(A), is then defined as the supremum of all such positive numbers 
5p. Clearly, every closed convex subset of R% is of infinite (and hence, positive) 
reach. Furthermore, if A C R? is an arc of a circle of radius r, then the reach of A is 
equal to r. 

In the present context, for a compact set of positive reach A C RY , it is easy to 
deduce from the tube formula in [Fed1] an explicit expression for €4.°7 


Theorem 4.5.6. Let A be a (nonempty) compact set of positive reach in R. Then, 
for any 6 such that 0 < 6 < reach(A), we have that 


€a(s) = Ca(si8) = Sick —, (4.5.37) 


where |A;| = Si_ocwt® * for all t € (0,6) and the coefficients cy are the 

(normalized) Federer curvatures. (From the functional equation (4.5.2) above, 

one then deduces at once a corresponding explicit expression for Ca(s) := Ca(s;6).) 
Hence, dimgA exists and 


D:= D(&4) = D(C4) = dimgA = max{k € {0,1,...,N} 2c, 40} (4.5.38) 


and*® 
PDP := PEs) = P(C,) C {0,1,...,N}. (4.5.39) 


In fact, 
P ={kE {0,1,...,N}:c~ FO} C {ko,...,D}, (4.5.40) 


where ky := min{k € {0,1,...,D} : cg #0}. Furthermore, each of the complex 
dimensions of A is simple. 


37 Relative versions of Theorem 4.5.6 are also possible, but we will not consider them here. 
38 More precisely, the second equality in Equation (4.5.39) holds only if D < N. 
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Finally, if A is such that its affine hull is all of RN (which is the case when the 
interior of A is nonempty and, in particular, if A is a convex body), then D = N, 
while if A is a (smooth) compact d-dimensional submanifold (with 0 < d < N), then 
D=d. 


For the 2-torus A C R?, we have N = 3, D=2 (since the Euler characteristic of 
A is equal to zero), c2 4 0,°° c; = 0, and hence, co = 0, ko = 2 and A = {2}, as was 
also found in the last displayed equation of Example 4.5.5 via a direct computation. 

We note that much more general tube formulas, called (as in [Lap-vFr2—3] and 
[LapPeWi1l—2]) “fractal tube formulas”, are obtained in [LapRaZu5] (as announced 
in [LapRaZu4]), as well as in Chapter 5 below, for arbitrary bounded sets (and even 
more generally, RFDs) in R%, under mild growth assumptions on the associated 
fractal zeta functions. 


4.5.2 Precise Meromorphic Extensions of Zeta Functions 
of Countable Unions of Relative Fractal Drums 


In Theorem 4.5.8, we construct a class of RFDs in R, with prescribed values of 
the abscissa of meromorphic continuation of the corresponding zeta functions. This 
will enable us to construct a class of bounded sets A, with prescribed values of the 
abscissa of meromorphic continuation of the associated distance or tube zeta func- 
tions; see Theorem 4.5.20. The construction makes use of the generalized Cantor 
sets C introduced in Example 2.2.6. 


Definition 4.5.7. Let (A;,Q;), j => 1, be a given sequence of RFDs in RY, where 
(Q;);>1 is a disjoint sequence of open subsets of IR. We define the union of the 
relative fractal drums 


C 8 


(A,2) = (Aj, 23), 


J 


by A := U5_,Aj and Q := UF, Q;, assuming that there exists 6 > 0 such that Q Cc 
Ag and |Q| <x. 


Theorem 4.5.8. Let D € (0,1) and a € (0,D) be prescribed. Let (A,Q) be a rela- 
tive fractal drum, defined by (A, Q) = Uj>1(Aj,Q;), where (Q;) j>1 is a family of 
disjoint open intervals in R, 12,| =27/, AW) = 2-iC@i) +inf Q;, and C(i) are gen- 
eralized Cantor sets described in Example 2.2.6, with aj € (0,1/2), j > 1. Assume 


that ay = 27'/, and let (aj)j>2 be an increasing sequence of positive numbers 
1/(D—a) 


converging to 2— as j +, 


39 Note that cy is just proportional to the area of the 2-torus, with the proportionality constant being 
a standard positive constant. 
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Then, for the relative tube zeta function bro of (A, Q), we have: 


D(fs,0)=D, Dmer(Ga,a) =D- «a. (4.5.41) 
(See Definition 2.1.53.) Analogous result holds for the distance zeta function: 


D(Ca,Q) = D, Dmer(€4,Q) =D-a. (4.5.42) 


The set of poles of these zeta functions, contained in {Res > D—«}, coincides with 
the set dimpc(A,Q) = Ac(C4.Q) of principal complex dimensions of the relative 
fractal drum (A,Q): 


20 


di A,Q) = D+ ———iZ. 
impc( ’ ) Ciesla) 


(4.5.43) 


In particular, the oscillatory period of the RFD (A,Q) is given by p = 2nD/log2.*° 
In order to prove Theorem 4.5.8, we shall need the following technical lemma. 


Lemma 4.5.9. Let (A;,Qj) j>1 be a sequence of RFDs in R™ such that the family 
of open sets (Qj) ;>1 is disjoint. Consider their union (A, Q) = U7) (Aj,Qj), as 
introduced in Definition 4.5.7, and assume that |Q| < ce. If 


0Q;CA; forall jéEN, (4.5.44) 
then ~ 
JA; Q] = ¥ |(4j) Qj. (4.5.45) 
j=l 
In particular, 
Es,a(s) = ¥ &s,.0,(8) (4.5.46) 
j=l 


for all s € C such that Res > dimg(A,Q). 


Proof. For any j # k and a € Aj, since a ¢ Q;, we obviously have B;(a) N.Qg C 
(OA): Qx. Taking the union over all a € Aj, we obtain 


(Aj): NQEC (0Qx): NQg. 


Using (4.5.44), we see that (A;)¢ 7 Qz C (Ax) Qg, and hence, 


ana =(Utan)n(U 2%) 


j=l 
- U ((Aj)r) Qk) = U (Ai )e (2x). 
jk=l k=l 


40 Compare with Equation (2.2.17) on page 117. It is interesting to note that p> 0* as D > 0+; 
see Figure 4.16. 
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Since the family (Q,)x>1 is disjoint, this implies (4.5.45). From this we conclude 
that for any positive real number s such that s > dimg(A,Q), 


, 5 5 oo 
Ca,a(8) =i Han alar= [ ame” \(Ax) 2x!) dt 
0 0 = 
= =yf ps N- Ale Ak)t )pN Q,| dt = Y r.04(8) 
k=l 


Hence, (4.5.46) holds for s real such that s > dimg(A,Q). But now, using the prin- 
ciple of analytic continuation, we can extend this identity to the open half-plane 
{Res > dimg(A,Q)}, as desired. 


We shall also need the following technical lemma. 


Lemma 4.5.10. Let D € (0,1) and @ € (0,D) be given. Assume that (Tj) j>1 is a 
decreasing sequence of positive real numbers, converging to a limit which is less 
than m/(D— 0). Let (Dj) ;>1 be a bounded sequence of positive real numbers, and 
(G;) j>1 @ bounded sequence of periodic functions (with G; being T;-periodic, for 
each j > 1). 
Then, the sequence of functions (z;) ;>1, defined by (see (2.3.42) and (2.3.43)) 

eli (s—D)) log6~!+7, ies 

= —_____ 7 DG; (t)dt f > 1, 4.5.47 
oe ek (ade for j>1, (45.47) 


is locally uniformly bounded on {0 < Res < D—a+e}\-Y, where 
¥ = (J (Dj+ iz) (4.5.48) 
— i+F, 5. 


and € is a sufficiently small positive real number; that is, for each sq in the connected 
open set {0 <Res <D—a-+e}\-¥, there exists M > 0 and a neighborhood N = 
N(so) of so such that |z;(s)| <M for all j € N and s € N(so)."| 


Proof. There exists ky € N such that 7; < 2/(D— a) for all j > ko. Therefore, we 
can assume without loss of generality that ko = 1; that is, Tj; < 2/(D— a) for all 
j = 1. The sequences of real numbers (Jj) ;>1 and (Dj) ;>1 are bounded, as well as 
the sequence of functions (Gj) j>1. In light of (4.5.47), it suffices to prove that for 
any fixed complex number so there exist a neighborhood N (so) of so, and a positive 
number c, such that 


Je%-Pi) 1] >c, forall j ©N ands € N(s9). (4.5.49) 


Let us first fix so € {0 < Res <D—a+e}\.*%. Furthermore, let us choose s jx. = 
Sjx(8o) € PA; which is closest to so. Let R := d(so,S) = d(so,s jx). Then 


41 See also Figure 4.16 and the discussion surrounding Equations (4.5.58)—(4.5.60) below. 
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|eZi(0-P 3) -1|= |eZi(s0-P 3) = ef i(ik—P3) | 
= Je7i(sie-Pj) | e77(s0-8j4) =p 
= |e7i(0-sjx) = 1 | . 


Let us write so — s jx = Re*®, and 


— a ali (so—s jg) Rai? 
wy i= eseorss )= exp(TjRe’?) 
= eli Roos QiTjRsin p =: rei, 


where we have set 


. — aljRcos@ __ TR 
rj=el yj =TjRsing. 


We assume without loss of generality that R< D—a@-+€, since it suffices to consider 
0 < Reso < D—a@+ €. We would like to estimate the value of |w; — 1| from below. 
Let us fix @o € (0,2/2), and consider the following two cases: 
Case 1: Assume that 
1 1 7 1 
- < — @, = U(-<-@,-= ; 
9 € (—m, A] \{(5 — Po, 5 + 0) U(—5 — G0, — 5 + o)t 
We consider the following two subcases: 
(a) Assume that @ € [—5 + 0, 5 — o]. Then 
rj= el iRoos = eZ iRcos( F—9o) — ef iRsing Sif 
Hence, 


|wj— 1] > |wj|-L=rj—-1=eVRsn® 1 > eP%sin® _1>0. (4.5.50) 


(b) Assume that g € (—2,—4 + Go| U[F + Go, 7]. Then 
r= eliRoos@ < el iRoos( F +9) — eFjRsin go < eo ZoRsin Gp eT. 


Hence, 4 
lw; 1S 1—fwj|=1—rj>1—e PR 50, 5.51) 


4 


Case 2: Assume that @ € (F — Qo, $ + Go) U(—4 — Go, —F + Go). Then we have 


™ 
y; =T;Rsing = T;Rsin( = — Qo) = T)Rceos Py > ToReos Pp > 0. 


Since T9(D— a+ €) < a for € > 0 small enough, then for any j large enough we 
have 
0< yw; =TjRsing < T)R< T)(D—a+e) <7; 
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that is, 
yj € [ToRcos p,T(D— a+ e)| C (0,7), 


and therefore, 
sin y; > min{sin(Z)R cos Gp), sin(7o(D — a + €))} = sin(ToRcos Gp) > 0, 


since R << D—a@ + €, for € > 0 small enough. 

If we consider a triangle with vertices at the points 0, 1 and w; with respect to 
the (rj, y;)-polar system (the origin 0 of which is the point sx), it is clear that the 
length of the side of the triangle joining | with w; is not smaller than the length of 
the height of the triangle drawn from 1 to the opposite side connecting O and w;; 
that is, 

|wj— 1| a sin Wj > 0. 


Therefore, 
|w; — 1] > sin(ZpRcos @o) > 0. (4.5.52) 


Making use of (4.5.50), (4.5.51) and (4.5.52), we obtain that 
je%0-P) — 1] > g(s0), 
where 
g(so) = min{ e/04(s0-5) eee el ee a a aL sin(Tod(so,S) cos @o)}. 


If we take s in a sufficiently small neighborhood N(so) of so, such that d(s,S) > 
do > O for some positive constant do, then the same type of inequality holds for all 
s € N(s0): 

je?) — 1] > gis), 


where @p € (0,2/2) is a fixed angle. The desired constant c is obtained as the infi- 
mum of the right-hand side over s € N(s0): 


Je7-P)) 1) > ers 8 809) for all j € N and s € N(so). (4.5.53) 
SEN (so 


More explicitly, if we let do := d(N(so),S) = infyen(s,) d(s,S) > 0, then we may 
take 


c= minfeZ“sinf _ 71 — 405M sin(Tydo cos Qo) }- (4.5.54) 


This concludes the proof of Lemma 4.5.10. 


Proof of Theorem 4.5.8. Note that |Q| = Y7_,2~/ <e, and Q C Ag for any 6 > 
1/2. The first equality in (4.5.41) follows from Theorem 4.1.7. 

In order to prove the second equality in (4.5.41), we first find a periodic function 
G(t) and f(t) = O(t%) as t + 0°, such that 
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1—D 1 
|A,NQ|=t G( tog -) +f(0) ). 
Since (Aj); C Qj, where (A;); denotes the t-neighborhood of A;, we have 


. 1 
(Ape Qj] = 2-44! (s, (tog -) = 21) (4.5.55) 


We note that this identity (called a fractal tube formula in [Lap-vFr3, Chapter 8]) is 
obtained in the same manner as in [Lap-vFr3, Equation (1.11)]; therefore, we will 
not repeat its proof. Here, Dj = dimg(Aj,Q;) = log) /a; 2, each function G; is Tj- 
periodic, where 7; := log(1/a;), and G;(t) € [ay i (A;), @*?i(A;)] for every t € 
(0, 7;] (or equivalently, for all t € IR), and the values of the Minkowski contents are 
given in (2.2.12). Let D; := D, and note that the sequence (Dj) ;>2 is monotonically 
increasing in (0,D—), and converging to D— a. 
Using Lemma 4.5.9 and (4.5.55), we obtain 


a 1 
JAN Q| = ¥ 2-4! (G;(108 7) -2 
j=l 


=)? ("6 (ioe +) +F0), 


f(t) = P+ > 27 5gP-Di (6;(t08 *) = 2) 


j=2 


(4.5.56) 
where 


Since D— D; > a andt < 1, we have 


[f(t)| <1? + ¥ 2-4t% (M42) = (00°F + M4 2)t% < (M 43)", 
j22 


where for every tT € (0, 7;] (i.e., for every tT € R), 


1 Dj-1 
0<G,(t) <M := sup.@*?i (AY) = sup2(1—a;) (5 -«) 
722 j>2 2 


Dy-1 


< 2(1—ap) ( =2 1H") 


since both (a;);>2 and (Dj) j>2 are increasing sequences; see (2.2.12). Therefore, 
f(t) = O(t®) as t + 0*, and we conclude from Theorem 4.5.2 that Diner(Ca.a) < 
D-@. 

To show the equality, it suffices to prove that s = D— a is a singularity which 
is not a pole of a meromorphic extension of C4 9. More precisely, we show that 
D—« is a nonisolated singularity of a meromorphic extension of €4 9, to which a 
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sequence of distinct poles (Dj) ;>2 converges from the left. Using the first equality 
in (4.5.56), we obtain the following identity valid on {Res > D}: 


2 6 
gals) = fo 1A, na| ar 
0 


6 5 
= eae eG (loge!) ar —2 2 (4.5.57) 


jel 0 pel 
; 6° 
= > 2 *z(s)-—2—. 
pel : 


The functions z;(s) have meromorphic extensions to the entire complex plane; see 
the proof of Theorem 4.5.2. Furthermore, since 


log2 T 
D-a ~D-@’ 


Tp := lim T; = lim log(1/a;) = 
jvc joe 
Lemma 4.5.10 shows us that the last series appearing in (4.5.57) converges to a 
function which is holomorphic on the connected open set 


{0<Res<D-—a+e}\.A, 


for arbitrarily small ¢ > 0, where .~, is the set of singularities of an a(s) contained 
in the open right half-plane {Res > 0}. More specifically, .%, = Y (the closure of 
F in C) is the closed subset of C given by 


A= SUD, (4.5.58) 
where 
ae 2n. 
F =| (Dj+ Fiz) (4.5.59) 
j=2 J 
and 
A :=D—-a+piZ. (4.5.60) 


Here, .Y is the set of poles of G4 9(s) in {0 < Res <D—a+e},” & is the set of 
nonisolated singular points (the accumulation points of .) and p := 27/Tp. There- 
fore, the function C4 9(s), defined by the last expression in (4.5.57), possesses a 
holomorphic extension to G= {0 < Res < D—a+e€}\.~ (note that, as was stated 
earlier, G is a domain, that is, an open and connected subset of C). In particular, 
D— dis a singularity of ae (s) which is not a pole. This proves that 


Dinud Ca) =D-«a@. 


The analogous claims (made in the statement of the theorem) for relative distance 
zeta functions follow from (4.5.2). 


4 The set Y :=U |j>2(Dj + 7 iZ) in Equation (4.5.59) corresponds to the set .Y in Equation 
= J 
(4.5.48) of Lemma 4.5.10. 
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In connection with Equations (4.5.58)-(4.5.60), we point out that in (4.5.58), if 
we let Pj := Dj+ TZ. for each j > 1, then we have that Y; — .o/ in the Hausdorff 
J 


metric, as j —> 0; see Figure 4.16. Note that the sequence (Tj) j>2 is decreasing, 
since aj; is increasing, and hence, the sequence p; := 7 of oscillatory quasiperiods 


of (A, Q) is increasing. Also, 
20 : 
Pj 7p=7Zz as J”, 
Tp 


where 7p := zg 2 It is also interesting to note that, although Mer (64.9) = {Res > 
D~— a}, the tube zeta function 4 9 is meromorphic on {Res > 0} \.o/. Here, the 


set Mer bro is the half-plane of meromorphic continuation introduced in Defini- 
tion 2.1.53. 


° 
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Fig. 4.16 An interesting set of complex dimensions: a sketch of the set .Y := Uj>2(Dj+ a iZ) of 
in J 


the poles of the tube zeta function (or “complex dimensions”) of the relative fractal drum (A, Q) 
from Theorem 4.5.8, with parameters D = 4/5, « = 3/10 and the sequence (aj) ;>2 defined as 
aj = j/(4(i+ 1) for j > 2. Here, D(C4.0) = 4/5, Diner(Saa) = D— a = 1/2 and of = 27! + 
4n(log2)iZ is the set of nonisolated singularities of Cid: (See Equations (4.5.58)-(4.5.60) and the 
discussion surrounding it.) It is easy to check that the set .” appearing in Equations (4.5.58) and 
(4.5.59) of the proof of Theorem 4.5.8 is contained in a union of countably many rays emanating 
from the origin. The dotted vertical line is the critical line {Res = D} of C49, and to the left of it, 
the solid vertical line {Res = D— a} is the meromorphy critical line of are It is worth pointing 
out that in the light of some of the results obtained in Chapters 4 and 5, we will suggest to extend 
the notion of “complex dimensions” from poles to nonremovable singularities of the associated 
fractal zeta function (here, €, 9). 
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4.5.3 Precise Meromorphic Extensions of Zeta Functions 
of Countable Unions of Fractal Strings 


In the sequel, an important role is played by the notion of countable union of a 
sequence of fractal strings, which we now introduce. It extends Definition 3.1.19, in 
which we have defined the union of two fractal strings. 


Definition 4.5.11. Let 2; = (¢jx)k>1, j = 1, be a sequence of fractal strings in R. 
The (disjoint) union of fractal strings, denoted by 


aed apes (4.5.61) 
j=l 


is a new fractal string, defined as the multiset consisting of all / € UP 1-Zj; with 
the multiplicity of / equal to the sum of its multiplicities in all 7, j ¢ N. Here, we 
assume that each 1 € @ belongs to at most finitely many fractal strings 7, and that 
& is a sequence of positive numbers converging to zero. Without these assumptions, 
the union of fractal strings is not well defined. Furthermore, we say that the union of 
fractal strings is disjoint, if for any two indices j, j’ € N, the assumption that j < j’ 
implies that 2.2) = 0, where 2; and @;: are viewed as ordinary sets. 


The following lemma provides a simple construction of well defined countable 
unions of fractal strings. 


Lemma 4.5.12. Let 2; = (€jx)k>1, j = 1, be a sequence of bounded fractal strings. 
If the sequence of the first elements of the fractal strings converges to zero (that is, 
if 0), + 0* as j >), then LZ := LU; \-Zj is a well-defined fractal string. 


Proof. To show that any given element ¢ = ¢;, € @ is of finite multiplicity, it suf- 
fices to take jo € N large enough, jo = jo(j,), such that ¢j, > €j91 (this is possible 
since £51 + OT as jo 0). Then we have 


Lee Qu UF, 1, Lae |_| Sr (4.5.62) 


n=jo 


and hence, the multiplicity of ¢; in @ is equal to the sum of the multiplicities of 
this element in finitely many fractal strings, namely, %,...,-Zio—1- 

We now show that can be ordered as a nonincreasing sequence of positive real 
numbers (£,,)m>1, converging to zero. To see this, consider the following sequence 
of sets 

AZ; = {6 jn! : Cyt < Cis < ji}. (4.5.63) 


Here, we assume without loss of generality that the sequence (€ 1) ;>1 is nonincreas- 
ing. Therefore, the sets AY; are finite and pairwise disjoint. Furthermore, since ¢; 
converges to zero as j —> 9, we have that 
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=| |AR. (4.5.64) 


J=1 


Here, the union of finite multisets is defined similarly to the union of fractal strings 
in Definition 4.5.11. Also note that minA.7; = €j+1,1 > max A.Yj+1. The desired 
sequence Y = (£,,)m>1 is then obtained so that we first order A.% as a nonincreas- 
ing finite sequence, then continue with A.%, and so on. 


Lemma 4.5.13. Let 2;, j > 1, be a sequence of fractal drums associated with 
(generalized) Cantor RFDs (Aj,Q;) in R, where (Q;)>1 is a disjoint family of unit 
intervals in R, |Q;|=2~/, Aj =2-/C)) +inf Q;, and a; € (0,1/2) for each j > 1. 
Then 2 :=;_ |; is a well-defined fractal string. 


Proof. Recall that 2; = (€jx)e>1 is defined by €j¢ = |Jjx|, where (Jjx)x>1 is the 
family of connected components (open intervals) of Q j\Aj = Ure itz. We have 


ej, =2-4(1—2aj) < 27, (4.5.65) 


and hence, ¢j1 — OT as j > o9. The claim now follows from Lemma 4.5.12. 


In the following lemma, we construct a disjoint union of fractal strings, in the 
sense of Definition 4.5.11. It admits many variations, which we do not discuss here. 
By (pj) j>1 we denote the usual sequence of prime numbers: (2,3,5,7,11,...). We 
construct a disjoint sequence of fractal drums 2 = (jx)<>1, J € N, associated with 
generalized Cantor sets C(4i) (see Example 2.2.6), with a suitable choice of the 
numbers a; € (0,1/2). 


Lemma 4.5.14. Let 2; = (¢jx)k>1, j = 2, be a sequence of (scaled) Cantor strings, 
generated by relative fractal drums (Aj,Q;), j > 2, where (Qj) j>1 is a disjoint 
family of intervals in R, Aj = 2-ic(i) +infQ;, and Q; is an open interval such 
that |Q;| =2~/ for each j > 2. Assume that 


aj=— for j>2, (4.5.66) 
Pj 


where pj; is the j-th prime number, and nj; € Nis such that nj < 5Pj- Then the frac- 
tal string LZ := UF 5, j is well defined, and moreover, the union of fractal strings 
is disjoint. In other words, for every j,k > 1, each value ¢j, € Z occurs with the 
multiplicity 2! in Y, the same multiplicity as in Z;. 


Proof. From the construction of the Cantor string “;, we know that 


liy=2 a (12a). (4.5.67) 


43 Here, the sequence of prime numbers is written in increasinig order: py < py <-+-- <p Fe Siphes 
with pj > © as j > ©. 
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Assume, contrary to the claim, that there exists a pair of indices j < j’, such that 
Lj}0-L) #0. In other words, ¢j, = ¢ 1, for some k,k’ € N; that is, 


2-Jak-! (1 —2a;) =2-Fa (1 — 247). 
Using aj =nj/pj and ay =nj;/p;1, we obtain 
a ! 3 
2/ ink "(py —2nj)p% =n, "(pj —2nj) pi. 


However, this is impossible since the prime number pj divides the left-hand side, 
but not the right-hand side. Indeed, p ;: divides neither nj, nor pj —2nj, nor pj. 


Lemma 4.5.15. Assume that the union 2 = UF 1 -Zj of a sequence of fractal strings 
(Z;) j>1 is well defined, and that it is bounded. Then 


t= Fito (4.5.68) 
j=l 


for all s € C such that Res > D(C). Furthermore, D(C v) = sup ;>; D(C ¥,). 


Proof. If 2; = (€jx)e>1, then clearly, 2 = (€jx)),4>1. We have 


Co(s)= ¥ &% on {Res >D(Cy)}, 


JAZ 


00 (4.5.69) 
Cgz,(s) = Y fe on {Res > D(Cv,)}, 
k=1 


for all 7 € N. The identity (4.5.68) now follows, as we now explain. Indeed, the two 
series appearing in (4.5.69) are absolutely convergent, and D(¢v,) < D(C), for all 
j= 1, since (Aj,Q;) C (A, Q) implies that 


D(Sv,) = dimg(Aj,Q;) < dimg(A,Q) = D(Cz). 


Definition 4.5.16. Assume that Q is a bounded interval in R, and A C Q is such that 
A is closed (in R), |A| = 0 and OQ CA. We say that a fractal string & is associated 
with a given relative fractal drum (A,Q) in R if Z = (€k)x>1, where & := |J,| for 
each k > 1, and (Jg)x>1 is the disjoint family of all the connected components (i.e., 
open intervals) of the open set Q\A CR. 


Proposition 4.5.17. Let (A;,Qj) be a sequence of RFDs in R such that (Qj) j>1 is 
a family of disjoint open intervals, and OQ; C Aj C Qj, Aj; is closed (in R) and 
|Aj| = 0 for each j EN. Let (A,Q) = UF) (Aj,Qj), |Q| < %, and let YZ; be the 
fractal strings associated with the RFDs (Aj;,Qj), j € N. Assume that the sequence 
Lp= (Cjk)R>1 is nonincreasing for each j > 1, and is such that the union & := 
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Li? 2; of fractal strings is well defined (see Definition 4.5.11). If 6 > 5 sup j>1fj1, 
then 

6 o(s) = (25) "|Q|+5(1—s)2° "Ss 0(s), (4.5.70) 
for every complex number s in the open half-plane {Res > D(C,,)}- 


Proof. It suffices to prove (4.5.70) on {Res > D(C4.q)}. For any such s, we have 
that 


gl-s 
b4;.0)(8) = —Ca(s). (4.5.71) 


This follows from (2.1.84), dropping the second term on the right-hand side, since 
we deal here with relative zeta functions. Furthermore, using (4.5.2) with N = 1, we 
have 


b4,,0%,(8) = 5°" [(A)5 Ql + (1-8) E4,,0,(5). (4.5.72) 


Note that since 6 > 50; for all j € N, we have (Aj)3 7 Q; = Qj. Therefore, we 
conclude from (4.5.71) and (4.5.72) that for each j > 1, 


6x,(s) = s(25)*1.Q)| + (1 —s)2°1&a,,0,(s). 


The claim now follows by summing up over j > 1, and using Lemma 4.5.15. 


From previous considerations, it is easy to deduce the following result. 


Corollary 4.5.18. Let (A;,Qj;) be a sequence of RFDs in R, such that (Qj) j>1 is 
a disjoint family of open intervals, and |Q;| = 2~/, Aj = 2-iC™) + inf Q;. Let Y;, 
j => 1, be a sequence of fractal strings associated with RFDs (Aj,Q;). Then the 
fractal string LZ := LF Zi is well defined, and 


(a) for every complex number s in {Res > D(Cv)}, 


= loa)! 
Ce(s)= 2% (fay (4.5.73) 
j=l J 


(b) the distance zeta function of the relative fractal drum (A, Q) =U" (Aj, Qj) 
is given by 


re —2 
oo iss cn (4.5.74) 


Ca,a(s) 


on {Res > D(C4.a)}. 
Proof. The fractal string @ is well defined due to Lemma 4.5.12. The claim in part 


(a) follows from 


., (1 —2a;)* 
Qk 1 (27 ig ra 1 1 —_ D =? /5 ( a 
éx()= > (1 2a)}* = 2-8 
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by using Lemma 4.5.15. In order to prove part (b), it suffices to use part (a), along 
with (4.5.71). 


We next state the main result of this section, in which we construct a set A with a 
given specified value of the abscissa of meromorphic continuation of A. In order to 
do so, it will be convenient to use the following definition. 


Definition 4.5.19. Let 2 = (¢j,);x>1 be a fractal string; that is, @ is representable 
in the form & = (mj;);>1, where the sequence (m;);>1 is a nonincreasing reordering 
of (¢ jx) j,¢>1- Then, the sequence A = (aj) ;>1 of positive real numbers is said to be 
associated with the fractal string @ if aj := Yi>;mj for each j > 1. 

Theorem 4.5.20. Let D € (0,1) and a € (0,D) be given. Let 2 = (€jx)7,-1 be a 
bounded fractal string defined as follows. For j = 1, we let €\,:= a "(1 — 2a), 
k> 1, where a, := Q-1/D, For j > 2 andk > 1, we let 


bea 2a 20), (4.5.75) 

Assume that the sequence (aj) j>1 is increasing and converges to 2-1/(P-2) gs j- 
co, Then 

D(Cv) =D, Dme(Cv) =D-a. (4.5.76) 


Furthermore, if A= Ay := {a;: j > 1} C (0,+¢°) is the bounded subset of R as- 
sociated with the fractal string @, then the same conclusion holds for the distance 
and tube zeta functions of A: 


D(€4) =D(Gs) =D, 


i (4.5.77) 
Der (Ga) = Dyer (Ga) =D-a. 


Moreover, dimpc A = D+ Fi. 


Proof. For j = 1, the associated fractal string “1 = (€14)>1 is the Cantor string 

generated by A, = C\), We have aj = 2711/2 < 1/2, so that the Cantor set C(41) is 

well defined. Furthermore, the box dimension of C\“!) is given by log, ;,, 2 =D. 
For j > 2, we have aj <2 1/(D—0) <2-I/(1-®) < 1/2, so that the (scaled) Cantor 

sets Aj = Ian + inf Q;, where (Q;) ;>1 is a family of disjoint open intervals in 

R, |Q;| =2~, are also well defined. Lemma 4.5.13 then implies that the union of 

fractal strings 2 := LF Lj is well defined, where -7; are fractal strings associated 
We have that 


log2 1 
D-a ~D-a@’ 


Ty := limlog(1/a;) = log2!/P-® = 
j 


so that Lemma 4.5.10 applies. The claim (4.5.76) follows from Theorem 4.5.8. The 
claims in (4.5.77) follow from Proposition 4.5.17 and (4.1.1), connecting the zeta 
function of a fractal string , the distance zeta function of the associated set A = 
Ay, and the tube zeta function of A. 
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The set A in Theorem 4.5.20 can be effectively constructed as a set associated 
with the fractal string & = U?_,-2;, where each .; is associated with a relative 
Cantor drum (Aj, ;), described in the proof. 


Theorem 4.5.20 shows, in particular, that our main results on the meromorphic 
extension of distance and tube zeta functions, obtained in Section 2.3, are in general 
optimal. We plan to study other applications and examples of relative zeta functions 
in a later work. 


4.6 Transcendentally -o-Quasiperiodic Relative Fractal Drums 


One of the new notions explored and used in a key manner in this section is that of 
‘transcendentally quasiperiodic relative fractal drums’, for which the correspond- 
ing quasiperiods are algebraically independent; see Section 4.6.1. It enables us, in 
particular, to construct bounded sets, fractal strings and RFDs that are ‘maximally 
hyperfractal’ (in the sense of the new Definition 4.6.23 below); that is, for which 
the corresponding fractal zeta function has nonisolated singularities at every point 
of the critical line {Res = D} —and hence, for which the critical line is a (mero- 
morphic) natural boundary (in the sense of part (ii) of Definition 1.3.8 in Subsection 
1.3.2). The complexity or ‘fractality’ of the resulting geometric objects is therefore 
most extreme. 


4.6.1 Quasiperiodic Relative Fractal Drums With Infinitely Many 
Algebraically Independent Quasiperiods 


Here, we describe a general construction of quasiperiodic fractal drums possessing 
infinitely many algebraically incommensurable periods. It is based on properties of 
generalized Cantor sets, and on Baker’s Theorem 3.1.14 from transcendental num- 
ber theory; see [Ba, Theorem 2.1]. 

Let m > 2 be a given integer and D € (0, 1) a given real number. Then for a > 0 
defined by a= m71/D , we have am = mi1/D < 1, and hence, the generalized Cantor 
set A = C("-“) is well defined (see Definition 3.1.1), and dimgA = log; ;,m =D. 


Definition 4.6.1. A finite set of real numbers is said to be rationally (resp., algebra- 
ically) linearly independent or simply, rationally (resp., algebraically) independent, 
if it is linearly independent over the field of rational (resp., algebraic) real numbers. 


Definition 4.6.2. A sequence (7;);+; of real numbers is said to be rationally (resp., 
algebraically) linearly independent, if any of its finite subsets is rationally (resp., 
algebraically) independent. 


Definition 4.6.3. Let m > 2 be a positive integer. Let p = (p;);>1 be the sequence 
of all prime numbers, arranged in increasing order; that is, 
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p = (2,3,5,7, Ll,...). 


We then define the exponent sequence e = e(m) := (ij) ;>1 associated with m, where 
a; => 0 is the multiplicity of p; in the factorization of m. We also let 


pPo:= [I vm. (4.6.1) 
{i>1:0;>0} 


The set of all sequences e with components in No := NU {0}, such that all but at 
most finitely many components are equal to zero, is denoted by (No). 


With this definition, for any integer m > 2, we obviously have m = po”), Con- 
versely, any e € (No) defines a unique integer m > 2 such that m = p°. 


Definition 4.6.4. Given an exponent vector e = (aj)i>1 € (No), we define the 
support of e as the set of all indices i € N for which qj > 0, and we write 


S(e) = supp (e) = {i > 1: a; > O}. (4.6.2) 


The support of an integer m > 2 is denoted by supp m and defined by supp m := 
supp e(m). 
The following definition is motivated by Theorem 3.1.15. 


Definition 4.6.5. We say that a set {e; : i > 1} of exponent vectors is rationally 
linearly independent if any of its finite subsets is linearly independent over Q. We 
then say for short that the exponent vectors are rationally independent. 


The following two definitions, Definition 4.6.6 and Definition 4.6.7, refine and 
extend the definition of n-quasiperiodic function and set (Definition 3.1.9 and Defi- 
nition 3.1.11, respectively). 


Definition 4.6.6. We say that a function G: R > R is e-quasiperiodic, if it is of 
the form 
G(t) = A(t,T,...), 


where H : (°(R) +R,“ H = H(t), ,...) is a function which is 7;-periodic in its 
j-th component, for each j € N, with 7; > 0 as minimal periods, and such that the 
set of periods 

{Tj : j > 1} (4.6.3) 


is rationally independent. We say that the order of quasiperiodicity of the function 
G is equal to infinity (or that the function G is c-quasiperiodic). 
In addition, we say that G is 


(a) transcendentally quasiperiodic of infinite order (or transcendentally e0-quasi- 
periodic) if the periods in (4.6.3) are algebraically independent; 


4 Here, £*(IR) stands for the usual Banach space of bounded sequences (1) ;>1 of real numbers, 
endowed with the norm ||(7;) ;>1 lle. = sup js |Tj|. 
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(b) algebraically quasiperiodic of infinite order (or algebraically e-quasiperio- 
dic) of infinite order if the periods in (4.6.3) are rationally independent and alge- 
braically dependent. 


We say that a sequence (7;);>1 of real numbers is algebraically dependent of 
infinite order if there exists a finite subset J of N such that (7;)jc7 is algebraically 
dependent (that is, linearly dependent over the field of algebraic numbers). Recall 
that a finite set of real numbers {71,..., 7} is said to be algebraically dependent if 
there exist k algebraic real numbers A,,...,A,, not all of them equal to zero, such 
that AyT +--+: +A,T, = 0. 


Definition 4.6.7. Let (A,Q) be a relative fractal drum in R” having the following 
tube formula: 


IA; NQ| =t%-?(G(logt“!)+.0(1)) as tt, (4.6.4) 
where D < N. and Gisa nonnegative function such that 


lim inf <li oo, 
0< im int G(t) < eG) < 


(Note that it then follows that dimg(A,Q) exists and is equal to D. Moreover, 
M? (A, Q) = liminf;.+..G(t) and @*?(A,Q) =limsup,_,,..G(T).) 

We then say that the relative fractal drum (A,Q) in R% is quasiperiodic and 
of infinite order of quasiperiodicity (or, in short, ce-quasiperiodic) if the function 
G = G(T) is ee-quasiperiodic; see Definition 4.6.6. 

In addition, (A, Q) is said to be 


(a) a transcendentally c-quasiperiodic relative fractal drum if the corresponding 
function G is transcendentally oo-quasiperiodic; 


(b) an algebraically e-quasiperiodic relative fractal drum if the corresponding 
function G is algebraically oo-quasiperiodic. 


Definition 4.6.8. We say that a relative fractal drum (A,Q) is n-quasiperiodic, 
where n > 2, if the function G appearing in Definition 4.6.7 is n-quasiperiodic; see 
Definition 3.1.9. Likewise, one can define transcendentally n-quasiperiodic relative 
fractal drums and algebraically n-quasiperiodic relative fractal drums. 


In light of Definitions 4.6.7 and 4.6.8, we see that each n-quasiperiodic rel- 
ative fractal drum, where n € (N \ {1}) U {0}, is either transcendentally n- 
quasiperiodic or algebraically n-quasiperiodic. In other words, the family Zgp(n) 
of n-quasiperiodic RFDs is equal to the disjoint union of the family Agp(n) of 
transcendentally n-quasiperiodic RFDs and the family Yagp(n) of algebraically 
n-quasiperiodic RFDs: 


Dap (2) = Agp(n)UPagp(n), for n € (N\ {1})U {o>}. 


45 Here, D may be negative as well; see Proposition 4.1.35. 
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Letting 


Dep '= J Ppl), Aap = Y Aap(2), Paap = J Pagp(n) 


n>2 n>2 n>2 


and 


Dap = Dap U Dap(e°), Dep = Dap Dap(e2),  Dagp = agp U agp (°°); 


we have that _ _ = 
Dap = Brap U Bagp- 


Theorem 4.6.9 below shows that the family Ygp(cc) is nonempty. Moreover, the 
family Dagp(n) of algebraically n-quasiperiodic RFDs is nonempty for any n > 2, 
as well as for n = ©, as shown by Radunovié in [Ral]. 

As we know, the family of bounded fractal strings can be naturally embedded 
into the family of bounded subsets of R, while the family of bounded subsets of 
IR can be naturally embedded into the family of RFDs. Therefore, we have the 
following natural embeddings 


Lop(n) C Hep(n) C Dop(n). (4.6.5) 


It is clear that we can define the families Zp(ce) and .%gp(ce), much as we have 
defined Ygp (ce) above. In light of the embedding (4.6.5), we then have 


Lop (ee) C op (ee) C Dop(e), 


and analogously 
Leap (ee) C Aigp(ce) C Agp (ee), 


Lagp (2°) C Fagp(ee) C Datp (ee). 


Theorem 4.6.9 below shows that the family “qp(cc) is nonempty. Therefore, the 
families -Ygp(cc) and Ygp(ce) are nonempyt as well. 


The following result can be considered as a fractal set-theoretic interpretation 
of Baker’s theorem [Ba, Theorem 2.1], i.e., of Theorem 2.11, from transcendental 
number theory. It provides a construction of a transcendentally co-quasiperiodic rel- 
ative fractal drum. In particular, this drum possesses infinitely many algebraically 
incommensurable quasiperiods 7;. In our construction, we use the two-parameter 
family of generalized Cantor sets C (2) described in Definition 3.1.1 and whose 
basic properties are described in Proposition 3.1.2. 


Theorem 4.6.9. Let D € (0,1) be a given real number, and let (m;);> be a sequence 


of integers, mj > 2. For each i > 1, define aj = m,!?, and let Ci) be the cor- 


responding generalized Cantor set (see Definition 3.1.1). Assume that (Q;)j>1 is a 


family of disjoint open intervals on the real line such that |Qi;| < Cm) ch!? for 
each i > 1, where the sequence (c;)j>1 of positive real numbers is summable, and 


C, > 0. Let 
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Ae) = i,$2;), where A; := |02; 4) + infQ;, forall i> 1. 
A,Q Aj, Q here A; :=|Q,\C@-) +infQ;, — for all 1.46 


i>1 
Assume that the sequence of real numbers 
(logm,...,logm,,...) is rationally independent. (4.6.6) 


Then the sequence of real numbers 


Cs) (4.6.7) 
is algebraically independent (that is, lineary independent over the field of alge- 
braic numbers). In other words, the relative fractal drum (A, Q) is transcendentally 
quasiperiodic with infinite order of quasiperiodicity. More specifically, its sequence 
(T;)i>1 of quasiperiods is given by T; := log(1/a;) = (logm;)/D, for every i> 1. 
Furthermore, 


D(Ca,0) = Dymer(Ga.a); (4.6.8) 


and moreover, all of the points on the critical line {Res = D} are nonisolated singu- 
larities of C4.q; in other words, the relative fractal drum (A,Q) is also maximally 
hyperfractal (in the sense of Definition 4.6.23 (iii) below and the comment following 
it). 
Finally, the relative fractal drum (A, Q) is Minkowski nondegenerate, in the sense 
that 
0<.A?(A,Q) < M'P(A,Q) <~. 


Theorem 4.6.9 admits a partial extension. If instead of condition (4.6.6) we as- 
sume that m; — co as i + oe, then (4.6.8) still holds, and, moreover, all the points 
of the critical line are nonisolated singularities of 4. Furthermore, the fractal drum 
(A, Q) is Minkowski nondegenerate. 


We shall need the following lemma, which states a simple scaling property of the 
tube functions and Minkowski contents of RFDs. We note that the identity (4.6.10) 
below yields a partial extension of [Zu4, Proposition 4.4.]. Compare also with the 
scaling property of the corresponding distance zeta function C4 9, obtained in The- 
orem 4.1.40. 


Lemma 4.6.10. (a) Let (A, Q) be a relative fractal drum in IR". Then for any fixed 
A > 0, and for allt > 0, we have that 


(AA); NAQ =AlAy,NQ), |(AA)NAQ] =A" Ay 9 QI. (4.6.9) 


Furthermore, for any real parameter r © R, we have the following scaling (or 
homogeneity) properties of relative Minkowski contents: 


MO (AA,AQ) =A" M™(A,Q),  AOE(KA,AQ) =A" (AQ). (4.6.10) 


46 Note that here, |Q;| plays the role of the scaling factor of the generalized Cantor set C (misai) 
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(b) If A is a generalized Cantor set C’") (see Proposition 3.1.2), then 
(acl), 9 (0,4)| = 2! (Gy (logt!) — 21”), 
where 
Gy (Tt) = APG(t+logA) 
and G is the T-periodic function defined in Equation (3.1.3) of Proposition 3.1.2. 


Proof. We shall establish parts (a) and (b) separately. 


(a) Scaling the set A; Q by the factor A, we obtain A(A; Q). On the other 
hand, the same result is then obtained as the intersection of the scaled sets (AA),; 
and AQ; that is, 

A(Ar 1 Q) = (AA)g,NAQ. 


The first equality in (4.6.9) now follows by replacing t with t/A. The second one is 
an immediate consequence of the first one. We also have 


A)iyZNQ 
MM" (VA, AQ) = limsup AA OA0) = A timsup uA 08 
t30t t>0t 
; A)rNQ| 
= Ny (A) Q| _ " W'"(A.Q). 
eve aye ee 


The second equality in (4.6.10) is proved in the same way, but by now using the 
lower limit instead of the upper limit. 


(b) In the case of the generalized Cantor set, we use (4.6.9) with N := | along 
with Proposition 3.1.2: 


Ac), (0,2) =A} (0,11 = A(z) ™ (G(t0g =) ~2(¢/4)?) 


=e? (A°G(loga +logr!)— 21?) : 


This completes the proof of the lemma. 


Relative tube zeta functions have a scaling property which is analogous to that 
obtained in Proposition 2.2.22 for the tube zeta functions of bounded sets. We leave 
the proof to the interested reader. It suffices to use Lemma 4.6.10(a). 


Proposition 4.6.11 (Scaling property of relative tube zeta functions). Let (A, Q) 
be a relative fractal drum and let 6 > 0. Let us denote by bao (s;6) the associated 
relative fractal zeta function defined by Equation (4.5.1). Then, for any A > 0, we 
have D(Cx4,,@) = D(Gs,0;5) = dimg(A,Q) and 


E,490(83:45) =A5E4 (538), (4.6.11) 
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for all s € C such that Res > dimg(A,Q). Furthermore, if @ € C is a simple pole of 
bro (s;6), meromophically extended to a connected open neighborhood of the crit- 
ical line {Res = dimg(A,Q)} (as usual, we keep the same notation for the extended 
function), then : 7 

res(Ca4aq,@) =A° res C4 a(-35), ). (4.6.12) 


One proof of Proposition 4.6.11 would rely on the functional equation (4.5.2) 
combined with Theorem 4.1.40, the scaling property of the distance zeta function. 

In the proof of Theorem 4.6.9, we shall use the following simple fact. If a function 
G(t) = H(t,T,...) is transcendentally quasiperiodic with respect to a sequence of 
quasiperiods (T; Vist, it is clear that for any fixed sequence of real numbers d := 
(d;)i>1, the corresponding function 


Ga(T) = H(d| +T,d2+T,...) 
is quasiperiodic with respect to the same sequence of quasiperiods. 


Proof of Theorem 4.6.9. The proof is divided into three steps. 


Step 1: First of all, note that the generalized Cantor sets C (mii) are well defined, 


since ma; = m, hd < 1 for each i > 1; see Definition 3.1.1. Furthermore, 


|= Dla <c Ymt Ph? <a Sel” <a ya<@, 


where we have assumed without loss of generality that c; < 1 for all i > 1. Using 
Lemma 4.6.10, we have 


IA, Q| =5 (A; ):.Q;| =2'- >> 12, \P (G:(togle | + log *) -21°) 


i=] i=1 


= 1? (G(log~) — 20/1), 


G(T) — »y |Q;\?G; (log |Qi| + T) 
i=l 
and the functions G; = G;(T) are T;-periodic, with T; := log(1/a;), for alli > 1. This 
shows that G(t) = H(t,T,...), where 


where 


((t;)i>1) = Fai? a i(log |Q;| + 7). 


Note that the last series is well defined, and that so is the series defining G(t). 
Indeed, letting 4 = .@*? (C\"“))) and using Proposition 3.1.2, we see that 


0< G2) <= (FH) — (1—a;)<Cm}®, (4.6.13) 


1—- Maj 
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where C is a positive constant independent of i, since m; — e and m;a; + 0 as i— ©. 
Therefore, 


ie 


YlaiGis) < D(Chm? Ver) (Ca \= CCP Yes <e° 


In particular, 
MAG) SCC? Yop < . 
i=l 
On the other hand, since (A;,@1) D (A,Q), we can use Lemma 4.6.10(a) (with 
r:= D) and Proposition 3.1.2 to obtain that 


1-—D 
MP (A,Q) > MP (Ai, Q1) = |Q|PAP(C™) = a5 (3) ae 


Step 2: Let n be any fixed positive integer. Since the set of real numbers 


{logm,...,logmy} 


is rationally independent, we conclude from Baker’s theorem (see Theorem 3.1.14 
above or [Ba, Theorem 2.1]) that the set of real numbers {1,logm,...,logm,} 
is algebraically independent. Dividing all of these numbers by D, and using D = 
(logm;)/T;, where T; = log(1/a;) for all i (see Proposition 3.1.2), we deduce that 


fa ag eee yen) 
D’ D D D 


is algebraically independent as well. Since n is arbitrary, this proves that the rela- 
tive fractal drum (A, Q) is transcendentally cc-quasiperiodic, in the sense of Defini- 
tion 4.6.7. 


Step 3: To prove the last claim, note that the critical line {Res = D} contains the 
union of the set of poles Y; := Pos o ,C) = D+ p,iZ of the tube zeta functions 
ae .Q;,4= 1. Since the integers m; are all distinct, we have that m; — 9 as i + 9, and 
therefore, p; = 277/T; = 21D/log m; — 0. This proves that the union U;> Pasa 
set of nonisolated singularities of Ey Q=Yr1 bs, a; (see Lemma 4.5.9), is dense in 
the critical line {Res = D}. Since we have a dense set of nonisolated singularities of 
Ca,@ along the critical line, then in fact, each point on the line is a nonisolated sin- 
gularity. Indeed, reasoning by contradiction, if any point (say, so) on the critical line 
is a removable singularity, then there is a punctured connected open neighborhood 
of so in which the fractal zeta function ¢,4 9 is holomorphic, and hence, the same is 
true along the corresponding punctured open interval (along the critical line) con- 
taining the singularity sp, which is impossible. (For more details, see the proof of 
Lemma 4.6.12 just below.) It follows, in particular, that (4.6.8) holds, as desired. 
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We note that the above argument can be summarized as follows: The set of non- 
isolated singularities along L := {Res = D} is closed in the critical line L. Since the 
latter set is already known to be dense in L, it follows that it must be all of L. This 
argument is the content of Lemma 4.6.12 just below. 


At the end of the proof of Step 3 of Theorem 4.6.9, we have used the following 
lemma.*7 


Lemma 4.6.12. In Step 3 of the proof of Theorem 4.6.9 above, the set of nonisolated 
singularities of Cao along the critical line L:= {Res =D} is both closed and dense 
in, and therefore coincides with, L. 


Proof. We already know from the first part of Step 3 of the proof of Theorem 4.6.9 
that the set of nonisolated singularities of C4 9 along L is dense in L. Therefore, all 
we need to show is that it is also closed in L. Equivalently, we must show that the 
set of removable singularities of C4 9 along L is open in L. 

For this purpose, assume that there exists sg € L which is a removable singularity 
of C4 q. By definition, this means that there exists an open disk U := Bp(so) in C 
centered at so and such that C4 q is holomorphic in the punctured disk U \ {so}. 
(Upon resolution of the singularity at so, we could take all of U instead and hence, 
all of I just below.) Therefore, if J := UML is the corresponding open interval along 
the critical line L := {Res = D}, then €4 9 cannot have any nonremovable singu- 
larity in the punctured interval J \ {so}, and therefore consists entirely of removable 
singularities. 

This establishes the fact that the set of removable singularities along L is open in 
L, and thereby concludes the proof of the lemma. In particular, we have shown that 
every point of the line L is a nonisolated nonremovable singularity of C4 9; i.e, L is 
a natural barrier for €4 @. More specifically, L is a (meromorphic) natural boundary 
for 4.9, in the sense of part (ii) of Definition 1.3.8 in Subsection 1.3.2. 


It is noteworthy that the sequence .@*?(C(-“),(0,1)) appearing in Theo- 
rem 4.6.9 is divergent. More precisely, it is easy to deduce from the equality in 
(4.6.13) that 

MP (Cri) (0,1)) ~ (2m)'!-P as ie. 


The conditions of Theorem 4.6.9 are satisfied if, for example, m; := p; for every 
i> | (that is, (m;);>1 is the sequence of prime numbers (p;);>1, written in increas- 
ing order), and if C; := 1 and cj := 2~' for all i > 1. More general choices of the 
sequence (m;)>1 can be found in Theorem 4.6.13 below; see also Remark 4.6.15. 


Theorem 4.6.9 shows that a result about the meromorphic extensions of distance 
relative zeta functions, obtained in Theorem 4.5.2 for a class of Minkowski nonmea- 
surable RFDs satisfying a periodicity condition, cannot be extended to transcenden- 
tally quasiperiodic RFDs with infinitely many quasiperiods. For quasiperiodic sets 
and RFDs with finitely many quasiperiods, such extensions are also possible. See, 
for example, Theorem 2.3.43 and its obvious extension to the context of RFDs. 


47 Tt will be apparent to the reader that, in the statement of Lemma 4.6.12, the closedness statement 
is of a general nature. 
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4.6.2 Hyperfractals and Transcendentally ~-Quasiperiodic Fractal 
Strings and Sets 


The following result provides some sufficient conditions on the sequence (m;);>1, 
for the rational independence to hold in condition (4.6.6). It complements Theo- 
rem 3.1.15. 


Theorem 4.6.13. Let m; > 2 be given integers, i> 1, and let S; := supp (m;) be their 
corresponding supports (see Definition 4.6.4). Assume that 


i++ maxS; is increasing. (4.6.14) 


Let D € (0,1), and define the relative fractal drum (A,Q) = U2, (Ai, Qi), where 
Aj = 271C%%) + inf Q;, a; = m,!?, and the family of open intervals (Q;);>1 is 
disjoint, with |Q;| :=2~' for alli > 1. Then the relative fractal drum (A, Q) is tran- 
scendentally quasiperiodic and with infinite order of quasiperiodicity. Furthermore, 


D(C4,2) = Dmer(S4,2) = Dao (Sa,a); (4.6.15) 


and moreover, all of the points on the critical line {Res = D} are nonisolated sin- 
gularities of Ca.Q. 


In order to prove this result, we shall use the following auxiliary lemma. 


Lemma 4.6.14. Let (m;)j>1 be a sequence of integers, m; > 2, such that the se- 
quence of the associated exponent vectors (e(m;))i>1 is rationally linearly indepen- 
dent. Then the sequence (logm;);>1 is rationally linearly independent as well. 


Proof. Let n be a fixed positive integer. Since the vectors e(m1),...,e(m,) are ratio- 
nally linearly independent, then using Steps 1 and 2 of the proof of Theorem 3.1.15, 
we conclude that the numbers logm,,...,logm, are rationally linearly independent 
as well. 


Proof of Theorem 4.6.13. Condition (4.6.14) ensures that any pair of numbers m; 
and m;, i ~ j, has different corresponding sets of prime factors. From this we can 
easily conclude that the exponent vectors e(m;), i > 1, are rationally linearly inde- 
pendent. Indeed, assume that 


kye(m,) +++» +kne(mn) = 0, (4.6.16) 


for some n € N, where the coefficients k; are integers. Let s; := max S;. By looking at 
the s,-th component of (4.6.16), we immediately obtain that k, = 0. We then apply 
the same reasoning to the s,_1-th component in order to obtain k,_; = 0, and so on. 

Using Lemma 4.6.14, we conclude that the sequence of integers (logm,);>1 is 
rationally linearly independent. The claim then follows from Theorem 4.6.9. 
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Remark 4.6.15. It is easy to see that condition (4.6.14) in Theorem 4.6.13 can be 
relaxed. More specifically, it suffices to assume that i++ max S; be injective. Indeed, 
if the map is injective, then each member of the set {max S; : i ¢ N} has multiplicity 
1, and after a suitable permutation, we can obtain (4.6. 14).48 


In Theorems 4.6.9 and 4.6.13, we have constructed a transcendentally quasiperi- 
odic relative fractal drum (A,Q) with infinite order of quasiperiodicity. In par- 
ticular, (A,Q) has infinitely many algebraically incommensurable quasiperiods 
T;= plogmi, i>. 


The following corollary (Corollary 4.6.17) shows that there exist bounded fractal 
strings # = (€;) ;>1 with infinitely many algebraically incommensurable quasiperi- 
ods (i.e., with infinitely many incommensurable quasifrequencies). We see from the 
proof of this result that can be effectively constructed. 


Definition 4.6.16. As we know, any bounded fractal string 2 = (€;);>1 can be 
naturally identified with a relative fractal drum (A.v,Q) in R, where 


co 


Agi= {ay = SUAkS i}, Qeg:= L) (ak+1,4%), 
jzk k=1 


with |Qy| = DF 0; < ce. Letn € NU {0} be fixed. We say that a bounded fractal 
string L = (€;)j>1 is n-quasiperiodic if the corresponding relative fractal drum 
(A.v,Q¥) is n-quasiperiodic. The order of quasiperiodicity of a bounded fractal 
string & is defined as the order of quasiperiodicity of the corresponding relative 
fractal drum (A_v, Qy); see Definitions 4.6.7 and 4.6.8. 

In addition, we say that a bounded fractal string Z = (€;) j>1 is transcendentally 
(resp., algebraically) e-quasiperiodic if the corresponding relative fractal drum 
(Av, Q) is transcendentally (resp., algebraically) oo-quasiperiodic. 


The family gp of all -o-quasiperiodic fractal strings is the disjoint union of the 
family agp of algebraically co-quasiperiodic fractal strings and the family -Zigp of 
transcendentally co-quasiperiodic fractal strings: 


Lop (ee) = Lagp (ee) U -Ligp (2). 


If we let 


L gp = Lop U-Lop(~), is = Lap U-Ligp (ce), -Lagp = -Lagp U Lagp (°°), 
where Lop, Lgp and Lagp are defined by (3.1.30) on page 202, then 
Pap = Peap UZaap. 


We expect that the family Pins is nonempty. 


48 We wish to thank Tomislav Sikié for this remark. 
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Corollary 4.6.17. (a) There exists an effectively constructible bounded fractal 
string L = (€;);>1 in R which is transcendentally -quasiperiodic (see Definition 
4.6.7), such that 

D(Sz) = Dnoi(S-z) = Dmmer(S-z) (4.6.17) 


and all of the points on the critical line {Res = D} are nonisolated singularities of 
the geometric zeta function € y; in other words, the fractal string & is also max- 
imally hyperfractal (in the sense of Definition 4.6.23(iii) below and the comment 
following it). 


(b) In particular, there exists an effectively constructible bounded subset Ao of 
R, which is transcendentally --quasiperiodic, such that 


D(Cao) = Dro (Cv) = Dyer( CA) (4.6.18) 


and all of the points on the critical line {Res = D} are nonisolated singularities 
of the distance zeta function C,, (as well as of the tube zeta function any in other 
words, the bounded set Ao is also maximally hyperfractal (in the sense of Definition 
4.6.23(iii) below and the comment following it). 


Proof. (a) It suffices to note that each relative subdrum (A;, Q;) of (A, Q), defined 
in Theorem 4.6.13, can be viewed as a fractal string -Z; (i.e., Cantor’s string) associ- 
ated with a generalized Cantor set Aj = C (mj.ai) Therefore, the relative fractal drum 
(A, Q) = Uj>1(A;, Q;) can be viewed as a bounded fractal string Y = Uj>1%. 


(b) To prove this, it suffices to associate a new RFD (Ag, Qo) to the fractal string 
£ from (a). Its construction can be found in Definition 4.6.16. 


Remark 4.6.18. Note that the set Ag in Corollary 4.6.17(b) does not coincide with 
the set A from the relative fractal drum (A, Q), associated with the fractal string 2. 
Indeed, A is a union of a countable family of Cantor sets (therefore, an uncountable 
set), whereas Ag is a decreasing sequence of positive real numbers converging to 
zero. Here, Ao is generated by the union of a sequence of generalized Cantor strings 
-£;,i > 1, and each -Y; is generated by a generalized relative Cantor drum. 


Remark 4.6.19. For N > 2, one can readily extend Corollary 4.6.17 to obtain an ex- 
plicitly constructible maximally hyperfractal and transcendentally co-quasiperiodic 
fractal spray in R’, and correspondingly, a bounded subset A of R™ having those 
same exact properties. Indeed, it suffices to proceed exactly as in the passage from 
Example 5.1 to Example 5.1’ in [Lap1]. Namely, for example, if Ao C R is the 
bounded set obtained in part (b) of Corollary 4.6.17, simply let A := Ao x [0,1]4~!, 
now viewed as a bounded subset of R”. (See also Subsection 4.6.4.) 


Remark 4.6.20. There is a classic example of a function which is holomorphic on 
the open unit disk in C and is such that each of its points on the boundary is a 
nonisolated singularity. See Problem 6.2.18 on page 558. 
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Example 4.6.21. Concerning Lemma 4.6.14, there are many other ways to ensure 
the rational independence of log mj, i > 1. For example, if ,...,7m, are the positive 
integers defined by 
= ok 
my, = Pj, Pj2-++ Pin 


— ny. nk : 
m2 = Pj Pj +++ Pin 


= k 
My, = Pj Pjn+++ Pin? 


where k > 2 is a fixed integer, then these integers have identical supports, and their 
exponent vectors are given by 


e(m) = (k,1,1,-..,1), 
e(m) = (1,k,1,...,1), 


e(mn) = (1,1,.--51,), 


where we have truncated the exponent vectors outside of their supports. It is easy 
to see that these vectors are rationally linearly independent. Indeed, we have a := 
Ect (e(m1) +-++++e(m,)) = (1,1,...,1), and therefore, the vectors 


| ~ 


1 
k-1 


(e(m,) —a),..., (e(m,) —a) 


> 


-1 
form the standard basis of Q”. 


Example 4.6.22. Let (P;)j>1 be a partition of the set of all prime numbers, such 
that each set P; is finite. Applying the construction from Example 4.6.21 on each 
P;, with k =k; > 2, we obtain an infinite sequence of integers (m,);>1 such that 
the associated sequence (e(m;));>1 of their exponent vectors is rationally linearly 
independent. 

Alternatively, we can also use the constructions from Remark 4.6.21 and from 
(4.6.14) intermittently, applied on the elements of the sequence of sets (Pj) j>1. 


In Subsection 4.6.4, we will extend the construction carried out in the present 
subsection to obtain maximally hyperfractal sets in R of arbitrarily prescribed di- 
mension D € (N—1,N), for any N > 1. 


4.6.3 Fractality, Hyperfractality and Complex Dimensions 


The following definition is closely related to the the notion of fractality (given in 
[Lap-vFr3], Sections 12.1.1 and 12.1.2, including Figures 12.1-12.3), as will be 
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explained in Remark 4.6.24 below. At this point, the reader may wish to review the 
definition of a (meromorphic) partial natural boundary and that of a (meromorphic) 
natural boundary (and correspondingly, of a partial domain of meromorphy and of 
a domain of meromorphy) given, respectively, in part (i) and in part (ii) of Definition 
1.3.8 of Subsection 1.3.2 on page 39 (and as strengthened in Remark 1.3.9). 


Definition 4.6.23. (Hyperfractality). Let A be a bounded subset of R and let D := 
dimpA. Then: 


(i) The set A is a Ayperfractal (or is hyperfractal) if there is a screen S' (see 
page 95 above or Definition 5.1.1 on page 411 below) which is a (meromorphic) 
partial natural boundary for the associated tube (or equivalently, if D < N, distance) 
zeta function of A. This means, in particular, that the fractal zeta function cannot be 
meromorphically continued to any connected open neighborhood of S (or, equiva- 
lently, of the associated window W)); see Definition 1.3.8(2) for the precise defini- 
tion of a (meromorphic) partial natural boundary. (See also both parts of Remark 
1.3.9.) Equivalently, the interior W of the window is a partial domain of meromor- 
phy for the fractal zeta function of A. 


(ii) The set A is a strong hyperfractal (or is strongly hyperfractal) if the critical 
line {Res = D} is a (meromorphic) partial natural boundary of the associated fractal 
zeta function; that is, if we can choose S = {Res = D} in (i).4? Equivalently, the 
open right half-plane {Res > D} is a partial domain of meromorphy for a (or 
equivalently, if D < N, for €,4), also in the sense of Definition 1.3.8(i). 


(iii) Finally, the set A is maximally hyperfractal if it is strongly hyperfractal and 
every point of the critical line {Res = D} is a nonisolated singularity of the fractal 
zeta function of A. In that case, the critical line {Res = D} is a meromorphic natural 
boundary of the fractal zeta function; see Definition 1.3.8(ii) for the precise defini- 
tion of a partial natural boundary. In short, the fractal zeta function of A cannot be 
extended meromorphically (and, a fortiori, holomorphically) to any punctured (and 
connected) open neighborhood of s, given any point s of the critical line. Equiva- 
lently, the open right half-plane {Res > D} is a domain of meromorphy for ¢,4 (or 
equivalently, if D < N, for C,), also in the sense of Definition 1.3.8(ii) 


An analogous definition can be provided (in the obvious manner) where instead 
of A, we have a fractal string = (¢;) ;>1 in R or, more generally, a relative fractal 
drum (A,Q) in RY. 


Remark 4.6.24. (Complex dimensions and the definition of fractality). In 
[Lap-vFr1—3], a geometric object is said to be “fractal” if the associated zeta 
function has at least one nonreal complex pole (with positive real part); i.e., the 
object has at least one nonreal complex dimension.~° (See [Lap-vFr3, Sections 12.1 


49 Recall from Theorem 2.1.1 1(a) that since D = dim,A, the fractal zeta function €, is holomorphic 
(and hence, meromorphic) in the window W = {Res > D}, in that case. 


50 Then, clearly, it has at least two nonreal complex conjugate complex dimensions. 
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and 12.2] for a detailed discussion.) In [Lap-vFr2, Lap-vFr3], in order, in partic- 
ular, to take into account some possible situations pertaining to random fractals 
(see [HamLap], partly described in [Lap-vFr3, Section 13.4]), the definition of 
fractality (within the context of the theory of complex dimensions) was extended 
so as to allow for the case described in part (i) of Definition 4.6.23 just above, 
namely, the existence of a partial natural boundary along a screen. See [Lap-vFr3, 
Subsection 13.4.3]. 

We note that in [Lap-vFr3] (and the other aforementioned references), the term 
“hyperfractal” was not used to refer to case (i) (or to any other situation). More im- 
portant, except for fractal strings and in very special higher-dimensional situations 
(such as suitable fractal sprays), one did not have to our disposal (as we now do, 
thanks to the general theory developed in this book and in [LapRaZu1-8]) a general 
definition of “fractal zeta function” associated with an arbitrary bounded subset of 
RY, for every N > 1. Therefore, we can now define the “fractality” of any bounded 
subset of R% (including Julia sets and the Mandelbrot set) and, more generally, of 
any relative fractal drum, by the presence of a nonreal complex dimension or else by 
the “hyperfractality” (in the sense of part (i) of Definition 4.6.23) of the geometric 
object under consideration. Here, “complex dimension” is understood as a (visible) 
pole of the associated fractal zeta function (the distance or tube zeta function of a 
bounded subset or a relative fractal drum of R%, or else, as was the case in most of 
[Lap-vFr3], the geometric zeta function of a fractal string). 

Much as in [Lap-vFr1—3] and [Lap3-8], this terminology (concerning fractality, 
hyperfractality, and complex dimensions), can be extended to ‘virtual geometries’, 
as well as to (absolute or) relative fractal drums, noncommutative geometries, dy- 
namical systems, and arithmetic geometries, via suitably associated ‘fractal zeta 
functions’, be they absolute or relative distance or tube zeta functions, spectral zeta 
functions, dynamical zeta functions, or arithmetic zeta functions (or their logarith- 
mic derivatives thereof). 


As we have seen in Theorem 4.6.9 and Corollary 4.6.17, there exist bounded sets 
Apo, fractal strings and RFDs (A,Q), that are maximally hyperfractal. In other 
words, all the points on the critical line {Res = D} are nonisolated singularities 
of the corresponding zeta functions. (See Problem 6.2.20.) Furthermore, the con- 
struction provided in Subsection 4.6.4 below will show that for any integer n > 1 
there exists a maximally hyperfractal bounded subset of R”, of arbitrary prescribed 
dimension D € (N — 1,N); see Corollary 4.6.28. In addition, we recall that in Ex- 
ample 3.3.7, we have constructed a fractal string 2. whose associated fractal zeta 
function has a countable set of essential singularities on the critical line; see Equa- 
tion (3.3.32). Such a fractal string is therefore strongly hyperfractal, in the sense of 
part (ii) of Definition 4.6.23 (and as strengthened in part (b) of Remark 1.3.9). It is 
worth pointing out that this construction was generalized to a whole class of strongly 
hyperfractal RFDs which are not maximally hyperfractal; see Example 4.2.10 of 
Subsection 4.2.2 above. 
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Corollary 4.6.17 provides a partial answer to a part of [Lap-vFr3, Problem 
13.146, p. 473] (building on open problems proposed toward the end of [HamLap]). 
Note that in Corollary 4.6.17(b) we have constructed a (deterministic) hyperfractal 
Ag on the real line, which is just a bounded countable set on the real line (more pre- 
cisely, a bounded decreasing sequence converging to zero; see Remark 4.6.18). In 
this sense, Ag may be viewed as being fairly simple. Recall, however, that it has been 
(effectively) constructed by means of a countable family of generalized Cantor sets, 
and in this sense, this sequence (as well as the corresponding hyperfractal string) 
is extremely complex. Also, we stress that in this construction, we do not use any 
random fractal sets. Random fractal strings, along with the associated random zeta 
functions and complex dimensions, are the object of the work of Ben Hambly and 
the first author in [HamLap], which is surveyed in [Lap-vFr3, Section 13.4] where 
the aforementioned open problem can be found. 

In short, the latter problem asks whether almost surely, and within a suitably de- 
fined class of random fractals, the associated (pointwise) random fractal zeta func- 
tions have a (meromorphic) partial natural boundary. Our present work now enables 
us to give a proper meaning to the notion of ‘fractal zeta functions’ in higher dimen- 
sions, and hence to adapt it to random fractals (by naturally extending the notions 
introduced for random fractal strings in [HamLap]). Moreover, in the deterministic 
setting, the examples constructed here indicate that in some cases, one can obtain a 
much stronger conclusion; namely, the partial natural boundary can consist solely 
of nonisolated singularities. In turn, in the random setting, one may complete the 
above open problem (from [HamLap] and [Lap-vFr3]) by asking whether, almost 
surely, the random fractals within a suitable class are maximally hyperfractal, and 
hence, admit the critical line as a (meromorphic) natural boundary (for the associ- 
ated fractal zeta function). 


Given d € R such that d < D, Definition 4.6.23 (or its obvious conterpart for a 
fractal string Y or a relative fractal drum (A, Q)) can be extended as follows. In the 
analog of case (i), A is said to be hyperfractal (respectively, strictly hyperfractal) 
in dimension d if the screen S can be chosen so that sup S = d (respectively, max S 
exists and max S = d).>! In the analog of case (ii), A is said to be strongly hyperfrac- 
tal in dimension d if the vertical line {Res = d} is a (meromorphic) partial natural 
boundary of the associated zeta function (that is, if we can choose S = {Res = d} in 
the counterpart of (i)). Finally, A is said to be maximally hyperfractal in dimension 
d if it is strongly hyperfractal in dimension d and every point of the vertical line 
{Res =d}>? is a nonisolated singularity of the zeta function. Therefore, {Res = D} 
is a (meromorphic) natural boundary (for the associated fractal zeta function). 


It would be interesting to consider the following open problem, which comple- 
ments in a different direction the problem about random fractals stated above in the 
discussion following Remark 4.6.24. Namely, one may ask whether given a (deter- 
ministic or random) relative fractal drum which is hyperfractal or even, maximally 


5! As in [Lap-vFr2], we adopt the following notation: sup S := sup;er S(t), and similarly for max S 
(when it exists). See the definition of a screen on page 95. 


5? Except possibly for some points in a small neighborhood of d in that line. 
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hyperfractal (with respect to the standard power law gauge function, h = 1), one can 
sometime find another (non power law) gauge function h (in the sense of Definition 
6.1.4 of Section 6.1 below) for which the associated zeta function no longer has a 
partial natural boundary. We note that in order to address this problem, one should be 
ready to work with analytic functions on suitable Riemann surfaces rather than just 
on C or on the Riemann sphere C := CU {eo}. See [EsLapRRo] and [ElLapMacRo] 
where a related open problem is raised in connection with the ‘multifractal zeta 
functions’ of [LapRol, LapLéRo, LéMen, ElLapMacRo]. We plan to develop this 
point of view in a later work, especially in connection with the results of Chapter 5 
below, on fractal tube formulas and Minkowski measurability criteria. 


We will pursue the discussion of fractality in Subsection 5.5.4, in connection with 
the devil’s staircase (the graph of the Cantor function) and a suitable version thereof 
studied in Example 5.5.14. See, especially, Remark 5.5.15 and the comments sur- 
rounding it. We will also revisit this issue (the notion of fractality and the related 
notions of critical fractality, subcritical fractality, and more general fractality in di- 
mension d € R, all introduced in Subsection 5.5.4) in various places, including in 
Subsection 5.5.6, when discussing Example 5.5.22 (the 1 /2-square fractal), Exam- 
ple 5.5.23 (the 1/3-square fractal), and Example 5.5.25 (the geometric progression 
fractal string). 


4.6.4 Maximal Hyperfractals in Euclidean Spaces 


The aim of this subsection is to show that, given a maximal hyperfractal set A in RY, 
the sets of the form A x [0, 1] will also be maximally hyperfractal for any positive 
integer m. The main result is stated in Theorem 4.6.27 below. It will enable us, in 
particular, to obtain an N-dimensional analog of part (b) of Corollary 4.6.17 above; 
see Corollary 4.6.28 below. 


Lemma 4.6.25. Assume that f = f(s) is a Dirichlet-type integral (DTI) such 
that Dpoi(f) € R and the corresponding critical line of holomorphic continuation 
{Res = Dnoi(f)} consists entirely of nonisolated singularities. Assume that a (C- 
valued) function g = g(s) is holomorphic on the open right half-plane {Res > a}, 
where a € RU {—c0} and a& < Dnoi(f). Then Dno(f +8) = Dhoi(f) and hence, the 
critical line {Res = Dpoi(f +.g)} of holomorphic continuation corresponding to the 
function f + g also consists entirely of nonisolated singularities. 


Proof. Since f is holomorphic on {Res > Dhoi(f) }, and by definition, the holomor- 
phicity lower bound Dpoi(f) is optimal (i.e., it is the infimum of all B € R such that 
f is holomorphic on {Res > B}), it then follows that Dnoi(f) = Dnoi(f +g); indeed, 
by hypothesis, g is holomorphic on the open right half-plane {Res > a} containing 
{Res > Dpoi(f)}- 

In order to prove the second claim, we argue by contradiction and assume that 
some complex number so with Reso = Dyoi(f +g) is a removable singularity of 
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f +g. Then, since g is holomorphic at sp (because & < Dyoi(g)), it would follow 
that so is a removable singularity of the function f = (f +g) — g as well. However, 
this would contradict the assumption according to which the holomorphy critical 
line {Res = Dyo1(f)} consists of nonisolated singularities. 


Remark 4.6.26. Actually, a slightly more general result holds. Indeed, it suffices to 
assume that the function g = g(s) appearing in Lemma 4.6.25 is holomorphic on an 
open subset of C containing the closed right half-plane {Res > Dyoi(f)}. 


Theorem 4.6.27. Assume that A is a maximally hyperfractal subset of RN and let d 
be a positive integer. Then the set A x [0,1]4 is also maximally hyperfractal. 


Proof. By part (a) of Theorem 2.2.32, we can write 
Caxjo,rja(s) = Sa(s —d) +8(s) (4.6.19) 


for all s € C with Res > dimgA +d, where 


d 


e(6) = ¥ ({) fala) 


k=1 


is holomorphic on {Res > dimgA +d — 1}. By hypothesis, the critical line of 
holomorphic continuation of the function f(s) := ¢4(s—d) is the vertical line 
{Res = dimgA + d} and consists entirely of nonisolated singularities. On the other 
hand, the function g(s) is holomorphic on {Res > @ := dimgA +d — 1}, since this 
is the case of the functions C4(s—d+k) fork = 1,2,...,d. (Here, we have also used 
the easily verified fact that dimgA does not depend on N, the embedding dimension; 
see also Proposition 4.7.6 below for a more general context.) Since a@ < dimgA +d, 
the claim now follows from Lemma 4.6.25. 


The identity (4.6.19) implies that 


Caxjo,tj¢(5) ~ Sa(s—d), (4.6.20) 


which we call the shift property of the distance zeta function with respect to the 
Cartesian product of A with the d-dimensional cube [0,1]¢. Furthermore, the set 
A x (0, 1]¢ is called the fractal grill generated by A. 


Corollary 4.6.28. Let N be any positive integer. Then, for any D € (N—1,N), 
there is an explicitly constructible maximally hyperfractal subset A of RN such that 
dimgA = D. 


Proof. Let Ay be a maximally hyperfractal set in R of the sort constructed in part 
(b) of Corollary 4.6.17 above. It then suffices to let A := Av x [0,1]%~! and to apply 
Theorem 4.6.27 to the set Ay C R instead of A and withd = N—1. 


Actually, by considering Ay x [0,1], the Cartesian product of Ay by [0,1]?, 
with 1 <d < N—~1, the same proof as the one just above shows that in the statement 
of Corollary 4.6.28, we may assume that dimgA € (d,N), for any d=1,...,N—1. 
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4.7 Complex Dimensions and Embeddings Into 
Higher-Dimensional Spaces 


In this section, we obtain useful results concerning relative fractal drums and 
bounded subsets of RY embedded into higher-dimensional spaces. In particular, we 
show that the complex dimensions (and their multiplicities) of a bounded set (or, 
more generally, of a relative fractal drum) are independent of the dimension of the 
ambient space. (See Theorem 4.7.3 and Theorem 4.7.10, respectively.) In addition, 
we apply some of these results in order to calculate the complex dimensions of the 
Cantor dust. 


4.7.1 Embeddings Into Higher Dimensions in the Case of Bounded 
Sets 


We begin this subsection by stating a result which (along with the subsequent result, 
Theorem 4.7.2) will be key to the developments in this section. We first work with 
bounded sets, in Subsection 4.7.1, and then with general RFDs, in Subsection 4.7.2. 


Proposition 4.7.1. Let A C RY be a bounded set and let D := dimgA. Then, for the 
tube zeta functions of A and A x {0} C RN*!, the following equality holds: 


/2 €4(s:Ssint 
Ea 0} (838) =2 [ a 


for all s € C such that Res > D. 


dt, (4.7.1) 


Proof. First of all, it is well known and easy to check directly from the definitions 
(see Equations (1.3.1) and (1.3.4)) that dimg(A x {0}) = dimgA, from which we 
conclude that the tube zeta functions of A and A x {0} are both holomorphic in the 
right half-plane {Res > D}. Furthermore, we use the fact (see [Res, Proposition 6]) 
that for every t > 0, we have 


T: 
(Ax {OP slay = 2 [ IA jal du (4.7.2) 


denotes the N-dimensional Lebesgue measure. After having 
made the change of variable u := t cosy, this yields 


m/2 
(Ax {OPelwar = 2t [ \Arsiny|w sin vdv. (4.7.3) 
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Finally, for the tube zeta function of A x {0}, we can write successively: 


- 5 
Zao) (858) = [>A x {0} scar 
6 m/2 
=2/ rte | |Arsiny|w sin v dv 
0 0 
n/2 6 
= 2[ sinvdy | pe AL ano lde 
0 0 


n/2 ; osinv | i 
= sin ydy | oN lA |wdt 
0 0 


126 (eda 
=2f" Ca(ssOsiny) | 
0 


. o—_ Ni — V, 
sin’ Vly 


where we have used the Fubini—Tonelli theorem in order to justify the interchange 
of integrals (in the third equality), as well as made another change of variable (in 
the fourth equality), namely, t :=tsinv. This completes the proof of the proposition. 


Theorem 4.7.2. Let A C RY be_a bounded set and let D:= dimgA. Then, we have 
the following equality between Ca, the tube zeta function of A, and Ca,,, the tube zeta 
function of Ay :=A x {0}+-- x {0} CRY™,) with M €N arbitrary: 


Mp (N=s 
Cay (536) = SS ae 7 VA 5) +E(s;8), (4.7.4) 


initially valid for all s € C such that Res > D. Here, the error function E(s) := 
E(s;6) (initially defined in the case when M = | by the integral on the right-hand 
side of Equation (4.7.7) below) admits a meromorphic extension to all of C. The 
possible poles (in C) of E(s;6) are located at sp := N+2+2k for every k € No, 
and all of them are simple. (It follows that a is well defined at each sy.) Moreover, 
we have that for each k € No, 


(1)! (/x)" 7 
ET —w) 288): (4.7.5) 


res(E(-;6), 8%) = 
More specifically, if M is even, then all of the poles sy of E(s;6) fork > M/2 are 
canceled; i.e., the corresponding residues in (4.7.5) are equal to zero. On the other 
hand, if M is odd, there are no such cancellations and all of the residues in (4.7.5) 
are nonzero; so that all the s,’s are simple poles of E(s;6) in that case. 


>3 We refer to Theorem 4.7.3 for more precise information about the domain of validity of the ap- 
proximate functional equation (4.7.4), and to Corollary 4.7.4 for information about the relationship 
between the (visible) poles of C4 and C4,,. 
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Proof. We will prove the theorem in the case when M = 1. The general case when 
M &N then follows immediately by induction. From Proposition 4.7.1 we have that 
for Res > dimgA, formula (4.7.1) holds. In turn, this latter identity can be written as 


x “ n/2 dt 
Cax{o} (836) = 2E4(s:5) | sin’-"=1 


n/2 d 5 
2 i. — | tN NAL |ydt (4.7.6) 
0 sin v Jésinv 


= fx(si8)-B ( 


N- 1 
; *4+1,5) +(6%8), 


2 


where B(u,v) denotes the Euler beta function and 


m/2 dv 6 Kiely 
E(s6):= 2/ — | DONNA ly de. (4.7.7) 
0 sin’ v Jdsinv 
By using the functional equation which links the beta function with the gamma func- 
tion (namely, B(x, y) =T'(x)T'(y) /T'(«+y) for all x,y > 0 and hence, upon meromor- 
phic continuation, for all x,y € C), we obtain that (4.7.4) holds (with M = 1) for all 

s © C such that Res > dimgA. 
By looking at the expression for E(s;6) in (4.7.7), we see that the integrand is 


holomorphic for every v € (0, 7/2) since the integral [ - sinv @  '|Ar|w dT is equal 
to €4(s;5) — 4(s;6sinv), which is an entire function. Furthermore, if we assume 
that Res < N +1, then since t+4 tRes-N—! is decreasing, we have the following 
estimate: 


n/2 6 
IE(s38)| <2 | sinVt!-Res yay |  RENA ye 
0 dsinv 


m/2 ; ; 6 ; 
< 2IAalw sin’) Resydy | el ladg 
0 dsinv 


2 5 

< 26Res-N-1 av sin’ +!-Res v sinkes--! vf dt (4.7.8) 

_ 0 Ssinv 

m/2 
= 25° MlAgly | (1 —sinv) dv 
0 
_ T 

= 28RS- A sly (5 = 1) 

Hence, 
|E(s;5)| < 258-4 | (5 = 1) , (4.7.9) 


We conclude from this inequality that for so € {Res <N +1}, the condition (3’) of 
Remark 2.1.48 is satisfied, which implies, in light of Theorem 2.1.47, that E(s;6) 
is holomorphic on the open half-plane {Res < N+ 1}. : 

On the other hand, we know that both of the tube zeta functions C4 and 4 ‘Ay are 
holomorphic on {Res > dimgA} > {Res > N}. The fact that E(s;5) is meromorphic 
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on C, as well as the statement about its poles, now follows from Equation (4.7.4) 
(with M = 1) and the fact that the gamma function is nowhere vanishing in C. (In 
fact, 1/I(s) is an entire function with zeros at the nonpositive integers.) More specif- 
ically, the locations of the poles of E(s;5) must coincide with the locations of the 
poles s, = N+2+4 2k, for k € No, of T((N —s)/2+ 1) since the left-hand side 
of (4.7.4) is holomorphic on {Res > dimgA} and because cy (sz) > 0 (since it is de- 
fined as the integral of a positive function). Note that since N > D, we have s;, > D, 
and hence, a is well defined at s;, for each k € No. 

Finally, by multiplying (4.7.4) by (s — s,), taking the limit as s —> s, and then 
using the fact that the residue of the gamma function at —k is equal to (—1)*/k!, we 
deduce that (4.7.5) holds, as desired. 

Furthermore, if M is odd, there are no cancellations between the poles of the 
numerator and of the denominator in (4.7.4) since an integer cannot be both even and 
odd; i.e., the residues are nonzero for each k € No. On the other hand, if M is even, 
then it is clear that all of the residues at s, for k > M/2 are equal to zero; i.e., the 
corresponding poles at s; cancel out with the poles of the denominator in (4.7.4). 


Theorem 4.7.2 has as an important consequence, namely, the fact that the notion 
of complex dimensions does not depend on the dimension of the ambient space. 


Theorem 4.7.3. Let A C R™ be a bounded set and Ay be its embedding into RV 
with M € N arbitrary. Then, the tube zeta function an of A has a meromorphic 
extension to a given connected open neighborhood U of the critical line {Res = 
dimgA} if and only if the analogous statement is true for the tube zeta function 
Cay, of Au. Furthermore, in that case, the eae? functional equation (4.7.4) 
remains valid for all s € U. In addition, the multisets** of the poles of by and Cay 
located in U coincide; i.e, P(E,,U) = PEs U ).> Consequently, neither the 
values nor the multiplicities of the complex dimensions of A depend on the dimension 
of the ambient space. 


Proof. This is a direct consequence of Theorem 4.7.2 and the principle of analytic 
continuation. More precisely, identity (4.7.4) is valid for all s € C such that Res > 
dimgA and the function E(s; 6) is meromorphic on all of C. Furthermore, according 
to Theorem 4.7.2, the poles of E(s;6) belong to {Res > N +2}, which implies that 
the function s++ E(s;6) is holomorphic on {Res < N +2}. Identity (4.7.4) then 
remains valid if any of the two zeta functions involved (namely, ‘a or Cig) has a 
meromorphic continuation to some connected open neighborhood of the critical line 
{Res = dimgA}. This completes the proof of the theorem. 


Corollary 4.7.4. Let A C RY be a bounded set (with D := dimgA) such that its tube 
zeta function C4 has a meromorphic continuation to a connected open neighborhood 
U of the critical line {Res = dimgA}. Furthermore, suppose that s = D is a simple 


54 Tn these multisets, each pole is counted according to its multiplicity. 


% Recall that the bounded sets A and Ay have the same upper Minkowski dimension, dimgA = 
dimgAy, and hence, the same critical line {Res = dimgA}. 
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pole of Gi Let Ay CRN*™ be the canonical embedding of A into RN*™, with M € N 
arbitrary, as in Theorem 4.7.2. Then 


(vm)" Tr (452 +1) 
r (“24-2 +1) 


res(&4,,,D) = 


res(&4,D). (4.7.10) 


We point out here that the above corollary is compatible with the dimensional 
invariance of the normalized Minkowski content, obtained in [Kne] (see also [Res]). 
More specifically, if in the above corollary, we assume, in addition, that Dis the only 
pole of the tube zeta function of A on the critical line {Res = D} (i.e., D is the only 
complex dimension of A with real part D), then, according to Theorem 5.4.2 of 
Chapter 5 below (the “sufficient condition for Minkowski measurability”), A and 
A x {0} are Minkowski measurable with Minkowski dimension D := D and have 
respective Minkowski contents satisfying the following identity: 


= (4.7.11) 


D D-N-1 


ETH) r+) 


MA) MA x {0}) 
aes 


4.7.2 Embeddings Into Higher Dimensions in the Case of Relative 
Fractal Drums 


The observations made in the previous subsection in the context of bounded subsets 
of R* can also be extended to the more general context of relative fractal drums 
(RFDs) in R¥. More specifically, let (A, Q) be a relative fractal drum in R% and let 


(A x {0},Q x (—1,1)) 


be its natural embedding into R‘+!. We want to connect the relative tube zeta func- 
tions of these two RFDs; the following lemma will be needed for this purpose. 


Lemma 4.7.5. Let (A,Q) be a relative fractal drum in RN and fix 6 € (0,1). Then 
we have 


5 
Ax {0)sV(@x (1, Iyer =2 f A aaa 2 du. (4.7.12) 


Proof. We proceed much as in the proof of [Res, Proposition 6]. Namely, if we let 
(x,y) € RY x R=R**! and define 


V = {(x,y) + duyi((ay),A x {0}) S OF N{(,y) :xEQ,|y/<1f, (4.7.13) 
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where (x,y) € RY x R ~ RY*! and for any k € N, dy denotes the Euclidean distance 
in R“. It is clear that the following equality holds: 


dn+i((%,y),A x {O}) = y/dw(x,A)? +y?. 


This implies that for a fixed y € [—6,6] C R, we have 
Vy: = {xe RY: dyai((x,y),A x {0}) < 5} 


- {re RY : dy(x,A) < Vey h. 


(Note that if |y| > 6, then V, is empty.) Finally, Fubini’s theorem implies that 


(4.7.14) 


(A x {O}sA(@x (=1,1)) yer = [ aray 


6 
=a, e 
—6 VWa{xeR :xEQ} 


5 
=2/ IA gre Indy, 


which completes the proof of the lemma. 


The above lemma will eventually yield (in Theorem 4.7.10 below) an RFD ana- 
log of Proposition 4.7.1 from Subsection 4.7.1 above. First, however, we will show 
that the upper and lower relative box dimensions of an RFD are independent of the 
ambient space dimension. 


Proposition 4.7.6. Let (A,Q) be an RFD in RW and let 
(A, Q)y = (Ay, Q x (-1,1)") (4.7.15) 
be its embedding into RN*™, for some M €N. Then we have that 
dimg(A,Q) = dimg(A,Q)y (4.7.16) 
and 
dimg(A,Q) = dim, (A,Q)y. (4.7.17) 


Proof. We only prove the proposition in the case when M = 1, from which the 
general result then easily follows by induction. It is clear that for 0 < 6 < 1, we 
have 
(A x {0})5(Q x (-1,1)) € (A x {0}) 5 (Q x (—6,6)) 
C (AgsNQ) x (—6,6); 


so that 
\(A x {O})sN(Q x (-1, 1))|yyt <26|AsNQIy. (4.7.18) 
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This observation, in turn, implies that for every r € R, we have 


(A x {0} )6 (2 x (HL, Divan - 2/3 Ql 
SN+I-r > §N-r 


(4.7.19) 


Furthermore, by successively taking the upper and lower limits as 6 > 07 in 
Equation (4.7.19) just above, we obtain the following inequalities involving the r- 
dimensional upper and lower relative Minkowski contents, respectively: 


MM" (A,Q), <2.0°7(A,Q) and ME(A,Q),<2M0(A,Q). (4.7.20) 


In light of the definition of the relative upper and lower box (or Minkowski) dimen- 
sions (see Equation (4.1.4) and Equation (4.1.6), along with the text surrounding 
them), we deduce that 


dimg(A,Q), < dimg(A,Q) and dim, (A,Q); < dim, (A, Q). (4.7.21) 
On the other hand, for geometric reasons, we have that 


(Asan) x (-48. 4) C (Ax {(0})g(@x (-1,1)) 


so that 
5V3|A5/2NQ|y < |(A x {0})6N(Q x (-1,1))|yar- (4.7.22) 
Much as before, this inequality implies that for every r € R, we have 


V3A5/29 Q|n ec HAX10))5 (2 x (=1,D) vat 
2N-r(§6 /2)N-r = 6N+1-r 


(4.7.23) 


and by successively taking the upper and lower limits as 6 — 0*, we obtain that 


V3" (A,Q) 


QN-r 


V3.M,;(A,Q) 


<M""(A,Q),; and ee 


< M(A,Q)). (4.7.24) 
Finally, this completes the proof because (again in light of Equation (4.1.4) and 
Equation (4.1.6), along with the text surrounding them), (4.7.24) implies the reverse 
inequalities for the upper and lower relative box dimensions in (4.7.21). 


Remark 4.7.7. Observe that it follows from Proposition 4.7.6 (combined with 
part (b) of Theorem 4.1.7) that the RFDs (A,Q) and (A,Q)y have the same 
upper Minkowski dimension, dimg(A,@Q) = dimg(A,Q)y, and hence, the same 
critical line {Res = dimg(A, Q)}. This fact will be used implicitly in the statement 
of Proposition 4.7.8 as well as in the statements of Theorems 4.7.9 and 4.7.10 just 
below. 
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We can now state the desired results for embedded RFDs and their relative fractal 
zeta functions. In light of Lemma 4.7.5 and Proposition 4.7.6, the proofs follow 
the same steps as in the corresponding results established in Subsection 4.7.1 about 
bounded subsets of R (namely, Proposition 4.7.1 and Theorem 4.7.2, respectively), 
and for this reason, we will omit them. 


Proposition 4.7.8. Fix 5 € (0,1) and let (A,Q) be an RFD in RN, with D := 
dimg(A,Q). Then, for the relative tube zeta functions of (A,Q) and (A,Q), := 
(A x {0}, Q x (—1,1)), the following equality holds: 


s n/2 € “Sa 
Cax {0},Qx(—1,1) (536) =D Sa,a(siSsint) (4.7.25) 


0 sin’ 4-1 + 
for all s € C such that Res > D. 


Theorem 4.7.9. Fix 5 € (0,1) and let (A,Q) be an RFD in R", with D:= 
dimg(A,Q). Then, we have the following equality between Ca a, the tube zeta 
function of (A,Q), and Oy owery the tube zeta function of the relative fractal 
drum (A,Q)y := (Am, Q x (—1,1)”) in RN™, where M €N is arbitrary: 


. a ee 
Cam ,Qx(—1,1)" (936) = whan ae (s;6) + E(s;6), (4.7.26) 
= +) 


initially valid for all s € C such that Res > D.°° Here, the error function E(s) := 
E(s;6) is meromorphic on all of C. Furthermore, the possible poles (in C) of 
E(s;6) are located at sg := N+2+ 2k for every k € No, and all of them are sim- 
ple. (It follows that a is well defined at each sx.) Moreover, we have that for each 


kEN), 
(1) ( Jn)" 
M 
k!V (4 —k) 
More specifically, if M is even, then all of the poles s, of E(s;6) for k > M/2 are 
canceled; i.e., the corresponding residues in (4.7.27) are equal to zero. On the other 


hand, if M is odd, there are no such cancellations and all of the residues in (4.7.27) 
are nonzero; so that all of the s,’s are simple poles of E(s;6) in that case. 


res(E(-;5), 5%) = Es (sx; 8). (4.7.27) 


We deduce at once from Theorem 4.7.9 the following key result about the invari- 
ance of the complex dimensions of a relative fractal drum with respect the dimension 
of the ambient space. This result extends Theorem 4.7.3 to general RFDs. 


Theorem 4.7.10. Let (A,Q) be an RFD in RN and let the RFD (A,Q)y := 
(Ay,Q x (—1,1)”) be its embedding into RN™, for some arbitrary M €N. Then, 
the tube zeta function ao of (A,Q) has a meromorphic extension to a given con- 
nected open neighborhood U of the critical line {Res = dimg(A, Q)} if and only if 


56 See Theorem 4.7.10 for more precise information about the domain of validity of the approxi- 
mate functional equation (4.7.26). 
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the analogous statement is true for the tube zeta function CA.0)y = Cay x(—1,1)M 
of (A,Q)y. (See Remark 4.7.7 just above.) Furthermore, in that case, the approx- 
imate functional equation (4.7.26) remains valid for all s € U. In addition, the 
multisets of the poles of Ca,.q and C(A,.2)m belonging to U coincide; i.e., 


F(bs,.0,U) = P(Cu.o)yU). (4.7.28) 


Consequently, neither the values nor the multiplicities of the complex dimensions of 
the RFD (A,Q) depend on the dimension of the ambient space. 


Remark 4.7.11. In the above discussion about embedding RFDs into higher- 
dimensional spaces, we can also make similar observations if we embed (A,Q) 
as a ‘one-sided’ RFD, for example of the form (A x {0},Q x (0,1)), a fact which 
can be more useful when decomposing a relative fractal drum into a union of rela- 
tive fractal subdrums in order to compute its distance (or tube) zeta function.*” This 
observation follows immediately from the above results for ‘two-sided’ embeddings 
of RFDs since, by symmetry, we have 


€4 x {0},0(-1,1) (8) =2 C4 x (0},0(0,1)(5)- (4.7.29) 


We note that when using the above formulas, one only has to be careful to take into 
account the factor 2. Furthermore, we can also embed (A, Q) as 


(A x {0},Q x (—a@,a@)) or (Ax {0},Q x (0,a)), (4.7.30) 


for some @ > 0, but in that case, the corresponding formulas will only be valid for 
all 6 € (0,q@). 


We could now use the functional equation (2.2.23) connecting the tube and dis- 
tance zeta functions, in order to translate the above results in terms of C4 9 := 
€4,0(-36), the (relative) distance zeta function of the RFD (A, Q). However, we will 
instead use another approach because it gives some additional information about the 
resulting error function. More specifically, consider the Mellin zeta function of a rel- 
ative fractal drum, to be introduced and studied in Section 5.4 below (see Definition 
5.4.6). Here, we state some of its properties (see Theorems 5.4.7, 5.4.9 and 5.4.10) 
which will be needed in the following discussion. 

The Mellin zeta function of an RFD (A,Q) with dimg(A,Q) < N is initially 
defined by 


co 
Cro(s) = | pA, NQ|de, (4.7.31) 
: 0 


for all s € C located in a suitable vertical strip. In fact, in light of Theorem 5.4.7, 
the above Lebesgue integral is absolutely convergent (and hence, convergent) for all 
s € C such that Res € (dimg(A,Q),N). Moreover, the relative distance and Mellin 
zeta functions of (A,Q) are connected by the functional equation 


57 See Subsection 4.2.3 for examples of such decompositions in the case of the relative Sierpiriski 
gasket and carpet, as well as of their higher-dimensional analogs. 
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Cs,a(s) = (N—5) C770 (s), (4.7.32) 


on every open connected set U C C to which any of the two zeta functions has a 
meromorphic continuation. Observe that in (4.7.32), the parameter 6 is absent. In- 
deed, this means implicitly that the functional equation (4.7.32) is valid only for 
the parameters 6 > 0 for which Q C Asg is satisfied; that is, when the equality 
€4.0(s;6) = Jo d(x,A)° dx is satisfied. 

We will now embed the relative fractal drum (A, Q) of R¥ into RN*! as 


(A x {0},Q xR). 


Strictly speaking, this is not a relative fractal drum in R*! since there does not 
exist 6 > 0 such that Q x R C (A x {0})5. On the other hand, observe that Lemma 
4.7.5 is now valid for every 6 > 0; that is, 


5 
(A x (0})5N(@XB)| yey = 2 | IA pe N Ql du, (4.7.33) 


Proposition 4.7.12. Let (A,Q) be an RFD in R® such that dimg(A,Q) < N. Then 
the function F = F(s), defined by the integral 


F(s):= | (A x {0});N(Qx R)|y, , dt, (4.7.34) 


is holomorphic inside the vertical strip {dimp(A,Q) < Res < N}. 


Proof. We split the integral into two integrals: F(s) = rs +/*°. According to 
Proposition 4.7.6, the first integral, 


[ ENA x {OP M(@ XB) lyr 
= fx OH x (LI 


defines a holomorphic function on the right half-plane {Res > dimg(A,Q)}. 
In order to deal with the second integral, we observe that 


|(A x {0}),N(QxR < 2\Q\y, 


Mavs 
and consequently, deduce that 


2|2ln 
N—Res’ 


foo foo 
/ -N-21(4 x {0}: (Q x R)|y..1 dt] < 2|2ly | pRes-N—l gy — 
1 1 


for all s € C such that Res < N. In light of Theorem 2.1.47 and Remark 2.1.48, 
the latter inequality implies that the integral over (1,+¢°) defines a holomorphic 
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function on the left half-plane {Res < N}. Therefore, it follows that F(s) is holo- 
morphic in the vertical strip {dimg(A,Q) < Res < N} and the proof of the propo- 
sition is complete. 


In light of the above proposition, we continue to use the convenient notation 
ce {0},QxR for the integral appearing on the right-hand side of (4.7.34) although, 
as was noted earlier, (A x {0},@ x R) is not technically a relative fractal drum in 
IR\+!; see Remark 4.7.11 above. The following result is the counterpart of Theorem 
4.7.2 in the present, more general context. 


Theorem 4.7.13. Let (A,Q) be a relative fractal drum in RY such that D := 
dimp(A,Q) < N. Then, for every a > 0, the following approximate functional equa- 
tion holds: 


T N-s 
CAx{0},Qx(—a,a) (5) = ee Ca,a(s) +E(s;a), (4.7.35) 


2 


initially valid for all s € C such that Res > D. Here, the error function E(s) := 
E(s;a) is initially given (for all s € C such that Res < N) by 


E(s;a) = (s—-N—1) it ™ eN-2104 x {0}), A. x (R\ (—a,4)) war dt, (4.7.36) 


and admits a meromorphic extension to all of C, with a set of simple poles equal to 
{N+2k:k E No}. 

Moreover, Equation (4.7.35) remains valid on any connected open neighborhood 
of the critical line {Res = D} to which Cao (or, equivalently, C4 ,.40},Qx(—a,a)) CaN 
be meromorphically continued. 


Proof. Ina completely analogous way as in the proof of Theorem 4.7.2, we obtain 


that 
var (4 +1) 
r+) 


Fxx{0},0xR(535) = €4,0(s:5) +E(s;8), (4.7.37) 
now valid for all 6 > 0 (see Equation (4.7.33) above and the discussion preceding it). 
Furthermore, the error function E(s) := E(s;6) is holomorphic on {Res < N +1} 


and 
|E(s,5)| < 288° AsnQly (5 = 1) (4.7.38) 


for all s € C such that Res < N+ 1. See the proof of Theorem 4.7.2 and Equation 
(4.7.8) in order to derive the above estimate. The estimate (4.7.38) now implies that 
the sequence of holomorphic functions E(-;7) tends to 0 as n > ©, uniformly on 
every compact subset of {Res < N}, since |Ay 7 Q| = |Q| for all n sufficiently large. 
Furthermore, we also have that 64 @(-;n) > rer and 


fax {0},axR (837) md Fax {0},OxR as n—- ©, (4.7.39) 
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uniformly on every compact subset of {D < Res < N}. This implies that by taking 
the limit in (4.7.37) as 6 —> +c°, we obtain the following functional equality between 
holomorphic functions: 


Jar Nos 4] 
Cax{o},.0xR (8) = a a (s), (4.7.40) 


valid in the vertical strip {D < Res < N}. We can obtain this equality even more 
directly by applying Lebesgue’s dominated convergence theorem to a counterpart 
of (4.7.25). 

Moreover, according to (4.7.32) and (4.7.40), we have the functional equation 


2/ar (= 
bax 0},0xR (5) = ree yal) (4.7.41) 


from which we deduce that the right-hand side admits a meromorphic extension to 
the right half-plane {Res > D}, with simple poles located at the simple poles of 
T((N —s) /2); that is, at s, := N+ 2k for all k € No. (Observe that in the above ratio 
of gamma functions, there are no cancellations between the poles of the numerator 
and of the denominator; indeed, an integer cannot be both even and odd.) From this 
we conclude that by the principle of analytic continuation, the same property also 
holds for the left-hand side of (4.7.41) and, furthermore, the left-hand side has a 
meromorphic extension to any domain U C C to which the right-hand side can be 
meromorphically extended. 

In order to complete the proof of the theorem, we now observe that for any a > 0, 
since 


|(A x {0})(Q x R)| = |(A x {0}), 9 (Q x (—a,a))| 
+ |(A x {0}),(Q x (R\ (—a,a)))], 


the left-hand side of (4.7.41) can be split into two parts, as follows: 
pure pare 
Cax{o},2xR(S) -_ Cax {0}, (—a,a) (8) 
oo 
+ [PIA x {OPM x R\ (-a,a)))| 
a 


_ Sax{0},ax(-aa)(S)  E(s;a) 
— N+1-s N+1-s 


We then combine this observation with (4.7.41) to obtain (4.7.35). From the theory 
developed in this chapter (see Theorem 4.1.7), we know that C4,.{0},ax(—a,a)(S) is 
holomorphic on the open right half-plane {Res > D}. Furthermore, much as in the 
proof of Proposition 4.7.12, we can show that E(s) := E(s;a) defines a holomorphic 
function on the open left half-plane {Res < N}. This fact, along with the functional 
equation (4.7.35), now ensures that E(s;a) admits a meromorphic continuation to 
all of C, with a set of simple poles equal to {N +2k:k € No}. (Note that C4 o(s) >0 
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for all s € [N,+¢°), which implies that there are no zero-pole cancellations on the 
right-hand side of (4.7.35).) This completes the proof of Theorem 4.7.13. 


We note that in Example 4.7.15 below, we actually want to embed (A,Q) into 
RY*! as (A x {0},Q x (0,a)) for some a > 0. By looking at the proof of the above 
theorem and using a suitable symmetry argument, we can obtain the following re- 
sult, which deals with this type of embedding. 


Theorem 4.7.14. Let (A,Q) be a relative fractal drum in RY such that D := 
dimgp(A,Q) < N. Then, the following approximate functional equation holds: 


T (Nes 
CAx {0},2x(0,a) (5) = eS ee +E(s;a), (4.7.42) 
ar (44-5) 


initially valid for all s € C such that Res > D. Here, the error function E(s) := 
E(s;a) is initially given (for all s € C such that Res < N) by 


boo 
E(s;a) := (s-n-1) | pone A x {0}),NQ x (R\ (0,a))|neidt, (4.7.43) 
a 

and admits a meromorphic continuation to all of C, with a set of simple poles equal 
to {N+2k:k © No}. 

Moreover, Equation (4.7.42) remains valid on any connected open neighborhood 
of the critical line {Res = D} to which C4. (on, equivalently, Cx (0},@x(0,a)) Can 
be meromorphically continued. 


Example 4.7.15. (Complex dimensions of the Cantor dust RFD). In this example, 
we will consider the relative fractal drum consisting of the Cantor dust contained in 
[0, 1]? and compute its distance zeta function. More precisely, let A:=C (1/3) x E(1/3) 
be the Cantor dust (i.e., the Cartesian product of the ternary Cantor set C := C 1/3 by 
itself; see Figure 1.2 of Subsection 1.1) and let Q := (0, 1)?. We will not obtain an 
explicit formula in a closed form but we will instead use Theorem 4.7.14 in order 
to deduce that the distance zeta function of the Cantor dust has a meromorphic 
continuation to all of C. 

More interestingly, we will also show that the set of complex dimensions of the 
Cantor dust is a subset of the union of a periodic set contained in the critical line 
{Res = log, 4} and the set of complex dimensions of the Cantor set (which is a 
periodic set contained in the critical line {Res = log; 2}). This fact is significant 
because it shows that in this case, the distance (or tube) zeta function also detects 
the ‘lower-dimensional’ fractal nature of the Cantor dust. 

Note that, as is well known, the Minkowski dimension of the RFD (or Can- 
tor string) (C,(0,1)) is given by dimg(C, (0,1)) = log, 2 (see [Lap-vFrl, Subsec- 
tion 1.2.2] or Equation (2.2.17) in Example 2.2.6 above). Furthermore, it will follow 
from the discussion below that, as might be expected since (A,Q) = (C,(0,1)) x 
(C, (0,1), 

dimg(A,Q) = 2dima(C, (0, 1)) = log; 4. (4.7.44) 
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Consequently, it follows that the critical line of the RFD in R (‘Cantor string’) 
(C,(0,1)) is the vertical line {Res = log,2}, while the critical line of the RFD 
in R? (‘Cantor dust’) (A, Q) is the vertical line {Res = log; 4}, as was stated in the 
previous paragraph. 

The construction of the RFD (A, Q) can be carried out by beginning with the unit 
square and removing the open middle-third ‘cross’, and then iterating this procedure 
ad infinitum. (See Figure 1.2 on page 10.) This procedure implies that we can subdi- 
vide the Cantor dust into a countable union of RFDs which are scaled down versions 
of two base (or generating) RFDs, denoted by (A;, Qj) and (Az, Q2). The first one 
of these base RFDs, (A1,Q1), is defined by Q; := (0,1/3)* and by A, being the 
union of the four vertices of the closure of Q; (namely, of the square [0, 1 /3]”). Fur- 
thermore, the second base RFD, (A2,@z), is defined by Q) := (0,1/3) x (0, 1/6) 
and by Az being the ternary Cantor set contained in [0, 1/3] x {O}. 

At the n-th step of the iteration, we have exactly 4"-! RFDs of the type 
(apA1,a,Q)) and 8-4"~! RFDs of the type (a,A2,anQ2), where dy := 3~" for 
each n € N. This observation, together with the scaling property of the relative 
distance zeta function (see Theorem 4.1.40), yields successively (for all s € C with 
Res sufficiently large): 


Ca,Q (s) > by 4” ’ CanAt an Qy (s) + 8 »y qn! CanAp an Qy (s) 


n=1 n=1 


= (C4,,0, (8) + 864),0,(s)) > ae (4.7.45) 
n=1 


1 


= 354 (S41, (8) + 8645, (5). 


Moreover, for the relative distance zeta function of (A;,Q), we have 


Eas 3 ["" ax [ (v2 +y)"° ay 


m/4 1/6cosO _ 
=8 | de : plgs (4.7.46) 
0 0 


n/4 ; 8I(s) 
= — do = 
= fh CO ea 


where I(s) := so! * cos” 6 dé is easily seen to be an entire function (by means of 
Theorem 2.1.45 with @(@) := cos! @ for @ € (0,7/4)).°® Consequently, €4 9 ad- 
mits a meromorphic continuation to all of C and we have 


Ca,a(s) = — (= + Ch, ) ; (4.7.47) 


58 In fact, I(s) = 27'Bi (1/2, (1—s)/2), where B,(a,b) := fy t¢—-!(1—1)9~! dr is the incomplete 
beta function. 
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for all s € C. Furthermore, let Cc,(0,1) be the relative distance zeta function of the 
Cantor middle-third set constructed inside [0,1]; see Example 5.5.3 in Chapter 5 
below. From Theorem 4.7.14 and the scaling property of the relative distance zeta 
function (Theorem 4.1.40), we now deduce that 


1—s 
ey aa 1c3-1(0,1)(8) + E(s;6") 


_TG) va ve 
~ F(Z) Bale TD FESO), 


CAy 2 (8 s)= = 
(4.7.48) 


where E(s;6~!) is meromorphic on all of C with a set of simple poles equal to 
{2k+1:k © No}; so that for all s € C, we have 


_. 8. fie) TUS). ae ae 
ba,0(8) = asa ( a F (2.3) Bags a) TEs »). (4.7.49) 


Formula (4.7.49) implies that A(C, a), the set of all complex dimensions (in C) of 
the ‘relative’ Cantor dust, is a subset of 


(io8s4+ =i) (1082+ 2 Riz) U0} (4.7.50) 


and consists of simple poles of C4 9. Of course, we know that log,4 € A(Cy.q), but 
we can only conjecture that the other poles on the critical line {Res = log, 4} are 
in YA(Ca.q) since it may happen that there are zero-pole cancellations in (4.7.49). 
On the other hand, since it is known that the Cantor dust is not Minkowski mea- 
surable (see [FaZe]), we can deduce from the sufficient condition for Minkowski 
measurability obtained in Theorem 5.4.2 of Chapter 5 below that there must ex- 
ist at least two other (necessarily nonreal) poles s+,, = log; 4+ eS of C4.a, for 
some ky € N.>? From (4.7.49) we cannot even claim that 0 € A(C4,q) for sure, but 
we can see that all of the principal complex dimensions of the Cantor set are ele- 
ments of PA6a, q);ie., log,2+ Hi C P(C4.q). We conjecture that we also have 


log;44+ 24% jogd iZC PA(Ca.q); that is, we conjecture that A.(C4 9) =1log,4+ ian iZ. 


og3 


The above example can be easily generalized to Cartesian products of any fi- 
nite number of generalized Cantor sets, in which case we conjecture that the set 
of complex dimensions of the product is contained in the union of sets of complex 
dimensions of each of the factors, modulo any zero-pole cancellations which may 
occur. In light of this and other similar examples, it would be interesting to obtain 
some results about zero-free regions for fractal zeta functions. We leave this problem 
as a possible subject for future investigations. 


>? Indeed, according to Theorem 5.4.2, D := log, 4 cannot be the only complex dimension of (A, Q) 
on the critical line {Res = D} since otherwise, the Cantor dust would be Minkowski measurable, 
which is a contradiction. 


Chapter 5 


Fractal Tube Formulas and Complex 
Dimensions 


There exist a limited number of very simple fundamental 
relationships that together constitute the schema by means of 
which the remaining theorems can be developed logically and 
without difficulty. 


Jakob Steiner (1796-1863) 


Abstract In this chapter, we reconstruct information about the geometry of relative 
fractal drums (and, consequently, compact sets) in R% from their associated fractal 
zeta functions. Roughly speaking, given a relative fractal drum (A,Q) in RY (with 
N > 1 arbitrary), we derive an asymptotic formula for its relative tube function 
t+ |A,Q| as t > 0*, expressed as a sum taken over its complex dimensions of 
the residues of its (suitably modified and meromorphically extended) fractal zeta 
function. The resulting asymptotic formulas are called fractal tube formulas and are 
valid either pointwise or distributionally, as well as with or without an error term, 
depending on the growth properties of the associated fractal zeta functions. We note 
that these fractal tube formulas are expressed either in terms of the tube zeta function 
Ca.Q OF, more interestingly, in terms of the distance zeta function C4 g. The results 
of this chapter generalize to higher dimensions and arbitrary relative fractal drums 
the corresponding ones obtained previously for fractal strings by the first author 
and M. van Frankenhuijsen. We illustrate these results by obtaining fractal tube 
formulas for a number of well-known fractal sets, including the Sierpifiski gasket 
and 3-carpet along with higher-dimensional analogs, a version of the graph of the 
Cantor function (i.e., of the devil’s staircase), fractal strings, fractal sprays, self- 
similar sprays and tilings, as well as certain non self-similar fractals, such as fractal 
nests and unbounded geometric chirps. We also apply these results in an essential 
way in order to obtain and establish a Minkowski measurability criterion for a large 
class of relative fractal drums (and, in particular, of bounded sets) in R”, withN > 1 
arbitrary. More specifically, under appropriate hypotheses, a relative fractal drum 
(and, in particular, a bounded set) in RY of (upper) Minkowski dimension D is 
shown to be Minkowski measurable if and only if its only complex dimension with 
real part equal to D is D itself, and D is simple. We also discuss the notion of 
fractality defined in our context as the presence of at least one nonreal complex 
dimension. We show, in particular, that as is expected and intuitive, (a variant of) 
the Cantor graph (or devil’s staircase) is “fractal” in our sense, whereas as is well 
known, it is not “fractal” in Mandelbrots’s sense. 
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Key words: Mellin transform, fractal set, fractal string, relative fractal drum 
(RFD), complex dimensions of an RFD, box dimension, fractal zeta functions, dis- 
tance zeta function, tube zeta function, Minkowski content, Minkowski measurable 
set, Minkowski measurability criterion, fractal tube formulas, residue, meromorphic 
extension, gauge-Minkowski measurability, singularities of fractal zeta functions. 


In this chapter, we reconstruct information about the geometry of relative fractal 
drums (and, consequently, compact sets) in R” from their associated fractal zeta 
functions. Roughly speaking, given a relative fractal drum (A, Q) in RY (with N > 1 
arbitrary), we derive an asymptotic formula for its relative tube function t > |A,;N.Q| 
as t > Ot, expressed as a sum taken over its complex dimensions of the residues 
of its (suitably modified and meromorphically extended) fractal zeta function. The 
resulting asymptotic formulas are called fractal tube formulas and are valid either 
pointwise or distributionally, as well as with or without an error term, depending 
on the growth properties of the associated fractal zeta functions. We note that these 
fractal tube formulas are expressed either in terms of the tube zeta function (see 
Sections 5.1 and 5.2) or, more interestingly, in terms of the distance zeta function 
(see Section 5.3). 

The results of this chapter generalize to higher dimensions the corresponding 
ones obtained previously for fractal strings by the first author and M. van Franken- 
huijsen (see [Lap-vFr3, Chapters 5 and 8]). We illustrate these results by obtain- 
ing fractal tube formulas for a number of well-known fractal sets, including the 
Sierpinski gasket and 3-carpet along with higher-dimensional analogs, a version of 
the graph of the Cantor function (i.e., of the devil’s staircase), fractal strings, fractal 
sprays, self-similar sprays and tilings, as well as certain non self-similar fractals, 
such as fractal nests and unbounded geometric chirps. We also apply our fractal 
tube formulas in an essential way in order to obtain and establish a Minkowski mea- 
surability criterion for a large class of relative fractal drums (and, in particular, of 
bounded sets) in R”, with N > 1 arbitrary; see Section 5.4. More specifically, under 
appropriate hypotheses, a relative fractal drum (and, in particular, a bounded set) in 
IR of Minkowski dimension D is shown to be Minkowski measurable if and only 
if its only complex dimension with real part equal to D is D itself, and D is simple. 
Again, this criterion generalizes to higher dimensions the corresponding one already 
obtained for fractal strings (see [Lap-vFr3, Theorem 8.15]). 


In closing this introduction to Chapter 5, it may be helpful to the readers to point 
out the relationship between aspects of our present work on fractal tube formulas 
and the classic Steiner tube formula [Stein], as generalized in various ways by many 
authors (including Minkowski [Mink], Weyl [Wey3] and later, Federer [Fed1—2]) 
and as stated in the case of compact convex sets in [Schn2, Theorem 4.2.1].! 

Let A be a compact convex subset of IRN (with N > 1) and let B denote the k- 
dimensional unit ball of R* (for any integer k > 1) with k-dimensional volume (or 
Lebesgue measure) denoted by |B*|,. We also let |B°| := 1. Note that for r > 0, the 


' Our exposition of this material closely follows part of [Lap-vFr3, Subsection 13.1.3]; see also 
[LapPe2-3] and [LapPeWi1]. 


5 Fractal Tube Formulas and Complex Dimensions 409 


t-neighborhood (or f-parallel body) of A can be written as A, = A+1¢B”. Then its 
volume V,(t) := |A;|y can be expressed as a polynomial of degree < N (exactly N 
if |A|y > 0; e.g., if A has nonempty interior) in the variable r: 


N 
Va(t) = >, we(A)|B |v _aty (5.0.1) 
k=0 


where for k =0,1,...,N, (A) denotes the k-th intrinsic volume of A. 

Up to some suitable normalizing and multiplicative constant (depending on k, 
for each k € {0,1,...,N}, the k-th intrinsic volume p;,(A)) coincides with the k-th 
total curvature of A or the so-called (N — k)-th Quermassintegral of A. Moreover, 
still for k € {0,1,...,N}, ux(A) can be interpreted either combinatorially and al- 
gebraically in terms of appropriate valuations (see [K]Rot]) or (in a closely related 
context) within the framework of integral geometry, as the average measure of or- 
thogonal projections to (N — k)-dimensional subspaces of Euclidean space R™. See, 
e.g., [Schn2] and [K]Rot, Chapter 7]. (This latter geometric interpretation was al- 
ready implicit in Steiner’s original work [Stein] and that of his immediate succes- 
sors, where N = 2 or N = 3.) 

To make a long and beautiful story short, let us simply mention here that (up 
to a suitable normalizing multiplicative constant) [o(A) corresponds to the Euler 
characteristic,” 1, (A) to the so-called mean width, Uy —(A) is the surface area and 
L(A) the (N-dimensional) volume of A (i.e., L(A) = |A|w = |A\, in our notation). 

Finally, let us point out that the intrinsic volumes LU; have the following algebraic 
and geometric properties: 


(i) Each py is homogeneous of degree k; i.e., for all A > 0, 
Uk(AA) = Aku (A), (5.0.2) 


and 


(ii) each Ly, is rigid motion invariant; more specifically, for any affine isometry 
(i.e., displacement) R of IR, we have that 


Ux (R(A)) = He (A). (5.0.3) 


Remarkably, for any (visible) complex dimension @ of a bounded subset A of 
RY (or, more generally, of an RFD (A,Q) of R), the corresponding coefficient of 
our fractal tube formula (assuming that we are in the case of simple poles), that is, 
essentially, the residue of the fractal zeta function at s = @ (see Equation (1.1.2) 
in the introduction or Equation (5.1.46) in Theorem 5.1.16 below), satisfies entirely 
analogous homogeneous and geometric invariance properties (with k replaced by 


? In the present case of compact convex sets, Lo is always equal to 1. However, in the more general 
setting of sets of positive reach or of finite unions of such sets, it is Z-valued; see, e.g., [Schn2, 
Section 3.4] and [Fed1, Z2]. 
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@ in the counterparts of Equations (5.0.2) and (5.0.3)).> Furthermore, of course, 
the resulting tube formula is no longer a polynomial of degree at most N in the 
variable ¢ but involves a typically infinite sum over all of the underlying visible 
complex dimensions of A (or of the RFD (A, Q)). Moreover, as we shall see in many 
examples, the coefficients of the fractal tube formula that correspond to the set of 
(visible) complex dimensions can frequently be naturally decomposed as a set of 
integer dimensions (say, @ = k € {0,1,...,N}) and of scaling complex dimensions 
(say, © € De). See, especially, the discussion of the Sierpinski gasket and of the 
3-dimensional carpet in Subsection 5.5.3, along with that of self-similar sprays in 
Subsection 5.5.6. Such a situation already arose in the very special but important 
case of fractal sprays studied in [LapPe2-—3] and [LapPeWil-—2]. Of course, if De 
happens to be empty (which is certainly the case if A is a compact convex set), then 
Va(t) reduces to a polynomial expression of degree < N in t and the corresponding 
tube formula is Steiner-like, much as in Equation (5.0.1) above. 

We leave to a later work a further and much more detailed exploration of the pos- 
sible geometric, algebraic and combinatorial interpretations of our fractal tube for- 
mulas (as well as of local versions thereof), in the spirit of the above discussion and 
particularly, the work of Stein [Stein], Minkowski [Mink] (see also [Schn2]), Weyl 
[Wey3] (see also [BergGos] and [Gra]), Federer ([Fed2] and especially, his work in 
[Fed1] on local tube formulas and curvature measures), Klain and Rota [K1Rot] 
and many other authors; see, e.g., the books [BergGos], [Bla], [Schn2], [Gra], 
[Lap-vFr1—3], along with the articles [Ful—2], [HugLasWeil], [KeKom], [Kom], 
[Kow], [LapPel—3], [LapPeWil], [L1Wi], [Mil], [Ol1-—2], [RatWil—2], [Schn1], 
[Sta], [Wi], [WiZa], [Z41—5] and the many relevant references therein. 


5.1 Pointwise Tube Formulas 


In this section, given a relative fractal drum (A,Q) in RY, with N > 1 arbitrary, we 
obtain and derive a corresponding pointwise fractal tube formula, expressed in terms 
of its complex dimensions. The proof of our pointwise (and later, in Section 5.2, 
distributional) fractal tube formulas follows many of the same steps as in [Lap-vFr3, 
Chapters 5 and 8] in the case of the geometric zeta functions of fractal strings, but 
now in the new and significantly more general context of relative fractal drums (and, 
in particular, of bounded sets) in R, with N > 1 arbitrary. There are, however, 
a number of technical differences, related, in particular, to the use of the Mellin 
transform inversion formula, as well as in later sections (Sections 5.3 and 5.4), of 
various intermediate zeta functions, called the shell and Mellin zeta functions, in 
addition to the tube and distance zeta functions. 


3 In light of the definitions, the analog of Equation (5.0.3) obviously holds in our context. For the 
counterpart of Equation (5.0.2), see Equation (2.1.106) in Proposition 2.1.77, which follows from 
the scaling property of ¢4 stated in Equation (2.1.105). 
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For a number of results concerning tube formulas and their generalizations 
in a variety of settings (including convex bodies, smooth compact submanifolds 
of Euclidean spaces, compact Riemannian and Lipschitz manifolds, sets of pos- 
itive reach, semi-algebraic sets, fractal strings and sprays), as well as related 
topics, we mention, in particular [BergGos, Bla, CheeMiiSchr1—2, DemDenKoU, 
DemKoOU, DenKoOU, Fed1, Ful—2, Gra, HugLasWeil, KeKom, KIRot, Kow, 
LapLu3, LapLu-vFr1—2, LapPel-3, LapPeWil-2, LapRaZu4—5, Mil, Mink, MitZu, 
Ol1-2, RatWil—2, Schn1-2, Sta, Stein, Wey3, Wi, WiZ4, Za41—5], along with the 
many relevant references therein. See also the second part of the introduction to this 
chapter for a brief overview. 


5.1.1 Definitions and Preliminaries 


We begin by stating several definitions which are already introduced in [Lap-vFr3] 
in the setting of generalized fractal strings, and adapt them to the setting of relative 
fractal drums in RY, for any N> 1. 


Definition 5.1.1. The screen S is the graph of a bounded, real-valued Lipschitz 
continuous function S(t), with the horizontal and vertical axes interchanged: 


S:={S(t)+it: TER}. (5.1.1) 
The Lipschitz constant of S is denoted by ||S||Lip; so that 
[S(x) — S(y)| < ||SlLiplx—y|, for all x,y € R. 
Furthermore, the following quantities are associated to the screen: 


infS:= inf S(t) and supS:= supS(t). 


TER TER 


As before, given an RFD (A,Q) in R%, we denote its upper relative box dimen- 
sion by D := dimg (A,Q); recall that D <N. We always assume, additionally, that 
D > —e and the screen S lies to the left of the critical line {Res = D}, i.e., that 
sup S < D. Also, in the sequel, we assume that inf S > —co (see, however, Remark 
5.1.2 below); hence, we have that 


—oo < inf S$ < supS <D. (5.1.2) 


Moreover, the window W is defined as the part of the complex plane to the right 
of S; that is, 
W :={s€C:Res > S(Ims)}. (5.1.3) 


(Note that W is a closed subset of C and that S = OW, the boundary of W.) 
We say that the relative fractal drum (A,Q) is admissible if its relative tube (or 
distance) zeta function can be meromorphically extended (necessarily uniquely) to 
an open connected neighborhood of some window W, defined as above. 
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Remark 5.1.2. Occasionally, in the strongly languid case, in the sense of Definition 
5.1.4 or Definition 5.3.9 below (and hence, in particular, when the fractal zeta func- 
tion involved is meromorphic on all of C), it is convenient to implicitly move the 
screen S to —infinity (i.e., to let S = —ce) and thus to choose W := C. 


The next definition adapts [Lap-vFr3, Definition 5.2] to the case of relative fractal 
drums in R% (and, in particular, to the case of bounded subsets of RY). 


Definition 5.1.3. (Languidity, adapted from [Lap-vFr3]). An admissible relative 
fractal drum (A,Q) in RY is said to be languid if for some fixed 6 > 0, its tube zeta 
function C4 a(-;6) satisfies the following growth conditions: 


There exists a real constant « and a two-sided sequence (T;,)ncz of real numbers 
such that T_, <0 < 7, for alln > 1 and 


lim T,=+°, lim T_,=— (5.1.4) 


n—-eo noo 


satisfying the following two hypotheses, L1 and L2:+ 


L1 For a fixed real constant c > dimg(A,Q), there exists a positive constant 
C > 0 such that for all n € Z and all o € (S(Tp),c),° 


\E,.a(6 +iT;38)| <C(|%|+1)*. (5.1.5) 
L2 For all TER, |t| > 1, 
|f4,0 (S(t) +it;5)| <C|z|*, (5.1.6) 


where C is a positive constant which (without loss of generality) can be chosen to 
be the same one as in condition L1. 


Note that hypothesis L1 is a polynomial growth condition along horizontal seg- 
ments (necessarily not passing through any singularities of C4.9(-;6)), while hy- 
pothesis L2 is a polynomial growth condition along the vertical direction of the 
screen. These hypotheses will be needed in order to establish the pointwise and 
distributional tube formulas with error term. 

It is noteworthy that there exist RFDs not satisfying condition L2 (and hence, 
which are not languid) for some choices of the screen S. For a specific example, see 
[Lap-vFr3, Example 5.32] which is a nonlattice self-similar fractal string, viewed 
naturally as an RFD (A,Q), and is such that there is no screen S' passing between 
the critical line {Res = D} (where D := dimg(A, Q)) and the complex dimensions 
to the left of this line along which the fractal string is languid. 


4 Here, unlike in the definition given in [Lap-vFr3], we do not need to assume that 
Timy+-foo T,/\T-nl| =1. 

> This is a slight modification of the original definition of languidity from [Lap-vFr3], where c was 
replaced by +°°; compare with [Lap-vFr3, Definition 5.2, pp. 146-147]. Furthermore, it is clear 
that if condition L1 is satisfied for some c > dimg(A, Q), then it is also satisfied for any c; such 
that dimg(A,Q) <c) <c. 
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In order to obtain the pointwise and distributional tube formulas without error 
terms (that is, exact tube formulas), we will need a stronger notion of languidity. 
Accordingly, we introduce the following definition, which adapts to our current 
more general situation the definition of strong laguidity given in [Lap-vFr3, Def- 
inition 5.3]. 


Definition 5.1.4. (Strong languidity, adapted from [Lap-vFr3]). We say that an 
admissible relative fractal drum (A, Q) in RY is strongly languid if for some 6 > 0, 
its tube zeta function satisfies condition L1 with S(T7,,) = —c (that is, with S(T) 
replaced by —ce) in (5.1.5); ie., for every o < c and, additionally, there exists a 
sequence of screens S,,: T+ Sm(T) +17 for m> 1, tT € R with supS,, + — as 
m —+ co and with a uniform Lipschitz bound, sup,,>; ||Sm||Lip < °°, such that the 
following condition holds: 


L2’ There exist constants B,C > 0 such that for all 7 € R and m > 1, 
|E4,c0(Sm(t) +it; 8)| < CBE (|r| +1)*. (5.1.7) 


It is clear that hypothesis L2’ implies hypothesis L2; so that a strongly languid 
relative fractal drum is languid. We also note that if a relative fractal drum is languid 
for some k, then it is also languid for any k; > «. (Observe that for fia or, equiv- 
alently, the RFD (A,Q), to be strongly languid, aes must admit a meromorphic 
continuation to all of C; see also Remark 5.1.2 above.) 

We will also use the notion of languid (or else, strongly languid) relative tube 
zeta function, in the obvious sense. 


As we shall see throughout this chapter, most of the geometrically interesting 
examples of RFDs (and, in particular, of bounded sets) in R” considered in this 
monograph are either languid (relative to a suitable screen), in the sense of Defini- 
tion 5.1.3 above (or of its counterpart for the distance zeta function, in Definition 
5.3.9 below) or else, strongly languid, in the sense of Definition 5.1.4 just above (or, 
again, in the sense of Definition 5.3.9). 

Although, as was already explained, the dependence of the tube zeta function 
bro = Es o( -;6) on 6 > O is inessential, it is not clear whether the counterpart of 
this statement is also true for the languidity conditions. More precisely, we show that 
changing the parameter 6 > 0 will preserve languidity, but possibly with a different 
languidity exponent Ks. This is the content of the next proposition. 


Proposition 5.1.5. Let (A,Q) be a relative fractal drum in RN. If the relative tube 
zeta function Cro( -;0) satisfies the languidity conditions L1 and L2 for some 6 > 0 
and with languidity exponent k € R, then so does bs a( -;01) for any 6, > 0 and with 
Ks, = max{k, 0}. 

_ Furthermore, an entirely analogous statement is also true in the case when 
€4.9(-30) is strongly languid, under the additional assumption that 6 > 1 and 
6 > 1. 


1 


Proof. Without loss of generality, we may assume that 6 < 6). Then, the conclusion 
follows from the fact that C4 o(-;61) = Ca.a(-;6) + f(s), where f is entire and 
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SRes—N_ §Res—N 


\Q|\--y=— Ss Res AN, 


(5.1.8) 
|Q|(logd; —logd),  Res=N. 


6 
Lf(s)| < [ femtanalaes | 


Since, clearly, the upper bound on | f(s)| does not depend on Ims, we conclude that 
f satisfies the languidity conditions L1 and L2 with the languidity exponent Ky :=0 
and for any given window W. This observation implies that then, €4 9(-;61) is 
languid for the languidity exponent Ks, := max{k,0} and with the same window as 
for Ca4.0( -30). 

The additional assumption for the case of strong languidity is needed since L1 
must then be satisfied for all o € (—c°,c), in the notation of Definition 5.1.3, and 
for this to be achieved we need that 6; > 6 > 1 in (5.1.8); indeed, otherwise, we do 
not have an upper bound on | f(s)| when Res > —ce. 


Given a fixed open window W and a double sequence (T;,),cz, as in Definition 
5.1.3, and a real constant c > 0, we consider the set 


Fan = Fian(W, (Th)nez,€) (5.1.9) 


of all meromorphic functions f : U — C which we call languid functions, defined 
on a domain U = U(f) C C containing W, and satisfying all of the conditions 
of Definition 5.1.3, in which the constants appearing there also depend on f (for 
example, « = K(f), with the condition c > N appearing in L1 replaced by c > 
sup S). It is clear that some of the functions f © Fian(W,(Th)nez) are of the form 
f = ¢a.a, for some RFD (A,Q). In the following discussion, we will no longer 
indicate explicitly the dependence of the languidity exponent « on 6 > 0 but when 
necessary, we will instead denote « by «(f) in order to highlight the dependence on 
the underlying meromorphic function /. 

It is easy to check that the set Ajan = Alan(W,(Th)nez) of languid functions 
is a vector space and that it is even an algebra with respect to the pointwise mul- 
tiplication of functions. Furthermore, for any f, g © Aian and A, © C, we have 
that 


K(Af+ug) <max{k(f),K(g)} and K(f-g) < K(f) +K(g). 


Any function f € Fian(W,(T™)nez,c) is said to be languid in the set WM 
{Res < c} (with respect to the double sequence (T;,)n¢z). All of the examples of 
languid fractal zeta functions provided in this book belong to the above family 
Fian(W ,(Tn)nez,c), for a suitable choice of window W, sequence (T,,)ncz and 
of the constant c > sup S. The preceding comment justifies to call the vector space 
Fian(W ,(Tn)nez,c) the algebra of languid functions. 

In several of the applications (for example, when dealing with the languidity of 
Cantor strings of higher order, i.e., obtained as consecutive tensor products of the 
Cantor string by itself; see Example 4.2.10 along with Subsection 5.4.4), we shall 
need the following property. (Observe that bounded fractal strings & can be viewed 
as relative fractal drums (02, Q), where Q C R is an open set which is a geometric 
realization of Y.) 
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Let Y, and -Z be two bounded fractal strings such that 
C¥, © Fian(W,(Tn)nez,c), for j = 1,2 and some c > 1. 


Then C¥agy © Fian(W,(Th)nez,c), where Y, ® Ly denotes the tensor product 
of “, and fy. Furthermore, kj2 < Kj +2, where kj2 := K(Z ® LZ) and Kj := 
K(.Z;), for j = 1,2. 

The above statement follows from the fact that Cyav,(s) =Ca(s)-oa(s), for 
all s € C with Res sufficiently large. Then, upon meromorphic continuation of Cy, 
and ¢ y, toadomain U C C containing the common window W, we take c > N:= | 
as in condition L1 of Definition 5.1.3 above. 

We now return to the main course of our discussion, with the goal of establishing 
a pointwise tube formula expressed in terms of the tube zeta function a Q. 


In order to obtain the relative tube formula expressed in terms of the complex 
dimensions of the relative fractal drum (A, Q), we will need to work (for each k € N) 
with the k-th primitive (or k-th anti-derivative) function, Vl =v (t), of the relative 
tube function V = V(t) vanishing along with its first (k — 1) derivatives at t = 0. 
Therefore, we let 

V(t) =Va,a(t) =V() = |ANQ| (5.1.10) 


and 
k] 


ve) = vib = [ven N(t)dt, foreachk EN. (5.1.11) 

(Recall that N := {1,2,3,...} and No := NU {0}.) In the special case of a bounded 

subset A C R% (corresponding to the choice of an RFD of the form (A,A35), for 

some 5 > 0), we use the analogous notation V!I(r) = vi (t) for the k-th primitive 
function of the tube function V(t) = V4(t) := |A;|, where k € No. 

Furthermore, we recall that for any s € C, the Pochhammer symbol is defined by 


(sjo:=1,  (s)e:=s5(st+1)---(s+k-1) (5.1.12) 


for any nonnegative integer k and, more generally, for the purpose of Section 5.2, 
for every k € Z by 

T(s+k) 
ae Om 


where I denotes the classic gamma function. 


(5.1.13) 


It is natural to wonder why we do not simply work with the tube function V = 
vol =v! se instead of all of its primitives vial = vil (for any integer k > 0). For 
an answer to this question, we refer the curious reader to Remark 5.1.19 at the 
end of Subsection 5.1.3 below, as well as to the comment preceding it. We also 
mention that in the distributional setting, we will allow k to be any integer in Z 
(rather than in NU {0}) in the definition of the corresponding k-th ‘tube distribution’ 


yl — ee see Definition 5.2.1 at the beginning of Section 5.2. In that setting, 
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the case when k = —1 yields the most fundamental fractal tube formula (for the 
distribution W1-! = va, which can also be viewed as a measure). 


K| 


Before stating the main relationship connecting vil = ye and the tube zeta 
function fra of the RFD (A,Q), valid for any integer k > 0, we begin by consid- 
ering the key special case when k = 0 (so that volo=v= V4.q). It turns out that 
V(t) =|A;M Q| is essentially equal to the inverse Mellin transform of €, 9, as will 
be seen in Theorem 5.1.7 below. Before stating and proving the latter result, we 
need to briefly provide some basic information about the Mellin transform and its 
inverse transform. 

First, as an initial motivation for the approach used in this chapter, we note that 
the tube zeta function coincides with the Mellin transform of a modification of the 
tube function t +> |A;M Q|, where as before, |A; .Q| = |A; N.Q|y denotes the N- 
dimensional volume of A;Q C R%. More specifically, one has that for all s € C 
such that Res > dimg(A,Q), 


s +00 
E a(e6y [ (40,5) (tt 8A, QI) de, (5.1.14) 


where 79,5) denotes the characteristic function of the set (0,6). Recall that the 
Mellin transform of a function f: R — R is defined by 


{Mf} (s) := [ero (5.1.15) 


where s is a complex number with large enough real part. Furthermore, the Mellin 
inversion theorem, which we recall here for the sake of completeness, together with 
Equation (5.1.14), yields an integral expression for the tube function of a given 
relative fractal drum. 


Theorem 5.1.6 (Mellin’s inversion theorem, cited from [Tit2, Theorem 28]). Let 
f: (0,+¢°) + R be such that for a given y > 0, f(t) is of bounded variation in 
a connected open neighborhood of the point t = y. Furthermore, assume that the 
function t + t°—' f(t) belongs to L'(0,+¢°), where c is a real number, and define 


{Mf}(s) = [etree (5.1.16) 


for all s € C such that Res = c. Then, for the above value of y, the following inver- 
sion formula holds: 


1 C+ilee 
(f(y +0) + f(y—0)) = | y *{MNF}(s) ds, (5.1.17) 


1 
2 ~ gah te Gea 

where f(y +0) and f(y —0) denote, respectively, the right and left limits of f at 
y. Here, on the right-hand side of (5.1.17), the contour integral is taken over the 
vertical line {Res = c}. 
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We can now state the announced integral formula connecting the relative tube 
function of the RFD (A,Q) and the tube zeta function C4 9(-;6). 


Theorem 5.1.7. Let (A, Q) be a relative fractal drum in RN and fix 6 > 0. Then, for 
any fixed c > dimp(A,Q) and for every t € (0,5), we have 


1 C+10°0 “ 
Ana|=—— f tY-5E, o(s:8) ds. (5.1.18) 
c—l1°e 


Proof. Let f(t) := x(0,8)(t)t-“|Ar 0 Q| and observe that t + |A;M Q| is nonde- 
creasing, and hence, is locally of bounded variation on (0,-+c°). Since the product 
of two functions of locally bounded variation is also a function of locally bounded 
variation, we conclude that f is also locally of bounded variation on (0, -+°¢). Fur- 
thermore, we deduce from Theorem 4.1.7 and from the functional equality (4.5.2) 
that the integral defining the tube zeta function bra in Equation (5.1.14) is abso- 
lutely convergent (and hence, convergent) for all s € C such that Res > dimg(A, Q) 
or, in other words, t + t®°s-! f(t) belongs to L'(0,+e°) for such s. Consequently, 
the Mellin transform {tf}(s) of f is well defined by Equation (5.1.16) and co- 
incides with bao (s;6) for c= Res > dimg(A,Q); that is, Equation (5.1.14) holds 
for all s € C such that Res > dimg(A,Q), as was claimed above. Therefore, by 
Theorem 5.1.6, we can recover the relative tube function from the relative tube zeta 
function and for positive y 4 6, we have 


1 C+i1e° z 
X04) 0)Y AyNQ|= 5 fy *Caalsid) ds, (5.1.19) 
C—leo 


where c > dimg(A,Q) is arbitrary; that is, (5.1.18) is valid for all ¢ € (0,6), as 
desired. 


One of the main goals in this chapter will be to express formula (5.1.18) in a more 
useful and applicable way. More specifically, we will express the right-hand side of 
(5.1.18) in terms of the relative distance zeta function and as a sum (interpreted 
in a suitable way) of residues over the complex dimensions of the given relative 
fractal drum. The resulting identity will be called a “fractal tube formula” (as in 
[Lap-vFr3]) or simply, a tube formula. 


A priori, one would naively expect that Equation (5.1.16) and hence also, Equa- 
tion (5.1.17), only holds for c > N. (Indeed, since f(t) = 0 for all t > 6 and 
IA; NQ| < |Q|, we easily see that t+ 1°"! f(t) belongs to L'(0,+¢°) for c > N.) 
The stronger conclusion obtained in Theorem 5.1.7 requires the aforementioned re- 
sults obtained in Chapter 4 (and whose detailed proofs where given in Chapter 2 in 
the important special case of bounded subsets of R”). 


The following result is really a corollary of Theorem 5.1.7 but given its impor- 
tance for the rest of this section, we state it as a separate proposition. 


Proposition 5.1.8. Let (A,Q) be a relative fractal drum in RN and let 6 > 0 be 
fixed. Then for every t € (0,6) and k € No, we have 
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viL@=— | ee (5.1.20) 
AQNT Fai Ja ies (N—SE Ly OO a 


where c € (dimg(A,Q),N + 1) is arbitrary. 


Proof. By Theorem 5.1.7, we have the following equalities, valid (pointwise) for all 


t € (0,6): 


t 


1 t pc+icc 2 
= | Vao(t)dt = — | / oN-*8, o(s:8)dsde 
0 271 Jo Jc—ico 


Cc+ico rt 
: [ [ NE, o(s;8)deds 


~ Oni 


C— ico 
1 C+iee pN-st1 - 
==]. a 7 $4,0(5:5) ds, 
Cc—l0e0 —s+ 


since N—c-+1 > 0. The interchange of the order of integration is justified by com- 
bining Lebesgue’s dominated convergence theorem and the Fubini—Tonelli theorem. 
Iterating this calculation k — 1 more times, we prove the statement of the proposi- 
tion. 


We adapt the following definition of the truncated screen and window from Sec- 
tion 5.3 of [Lap-vFr3], where it was stated for languid generalized fractal strings, so 
that it can be used in the same form in the case of relative fractal drums in R¥. 


Definition 5.1.9. (The truncated screen and window). Given an integer n > | anda 
languid relative fractal drum in R%, the truncated screen S in is the part of the screen 
S restricted to the interval [T_,,7;,], and the truncated window W,,, is the window 
W intersected with the horizontal strip between T_, and T,,; i.e., 


Wri=Wo{seC: T_, <Ims < T,}. (5.1.21) 


We then call Y(f, 0, W/,,) the set of truncated visible complex dimensions; i.e., 
it is the set of visible complex dimensions of (A, Q) relative to the window W and 
with imaginary parts between 7_, and T,,. Note that since by assumption, there are 
no poles of bro along the screen S, we could replace W,, by its interior Win in 
the aforementioned notation: 


PD (1,0, Win) =D (5.0, Win) (5.1.22) 


5.1.2 Pointwise Tube Formula with Error Term 


We stress that from now on, the phrase “let (A,Q) be a languid (or strongly lan- 
guid) relative fractal drum’, will implicitly mean that (A,Q) is admissible for 
some window W and for some 6 > 0, the relative tube zeta function 4 o(s;8) 
of (A, Q) satisfies the languidity conditions of Definition 5.1.3 (or Definition 5.1.4, 
respectively). 
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Let us now derive a ‘truncated pointwise tube formula’ (Lemma 5.1.10), from 
which the general pointwise tube formula (Theorem 5.1.11 below) will follow. Note 
that Lemma 5.1.10 is the counterpart, valid for any N > 1, of [Lap-vFr3, Lemma 
5.9]. Furthermore, recall from the end of Subsection 5.1.1 that for each integer n > 1, 
the truncated screen S|, and the associated truncated window W’,, were defined in 
Definition 5.1.9. 


Lemma 5.1.10 (Truncated pointwise tube formula). Let k > 0 be an integer and 
(A,Q) a languid relative fractal drum in RN for a fixed 6 > 0 and for some fixed 
languidity exponent « € R. Furthermore, fix a constant c € (dimg(A,Q),N + 1). 
Then, for allt € (0,6) and all n > 1, we have 


1 c+ikTy tN-st+k 
ni Lon. (N—s+1)x 


> ( pN-stk _ 
= res Tory falei8).0) 
: a, 4: (5.1.23) 
o€ P(C,.0,W),) (y oT )k 


Cao (s;6) ds 


ne 


1 pN-stk 
| ;6)ds+E,(t). 
ni I, (N—s+1)x Ca,a(s ) Sb mi ) 


Moreover, assuming that hypothesis L1 is fulfilled, we have the following pointwise 
remainder estimate, valid for all t € (0,6): 


|En(t)| < tYt*K,- max {T5*, |T_n|**} (ce — infS) max {1-¢,¢- 15}, (6.1.24) 


where Kx. is a positive constant depending only on the languidity exponent «.° 

Finally, for each point s = S(t) +17, where Tt € R is such that |t| > 1, and for all 
t € (0,6), the integrand over the truncated screen appearing in (5.1.23) is bounded 
in absolute value by 


Ce max {rs ee, (5.1.25) 
when hypothesis L2 holds, and by 
Cyt +* max { plints| BI sup S| } nai (ee, et la, (5.1.26) 


when hypothesis L2’ holds, with the constant Cx depending only on x.! 


Proof, Let D := dimg(A,Q); for the sake of brevity, we will write €4 o(s) instead 
of b, a(s; 6) throughout the proof. Now, we replace the integral over the segment 
[c+i7_,,c +17, with the integral over the contour I" consisting of this segment, 
the truncated screen Si, and the two horizontal segments joining S (Tin) +iTs, and 
c+1T,, (see Figure 5.1). In other words, we have 


® More precisely, Kx, depends only on « and the constant C occurring in hypothesis L1. 


7 Here, the constant C, actually depends only on « and on the constant C appearing in hypothe- 
sis L1. 
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4im 
S(Tn) + iT}, Ty e+iTp 
@ 
Ss 
e e a 
0 dimg(A,) N+1 Fe 
° : 
S(T_n) + iT_p T, c+iT_, 


Fig. 5.1 The truncated window W),, and the contour I” which we use to estimate the integral /, in 
Lemma 5.1.10. 


1 c+iT;, pN-st+k 
ee pee d 
n pyri Vow (N—s+1)x Ca,Q (s) S 


1 pN—-stk 7 
— d 
ani f (Was41), 02") 


1 pN—-st+k 7 
ds+ E,(t), 
wai Is, oor 08) 85 + Eat) 


where 


1 pN-stk 
E,(t):= <= ee ds. 
(= 55 a og Wasnt fhoids 


Furthermore, the integrand appearing above is meromorphic on the bounded do- 
main having I” as its boundary and its poles are exactly the poles of the relative 
tube zeta function since c € (dimg(A,Q),N + 1) ensures that there are no zeros of 
(N—s+1)x inside of C. Consequently, we deduce from the residue theorem that 


pN-st+k 
Ih= Dy a (aay hols). 0) 


wo P(S4,.0;Wyn 


1 tN-stk 
ds+E,(t). 
+ Omi j. (Nast), 042 8) o + Enlt) 


To obtain the upper bound on |E,,(t)|, we first observe that for s = 0 +17, we have 
|(N —s+1);| > T* and we estimate the integrals over the upper segment Izy and the 
lower segment I, under hypothesis L1: 
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Cc pN+k-o-iTn cs : 
7 C4,a(0 +iT,) do 


tN-stk 
——— ds} = 
[ Ca,a(s) ds S(™) (N+1—(0+iTn))x 


N—s+1)x 


a eae Ay ee Te a t°do 
S(Tn) 


< Nt*K,. TX -*(c— S(Tn)) max {ee y) i. 


where K, is a positive constant such that C(|T;,| +1)" < K,|T;,|* for all n € Z. 
Furthermore, since inf S < S(t) for all t € R, we have 


i gO a (s)ds 
Ty 


(Nos+1) ART eins) maxie E127) 
gaily 


A similar calculation for the integral over the lower line segment yields 


pN-stk& d Sy oas 
7 a0 Rl eines made eh, 61:28) 
in 


(N—s+1)x 


Therefore, putting (5.1.27) and (5.1.28) together, we obtain the upper bound 
GA2y>S 

In order to estimate the integrand over the truncated screen Sj,,, we observe that 
for s = S(t) +iT with |t| > 1, we have 


pN-st+k 


Ca,a(5) 


< cee 


(5.1.29) 
a crt max {t- sups ee lel, 


under hypothesis L2 and similarly, under hypothesis L2’. (Then, Cy is a constant 
chosen so that C(|t|-+ 1)* <C,|t|* holds for all t such that |t| > 1.) This completes 
the proof of the lemma. 


We can now state and prove the announced result. 


Theorem 5.1.11 (Pointwise fractal tube formula with error term, via Ce q). Let 
(A, Q) be a relative fractal drum in RN which is languid for some fixed 5 > 0 and 
some fixed languidity exponent k € R. Furthermore, let k > «+1 be a nonneg- 
ative integer. Then, the following pointwise fractal tube formula with error term, 
expressed in terms of the tube zeta function C,.9 := Cs o( -;0), is valid for every 


t € (0,6): 


pN-st+k = sik] 
Va g(t) = »y res Wasti, oie)? +R4 g(t). (5.1.30) 
wc P(E, 0,W) i 


8 The constant Kx in (5.1.24) is actually equal to the present constant Kx divided by z. 
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Here, for every t € (0,6), the (pointwise) error term RM is given by the absolutely 


convergent (and hence, convergent) integral 


a(t) = — [ ais Es o(s)d (5.1.31) 
AON) 978 fy (N—st 1g ee a 


Furthermore, we have the following pointwise error estimate, valid for allt € (0,6): 


, C(1+||Sllrip) 

RES (t)| < 2+ max {17 UPS, pints Ph ic! 5.1.32 
where C is the positive constant appearing in L1 and L2 and C’ is some suitable 
positive constant. These constants depend only on the relative fractal drum (A,Q) 
and the screen, but not on the value of the nonnegative integer k. 

In particular, we have the following pointwise error estimate: 


pik) 
A 


‘o(t) = O(c" Ps) ast 0. (5.1.33) 


Moreover, if S(t) < supS for all t € R (i.e., if the screen S lies strictly to the left 
of the vertical line {Res = supS}), then we have the following stronger pointwise 
estimate: 
RE (t) = o(tN-P5+4) as tt. (5.1.34) 
Before establishing Theorem 5.1.11, we must make the following two comments 
(in parts (a) and (b) of Remark 5.1.12), which will help to understand the state- 
ment of the theorem. We stress that comments similar to those in Remark 5.1.12 
also apply to all other theorems stated below (in this chapter), in which a (typi- 
cally infinite) sum over the (visible) complex dimensions appears, either in refer- 
ence to a pointwise or distributional fractal tube formula. (See, in particular, Theo- 
rems.3.1.03, 3.1.14, 3.116, 3.2.2, 3:24,5.2.0, 3.3.11, 5.3.13, 5.3.16, 3.3.17,5.3.19, 
5.3.20, 5.3.21, 5.4.14, along with Corollaries 5.2.12 and 5.3.14.) More specifically, 
part (b) of Remark 5.1.12 remains valid without change, and likewise for the coun- 
terpart of part (a) of Remark 5.1.12 in reference to a (potentially infinite) sum 
over the (visible) complex dimensions occurring in a pointwise fractal tube formula 
(such as in Theorem 5.1.13, 5.1.14 and 5.1.16 of Subsection 5.1.2 and in Theorems 
5.3.11, 5.3.13, 5.3.16, 5.3.17, along with Corollary 5.3.14 of Subsection 5.3.2 be- 
low). Moreover, in the counterpart of part (a) of Remark 5.1.12, when referring 
to a distributional (rather than a pointwise) fractal tube formula (such as in Theo- 
rems 5.2.2, 5.2.4, 5.2.6, and Corollary 5.2.12 of Section 5.2 below or in Theorems 
5.3.19, 5.3.20, 5.3.21 of Subsection 5.3.3), the (potentially infinite) sum has to be 
interpreted as a distributional (rather than pointwise) limit of the partial sums. 
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Remark 5.1.12. (a) The (potentially infinite) sum appearing in (5.1.30) in the above 
theorem (Theorem 5.1.11) is to be understood as the limit 


S ( pN—-st+k 7 
lim res | ———__Cag (),0) : (5.1.35) 
aa 06 P(S4.0,Win) esate 


where W,,, is the truncated window given by Definition 5.1.9 or, in other words, 
as the pointwise limit of the partial sums over the complex dimensions contained 
in W,,,.. Furthermore, the existence of this limit follows from the proof of the the- 
orem; that is, the series in (5.1.30) converges pointwise and conditionally. On the 
other hand, Theorem 5.1.11 does not give any information about the possible abso- 
lute convergence of the series in (5.1.30). A similar situation occurs in [Lap-vFr3, 
Chapters 5 and 8] and, in fact, also in Riemann’s original explicit formula for the 
counting function of the prime numbers (see, e.g., [Edw] or [In]). 


(b) Moreover, the sum over the set (&4.0,W) in Equation (5.1.30) of Theo- 
rem 5.1.11 does not depend on 6 since changing the parameter 6 has no effect on 
the residues appearing in (5.1.30). This follows easily from the fact that the princi- 
pal parts of the meromorphic extension of the relative tube zeta function around any 
of its poles do not depend on 6 (see Subsection 4.5.1). In other words, when apply- 
ing Theorem 5.1.11, one has to determine that (A, Q) is languid for some 6 > 0, 
but when calculating the sum, one can take any 6 > 0; that is, in practice, the most 
convenient one in the particular example one is interested in. 


Proof of Theorem 5.1.11. Without loss of generality, let c € (dimg(A,Q),N +1) be 
the constant from the languidity condition L1 of Definition 5.1.3. We will prove 
the theorem by using Lemma 5.1.10 in order to obtain (5.1.23) and then, by letting 
n —> co, We note that E,,(t) tends to zero for k > « at the rate of some negative power 
of min{ 7}, |T_n|}. Furthermore, for k > « +1, the error term R!I(t), 9 is absolutely 
convergent (and hence, pointwise convergent). Indeed, note that, since tT ++ S(T) 
is Lipschitz continuous, it is differentiable almost everywhere and, consequently, 
the derivative of T++ S(t) +iT is bounded by (1+ ||S||Lip) for almost all t € R. 


Moreover, since 
= K—k 1 
tT “dt = ———_ 
| k-K-1 


for k > «+1, the upper bound (5.1.32) on the error term RE (t) now follows 
from (5.1.25). The positive constant C’ in (5.1.32) is the constant which corresponds 
to the integral over the part of the screen for which |t| < 1; ice., 


ci=5 | Es,0(s)| \ds| 
Qn Jsngyims|<i} |((N-st xl 


In the case when the screen stays strictly to the left of the line {Res = sup S}, we 
can obtain the better estimate (5.1.34) by using a well-known method; see, e.g., [In, 
pp. 33-34]. Namely, for any given € > 0, we have to show that (5.1.31) is bounded 
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by et—ePS+k, For a given T > 0, we can split the integral appearing on the right- 
hand side of (5.1.31) into the following two parts. The first one is the integral over 
the part of the screen for which |ImS| > 7, and the second one is the integral over 
the part of the screen for which |ImS| < 7. Since the first integral is absolutely 
convergent, we can choose T sufficiently large so that it is bounded by set’ a aes 
For the second integral, we observe that the maximum of S(t) for all t € [—T,T] 
is strictly less than supS; ie., we can choose @ > 0 such that S(t) < supS—a@ 
for tT € [—T,T]. This implies that the integral over the part of the screen for which 
|ImS| < T is of order O(tN—SuPS+*+) as t + 0*.° Hence, for all sufficiently small 


t > 0 it is bounded by 5er~S"PS**, This proves that RE, (2) =o) as 
t + Ot, as desired, and therefore completes the proof of the theorem. 


5.1.3 Exact Pointwise Tube Formula 


In the case of a strongly languid relative fractal drum, we are able to obtain a point- 
wise formula without an error term. Such an explicit formula is said to be exact. 


Theorem 5.1.13 (Exact pointwise fractal tube formula via €4 9). Let (A,Q) be a 
relative fractal drum in RN which is strongly languid for some fixed 6 > 0 and some 
fixed languidity exponent « € R. Furthermore, let k > « be a nonnegative integer. 
Then, the following exact pointwise fractal tube formula, expressed in terms of the 
tube zeta function 64.9 := 4.9(-36), holds for allt € (0,min{1,5,B~'}): 


pN-st+k 


vi @M= » (aay hols). 0) (5.1.36) 


w€ P(E4.0,C 
Here, B is the positive constant appearing in hypothesis L2’. 


Proof. For a fixed integer n > 1, we apply Lemma 5.1.10 with the screen S,,, given 
by hypothesis L2’. We first let mm — co while keeping n fixed. Since the screens S), 
have a uniform Lipschitz bound, if we take t < min{1,B~'}, then the sequence of 
integrals over the truncated screens S,,|,, converges to 0 as m — co.!9 Indeed, let us 
take mo large enough so that supS;, < 0 for every m > mo. This is possible since 
sup S, —> —°° as m —> oe; see hypothesis L2’ in Definition 5.1.4. 

Furthermore, for every m > 1 and n > 1, the integral over the truncated screen 
Sinjn iS given by 


1 pN-stk z 
lnm = d 5.1.37 
nm Oni ii, (Waste 2(s)ds aren 


° Note that since the screen S avoids the poles of the relative tube zeta function, we have that 
C4,a(s) is bounded for all s € C in the part of the screen S for which |ImS| < T. 

'0 Here and throughout this proof, Syjn denotes the n-th truncated screen associated with the screen 
Sim, in the sense of Lemma 5.1.10 and Figure 5.1 above. 
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and, similarly as in the proof of Lemma 5.1.10, we have that the integrand is 
bounded in absolute value by 


Ce max {B' infS,p\,| B SUP Sinjn| N+ SUPSn|nl +h (5. 1 38) 
where Cx is a suitable constant depending only on x. Here, we use the notation 


infSmjn = inf Sm(T) and supSinjn:= sup  Sin(T). (5.1.39) 
TE [Tn Th] TE[T_n Tn] 


We now let L := sup,,s, ||Sin|| be the uniform Lipschitz bound for the sequence of 
screens S,,. Then, the derivative of TO Sm(T) +17 is bounded for almost every 
TE [T_n, T,| by (1 +L). 

We must next consider the following two cases: firstly, if B < 1, we then have 
that 


Cx (1 + L)B' SUP Sinjnl 

2n (Tr 
and, since t < 1, we have that J, —> 0 as m — . Secondly, if B > 1, we deduce 
from the Lipschitz condition on S,, that we have 


N+| sup Syn}. |+k 
Zn, < T_n)t | sup ‘min ; 


sup Sin|n _ inf Sin|n < L(Th a To) 


1.€., 
|inf Sinjnl < | SUP Sinjn| +L(Th _ T_n), 
from which we deduce the estimate 


Cx (1+ L)BEM-T-n) 
20 


\Tnm| < (Th T_n) (Bt)! Se? Sminl Nk 
Therefore, J, — 0 as m— © since Bt < 1. 

We now let E(t) be the error function appearing in (5.1.23) for the truncated 
screen S,,|,, and we will complete the proof by showing that its iterated limit con- 
verges to zero pointwise. For c € (dimg(A,Q),N +1) and since 0 <r < 1, we have, 
much as in the proof of Lemma 5.1.10, that 

tN-stk&, o(s)ds ¢ 
ee er el sag | t°do 
[ (N—s+1)x = ( : ) % _ 


m 


(5.1.40) 
t¢ 


log(1/1) 


Here, Iy,, is the segment connecting S;,(T,) +17, and c+iT),. A similar reasoning 
for the corresponding integral over the lower segment gives us the following upper 
bound on |Ey m(t)|, independent of m: 


< r*K,. ees 


pN-e+k 
(| ig (ama A aa 
| nm ( I = log(1/t) « max{ n | nl ; 
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Finally, this inequality, which is valid for all m > 1 and all n > 1, implies that for a 
fixed k > k, the iterated limit of E,,,,(t) tends to 0 when m — and then n — ; 
i.e., we have 

lim ( lim Enm(t)) = 0. 


n— oo *M—+oo 


This concludes the proof of the theorem. 


Theorems 5.1.11 and 5.1.13 are of most interest in the case when k = 0, 1.e., 
when we obtain a pointwise formula for the volume of the relative t-neighborhood 
|Ar 1 Q| in terms of the complex dimensions of (A,Q). We state this case as a 
separate theorem. 


Theorem 5.1.14 (Pointwise fractal tube formula via Cao3 level k = 0). Under 
the same hypotheses as in Theorem 5.1.11, with languidity exponent « < —1 (resp., 
under the same hypotheses as in Theorem 5.1.13, with languidity exponent « < 0) 
and with k := 0, we have the following pointwise formula for the tube function of 
the relative fractal drum (A,Q) in R®: 


AnQ}= Yes (*S..0(3),0) +R, (0), (5.1.41) 

we P(f4,0,W) 
valid pointwise for all t € (0,6) and where RO, (t) is the error term given by 
formula (5.1.31) with k := 0. Furthermore, we have the following pointwise error 
estimate: 0 


Rio 


(t)=o(t%-P5) as tt. (5.1.42) 
Moreover, if S(t) < supS for every T € R (i.e., if the screen S lies strictly to the left 


of the vertical line {Res = sup S}), we then have 
oto) “as #0, (5.1.43) 


Finally, in the special case of Theorem 5.1.13 where (A,Q) is assumed to be 
strongly languid, then RO (t) =0 and W := C in (5.1.41); so that the pointwise 


fractal tube formula (5.1.41) becomes exact. 


Remark 5.1.15. In the applications, we often have to consider the case when all of 
the visible complex dimensions are simple. More specifically, if we assume that all 
of the poles of fro visible through the window W (i.e., lying in W) are simple, 
then in the statement of Theorem 5.1.14, the sum over the visible complex dimen- 
sions appearing in Equation (5.1.41) can be replaced by the following expression: 


y ear ©, (5.1.44) 
o¢ A(&.0,W) 


where for each w € Pro, W), we have 


Gq :=res(F4 9,0). (5.1.45) 
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In light of Remark 5.1.15, we obtain the following result, which (even though it is 
an immediate corollary of Theorem 5.1.14) we state as a separate theorem because 
of its importance in the applications. (See, especially, Sections 5.4 and 5.5 below.) 


Theorem 5.1.16 (Pointwise fractal tube formula via an q; level k = 0 and simple 
poles). Assume that the hypotheses of Theorem 5.1.14 hold. Suppose, in addition, 
that all of the visible complex dimensions of the RFD (A,Q) are simple (i.e., all 
of the poles of Cao belonging to the window W are simple). Then, the pointwise 
fractal tube formula, expressed in terms of the tube zeta function ate takes the 
following simpler form: 


AnQgl= >» res (24,0(s),0) Awake, (5.1.46) 
we P(C4,.0,W) 
where the error term Ro, is the same as in Theorem 5.1.14 and hence, satisfies the 
same estimates [(5.1.42) or (5.1.43), depending on the hypotheses] as in Theorem 
5.1.14. 
In particular, in the strongly languid case, we have RO (t) =0 and W :=C; con- 
sequently, (5.1.46) becomes the following exact fractal tube formula, valid pointwise 
for allt € (0,min{1,6,B~'}): 


AnQ|= > ses (Cs,0(), 0) pN-o (5.1.47) 
w€ P(x .9,C) 


where B is the constant appearing in hypothesis L2’ of Definition 5.1.4. 


Remark 5.1.17. Naturally, in light of Theorem 5.1.11 and Theorem 5.1.13, the coun- 
terpart of Remark 5.1.15 and Theorem 5.1.16 holds for any level k (satisfying the 
assumptions of the relevant result). For example, provided that all of the complex 
dimensions visible through W are simple, the exact pointwise fractal tube formula 
(5.1.36) of Theorem 5.1.13 becomes (for all t € (0, min{1,6,B~!})) 


tv- @+k 


(N—@+ 1)’ (5.1.48) 


Ue a “= > res (Es.0 (s), 0) 


w€ P(b4,0,C) 


and similarly for the pointwise fractal tube formula with error term given in (5.1.30) 
of Theorem 5.1.11. 

Note that in light of (5.1.12) and for each k € No, we have (with the obvious 
convention if k = 0) 


(N—st+1)p=(N-—s+4+1)(N—5+2)---(N—s+k) (5.1.49) 
and hence, the zeros of s+ (N—s-+ 1), are simple and occur precisely at 


s=N+1,N+2,...,.N+k. (5.1.50) 
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(Clearly, since (VN — s+ 1)o = 1, (5.1.49) does not have any zeros if k = 0.) Conse- 
quently, since dimg(A, Q) < N and k is nonnegative (i.e., k € No) in the present case 
of pointwise tube formulas, the complex number (N — @ + 1), is never equal to zero 
for @ € A(Ca.a) := A(Cs.a,C) (or else for @ € A(C4.a, W), in the case of a 
pointwise tube formula with error term). Moreover, if we work with a distributional 
tube formula (as will be case in Section 5.2 and part of Section 5.3, for example), 
the level k is allowed to be negative (i.e.,k € Z). However, in the case of a negative 
integer k, the function s+ (N—s-+ 1), does not have any zeros, but only simple 
poles located precisely at 


s=N+1+k,N+2+4+k,...,N; (5.1.51) 


so that its reciprocal has simple zeros precisely at those same points. Indeed, note 

that if k < 0, then 

T(N—s+1+k) 
T(N—s+1) 


and observe that (on the right-hand side of (5.1.52)) the numerator has simple poles 
located precisely ats =N+1+k,N+2+k,N+3-+k,..., while the denominator 
has simple zeros located precisely ats =N+1,N+2,N+3,..., which cancel out 
all of the poles of the numerator except for the ones stated in (5.1.51). 

In light of this discussion, for the distributional tube formulas obtained in Section 
5.2 and in part of Section 5.3 below, the same comment (concerning the complex 
dimensions of (A,Q)) applies as for the pointwise tube formulas; i.e., the complex 
dimensions of (A,Q) are never zeros of s+ (N—s+1),. But we also note that in 
the distributional case, it may happen that @ is a zero of s+ (N—s+ ib Pa which 
then cancels out the term corresponding to tN~® in Equation (5.1.48). 


(N—s+1)k= (5.1.52) 


Remark 5.1.18. The obvious counterpart of Remark 5.1.15, Theorem 5.1.16 and Re- 
mark 5.1.17 holds for all of the fractal tube formulas considered in this chapter, 
whether they are pointwise or distributional formulas, with or without error term, as 
well as expressed in terms of either C4 9 or an g or (with the notation of Subsection 
5.3.1 or 5.4.2, respectively) ae or bray In the case of C4 0, ae and en one 


must assume, in addition, that D := dimg (A,Q) < N. (See also the second part of 
Remark 5.1.17 just above, along with Remark 5.3.18 below.) 


The following comment will help explain, in part, why we work with (pointwise) 
fractal tube formulas at level k (i.e., for the k-th primitive Vi of Vag = ve), 
rather than simply at level 0 (.e., for the tube function V := V4 q itself). Observe, 
in addition, that the larger k is, the weaker the assumptions on the growth of the 
corresponding fractal zeta function (here, in Subsections 5.1.2 and 5.1.3, the tube 
zeta function C4) in the statement of the corresponding pointwise fractal tube 
formula; see, e.g., the hypotheses of Theorem 5.1.11 and of Theorem 5.1.13, in 
Subsections 5.1.2 and Subsection 5.1.3, respectively. (A similar comment could be 
made about all of the fractal tube formulas established in this chapter). 
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Remark 5.1.19. Recall from [Schw, Section VI, I esp., p. 226], that given a pe- 
riodic distribution T on R, in order to establish (under suitable, but rather weak, 
hypotheses) the convergence of its Fourier series, in the sense of distributions, one 
first integrates the given distribution sufficiently many times (say, k times, with k 
large enough); so that at the k-th level (i.e., for the k-th antiderivative of T, now 
viewed as a “nice” pointwise function), one can apply the usual theorems concern- 
ing the pointwise (and uniform) convergence of Fourier series. One then views the 
k-th primitive as a distribution and differentiates it k times, along with its convergent 
Fourier series, in the distributional sense. One therefore concludes that the periodic 
distribution T is equal (in the sense of distributions) to its (distributionally conver- 
gent) Fourier series. An entirely analogous procedure will be used here, in a different 
but related context, in order to establish the distributional fractal tube formulas from 
Subsection 5.2 just below, by essentially deducing them from the corresponding 
pointwise fractal tube formulas obtained in the present subsections (i.e., Subsection 
5.1.2 and Subsection 5.1.3). Hence, the importance of having established the point- 
wise fractal tube formulas in Subsections 5.1.2 and 5.1.3, not only at level k = 1 
(when possible) but (under significantly weaker hypotheses) also at any sufficiently 
large level k > 1. The exact same procedure was used in [Lap-vFr1-—3] in order to 
deduce the main distributional explicit formulas from the corresponding pointwise 
explicit formulas; see, especially, the first proof of Theorem 5.18 along with Remark 
5.20 on page 160 of [Lap-vFr3].!! 


5.2 Distributional Tube Formulas 


In this section, our goal is to obtain the distributional analogs of Theorems 5.1.11 
and 5.1.13 in order to derive a distributional fractal tube formula for vi, (t), valid 
for any integer k € Z and still expressed in terms of the (visible) poles of the tube 
zeta function C4 q. This will provide us with information (in the sense of Schwartz 
distributions or generalized functions) about the tube function of a relative fractal 
drum (A, Q), no matter for which exponent « € R the relative fractal drum (A, Q) is 
languid. (See Definition 5.1.3.) More precisely, let 6 > 0 and Y(0,5) :=C2(0, 5) be 
the space of infinitely differentiable (complex-valued) test functions with compact 
support contained in (0,6). In fact, we will start with a larger space of test functions 
for which the formulas obtained here will be valid. Namely, let .# (0, 6) be the set 
of test functions @ in the class C”(0,6), such that for all m € Z and g € N, we have 
t” (9) (t) —+ 0, as t > OF and also that (t — 5)" (t) > 0 as t > 8~, where op) 
denotes the q-th derivative of @. 

Note that F(0,5) C .# (0,6), with a continuous embedding. Hence, we have 
the following (reverse) inclusion, also with a continuous embedding, between the 
corresponding spaces of distributions (1.e., the dual spaces): 


'! There will be some significant technical differences in the execution of the method in the present 
book, but they will not necessarily be pointed out. 
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H'(0,8) € B(0,6). (5.2.1) 


General information about the theory of distributions (or generalized functions) 
can be found in [Schw, Bre, Foll, H62, JohLap, JohLapNi, ReeSim1]. 


Definition 5.2.1. Let (A,Q) be a relative fractal drum in R% and let k € Z be an 
arbitrary integer. We define the distribution V4 = v4 on .# (0,6) to be the |k|-th 
distributional derivative of V(t) = |A; Q| in case k < 0 and the k-th primitive (or 
k-th anti-derivative) function (considered as a regular distribution in #’(0,6)) of 
V(t) if k > 0. For k = 0, this is the (regular) distribution generated by the locally 
integrable function V(t). (Observe that V = V(t) is locally integrable on (0, +c¢) 
because it is continuous.) More specifically, for any test function @ € .# (0,6), we 


have ies 
(Vo) = VA(t)p(t)dt, fork >0, (5.2.2) 
0 


and 
(vy @ (1) V(t)o"(t)dt, fork <0. (5.2.3) 
Here, and from now on, for convenience, we always extend the test function @ € 
(0,6) to the interval [6, +o) by letting @jj5_,..) = 0. 
Note that it follows from Definition 5.2.1 that for all ky ko € Z such that ky < ko, 
Wk) is the (kp — k,)-th distributional derivative of V!2]. 


Also recall that the extended definition to an arbitrary k € Z of the Pochhammer 
symbol (s), initially defined by (5.1.12) for the case when k € Np is given by: 


T(s+k) | 


ET) 


(5.2.4) 


Suppose now that g € .# (0,6) is a test function. The decay conditions on @ im- 
ply that t*@(t) is Lebesgue integrable on (0,6) for every s € C and that {9N@}(s), 
the Mellin transform of @, is an entire function of s € C, as can be directly ver- 
ified by using Theorem 2.1.47 about the holomorphicity of an integral depending 
analytically on a parameter (see also [Tit2, Theorem 31]). 

Furthermore, let g(s) be a meromorphic function. Then, the residue res(g(s), @) 
vanishes unless @ is a pole of g. Moreover, for all k € Z, N € N and by choosing a 
suitable contour I” around @, we have 


oo too 1 a 
[ plores(e"g(s),0)dr= [glia f th" (s) doar 


= aaa $800) i t—-s+k o(t) de ds 
= res ({Mp}(N—s+k+1) g(s),@). 
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The change of the order of integration is justified by the Fubini—Tonelli theo- 
rem since the last integral above is absolutely convergent. In short, for every 
op € -# (0,6), we have 


(res(tY***9(s),@),p) = res ({Mp}(N—s+1+k) g(s),@), (5.2.5) 


where g(s) is a meromorphic function on a connected open neighborhood of @ € C 
and where k € Z and N EN. 


Note that for k = —1, the distribution /[-!) = te can be viewed as a positive 
measure on (0, +c); indeed, it is the distributional derivative of the nondecreasing 
and locally integrable function t + V(t) = V4 a(t) on (0,+¢°). By analogy with 
the special case of fractal strings (discussed in [Lap-vFr3, Subsection 6.3.1]), as 
well as with the mathematical and theoretical physics literature on spectral theory, 
semiclassical approximation and quantum mechanics, we call it the geometric den- 
sity of (volume) states of the RFD (A, Q). (Compare with the relevant references in 


[Lap-vFr3], ibid.) From a fundamental point of view, this measure wih Ao 
is the most important ‘distributional tube function’ and the corresponding fractal 
tube formulas are the most useful distributional fractal tube formulas. (See also the 
comment concluding Subsection 5.2.2 on page 437 below.) 


5.2.1 Distributional Tube Formula with Error Term 


We are now able to state the distributional analog of Theorem 5.1.11; that is, the 
distributional tube formula with an error term. 


Theorem 5.2.2 (Distributional fractal tube formula with error term, via an Q). 


Let (A,Q) be a relative fractal drum in R™ which is languid for some languidity 
exponent Kk € R and some 6 > 0. Then, for every k € Z, the distribution ae in 
K' (0,8) (and hence, also in J'(0,8)) is given by the following distributional frac- 
tal tube formula, with error term and expressed in terms of the tube zeta function 


€4,a = Ca,a(-36): 


i pN-stk a =k] 
ATA) — »y res (Grae, f0le).0) +B, a(t): (5.2.6) 
we P(E,.0,W) i 


That is, the action of vf on an arbitrary test function @ € Z (0,8) is given by 


Mo}(N—st+1+k) Fs 0(s) 
V4.9) = res ( ) 
(Yaar) eta (N—s+1)x (5.2.7) 


ar (0,9). 
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Here, the (distributional) error term BY, is given by the distribution in (0,6) 
defined for all test functions @ € X (0,6) by 


ds. (5.2.8) 


(Qui ) = 1 | {Mo }(N—s+1+k) Es.0(s) 
271 Js (N—s+1)x 

(The corresponding distributional error estimate for BE, will be given in Theorem 

5.2.11 of Subsection 5.2.3 below.) 


Proof. We begin the proof by fixing k € No such that k > «+1 and a constant 
c € (dimg(A,Q),N + 1). (Note that by fixing c € (dimg(A,Q),N + 1), we have 
ensured that none of the poles of (N—s+ I), are located in the window W. Indeed, 


since 
T(N—s+1) 


T(WW—s+1+k)’ 
we can see that the set of its poles is a subset of {N-+n:n © N}; see also the 


discussion provided in Remark 5.1.17 above.) Then, for every test function @ € 
KH (0,6), we have successively: 


+ 
(vith.o)= f 
1 


ico poo pN-stk 
= safe 9) Ty, S42) dt ds (5.2.10) 


ico JO 


we pagccue 0 
2m Jc—ise (N—s+1), 


(N-s+1),' = (5.2.9) 


co 


vit Qe()ar 


ds. 


Here, the interchange of the order of integration in the second equality is justified by 
the Fubini—Tonelli theorem since the first integral above is absolutely convergent. 
(It is easy to see that |V!I(t)| < |A,|r*, for all t € (0, +00) and k > 0.) One can now 
approximate the last integral above in the same way as in Lemma 5.1.10; that is, we 
approximate it by the following expression: 


a (aa bao 2) 
) 


oE P(E, 0.Win Waste 


1p LM} (W-st1 +h) br,0(s) 
21 JS), (N—s+1)x 


fe sal {Me }(N—s+1+k) ae (s) 
2mi STi Uly (N-s+1)k 


(5.2.11) 


ds 


ds. 
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Furthermore, in light of (5.2.5), the latter expression is equal to 


> (ns (qo, bats) ) 


wo€ P(E4,.0,Win 
1 {Mp}(N—st+1+k) C4,0(s) fy (5.2.12) 
2ni Js, (N—s+1)x 


co 
+f, En(thote) dr, 


where the error term £,,(t) is given as in Lemma 5.1.10 and its proof. 

Next, by letting n —> ©, we deduce by the same argument as in Theorem 5.1.11 
that the integral of the error function E,,(t)@(t) tends to zero and, similarly, we show 
that the integral over the truncated screen S\,, converges absolutely. Thus, we deduce 
that 


vio= YF os (enol 9) 
we P(f4,.0,W) (N-s+1)x (5.2.13) 
+ (#0), 


where R, is given by its action on test functions as shown in Equation (5.2.8). 


Moreover, observe that the expression on the right-hand side of (5.2.13) defines a 
distribution in .#'(0,6) (since Ve. is locally integrable). This concludes the proof 
of the theorem in the case when k > max{—1,« +1}. (Note that it follows from this 
first part of the proof that (5.2.13) continues to hold if k is replaced by any k’ € No 
such that k’ > k.) 

In the case when k < «+1 and k € Z, we choose an integer g such that k+q > 
max{« + 1,—1} and note that by the definition of the distributional derivative (or 


alternatively, in light of Equations (5.2.2) and (5.2.3) defining VA), we have that 


(VE, 0) = (Duvet, 0); (5.2.14) 


see the comment following Definition 5.2.1 above. Finally, in order to complete the 
proof, we use identity (5.2.14) together with (5.2.13) applied at level k+q,'” along 
with the following well-known (and easy to verify) fact about the Mellin transform 
(see Equation (5.1.16) defining {9tf}(s)): 


{Me }(s) = (ag! }(s-+4), (5.2.15) 
q 


for all s € C and g € Z. We therefore deduce that (5.2.7) holds, with (BX, ?) 
given by (5.2.8), as required. This concludes the proof of the theorem. 


'2 See the parenthetical comment appearing shortly after Equation (5.2.13). 
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Remark 5.2.3. Note that in the above proof of Theorem 5.2.2, we have established 
the fact that the sum over the (visible) complex dimensions appearing in (5.2.6) de- 
fines a distribution in .#’ (0,6) and hence, according to the inclusion (5.2.1), also in 
J' (0,6). In turn, this fact implies that both terms on the right-hand side of (5.2.6) 
are, on their own, distributions in .#'(0,6). Namely, this is a consequence of the 
following well-known fact about the convergence of distributions, which itself fol- 
lows from a suitable generalization of the Hahn—Banach theorem to locally convex 
topological spaces (see, for example, [H62, Theorem 2.1.8, p. 39]): 


Let (.%)n>1 be a sequence of distributions in J’ (0,5) such that 
(7,0) = lim (In, 9) 
n—-oco 


exists for every test function 9 € F(0,5). Then, 7 is a distribution in Y’(0,5) and 
therefore, %, > 7 in (0,45). 


This result, applied to the appropriate sequence of partial sums over the set 
P(bsa, W), implies that the sum over the visible complex dimensions in (5.2.6) 
is indeed a distribution in Y’(0, 5) and hence, that each term taken separately on the 
right-hand side of (5.2.6) defines a distribution in F’(0, 6). 

An entirely analogous comment applies to Theorem 5.2.4 below, with the space 
of test functions coinciding with F(0, do) and thus with the associated space of 
distributions being equal to F’(0, dy). 


5.2.2 Exact Distributional Tube Formula 


In the next theorem, we obtain a distributional analog of the pointwise tube for- 
mula without error term stated in Theorem 5.1.13 of Subsection 5.1.3. The resulting 
formula will be an asymptotic distributional formula; i.e., it will be valid for test 
functions in .# (0,6) that are supported on the left of B~!, where B > 0 is the con- 
stant appearing in hypothesis L2’. 


Theorem 5.2.4 (Exact distributional tube formula via an q). Let (A,Q) be a rel- 
ative fractal drum in RN which is strongly languid for some languidity exponent 
« € Rand some 6 > 0. Furthermore, let 5) := min{1,6,B~'}. Then, for every k € Z, 


the distribution ae in 9'(0, 60) is given by the following exact distributional tube 
formula in 9' (0, do), expressed in terms of the tube zeta function C4 9 := C4.a(-38): 


pN—-stk 


ly) — a 
YoeH= >» es ( Grose, fal), (5.2.16) 


w€ A(Ex.0,C 
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That is, the action of 0h on an arbitrary test function 9 € G(0, do) is given by 


’ 


e=  ¥ rs ( Bell) 
) 


OM]. 2s 
ee (N—s+lx (5.2.17) 


Proof. We will prove the theorem by applying Theorem 5.2.2 to the sequence of 
screens S,,, and showing that the corresponding error term tends to zero as m — ©. 
By choosing g € N such that k+q > «+1 and m € N such that supS,, < 0, we 
deduce from (5.2.6) the following distributional identity, viewed as an equality in 


J' (0, 60): 


[+a] eas slk-+q] 
Mo H= y  tes (Nas Deag 2), @ ) +B). 6.2.18) 
0€ P(E, 0,Wmn) ea 


We now fix a test function @ € A(0, do); since by definition, @ has compact support, 
there exists v € (0,1) such that the support of @ is contained in (0, vB~']. Using this 
fact, we can estimate the Mellin transform of @ in the following way, for all s € C 
such that Res < 0: 


oo 
|{Mp}(N—s+1+k+q)| < Cr a ae tN+k+4) (1) | dt. (5.2.19) 
0 
Using this estimate, hypothesis L2’, along with the fact that 


|(N—Sn(t)—8T+ Der gl > (W142), 


k+q] 


we estimate the distributional error Zn” as follows (we let |ds| := |s’(t)| dt): 


ws 4 S 
(#4, @)| < i. |{Mtp} (N st1+k-4 q)| wo | ds| 
2 ane _ # 1+|t|)* 
<K(1+|Snluip) f (BvB™!)I5m( ene (5.2.20) 


3 


too K 
< Kylepsel f Saale dt 
0 (f14+72)"" 


with K being a suitable positive constant. The last inequality follows since, accord- 
ing to hypothesis L2’, the sequence of screens (S,_)m>1 has a uniform Lipschitz 
bound; see the definition of strong languidity given in Definition 5.1.4. Furthermore, 
the last integral in the above calculation is convergent sincek+q>Kk-+1. 

Next, by letting m —> 0, we deduce that (Zk @) — 0 since |supS,,| + °°, 
and thus we conclude that Gera > 0asm-— ~~, in 9’(0, 69). Finally, in light 


of (5.2.18), we obtain the statement of the theorem for the distribution sus 4) in 
; 


QJ'(0, 6); in order to obtain the statement for v4 itself, we use the exact same 
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argument as in the proof of Theorem 5.2.2. In particular, in order to obtain (5.2.16) 
for the distribution v4 in J’ (0, 69), we simply differentiate g times the resulting 


identity for se a in the distributional sense. 


Remark 5.2.5. One can see from the proof of Theorem 5.2.4 that the distributional 
formula (5.2.17) is actually valid for a larger class of test functions. More specif- 
ically, it is valid for all p € (0,60) which have support in (0, vB~!], for some 
v € (0,1), possibly depending on @. 


We next state as a separate theorem the most interesting special case (beside the 
case when k = —1, see the comments just before Subsection 5.2.1 above and at 
the end of the present subsection below) of the distributional fractal tube formula 
(with and without an error term); namely, the case when k = 0 and hence, A (t)= 
|A; 1 Q| for all t > 0 (and as a regular distribution in (0, do). . 


Theorem 5.2.6 (Distributional fractal tube formula via bf, a3 level k = 0). Let 
(A,Q) be a relative fractal drum in IR“. Under the same hypotheses as in Theo- 
rem 5.2.2 (that is, if the relative fractal drum (A,Q) is languid for some languidity 
exponent « € R and some 6 > 0), and with k := 0, we have the following distribu- 
tional equality for the tube function t ++ |A; 1 Q| of (A,Q), expressed in terms of 
Ca.2 := Ca.0(-30) and valid in #'(0,8) (and hence, also in J'(0,6)): 


AnQ|= > tes (*S,0(9), o) +H, (0), (5.2.21) 
oe P(E,.0,W) 


where Ro, is the distribution in #'(0,6) given for all @ € # (0,6) (and, in par- 
ticular, for all @ © Y(0,6)) by formula (5.2.8) with k = 0. (See Remark 5.2.8 and 
Corollary 5.2.12 below.) 

Moreover, under the same hypotheses as in Theorem 5.2.4 (that is, if (A,Q) is 
strongly languid for some « € R and some 6 > 0), then (5.2.21) holds as a distri- 
butional equality in Y' (0,60), where 6) := min{1,6,B~'} and with BR, = 0 and 
W :=C; so that (5.2.21) is an exact fractal tube formula in this case. 


Remark 5.2.7. Note that when the expression on the left-hand side of the distribu- 
tional equality (5.2.21) (namely, t + |A; Q]) defines a locally integrable function 
of the variable t (which may not be the case since this expression is a distribu- 
tion acting on test functions @ € .# (0,6) defined by (5.2.2), or equivalently, by 
(5.2.7), with k := 0), we also have an equality, valid pointwise almost everywhere, 
between the tube function t + |A;M Q| and the expression on the right-hand side 
of (5.2.21).'° (It is easy to check that the tube function t +> |A;Q| is locally in- 
tegrable, and hence defines a regular distribution, if, for example, either A or Q is 
bounded or, more generally, has finite volume in RY.) 


'3 Here, we use the well-known fact according to which a locally integrable function uniquely 
defines a (regular) distribution, see, e.g., [Schw, JohLap, H62, Bre]. 
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Remark 5.2.8. A suitable distributional error estimate for #, will be provided in 
Corollary 5.2.12 below. 


Let 7) := VIN ee (in the distributional sense) be the positive measure which 
we called the geometric density of (volume) states of the RFD (A,Q) on page 431, 
just before the beginning of Subsection 5.2.1. Then, by applying Theorem 5.2.2 
(from Subsection 5.2.1) or Theorem 5.2.4 (from Subsection 5.2.2) at level k = —1 
(rather than at level k = 0), we would obtain the most important form of the distri- 
butional fractal tube formula with or withouth error term, respectively. (An entirely 
ananlogous comment could be made about all of the distributional fractal tube for- 
mulas obtained in this chapter.) We leave it as a simple exercise for the reader to 
write down explicitly the corresponding fractal distributional tube formulas and to 
express them in terms of the Mellin transform of the test functions @ to which they 
can be applied. (Compare with the corresponding results of [Lap-vFr3, Subsection 
6.3.1] obtained for the geometric and spectral densities of states of fractal strings.) 


5.2.3 Estimate for the Distributional Error Term 


We would now like to give a distributional estimate for the error term appearing in 
Theorem 5.2.2, interpreted in the same sense as was done in [Lap-vFr3, Subsec- 
tion 5.2.4], in the case of the distributional explicit formula for generalized fractal 
strings. Therefore, let us next introduce the notion of a distributional order of growth 
(see [EstKa, JaffMey, PiStVi] and also, independently, [Lap-vFr1—2] and [Lap-vF13, 
Definition 5.29]). 

For a test function 9 € F(0,+e°) and a > 0, we let 


mC eee (=) (5.2.22) 
a’ \a 

Note that [o~ @a(t) dt = ee y(t) dt, for every a > 0. Furthermore, when a > 07, 

the support of @, becomes ‘narrower’ and gets ‘closer’ to zero, while the amplitude 

of @, tends to infinity in absolute value. On the other hand, when a — +e», then the 

support of @, becomes ‘wider’ and ‘escapes’ to infinity, while the amplitude of @, 

tends to zero in absolute value. 


Definition 5.2.9. Let & be a distribution in Y’(0,5) and let @ € R. We say that 
& is of asymptotic order at most t™ (resp., less than t%) as t + O* if applied to an 
arbitrary test function @, in (0,5), we have that!+ 


(2, 0a) =O(a%) (resp., (#, Qa) =o0(a%)), as a—-+0*. (5.2.23) 


We then write that Z(t) = O(t™) (resp., Z(t) = o(t™)), as a—Or. 


'4 Tn formula (5.2.23), the implicit constant may depend on the test function @. 
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Remark 5.2.10. We point out that if f is a continuous function such that pointwise, 
f(t) = O(t®) or f(t) = o(t™) as t > 0°, for some @ € R, then f also satisfies the 
same asymptotic estimate, in the distributional sense of Definition 5.2.9. Namely, 
by taking g € F(0, 5), we have 


oo oo 
(f, Qa) = : f(t) a(t) dt = : f(at)o(t) dt. (5.2.24) 


If f = O(t“), then, since @ has compact support, we can take a sufficiently small so 
that in the above integral, we have | f(at)| < Ca%t%, for some positive constant C. 
In other words, for all positive a sufficiently small, we have 


co 


+ 
IF; Pa) | < Ca” [ 1% 9(t)dt = Kga®, (5.2.25) 


where the constant Kg depends only on the test function @. One reasons analogously 
in the case when f(t) = o(t®) ast + 0*. The same comment can also be made about 
the asymptotics as t + +e. On the other hand, we note that clearly, a distributional 
asymptotic estimate in the case of regular distributions, does not in general imply 
the usual pointwise one; see, for example, [PiStVi]. 


Finally, also observe that for a test function @ € (0,5) and a > 0, the Mellin 
transform of @, satisfies the following scaling identity (see Equation (5.1.16) defin- 


ing {INF} (s)): 
{Mg,}(s) =a’ {Mpl(s), (5.2.26) 


for all s € C. 
We can now state the following result about the order of growth of the distribu- 


tional error term appearing in Theorem 5.2.2. It is the analog in our present context 
of [Lap-vFr3, Theorem 5.30]. 


Theorem 5.2.11 (Estimate for the distributional error term). Assume that the 
hypotheses of Theorem 5.2.2 are satisfied, for a fixed k € Z. Then, the distribution 


BM, (t) given by (5.2.8) is of asymptotic order at most tN~*?S+* as t + OF; i.e, 


BE, (t) = of" S+*) ast OF, (5.2.27) 
in the sense of Definition 5.2.9. 


Moreover, if S(t) < supS for all t € R (that is, if the screen S lies strictly to the 


left of the vertical line {Res = sup S}), then RN, (t) is of asymptotic order less than 
pN—supSt+k. ie, 


BE (0) = o(t¥ P5442) ast OF, (5.2.28) 


also in the sense of Definition 5.2.9. 
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Proof. Let ~ be a test function. Then, the integral defining (Be, @) in Equation 
(5.2.8) converges absolutely. Furthermore, for any a € (0,1), and by using (5.2.26), 
we obtain the following estimate: 


Mo,}(N—st+1+k)| 
(Beg, Ga) <p fi M1 a(s)| fas 


|(N—s+1)g| 
1 f y—res+e {PtP}(N-st1+h)| - 
~ 8 d 
=5 [a Woe (Saal as 
< const: q@¥—pStt, 


this proves the first part of the theorem. 
In order to establish the second part of the theorem, we use an argument similar 
to the one used in the proof of estimate (5.1.34) of Theorem 5.1.11. 


In the next corollary of either Theorem 5.2.2 or of Theorem 5.2.6, we consider 
the important situation when k = 0, and as a special case, when all of the (visible) 
complex dimensions are simple (in the spirit of Remark 5.1.15 and Theorem 5.1.16). 
(We leave it as an exercise for the interested reader to state the corresponding corol- 
lary in the key case when k = —1.) 


Corollary 5.2.12 (Estimate for the distributional error term; level k = 0). Under 
the hypotheses of Theorem 5.2.2, with k = 0 (or equivalently, under the hypotheses 
of Theorem 5.2.6 in the languid case), the distributional error term in (5.2.6) (or 
equivalently, in (5.2.21)) given by (5.2.8) with k = 0 satisfies the following error 
estimate: 


Cae (t)=o(t% P5) as t30t (5.2.29) 
0) 


(resp., R(t) = o(t’—“PS) as t + 0*, in the special case when the screen S lies 
strictly to the left of the line {Res = sup S}). 


Consequently, we have that 


AnQl= tes (e¥*Es,0(s),@) +00" 5) (5.2.30) 
0€ P(b,.0,W) 


(resp., Equation (5.2.30) holds with o(t%~“P5) instead of O(t’~?5)) as t > 0*, in 
the distributional sense. Moreover, on the right-hand side of (5.2.30), the sum over 
the visible complex dimensions of (A, Q) becomes 


yf res (Z4,0,0) (5.2.31) 


we P(C4.0,W) 


in the important special case when all the visible complex dimensions (i.e., all of 
the poles of C40 = C4,.9(-346) lying in W) are simple. 
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5.3 Tube Formulas in Terms of the Relative Distance Zeta 
Function 


In this section, we translate the results from the previous sections in terms of the 
relative distance zeta functions C49 := C4,9(-;6) (instead of the tube zeta func- 
tion bao, as in Sections 5.1 and 5.2). This is extremely useful in the applications 
since the relative distance zeta function C4 9 of an RFD (A,Q), can be calculated 
without knowing its relative tube function t +> |A; Q|. Of course, the results will 
follow, in particular, from the functional equation (4.5.2) which connects these two 
fractal zeta functions, C4 q and bao. More precisely, in order to derive the analo- 
gous results in terms of the distance zeta function, we will introduce a new fractal 
zeta function, called the relative shell zeta function, which satisfies a more direct 
functional equation, compared to (4.5.2). For A C RY and t,6 > 0 witht < 6, let 


A,5 := Ag \Ai- (5.3.1) 


The subset A, 5 so defined can be thought of as the (t,6)-shell of A. 

Staché has proved in [Sta] that for any bounded set A C R™ and every t > 0, we 
have that |0A;| = 0, where 0A; denotes the boundary of A; in R% and (as usual) 
|0A;| denotes its N-dimensional volume. Since any unbounded set in RY may be 
partitioned into a countable union of bounded subsets, the exact same statement is 
also true for any unbounded subset of R%. Consequently, for any relative fractal 
drum (A, Q) in RY, we have (for 0 <t < 8) 


IA; 5 NQ| = |AsNQ|—|A;NQ| = |AgNQ|—|A,N QI. (5.3.2) 


5.3.1 The Relative Shell Zeta Function 


Let &4.9(-;8) be the tube zeta function of the relative fractal drum (A,Q) in RY 
and assume that Res > N, then we have 


: 5 
Ca,a(s36) = [ Na. Q| de 


6 
= i *-N-l(145 | —|A,5Q|) dt (5.3.3) 
0 


_ bX A5NQ| _ 


6 
s—-N-1 
t Ay 5s NQ| dt. 
s—N [ Ans | 


Definition 5.3.1. Let (A, Q) be an RFD in RN and fix 6 > 0. We define the shell zeta 
function C49 := Ca.a(-36) ofA relative to Q (or the relative shell zeta function) by 


U 6 
Ex a(s:8) =- N-lNA sn Qldr, (5.3.4) 
: | 
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for all s € C with Res sufficiently large. Here, the integral is taken in the Lebesgue 
sense. 


In light of (5.3.3), we can now easily obtain the following theorem. 


Theorem 5.3.2. Let (A,Q) be an RFD in RN and fix 5 > 0. Then, the shell zeta 
function C4,a(-36) of (A,Q) is holomorphic on the open right half-plane {Res > 
N} and 


ds. 6 
gy Aa (839) = -f po aes NQ|logtdr, (5.3.5) 
0 


for all s € C such that Res > N. : 

Furthermore, for all s € C such that Res > N, C4,a(-;8) satisfies the following 
functional equations, connecting it to the tube and distance zeta functions of (A, Q), 
respectively: 


7 s—N A Q G 
Ca,a(s36) = os! + Ca,0(s;6) (5.3.6) 
and ; 
Ca,a(s;6) = (N—5)Ca,0(s;8). (5.3.7) 


Proof, To prove the holomorphicity of 4. a@(-36), one observes that for every real 
number o > N, we have 


y 6 
[Es,0(035)| < Asn] fr lat <e, 
: 0 


and one then uses Theorem 2.1.45 which also yields the formula (5.3.5) for the 
derivative. Formula (5.3.6) is a rewriting of (5.3.3) and by combining it with the 
functional equation (2.2.23), which connects the relative distance and tube zeta 
functions, we obtain (5.3.7). 


In light of Theorem 4.1.7, the principle of analytic continuation combined with 
Equation (5.3.6) (or (5.3.7)) now immediately yields the following properties of the 
relative shell zeta function. 


Theorem 5.3.3. Let (A, Q) be a relative fractal drum in RN such that dimg(A,Q) < 
N and fix 6 > 0. Then the following properties hold: 


a) The relative shell zeta function a a(s;6) is meromorphic in the half-plane 
ner ; P P 
{Res > dimg(A,Q)}, with a single simple pole at s = N. Furthermore, 


res(4.0(-36),N) =—|AsNQ]. (5.3.8) 


(b) If the relative box (or Minkowski) dimension D := dimg(A,Q) exists, D < N, 
and MP(A,Q) > 0, then C4 o(s) + +20 as s € R converges to D from the right. 
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Proof. We conclude from the principle of analytic continuation that the func- 
tional equalities (5.3.6) and (5.3.7) continue to hold on any open connected set 
U > {Res > N} to which any of the three relative zeta functions, C4 0, ae or 
a,a, has a holomorphic continuation. In light of this, part (a) follows from the 
counterpart of Theorem 4.1.7 for the relative tube zeta function and from (5.3.6), 
while part (b) follows from Theorem 4.1.7 and (5.3.7). 


The following corollary is an immediate consequence of the above theorem, or 
more precisely, of the functional equation (5.3.6) and the fact that for a given RFD 
(A,Q) in RY and any fixed 5),5) > 0, the difference &4 0(s;51) — &4,0(s; 62) is 
an entire function. (See Proposition 2.2.13, which has an obvious counterpart of 
RFDs.) 


Corollary 5.3.4. Let (A,Q) be an RFD in R™ such that dimg(A,Q) < N and fix 
61,62 > 0 such that 6, < 65. Then, the difference C4.a(s;61) — C4,a(s;62) is mero- 
morphic on all of C, with a single simple pole at s = N of residue \A5, 5,0. Q|. 


The next corollary follows at once from the first part of the proof of Theo- 
rem 5.3.3. (Similarly as before, in the sequel, for simplicity, we will often use the 
short-hand notation 4.9, C49 and C,.a, respectively, for the shell, tube and dis- 
tance zeta function of the RFD (A, Q).) 


Corollary 5.3.5. Let (A,Q) be an RFD in R%. Then, the functional equations (5.3.6) 
and (5.3.7) continue to hold on any connected open neighborhood U © C of the 
critical line {Res = dimg(A,Q)} to which any of the three relative zeta functions 


ca, Q; Ce a or Ca.q can be meromorphically continued. More specifically, if either 
aes fro or Cag has a (necessarily unique) meromorphic continuation on the 
domain U C C, then so do the other two fractal zeta functions and the functional 
equations (5.3.6) and (3.3.7) continue to hold for all s € U between the resulting 
meromorphic extensions of Ca a, bao and C,.9. 


Moreover, in light of the obvious counterpart for RFDs of Theorem 2.2.14 and 
the functional equation (5.3.6), we have the following result. 


Theorem 5.3.6. Assume that (A, Q) is a Minkowski nondegenerate RFD in RN, that 
is, 0 < ?(A,Q) < M*(A,Q) < © (in particular, dimg(A,Q) = D), and D < 
N. If fs .a(s) can be extended meromorphically to a connected neighborhood of 
s =D, then D is necessarily a simple pole of C4.o (s), the residue res(G4 0,D) is 
independent of 6 and 


MP (A,Q) < res(Gs.0,D) <M? (A,Q). (5.3.9) 
Furthermore, if (A,Q) is Minkowski measurable, then 


res(E, 9,D) =. @"(A,Q). (5.3.10) 
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The most useful fact about the relative shell zeta function is that the residues of 
its meromorphic extension at any of its (simple) poles belonging to the open left 
half-plane {Res < N} have a simple connection to the residues of the relative tube 
or distance zeta functions. (See also Corollary 5.3.5 just above.) 


Lemma 5.3.7. Assume that (A,Q) is an RFD in RN such that its tube or distance or 
shell zeta function is meromorphic on some connected open neighborhood U € C of 
the critical line {Res = dimg(A, Q)}. Then, the multisets of poles located in U \ {N} 
of each of the three zeta functions, Cra, Cro and Ca.q, coincide: 


P(Ex.a,U \ {N}) = P(Es,0,U \ {N}) = P(Caa,U\{N}). 6.3.11) 


Moreover, if @ € U \ {N} is a simple pole of one of the three fractal zeta functions 
bho; fro or Ca g, then it is also a simple pole of the other two fractal zeta functions 
and we have 
res(C4.0,@) 

N-oO — 

Although the shell zeta function, oo: q@, may seem rather artificial in the present 
context of relative fractal drums, it will prove to be quite useful as a “translation 
tool” for deriving the tube formulas (originally obtained via the tube zeta function, 
ig ‘A.@, in Sections 5.1 and 5.2) in terms of the much more practical geometric distance 
zeta function, $4.9. We note that the shell zeta function originally arose naturally 
in [Ral—2], where it was used, in particular, to generalize the present theory of 
complex dimensions developed in this book and in [LapRaZul-8] to the special 
case of unbounded sets at infinity having infinite Lebesgue measure. 


res(G4,0,@) = res(C4.9,@) = (5.3.12) 


5.3.2 Pointwise Tube Formulas in Terms of the Distance Zeta 
Function 


Similarly as in the case of the relative tube zeta function of (A,Q), we observe that 
fs o(s) = {Mf} (s), where f(s) := —t-"'y0,5)(t)|Ar,s 1. Q|. Note that f is continu- 
ous and of bounded variation on (0, -+ce); so that we can apply the Mellin inversion 
theorem (Theorem 5.1.6), much as in the proof of Theorem 5.1.7, and conclude that 


1 C+ice U 
6 @| =-5— |  tN8E, 0(s;8)ds, (5.3.13) 
C—ie0 


where c > N is arbitrary and ¢ € (0,6). In light of (5.3.2), the following theorem is 
an immediate consequence of the identity (5.3.13). 


Theorem 5.3.8. Let (A, Q) be a relative fractal drum in RN and fix 6 > 0. Then, for 
every t € (0,6) and any real number c > N, we have 


|A,; Q| = snails st fs tY-°E, 9(s;6)ds (5.3.14) 
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It is now clear that if the shell zeta function of (A,Q) satisfies the languidity 
conditions of Definition 5.1.3, with the constant c > N in the condition L1, or the 
strong languidity conditions of Definition 5.1.4, we can rewrite the results of Sec- 
tions 5.1 and 5.2 verbatim in terms of the shell zeta function. Note that for this 
to work, it was crucial that in the truncated pointwise formula of Lemma 5.1.10, 
we had the freedom to choose any c € (dimg(A,Q),N +1). Furthermore, observe 
that the additional pole of the shell zeta function at s = N will cancel out the term 
|AsNQ| in (5.3.14) above. More specifically, in the analog of the pointwise formula 
stated in Theorem 5.1.11 for the relative shell zeta function, we obtain the following 
pointwise fractal tube formula with error term, expressed in terms of the shell zeta 
function 4,9 := 4,a(-;6): 


a pN-stk 
Vi alt) = >, res (Nast) 2269). 
0c 9(bs,9,W) ' (5.3.15) 
fo sie 
+N Q|q~ + Rial) 


valid pointwise for all t € (0,6). Here, just as in the statement of Theorem 5.1.11, 
the shell zeta function b4.0) of the RFD (A, Q) is assumed to be languid for some 
fixed 6 > 0 and some fixed constant « € R, as well as with the constant c satisfying 
c > N. Furthermore, the nonnegative integer k is assumed to be such thatk > «+1 
and for every ¢ € (0,6), the error term RY is given (much as in (5.1.31)) by the 
absolutely convergent (and hence, convergent) integral 


HLo=—. [ Pr _txals:8)¢ (5.3.16) 
AQNT = FTG Jy (Not 1g ered = 


Moreover, it satisfies the exact analog of the pointwise error estimate (5.1.32), valid 
pointwise for all t € (0,5). Hence, it satisfies (for C4 o instead of for C4 a) the error 
estimate (5.1.33) and, in the special case when the screen S lies strictly to the left of 
the vertical line {Res = supS}, it satisfies the exact analog (for C4 9) of the stronger 
error estimate (5.1.34). 

In addition, by singling out the residue at s = N from the above sum and using 
Lemma 5.3.7 and Theorem 5.3.3(a), along with the functional equation (5.3.7), we 
can rewrite the above equation in (5.3.15) as 


i pN-stk fa 
Vigo= Wop 42 (%:8),0) +Ry ot), G217) 


res ( 
0€P(Cr.0.W) (N—s 


where the pointwise error term RM is now given by the absolutely convergent (and 


hence, convergent) integral 


r4ow) = amas £4(s,Q38)d (5.3.18) 
AON! nits (Nea i 
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Let us now define the analogs of the languidity conditions of a relative fractal 
drum in terms of its relative distance zeta function. 


Definition 5.3.9. (d-languidity and strong d-languidity). We say that a relative 
fractal drum (A,Q) in R% is d-languid (resp., strongly d-languid) if it is lan- 
guid in the sense of Definition 5.1.3 (resp., Definition 5.1.4), but with the relative 
tube zeta function £4 9 = &4.a(-;8) replaced by the relative distance zeta function 
Ca.0 = Ca.a(-;6) and with the constant c appearing in L1 satisfying c > N. 


The following lemma is an immediate consequence of the functional equation 
(5.3.7). 


Lemma 5.3.10. Let (A, Q) be a relative fractal drum in RN such that dimg(A,Q) < 
N and which is d-languid for some value 6 > 0 and with some d-languidity exponent 
ka € R. Then the shell zeta function C4 9 of (A, Q) satisfies the languidity conditions 
of Definition 5.1.3 for the same value of 6 and with the languidity exponent K := 
kK, — 1. 

Furthermore, if (A,Q) is strongly d-languid with the corresponding constant 
B > 0 and for some d-languidity exponent ka € R and some 6 > 0, then the shell 
zeta function Cao of (A,Q) satisfies the strong languidity conditions of Definition 
5.1.4 with the languidity exponent K := Kg — | and with the same constant B as well 
as the same value of 6. 


We are now able to state and prove the main theorem of this section, which is the 
analog for C4 o of Theorem 5.1.11 stated in Section 5.1 in terms of C4 9. 


Theorem 5.3.11 (Pointwise fractal tube formula with error term, via C4 0). Let 
(A, Q) be a relative fractal drum in RN which is d-languid for some & > 0 and with 
d-languidity exponent Kq € R. Furthermore, assume that dimg(A,Q) < N and let 
k > kg be anonnegative integer. Then, the following pointwise fractal tube formula, 
expressed in terms of the distance zeta function Ca 9 := 64.9(-346), is valid for every 


t € (0,6): 


(a pN-st+k 


vii) = f.al0).0) +REo(). 6.3.19) 


res i 
aE P(Cy .0),W) (N—-S)k+1 


Here, for every t € (0,6), the error term Re is given by the absolutely convergent 


(and hence, convergent) integral 
R= 5 | a Gos (5.3.20) 
= 7 S)das. -J- 
AQ 2ni Js (N—S)en 


Furthermore, for every t € (0,6), we have 


[k] k - ~intsy ( CU +IlSllzip) 
IR, a(t) < pNt max {t eUnS Me my (Sie +C 5 (5.3.21) 
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where C is the constant appearing in L1 and L2 and C' is some suitable positive 
constant. These constants depend only on the relative fractal drum (A,Q) and the 
screen, but not on k. 

In particular, we have the following pointwise error estimate: 


Rigo oe) as ¢0". (5.3.22) 


Moreover, if S(t) < supS (i.e., if the screen S lies strictly left of the vertical line 
{Res = supS}), then we have the following stronger pointwise error estimate: 


RE) = o(eY PS) as 104. Oo) 


Proof. In light of Lemma 5.3.10, we have that ae the shell zeta function of 
(A, Q), also satisfies the appropriate languidity conditions with languidity exponent 
kK := ky — 1 and for the same value of 6. The theorem now follows much as in the 
case of the relative tube zeta function b.a3 see the proof of Theorem 5.1.11 and the 
discussion following Theorem 5.3.8. 


Remark 5.3.12. In Theorem 5.3.11, the additional assumption according to which 
dimg(A, Q) < N is made in order to avoid the situation where s = N is a pole of aN Q. 
We will also assume that this additional hypothesis is satisfied in the statements of 
all the other theorems involving the relative distance zeta function in the present 
section. 


Theorem 5.3.13 (Exact pointwise fractal tube formula via C4 q). Let (A,Q) be 
a relative fractal drum in R™ which is strongly d-languid for some & > 0 and with 
d-languidity exponent Kg € R. Furthermore, let k > ky —1 be a nonnegative integer 
and assume that dimp(A,Q) < N. Then, the following exact pointwise fractal tube 
formula, expressed in terms of the distance zeta function C, 9 := €4,9(-;8), holds 
for every t € (0,min{1,6,B~'}): 


pN-s+k 


[K] 
Vigt)= Sy stes —- 
- wc P(Ca.a,C) (N—S)k+1 


CA.Q ().0) (5.3.24) 


Here, B is the constant appearing in L2’ and kq is the exponent occurring in the 
statement of hypotheses L1 and L2’. 


Proof. In light of Lemma 5.3.10 and the functional equation (5.3.7), the proof of 
the theorem parallels that of Theorem 5.3.11, except for the tube zeta function 
€4.a(-;6) now replaced by the shell zeta function C4 9(-;6). 


In some cases, we will have a relative fractal drum (A, Q) that is ‘almost’ strongly 
d-languid, but not exactly. More precisely, (A, Q) will satisfy all of the conditions 
of strong d-languidity except for the condition that L1 is satisfied for all o < c. For 
example, let A be the middle-third Cantor set constructed in [0, 1] and let Q = (0,1). 
Then, the relative distance zeta function ¢4 9 is meromorphic on all of C and given 
for all s € C by (see (2.1.113) from Example 2.1.82): 
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ql-s 


C4,a(s) = 53°22)" (5.3.25) 


As one can easily check, it almost satisfies the strong languidity conditions with 
Kq := —1, where the sequence of screens S,, can be taken as the sequence of vertical 
lines {Res = —m} for m € N. The problem here is due to the factor 2~* which tends 
exponentially fast to +c°o as Res — —o, so that condition L1 cannot be fulfilled for 
all o < c. In order to obtain a pointwise formula in this and similar cases, we can 
multiply €4 9(s) by 2° and then, the resulting function will be strongly d-languid. 
On the other hand, by the scaling property of the relative distance zeta function 
(see Theorem 4.1.40), we have that 2° C4 o(s) = 24 20(s). Hence, we can state the 
following corollary dealing with this situation and which will be used repeatedly 
(most often implicitly) in Sections 5.4 and 5.5. 


Corollary 5.3.14 (Exact pointwise fractal tube formula via €, 9; scaled ver- 
sion). Let (A,Q) be a relative fractal drum in RN such that dimg(A,Q) < N. Fur- 
thermore, assume that there exists a scaling factor 4 > 0 such that (AA,AQ) is 
a strongly d-languid RFD in RN, for some 6 > 0 and with d-languidity exponent 
Ky € R. Moreover, let k > Ky —1 be a nonnegative integer. Then, the following ex- 
act pointwise fractal tube formula, expressed in terms of the distance zeta function 
Ca.0, holds for every t € (0,A~'min{1,6,B7'}): 


pN-st+k 


Ca,a(8), 0) , (5.3.26) 


[K] 
Va g(t) = > tes i 
- oc P(Ca.Q,C) (N—s)e+ 


Here, B is the constant appearing in L2? (for the function s+ C,4,.a(s36) = 


A°C4.a(s;6A7')) and kq is the exponent occurring in the statement of hypotheses 
L1 and L2’. 


Proof. Let us denote by vii (tT) the k-th primitive of the function 
TH+ |(AA)NAQ|. 


Since we know from Lemma 4.6.10 that vf" (t) =ANVll(7/A), we deduce that 


Tt © t/a 
vila) = [ Vl(e) dt = aN | VP (t/A) dt = AN! [ VEL (E)dé, (6.3.27) 
or, in other words, vil (@j=A" fyi (t/A) and hence, by induction, 


vil (t) = ey (1/4), (5.3.28) 


for all nonnegative integers k. We now apply Theorem 5.3.13 to the relative fractal 
drum (AA,AQ) and obtain the following fractal tube formula, valid pointwise for 
all  € (0, min{1,6,B~'}): 


448 5 Fractal Tube Formulas and Complex Dimensions 


id qN-stk 
vy a= by res (Gra, Searalss8),00) (5.3.29) 
MEA HaraC) ce 


Now combining (5.3.28) with (5.3.29) and the scaling property of the relative dis- 
tance zeta function (Theorem 4.1.40), we deduce that 


N+ky[k] TN StEAS =4 
ANTM VEo(t/A)= YM ores( ~———G, 9 (83647"),@}. (5.3.30) 
: o€ P(Ca.0,C) (N—s)k1 


Finally, we complete the proof of the corollary by multiplying the above identity by 
A-N- and introducing a new variable t := T/A. 


Remark 5.3.15. We point out that an analogous corollary can be stated in terms 
of the relative tube zeta function and the exact pointwise tube formula of Theo- 
rem 5.1.13. 


The most interesting situation is, of course, the case when we can apply Theo- 
rems 5.3.11 and 5.3.13 at the level k = 0. We now state the corresponding corollaries 
of these two theorems as a separate (and single) theorem. 


Theorem 5.3.16 (Pointwise fractal tube formula via C, 9; level k = 0). 


(i) Under the same hypotheses as in Theorem 5.3.11, with k := 0, and using the 
same notation as in that theorem, with kg < 0, the following pointwise fractal tube 
formula with error term, expressed in terms of the distance zeta function Cao := 


€4.Q(-36), holds for all t € (0,5): 


N-s 
JANQ|= > res (5 {.a(9)0) +R (0), (5.3.31) 
0 P(C4.0,W) ~s 


where RY, (t) is the error term given by formula (5.3.20) with k := 0. Furthermore, 
we have the following pointwise error estimate: 

RY (t) = O(e"-5) as t OF. (5.3.32) 
Moreover, if S(t) < supS for every T € R (i.e., if the screen S lies strictly to the left 
of the vertical line {Res = supS}), we then have the following stronger pointwise 


error estimate: 
RU) = o(eY-PS) as tt. (5.3.33) 


(ii) Finally, under the same hypotheses as in Theorem 5.3.13 or Corollary 5.3.14, 
with k :=0 and ky < 1, and if, in addition (AA,AQ) is strongly d-languid for 
some A > 0, then the fractal tube formula (5.3.31) holds pointwise for all t € 
(0,4~! min{1,5,B-!}), with RY, (t) = 0 and W := C; so that (5.3.31) becomes 


an exact fractal tube formula in this case. 


5.3 Tube Formulas in Terms of the Relative Distance Zeta Function 449 


The exact analog of Remark 5.1.15, Theorem 5.1.16 and Remark 5.1.17 holds in 
the present situation, except for the relative tube zeta function a q teplaced by the 
relative distance zeta function C49 of the RFD (A,@). In order to avoid too many 
repetitions, we only state the counterpart of Theorem 5.1.16 in the present context. 
It is, of course, the corollary of Theorem 5.3.16 corresponding to the level k = 0. 


Theorem 5.3.17 (Pointwise fractal tube formula via ¢, 9; level k = 0 and the 
case of simple poles). Assume that the hypotheses of Theorem 5.3.16 hold. Suppose, 
in addition, that all of the visible complex dimensions of the RFD (A, Q) are simple 
(i.e., all of the poles of C49 or, equivalently, since D:= dimg(A,Q) < N here, of 
bao, belonging to the window W are simple). Then, the pointwise fractal tube 
formula (5.3.31), expressed in terms of C40, takes the following simpler form, valid 
for allt € (0,6): 


N-@ 


t 
N-@ 


w€ P(4,0,W) 


res (4,0(s),@) +R) (0), (5.3.34) 


where the (pointwise) error term RO, is the same as in Theorem 5.3.11 at level 


k =Oand hence, satisfies the same (pointwise) error estimates |(5.3.32) or (5.3.33), 
depending on the hypotheses| as in Theorem 5.3.16. In particular, in the strongly 
languid case (i.e. if (AA,AQ) is strongly languid for some 4 > 0), we have 


RO, =0 and W :=C, so that (5.3.34) then becomes an exact pointwise fractal 


tube formula, valid for allt € (0,A~! min{1,6,B~'}). 


Remark 5.3.18. Note that the hypothesis according to which D := dimg(A,Q) < N 
(see Theorems 5.3.11 and 5.3.13, Corollary 5.3.14, along with Theorems 5.3.16 and 
5.3.17) imply that s = N is not a pole of C4 9, a fact which is explicitly needed in 
deducing (5.3.34) from (5.3.31). Indeed, since (by part (a) of Theorem 4.1.7) C40 
is holomorphic in the open right half-plane {Res > D}, we then have the following 
inclusions: 

P(Cr,.0,W) C {Res < D} C {Res < N}. (5.3.35) 


5.3.3 Distributional Tube Formulas in Terms of the Distance Zeta 
Function 


Let us now state the distributional analogs of the above results in terms of the rel- 
ative distance zeta function. The proofs are completely analogous to the ones from 
Section 5.2 for the case of the relative tube zeta function. Again, we use the rela- 
tive shell zeta function and the same scaling technique as in the proof of Corollary 
5.3.14 (and Theorem 5.3.13) above to obtain the desired results under the hypothe- 
ses of d-languidity (Theorem 5.3.19) or of strong d-languidity (Theorem 5.3.20), 
respectively. 


450 5 Fractal Tube Formulas and Complex Dimensions 


Theorem 5.3.19 (Distributional fractal tube formula with error term, via C4 0). 
Let (A,Q) be a d-languid relative fractal drum in R™ for some & > 0 and a- 
languidity exponent Kq € IR. Furthermore, assume that dimg(A,Q) < N. Then, for 
every k € Z, the distribution v4 in X'(0,6) (and hence, also in Y'(0,6)) is given 
by the following distributional fractal tube formula, with error term and expressed 
in terms of the distance zeta function C4 a := C4,9(-38): 


tN —s+k 


N—s)k+1 


wit t res ( 
0€ P(S4,0,W) ( 


‘a (t) = G.a(0)0) +R, (t). (6.3.36) 


That is, the action of we (t) on an arbitrary test function 9 € # (0,8) is given by 
IMol}(N—stl+k 
itt,e) = ws (CRANMeH4NEal) 
0 F(%1,0.W) (N—S)kt1 (5.3.37) 
k 
+ (Fi.o.9)- 


Here, the distribution Re, in 4'(0,6) is the distributional error term given for all 
9 € # (0,6) by 


f mont (N—s+1+k) Ca,a(s) 
== (N—S) x41 


[K] 


Furthermore, the distribution 2, g(t) is ef asymptotic order at most ge ais 
t> 0T; ie, 


(24,9) ds. (5.3.38) 


Bt) = OG PSH) as 2 OF, (5.3.39) 
in the sense of Definition 5.2.9. 
If, in addition, S(t) < supS for all t € R (that is, if the screen S lies strictly to 
the left of the vertical line {Res = supS}), then Re, (t) is of asymptotic order less 
than tN—PS+k. je. still in the sense of Definition 5.2.9, we have that 


RE (0) = o(t—PS+4) ast OF. (5.3.40) 


In the case of a (possibly scaled) strongly d-languid relative fractal drum, as 
before, we obtain a distributional formula without an error term, as stated in the 
next theorem. 


Theorem 5.3.20 (Exact distributional fractal tube formula via 4 9). Let (A,Q) 
be a relative fractal drum in RN and assume also that dimg(A,Q) < N. Further- 
more, assume that there exists 1 > 0 such that (AA,AQ) is strongly d-languid for 
some & > 0, Ky € R, and let 5y := A7! min{1, OW a Then, for every k € Z, the 


distribution Hi in 9'(0, 60) is given in terms of Cao := C4,a(-38) by 


'S Here, B is the constant appearing in condition L2’ for the function ¢, Aag(s;6). 
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pN-st+k 
Taalt) = 


’ 


(N= s)icrt aay a 5.3.41 
es = — Ca,a(s) 0) ( 


That is, the action of VA, on an arbitrary test function 9 € B(0, 60) is given by 


{Mp} (N—st+1 +k) b4,a(s) ) aa 


(N—Ss)k+1 


cA (t), ?) = > res ( 


w€ PA(Cy QC) 


We conclude this section by stating as a separate (and single) theorem the most 
interesting special case of Theorems 5.3.19 and 5.3.20, when k = 0. 


Theorem 5.3.21 (Distributional fractal tube formula via C4 9; level k = 0). Un- 
der the same hypotheses as in Theorem 5.3.19, with k := 0, we have the following 
distributional equality in #' (0,6) for the relative tube function t + |A,N Q| of the 
relative fractal drum (A,Q) in RN : 


N-s 
AnQl= > res (; Cents: o) +B (0), (5.3.43) 
6 P(C4.a,W) 7 


where R, (t) is given by (5.3.38) for k =0 and RM, (t) = O(¢4—™PS) as t + OF 


or, if S(t) < supS for all tT € R, then RM, (t) = o(t%—PS) as tt + OF. 

Moreover, under the same hypotheses as in Theorem 5.3.20, with k := 0, and if 
(AA,AQ) is strongly d-languid for some A > 0, then the analog of (5.3.43) holds 
in J' (0,60), where 59 := A~! min{1,6,B~!} and with R, (t) =O and W :=C; 
so that we obtain an exact distributional fractal tube formula in this case. 

Finally, if, in addition, each visible complex dimension of (A, Q) is simple (i.e., 
if each pole of Ca 9 or, equivalently, of bv a, located in W is simple), then the sum 
over the complex dimensions in (5.3.43) (or in its analog with W := C, for the exact 
tube formula) becomes 


i (6. al ) ) 
} Tes (G4,Q(5),@) . (5.3.44) 
oe P(Aa.w)% 


5.4 A Criterion for Minkowski Measurability 


In this section, we obtain, in particular, a necessary and sufficient condition for the 
Minkowski measurability of a large class of RFDs (A, Q) in R", expressed in terms 
of the principal poles of their fractal zeta functions. More specifically, under suitable 
hypotheses, an RFD with Minkowski dimension D is Minkowski measurable if and 
only if its only complex dimension with real part D is equal to D itself, and D is sim- 
ple. (See Theorems 5.4.20 and 5.4.25, along with Remark 5.4.21.) We also obtain 
a sufficient condition (with weaker hypotheses imposed on the RFD in comparison 
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to the Minkowski measurability criterion of Theorem 5.4.20) for the Minkowski 
measurability of a relative fractal drum; see Theorem 5.4.2. Furthermore, we estab- 
lish an upper bound for the upper Minkowski content of an RFD in terms of the 
residue at s = D of its fractal zeta function, where D denotes the upper Minkowski 
dimension of the RFD; see Theorem 5.4.4. Naturally, all of theses results apply, in 
particular, to bounded subsets A of RY, with N > 1 arbitrary, by simply consider- 
ing the associated RFD (A,A¢), for any 6 > 0 or, even more conveniently, the RFD 
(A, Q), where Q is any open neighborhood of the set A. 


5.4.1 A Sufficient Condition for Minkowski Measurability 


In this subsection, we show that a sufficient condition for the Minkowski measura- 
bility of a relative fractal drum (A,Q) can be given in terms of its relative tube (or 
distance) zeta function. This will be a consequence of a well-known Tauberian theo- 
rem due to Wiener and Pitt (see [PitWie]) and which generalizes the famous Ikehara 
Tauberian theorem. The proof of the Wiener—Pitt Tauberian theorem can also be 
found in [Kor, Chapter III, Lemma 9.1 and Proposition 4.3] or in [Pit, Section 6.1] 
and in [Dia], where a different proof using a technique due to Bochner is given. We 
next state this theorem, for the sake of completeness. (Clearly, in either the state- 
ment of Theorem 5.4.1 or in the proofs of Theorems 5.4.2 and 5.4.4, the symbol h 
does not refer to a gauge function, unlike in Subsection 5.4.4, for example.) 


Theorem 5.4.1 (The Wiener—Pitt Tauberian theorem, cited from [Kor]). Let 
o: RR be such that o(t) vanishes for all t < 0, is nonnegative for all t > 0, 
and such that its Laplace transform 


co 
F(s) := {£o}(s) =f eo (t) dr (5.4.1) 


exists for all s € C such that Res > 0. Furthermore, suppose that for some constants 
A>Oand A > 0, the function 


H(s) =F()-*, si=x+iy («>0,yER), (5.4.2) 


converges in L!(—A,A) to a boundary function H(iy) as x —> 0+. Then, for every 
fixed real number h > 21/1, we have that 


1 u+h 


Op (u) : o(t)dt <CA+o(1) as u— +o, (5.4.3) 


h u 
for some positive constant C < 3. 

Moreover, if the above constant A can be taken to be arbitrarily large, then for 
every fixed h > 0, 
O;(u) >A as u—>+oor, (5.4.4) 
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Let us now state the aforementioned result and then prove it by using the above 
Tauberian theorem. 


Theorem 5.4.2 (Sufficient condition for Minkowski measurability). Let (A,Q) 
be a relative fractal drum in RN and let D := dimg(A,Q). Furthermore, suppose 
that the relative tube zeta function ae of (A, Q) can be meromorphically extended 
to a connected open neighborhood U C C of the critical line {Res = D}, with a 
single pole D, which is assumed to be simple. Then D := dimp(A, Q) exists, D = D 
and (A,Q) is Minkowski measurable with Minkowski content given by 


M” (A,Q) = res(E4.0,D). (5.4.5) 


Moreover, if we assume, in addition, that D <N, then the theorem is also valid if 
we replace the relative tube zeta function C, by the relative distance zeta function 
C4. Of (A,Q), and in that case, we have 


res(C4,.9,D a 


M?(A,Q) =A 


(5.4.6) 


Proof. Without loss of generality, for the tube zeta function 4 .a(-36) we may 
choose 6 = | and change the variable of integration by letting u := 1/t: 


7 7 Lo 
és.a(s+D) = | 1*D-I-N a 9. Q| dt 
0 


= | Se D4, Q| du (5.4.7) 


= i e %e"N-P) 4, NQ|dv = {Lo}(s), 


where we have made another change of variable in the second to last equality, 
namely, v := logu, and we have let o(v) := e"Y—?)|A,-» M QI. Clearly, the defi- 
nition of the relative tube zeta function of (A,@) implies that the residue of 4 o(s) 
at s =D must be real and positive. (Note that, a priori, it should be nonnegative, but 
since by hypothesis, D is a pole of the meromorphic continuation of ¢4.9 to U, the 
residue at D must be different from zero.) Furthermore, since s = D is the only pole 
of bao in U, we conclude that 


z dD ren(Gxsa,D) 


(5.4.8) 


is holomorphic in the connected open neighborhood Up := {s € C : s+ D«€ U} 
of the vertical line {Res = 0}. In other words, we can apply Theorem 5.4.1 (for 
arbitrarily large A > 0, in the notation of that theorem) and conclude that 


ae 
Op (u =i f° v)dv > res(E4. a,D) as uu +o, (5.4.9) 
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for every h > 0.'° In particular, since v +> |A,-» 9 Q| is nonincreasing, we next 
consider the following two cases: 


Case (a): We assume that D < N. Hence, we have 


+f e"-DiA_ Ql dv 6 As ~_* v(N—D) gy 


[Agu NQ| ell D)_4 
~ e-W(N-D) (N—D)h * 


By taking the lower limit of both sides as u + +¢°, we obtain that 


is A a el(N—-D) =| 
res(C4,9,D) < Mb) aa (5.4.10) 


Since this is true for every h > 0, we can deduce by letting h > 07 that 


res(&4.9,D) D) <a? (A,Q). (5.4.11) 
On the other hand, we have 
1 u+h _ A_ eek AQ uth = 
; NP) A,» NQ|dv> ae ety i: eN—) dy 


_ |Ae- (u+h) NM Q| = —h(N- D) (5.4. 12) 


ew (uth)(N—D) waDy 


and, similarly as before, by taking the upper limit of both sides as u + +c, we 


obtain that - 
-. o,D)> M?(A,Q) ee 5.4.13 
res(C4.0, j= (A, WD (5.4.13) 


Since this is true for every h > 0, we let h + 0* and conclude that 
res(¢s,0,D) > @"?(A,Q). (5.4.14) 


This latter inequality, combined with (5.4.11), implies that (A, Q) is D-Minkowski 
measurable which, a fortiori, implies that D = dimg(A,Q) = D. Furthermore, we 
also conclude that res(€4,.9,D) =.@?(A,Q), the Minkowski content of (A, Q). 


Case (b): We will now assume that D = N. Therefore, in this case we have 


|A.- (u+h) yNQ| 
e7 (uth) (N— 


Apu. Q| 


|A.-w+n NQ| = e-u(N—N) 


= |A,-uN QI. 


el JA,» NQ| dv < 


'6 The convergence of H(s) in L!(—A,A) as Res > 0*, which is required by Theorem 5.4.1, 
follows easily since the contour integral of H over the rectangle with vertices at —Ai, Res — 
Ai, Res +Ai, and Ai is equal to zero. 
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Then, by taking, respectively, the lower and upper limits as u — +9, we obtain that 
MON (A,Q) < 1es(b4.0,N) < AN (A,Q). (5.4.15) 


Finally, if D < N, then the part of the theorem dealing with the distance (instead 
of the tube) zeta function of (A,Q) follows at once from case (a) of the proof for 
ar This is so in light of the functional equation (4.5.2) connecting Ca.a and bv, 
or more precisely, of the relation between the residues at the simple pole s = D of 
the two zeta functions which follows from it (namely, we have that res(C4 9,D) = 
(N — D)res(&4.9,D)). This concludes the proof of the theorem. 


Remark 5.4.3. In light of Theorem 5.4.1, the assumptions of Theorem 5.4.2 can be 
weakened. More precisely, it suffices to assume that for every fixed A > 0, the func- 
tion ae 
res(C4,o,D) 
bias) - 8 
(restricted to the vertical line segment (—14,i2) and viewed as a function of T := 
Ims € (—A,A)), converges in L'(—A A) to a boundary function H(iIms) as Res > 


(5.4.16) 


dD. Consequently, H(it) must then satisfy 
A 
i; |H(it)|dt <0, (5.4.17) 


for every A > 0. 


In the case when, besides D, there are other singularities on the critical line 
{Res = D} of the relative fractal drum (A,Q), we can use Theorem 5.4.1 to de- 
rive an upper bound for the upper D-dimensional Minkowski content of (A,Q), 
expressed in terms of the residue of its relative tube (or distance) zeta function at 
s =D, as we now explain in the next result. 


Theorem 5.4.4 (Upper bound for the upper Minkowski content). Let (A,Q) be 
a relative fractal drum in RN and let D := dimg(A,Q). Furthermore, assume that 
the relative tube zeta function bao of (A, Q) can be meromorphically extended to 
a connected open neighborhood U of the critical line {Res = D} and that D is a 
simple pole of its meromorphic continuation to U. Also assume that the critical line 
{Res =D} contains another pole of C4,0, different from D. Furthermore, let 


Aa.o = inf {|[D—@| : @ € dimpc(A,Q)\ {D}}. (5.4.18) 


Then, if D < N, we have the following upper bound for the upper D-dimensional 
Minkowski content of (A,Q), expressed in terms of the residue at s := D of the 
relative tube zeta function of (A, Q): 


Crs.a (N _ D) 
on (1 — @-22(N-D)/Aa.o 


M*?(A,Q) < res(&4.9,D); (5.4.19) 
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moreover, in the case when D = N, we have 
MON (A, Q) < Cres(&4.0,N), (5.4.20) 


where (both in (5.4.19), (5.4.20) just above and in (5.4.21) just below) C is a positive 
constant such that C < 3. 

Finally, if D < N, we have the following upper bound for the upper D- 
dimensional Minkowski content of (A,Q), expressed in terms of the residue at 
s :=D of the relative distance zeta function of (A, Q): 


CAs,o 


M?(A,Q) < — 
on (1 _ @-2m(N-D)/Aa,o 


res(C4.9,D). (5.4.21) 


Proof. We use the same reasoning as in the proof of Theorem 5.4.2, with the only 
difference residing in the fact that we can now only use the weaker statement (5.4.3) 
of Theorem 5.4.1 since by hypothesis, there is another pole on the critical line 
{Res = D}, besides D itself. More specifically, if D< N and A < A,.9, then by 
using (5.4.12) and (5.4.3), we show that for every h > 27//, we have 


Cres(&4 0,D) > @*?(A, Q)——_—_.. (5.4.22) 


Since the right-hand side of (5.4.22) just above is a decreasing function of h, we 
obtain the best estimate for h = 2m /A. Furthermore, since this is true for every 
A <Aa,q, we obtain (5.4.19) by letting A + Aj 9. Moreover, (5.4.22) is also valid 
if D =N, but without the factor that depends on h, by a similar argument as in 
case (b) of the proof of Theorem 5.4.2. Finally, if D < N, the statement about the 
relative distance zeta function C4 q follows by the same argument as in case (a) of 
the proof of Theorem 5.4.2, by also using the functional equation (4.5.2) connecting 
Ca.a and C4 0. 


Remark 5.4.5. Much as in the case of Theorem 5.4.2 (see Remark 5.4.3), the hy- 
potheses of Theorem 5.4.4 can be weakened. However, we have stated Theorem 
5.4.4 in the above form because this is the most common situation which is encoun- 
tered in our examples of RFDs. For instance, in order to obtain an upper bound for 
the upper D-dimensional Minkowski content of (A,Q), it suffices to assume that 
the relative tube zeta function fia can be holomorphically continued to a punc- 
tured disk B,(D) \ {D}, centered at D and with radius r > 0. In that case, (5.4.19) 
is valid with A4 9 replaced by the radius r. Of course, the larger the radius of the 
disk, the better the upper bound. All one actually needs is the L!-convergence as 
Res —> D’ of the relative tube or distance zeta function of (A,Q) to a boundary 
function defined on a symmetric vertical interval (D — ri,D + ri), similarly as in 
Remark 5.4.3. 
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5.4.2 The Relative Mellin Zeta Function 


In order to obtain a criterion for Minkowski measurability, we will need to extend 
to a larger space of test functions the distributional tube formulas derived in the 
previous sections. It will suffice to extend them to the space .# (0, +e0).'7 We now 
observe that in Definition 4.1.2, we have assumed that an RFD (A, Q) has the prop- 
erty that there exists 6 > 0 such that Q C Ag. If this condition is not fulfilled, we 
can always replace Q by Q :=AgsMQ and work instead with the new RFD (A, Q) 
because the fractal properties of this new RFD will be identical to those of (A, Q). 
This last statement follows directly from the definition of the relative Minkowski di- 
mension (see page 249). Furthermore, in light of the above discussion, for an RFD 
(A, Q) we have that As NQ = Q for all 6 sufficiently large; consequently, for such 
values of 6, we have that |As N.Q| = |Q|, which implies that we can actually redefine 
the tube zeta function in a way which will be more suitable. More precisely, assume 
that D := dimg (A,Q) < N and recall the functional equation (2.2.23), written in the 
following integral form: 


6 
; d(x,A) "dx = 8°" |Asna|+(N—s) [ tp NNanQ|dt, (5.4.23) 
A5sNQ 0) 


initially valid for all s € C such that Res > D. Furthermore, by taking the complex 
number s in the vertical strip {Res > D} 1 {Res < N} and letting 6 + +0, we 
obtain the following equality: 


-boo 
[aenayar=(w—s) | tN-NA, A Q|dt. (5.4.24) 
Q 0) 


As we can see, on the right-hand side of (5.4.24), we have the Mellin transform of 
the function t~ |A,; 0 Q| and this integral is absolutely convergent inside the vertical 
strip {Res > D}M {Res < N}. Indeed, we have that 


oo 1 ree 
| NA, nalar= f ean alae f PNA. A Qldt, (5.4.25) 
0 0 1 


and the integral over (0, 1) is equal to a a(s;1) and hence, is absolutely convergent 
on {Res > D}, while for the integral over (1, +20), we have 


feo oo 
/ tN 4, 0 Q|dt < | pee WMA ale 
1 1 


(5.4.26) 
2| 


N—Res’ 


boo 
< \a\ | pRes-N-1 dt= 
1 


'7 Here, (0, +e) is defined exactly as .% (0, 5) just before Definition 5.2.1, except for 6 replaced 
by +o, and in this case, we require that for every @ € -# (0, +e), t”@ (t) > O.as t > +00, where 
¢® denotes the g-th derivative of 9. 
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We then conclude from Theorem 2.1.45 (about the holomorphicity of an integral 
depending analytically on a complex parameter) that the integral on the right-hand 
side of (5.4.24) defines a holomorphic function on the vertical strip {D < Res < N} 
and upon analytic continuation, that the entire right-hand side of (5.4.24) coincides 
(within that strip) with the relative distance zeta function C4 o(s); i-e., the identity 
(5.4.24) holds as an equality between holomorphic functions defined on the open 
vertical strip {D < Res < N}. 

Moreover, upon further meromorphic continuation (and since, by Theorem 4.1.7, 
€,.c is holomorphic in the open right half-plane {Res > D}), we also deduce that if 
€4.q can be meromorphically continued to a given connected open neighborhood U 
of the critical line {Res = D} (or, equivalently, of the closed half-plane {Res > D}), 
then with the terminology and notation of Definition 5.4.6 just below, so can the 
Mellin zeta function an Hence, we deduce that the following functional equation 
(between meromorphic functions) holds: 


C4,0(s) = (N—s)Cf"0(s), (5.4.27) 


for alls € U. 


Definition 5.4.6. Let (A,Q) be an RFD in RY such that dimg(A,Q) < N. We define 
the Mellin zeta function 6%, of (A,Q) by 


oo 
Cro(s) = | tN-NA,NQ| de, (5.4.28) 
: 0 


for all s € C with Res € (dimg(A, Q),N). Here, the integral is taken in the Lebesgue 
sense. 


In the discussion preceding Definition 5.4.6, we have proved a part of the follow- 
ing theorem. 


Theorem 5.4.7. Let (A,Q) be an RFD in RN such that dimg(A,Q) < N. Then, the 
Mellin zeta function Sue as given by Equation (5.4.28), is holomorphic on the open 


vertical strip {dimg(A,Q) < Res < N} and 


ei (s) = i ° “14,9 Q|logt dt, (5.4.29) 
for all s in {dimg(A,Q) < Res < N}. Furthermore, {dimp(A,Q) < Res < N} is 
the largest vertical strip (of the form {a < Res < B}, with -0 <a < B < +e) on 
which the integral on the right-hand side of (5.4.28) is absolutely convergent (i.e., 
is a convergent Lebesgue integral). 

Moreover, for all s € C such that dimg(A,Q) < Res < N and for any fixed 5 > 0 
such that Q C Ag, Cnn satisfies the following functional equations connecting it to 


Ey 9 and C,.9, respectively: 


6°" 1Q | 


Gila (s) = &4,0(8:5) + =—— (5.4.30) 
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and 


(5.4.31) 


Remark 5.4.8. We point out that functional equations similar to (5.4.30) and (5.4.31) 
are also satisfied for every 6 > 0 such that Q ¢ Ag, but one then also has to add to the 
right-hand side of each of the corresponding functional equations a suitable function 
f which is meromorphic on C and has a single, simple pole at s = N. 


Proof of Theorem 5.4.7. We have already proved the first part of the theorem. The 
optimality of the vertical strip follows directly from (5.4.25) (or, more precisely, 
from (5.4.27)). Namely, the lower bound dimg(A, Q) is a consequence of the pres- 
ence of the first integral on the right-hand side of (5.4.25) since the latter integral is 
equal to &, a(s; 1). Furthermore, the upper bound N is a consequence of the pres- 
ence of the second integral on the right-hand side of (5.4.25), since that integral is 
divergent for any real number s such that s > N. To see this, let 6 > 1 be such that 
Q CAs and make the following observation: 


oo oo 
| r*lA, ala > [ tA, Q| dt 
— (5.4.32) 
~|Q| | tN] dp — too, 
5 


The functional equation (5.4.31) is already proven, while (5.4.30) can be proven 
directly by splitting the integral defining €¢ ee over the intervals (0,6) and (6, +00 
or by using the functional equation (4.5.2) connecting the tube and distance zeta 
functions. 


As a consequence of the functional equations (5.4.31), (5.4.30) and the principle 
of analytic continuation, we obtain the following two theorems, which follow from 
the obvious extensions to RFDs of the corresponding ones for the relative distance 
and tube zeta functions (see Theorems 2.1.11, 2.2.3, 2.2.11 and 2.2.14). 


Theorem 5.4.9. Let (A, Q) be a relative fractal drum in RN such that dimg(A,Q) < 
N. Then the following properties hold: 


(a) The Mellin zeta function ae is meromorphic in the half-plane {Res > 
dimg(A,Q)} with a single, simple pole at s = N. Furthermore, 


res(Ca"9,N) = —|Q|. (5.4.33) 


(b) If the relative box (or Minkowski) dimension D := dimg(A,Q) exists, and 
MP (A,Q) > 0, then Cro (s) + +0 as s € R converges to D from the right. 


Proof. By means of the principle of analytic continuation, and since dimg(A,Q) < 
N, we conclude that the functional equalities (5.4.30) and (5.4.31) continue to hold 
on any connected open neighborhood U C C of the vertical strip {dimg(A,Q) < 
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Res < N} to which any (and hence, all) of the three relative zeta functions has a 
holomorphic continuation. (See also the text surrounding Equation (5.4.27).) As a 
result, part (a) follows from the counterpart of Theorem 4.1.7 for the relative tube 
zeta function (see also Theorem 2.2.11) and (5.4.30), while part (b) follows from 
Theorem 4.1.7 and (5.4.31). 


Furthermore, in light of Theorem 2.2.14 and (5.4.30), one obtains the following 
result. 


Theorem 5.4.10. Assume that (A,Q) is a Minkowski nondegenerate RFD in RN, 
that is, 0 < MP(A,Q) < M*P(A,Q) < (in particular, D := dimg(A,Q) exists), 
and D <N. If hee can be extended meromorphically to a connected open neighbor- 


hood of s = D, then D is necessarily a simple pole of fos the residue res(624, ,D) 
is independependent of 6 and 


MOP (A,Q) < res(6P5,D) < MP (A,Q). (5.4.34) 
Furthermore, if (A,Q) is Minkowski measurable, then 
res(Cj'),D) = @"(A,Q). (5.4.35) 


Lemma 5.4.11. Assume that (A,Q) isan RFD in RN with dimg(A, 2) <N and such 
that its tube or distance or Mellin zeta function is meromorphic on some connected 
open neighborhood U of the vertical strip {dimg(A,Q) < Res < N}.'* Then, the 
multisets of poles located in U \ {N} of each of these three zeta functions, Cao, Ca,o 
and Cr hy coincide: 


P(bs,0,U \ {N}) = P(La,0,U \ {N}) = P(CPO,U\{N}). (5.4.36) 


Moreover, if @ € U \ {N} is a simple pole of any (and hence, of all) of these three 
zeta functions, then!? 


7 res ,@ 
res (67, @) =res (f4.0,@) = re (64,0000) (5.4.37) 
> ’ N eo (a) 
We can now use the Mellin inversion theorem (Theorem 5.1.6) in order to derive 
the following inversion formula for the Mellin zeta function. 


Theorem 5.4.12. Let (A,Q) be an RFD in RN such that dimg(A,Q) < N. Then, for 
any c € (dimg(A,Q),N) and t > 0, the following formula is valid pointwise: 


18 Recall from Theorem 4.1.7 and its counterpart for the relative tube zeta function that C4 @ and 
€4 @ are holomorphic on the open right-half plane {Res > dimg(A, Q)}. 

'° Clearly, in the case when @ € U \ {N} is a multiple pole, an analogous relation holds between 
the principal parts at @ of 4 .0(s), ¢@ (s) and the meromorphic function C4 9(s)/(N —s); fur- 
thermore, in that case, @ has the same multiplicity for either of these zeta functions. 
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1 C+ie sem 
Anal == .. 1N-8E™ (5) ds. (5.4.38) 
Proof. The conclusion follows directly from Theorem 5.1.6, along with the fact 
that the function t > t~%|A; Q| is continuous and of locally bounded variation on 
(0, +e°) and t ++ #°-N—!|A, 9 Q| is in L!(0, +0) for every c € (dimg(A,Q),N). See 
also the proof of Theorem 5.1.7 since the reasoning here is along the same lines. 


Note that in the above theorem, it is crucial to choose c € (dimg(A,Q),N) for 
the hypothesis of the Mellin inversion theorem to be satisfied. In other words, 
the inversion theorem (Theorem 5.1.6) is no longer applicable in the case when 
dimg(A,Q) = N since then, we cannot define the Mellin zeta function. Note that 
this is in contrast with the situation from Sections 5.1 and 5.2 where we have worked 
with the relative tube zeta function. One can now impose languidity conditions on 
the Mellin zeta function gua and rewrite Sections 5.1 and 5.2 in terms of ‘ese since 


the fact that we have to choose c € (dimg(A,Q),N) is not a hindrance. Indeed, orig- 
inally we had the freedom to choose any c € (dimg(A,Q),N + 1) in Proposition 
5.1.8. Furthermore, this will ensure that although s = N is always a pole of the 
Mellin zeta function, it will never be a part of the sum over the residues of ou 
since it is always located strictly to the right of the vertical line {Res = c} over 
which we integrate in (5.4.38). 

Moreover, one can also derive the corresponding results about the distance zeta 
function C49 directly from the Mellin zeta function Cro and without the use of 


the shell zeta function ae However, one has to be careful and always choose 6 
sufficiently large so that Q C As in order for the functional equation (5.4.31) to be 
satisfied. One other issue that is not clear in this context is whether the restriction 
of having to choose 6 large enough for the inclusion Q C As to hold could increase 
the ‘languidity exponent’ Ky of C4 9(s). This is not the case in all of the examples 
we will consider, but a general result along these lines has yet to be obtained. 


Proposition 5.4.13. Let (A,Q) be a relative fractal drum in RN. If the relative dis- 
tance zeta function C4 a(-;6) satisfies the languidity conditions LA and L2 of Def- 
inition 5.1.3 for some 6 > 0 and with d-languidity exponent Ky € R, then so does 
Ca,a(+361) for any 6, > 0 and with (kg) 5, = max{Kq,0}. 

Furthermore, the analogous statement is also true in the case when C4 9(-;8) is 
strongly d-languid, under the additional assumption that 6 > 1 and 6, > 1. 


Proof. Without loss of generality, we may assume that 6 < 6;. Then, the conclu- 
sion follows from the fact that for a given a window W we have C4 0(s;6,) = 
€4.0(s;6)+ (s) for all s € W, where g is defined for all s € C and is an entire func- 
tion. (This fact follows directly from Lemma 2.1.15.) Furthermore, for all s € C, we 
have the following upper bound on |g(s)|: 


|g(s)| < : >, dG Ay" de = (O)maxlo "6". 9 A398) 
(Ag, \4g)N@ 
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As we can see, the upper bound on |g(s)| does not depend on Ims and there- 
fore, we conclude that g satisfies the languidity conditions L1 and L2 of Defi- 
nition 5.1.3 with the languidity exponent kK, = 0 and for any given window W. 
This observation implies that then, C4 o(-;6;) is languid with d-languidity expo- 
nent (Ky), = max{Ky,0} and for the same window as for C4 .9(-;6). 

The additional assumption for strong d-languidity is needed since L1 must then 
be satisfied for all o € (—ce,c), in the notation of Definition 5.1.3. Furthermore, for 
this condition to be achieved, we need that 6; > 6 > 1 in (5.4.39) since otherwise, 
we cannot obtain an upper bound on |g(s)| when Res > —9. 


In order to avoid unnecessary repetitions, we will not restate all of the theorems 
of Sections 5.1 and 5.2 in terms of the Mellin zeta function, but we will do so only 
for the distributional fractal tube formula with error term because the correspond- 
ing result will be needed for establishing the Minkowski measurability criterion of 
Subsection 5.4.3 below; see Theorem 5.4.20 along with Theorem 5.4.15. 

Recall that the original motivation for introducing the Mellin zeta function was to 
obtain a distributional fractal tube formula valid on a larger space of test functions, 
more precisely, on the space .# (0, +c°); that is, the space of test functions @ in the 
class C”(0, +00), such that for all m € Z and q € N, we have tp (t) — 0, both as 
t — 0* and as t + +e. Also note that F(0,+0°) C .# (0, +e), and hence, we have 
the following (reverse) relation between the corresponding spaces of distributions 
(or dual spaces): 

KH" (0, +00) C Y'(0, +2). (5.4.40) 


Theorem 5.4.14 (Distributional fractal tube formula with error term, via age 


level k = 0). Let (A, Q) be a relative fractal drum in RN such that dimg(A,Q) < N. 
Furthermore, assume that ‘Syn satisfies the languidity conditions L1 and L2 of 


Definition 5.1.3, for some « € R. Then, the distribution vf in #1 (0,+e9) is given 
by the following distributional identity in X'(0, +9): 


VL) = tes (#5 (5), 0) + BQN". (5.4.41) 
oc ACM .W) 


That is, the action of vf on an arbitrary test function 9 € ZH (0,+e°) is given by 
(44,0)= Yes ({IM}(W-s+1) GPB(s),@) 
oC P(CPy:W) (5.4.42) 
paral) 
+ CA 19). 
mM (0) 


Here, the distributional error term 2, ¢° is the distribution in X' (0, +2) given for 
all p € H (0, +e) by 


1 
(220 ',0) = a [ {Mo} (N—s+1) GPE (s) ds. (5.4.43) 
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Furthermore, the distribution Bw (t) is of asymptotic order at most tN—*"PS as 
t> Ot; ie, 
Ret) = O(N-P5) as t 4 0", (5.4.44) 


in the sense of Definition 5.2.9. 

Moreover, if S(t) < supS for all t € R (that is, if the screen S lies strictly to the 
left of the vertical line {Res = supS}), then Roe (t) is of asymptotic order less 
than tN—PS: je, 


Re M(t) = ot?) ast Ot, (5.4.45) 


still in the sense of Definition 5.2.9. 


5.4.3 Characterization of Minkowski Measurability 


Having expanded (in Theorem 5.4.14 of Subsection 5.4.2) the space of test func- 
tions for which the distributional tube formula is valid, we can now obtain a neces- 
sary condition for the Minkowski measurability of a languid relative fractal drum. 
We stress that in the statement of the following theorem, the phrase according to 
which the Mellin zeta function is languid means that Gye satisfies the languidity 
conditions of Definition 5.1.3 for some languidity exponent kK € R, with the caveat 
that in condition L1 we now assume that c € (dimg(A, Q),N). 


Theorem 5.4.15 (Necessary condition for Minkowski measurability). Let (A, Q) 
be a relative fractal drum in RN such that D := dimg(A,Q) exists, D < N and (A,Q) 
is Minkowski measurable. Furthermore, assume that its Mellin zeta function oo is 
languid for some screen S passing strictly to the left of the critical line {Res = D} 
and strictly to the right of all the complex dimensions of (A, Q) with real part strictly 
less than D. 

Then, D is the only pole of ‘eye located on the critical line {Res = D} and it is 
simple. 


Proof. Since (A,Q) is languid, the hypotheses of Theorem 5.4.10 are satisfied and, 
therefore, s = D is a simple pole of ‘ean Furthermore, also by Theorem 5.4.10, we 
have that “@ := .M@?(A,Q) = res(€j7),D). It remains to show that D is the only 
pole located on the critical line. First, we deduce at once from the definition of the 
Mellin zeta function given in Equation (5.4.28) that |¢7"4 (s)| < ‘oye (Res), for all 
s€{D < Res < N}. We conclude from this inequality that if € is another pole of 
aaa with Re& = D, then it must also be simple. 

Now, let us denote by €, := D+iym, with y, € R and n € J, the potentially infinite 


sequence of poles of ae with real part D (i.e., of principal poles of co Here, 


20 As is well known, a meromorphic function on a domain of C can only have an at most countable 
number of poles. This follows from the fact that any compact subset K C C may contain only 
finitely many poles (since otherwise, there would be a limit point of poles in K) and any domain of 
C is contained in a countable union of compact sets. 
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J CNpo is a finite or infinite subset of No, 0 € J, and we use the convention according 
to which y := 0 and hence, & := D. Since D is simple (i.e., a simple pole of Cyn): 
we must have y, £ 0 for all n € J \ {0}. 

Observe that in light of the argument given in the first part of the proof, each 
principal pole &, is then also simple, for every n € J \ {0}; so that we can let a, := 
res(C7 ,&n), for every n € J. Furthermore, as was established at the beginning of the 
proof, we have ap = res(¢}',D) = .@, the Minkowski content of (A, Q). (Recall 
that the RFD (A, Q) is assumed to be Minkowski measurable.) 

Next, we will show that J \ {0} is empty and therefore, that D is the only principal 
pole of pds (and is simple), as desired. For this purpose, we reason by contradiction 
and assume that J \ {0} is nonempty. Then, in light of Theorem 5.4.14 (the distri- 
butional fractal tube formula at level k = 0 via ga applied with the stronger error 
estimate given by (5.4.45) and for the same choice of screen S' as assumed to exist 
in the statement of that theorem (and which also exists, by the hypotheses of the 
present theorem), we have that 


|A; al Q| — by an,tN—&n + og?) 
ney 
= MiP +P OS ant +0(t%”) as t 30°,” 
neJ\ {0} 


(5.4.46) 


in the distributional sense since, by assumption, the screen S lies strictly to the left 
of the critical line {Res = D}. 

On the other hand, since (A, Q) is Minkowski measurable, we know that its rel- 
ative tube function satisfies 


lA,NQ| =A? +04") as +07, (5.4.47) 


in the usual pointwise sense and hence also, in the distributional sense. Combin- 
ing (5.4.46) with (5.4.47) yields that 


y. ac" =ol) as £50"; (5.4.48) 
neJ\ {0} 


in the distributional sense. After a (distributional) change of variable t := logt (note 
that T € C”(0,-+¢°)), the uniqueness theorem for almost periodic distributions (see 
[Schw, Section VI.9.6, p. 208]) can be applied and now implies that (5.4.48) can 
only be true if a, = 0 for all n € J \ {0}; that is, only if J\ {0} is empty (which 
contradicts our assumption) or, equivalently, only if there are no other poles on the 
critical line, except for s = D, as we needed to show. 


Remark 5.4.16. The above theorem can also be stated in terms of the relative tube 
and distance zeta functions of (A, Q). This claim follows from the fact that the func- 
tional equations (5.4.30) and (5.4.31) which connect the relative tube zeta function, 
the relative distance zeta function and the Mellin zeta function of (A, Q), along with 
Propositions 5.1.5 and 5.4.13, imply that if the languidity conditions L1 and L2 of 
Definition 5.1.3 are satisfied by the tube or distance zeta function, then they are also 
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satisfied by the Mellin zeta function, with a possibly different languidity exponent. 
We can still, however, apply Theorem 5.4.14. 


Remark 5.4.17. We point out that Theorem 5.4.15 (more precisely, its counterpart 
for the relative tube zeta function) is at the same time more and less general than 
Theorem 2.3.18 (more precisely, than its counterpart for RFDs). Indeed, in the coun- 
terpart of Theorem 2.3.18, we would assume that for some a > 0, the tube function 
of (A,Q) satisfies 


lA-NQ| =r? +0") as t30", (5.4.49) 


pointwise, which is a stronger assumption than the mere hypothesis of Minkowski 
measurability of (A,Q). Then, the conclusion that D is the only complex dimen- 
sion of (A,Q) with real part D and that it is simple follows without the additional 
assumptions of Theorem 5.4.15. 

On the other hand, in (the counterpart of) Theorem 5.4.15, we make a weaker 
hypothesis about the tube function t + |A;M Q| of (A, Q); that is, we only assume 
that (A, Q) is Minkowski measurable (with Minkowski dimension dimg(A, Q) < N) 
but we must make a stronger assumption on the fractal zeta function in order to 
draw the same conclusion about the complex dimensions of (A, Q). This tradeoff is 
desirable since, in general, we want to draw as much information as possible about 
the geometry of RFDs directly from their fractal zeta functions, more precisely, from 
their distance zeta functions. In light of this, it would be of great interest to find out 
whether the languidity hypothesis or the conditions on the screen in Theorem 5.4.15 
can be weakened. 


Remark 5.4.18. It clearly follows from the proof of Theorem 5.4.15 that it would 
suffice to assume in the statement of that theorem that the RFD (A, Q) is Minkowski 
measurable in the distributional sense (which specifically means in the present con- 
text that Equation (5.4.47) holds as a distributional identity in .#'(0,+¢°), with 
M. € (0,+°)). 


The previous remark motivates us to introduce the following definition. 


Definition 5.4.19. (Weak vs. strong Minkowski measurability). 


(i) A relative fractal drum (A,@) such that D := dimg(A,Q) exists is said to 
be Minkowski measurable, in the distributional sense (or weakly Minkowski mea- 
surable, in short) if there exist a constant .@ € (0,+°) such that, in the sense of 
distributions, 

lim t-®-)|4,NQ| =, in #'(0,+e); (5.4.50) 


t>0t 


ie., for every g € (0, +0),7! 


21 For the definition of the spaces .#'(0, +0) and .#"(0, +2), see the discussion preceding Equa- 
tion (5.4.40). 
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poo oo 
lim t-—P)|4, 0 Q\Q_(t)dt =H lim a(t) dt 
a>0* JO a>0t JO (5.4.51) 
oh A. 
=| o(t)dt. 
0 


Here, as before, @ is the scaled version of @ defined by (5.2.22).”* Then, ./@ is 
called the weak Minkowski content of the RFD (A,@). 


(ii) Much as in part (7) of this definition, we can say that a relative fractal drum 
(A, Q) is strongly Minkowski measurable (with strong Minkowski content ) if it 
is Minkowski measurable in the usual (pointwise) sense of Subsection 4.1.1; ie., if 
there exists a constant .@ € (0,+¢°) such that 


lim t-"-)|A, NQ| =.d, in R. (5.4.52) 
t0F 
Clearly, if (A, Q) is strongly Minkowski measurable, it is also weakly Minkowski 
measurable and then, the strong and weak Minkowski contents of (A, Q) coincide.”* 
We note that we could similarly distinguish between weak and strong (or ordinary) 
Minkowski nondegeneracy, for example, although this definition will not be needed 
in the sequel. 


We stress that the notion of Minkowski measurability being characterized in all 
of the criteria stated below in the remainder of this subsection (namely, Theo- 
rem 5.4.20, Theorem 5.4.25 and Corollary 5.4.26) is always the notion of strong 
(or ordinary) Minkowski measurability, in the sense of part (ii) of Definition 
5.4.19 above (as opposed to that of weak Minkowski measurability, introduced 
in part (i) of Definition 5.4.19 and which, according to Remark 5.4.18 could be 
used in the statement of Theorem 5.4.15, the necessary condition for Minkowski 
measurability). 


Finally, we can now state the announced Minkowski measurability criterion, the 
proof of which follows directly from Theorems 5.4.2 and 5.4.15. 


Theorem 5.4.20 (Minkowski measurability criterion in terms of C4 9). Let 
(A,Q) be a relative fractal drum in R™ such that D := dimg(A,Q) exists and 
D<N. Furthermore, assume that (A, Q) is d-languid for a screen S passing strictly 
between the critical line {Res = D} and all the complex dimensions of (A,Q) with 
real part strictly less than D. Then the following statements are equivalent: 


(a) The RFD (A,Q) is (strongly) Minkowski measurable. 


(b) D is the only pole of the relative distance zeta function C4 9 located on the 
critical line {Res = D} and it is simple. 


2 The second equality in (5.4.51) follows directly from the definition of @, since an elementary 
change of variable shows that the first integral on the right-hand side of (5.4.51) does not depend 
ona. 

3 More specifically, the weak Minkowski content is the regular distribution defined by (5.4.51) and 
associated with the constant function ./, the strong (or ordinary) Minkowski content of (A, Q). 
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Remark 5.4.21. The above criterion is also valid if in part (b) of Theorem 5.4.20, 


we replace C4 9 with the relative tube zeta function Ey q, the Mellin zeta function 


“es or the relative shell zeta function C4 o. In this case, it suffices to assume that 


the chosen fractal zeta function satisfies the usual languidity conditions of Defini- 
tion 5.1.3 (along with the condition from Theorem 5.4.20 about the existence of a 
suitable screen). In fact, if we state the theorem in terms of the relative tube zeta 
function €4 9, we may omit the condition that dimg(A,Q) < N, as we shall see in 
Theorem 5.4.25 below. 


Remark 5.4.22. Theorem 5.4.20 extends to RFDs in R¥, with N > 1 arbitrary, the 
Minkowski measurability criterion for fractal strings obtained in [Lap-vFr3, Theo- 
rem 8.15 of Section 8.3]. More specifically, the latter criterion corresponds to the 
N = 1 case of Theorem 5.4.20. We note that in [Lap-vFr3], the criterion was formu- 
lated in terms of the principal complex dimensions of the underlying fractal string 
(interpreted as the poles of the associated geometric zeta function with real part 
equal to D, the Minkowski dimension of the string). However, in light of the re- 
sults of Subsection 2.1.4 (see, especially, Proposition 2.1.59 and Corollary 2.1.61), 
they can now be restated equivalently in terms of the principal poles of the dis- 
tance zeta function of the corresponding relative fractal drum (0Q,Q), where Q is 
any geometric realization of the fractal string. We mention that in the statement of 
[Lap-vFr3, Theorem 8.15 of Section 8.3], the fact that the fractal string was weakly 
(rather than strongly) Minkowski measurable should have been stressed more ex- 
plicitly. In this regard, we note that Theorem 5.4.20 shows that in [Lap-vFr3] (ibid), 
we can now replace weak by strong (or ordinary) Minkowski measurability, which 
is the best possible result. 

On the other hand, in [Lap-vFr3, Theorems 8.23 and 8.36 of Section 8.4], the 
characterization of Minkowski measurability obtained for self-similar strings was 
stated in terms of the strong (i.e., ordinary) Minkowski measurability of the frac- 
tal strings.2* We do not consider the N-dimensional counterpart of such a situation 
here, although this would certainly be of interest. (See, however, Subsection 5.5.6 
below, where we obtain an appropriate analog for self-similar sprays of this charac- 
terization and discuss its potential N-dimensional counterpart for self-similar sets; 
see also Problems 6.2.35 and 6.2.36, along with the text surrounding them.) 

Beside the obvious difficulty of computing the distance (or another fractal) zeta 
function of a (suitable) ‘self-similar RFD’ in R™ (and, in particular, of a compact 
self-similar set in RY satisfying the open set condition, say), an important remaining 
issue is to remove (as was done in [Lap-vFr3, Section 8.4] when N = 1) the condition 
concerning the existence of an appropriate screen S (as is assumed in Theorem 
5.4.20, as well as in Theorem 5.4.25 and Corollary 5.4.26 below). Indeed, in the 
lattice case, this condition is clearly always satisfied as long as the ‘base RFD’ 


°4 Namely, a self-similar string (of Minkowski dimension D € (0,1)) is (strongly) Minkowski 
measurable if and only if it is a nonlattice string (i.e., the multiplicative group generated by its 
distinct scaling ratios is not of rank 1) or, equivalently, if its Minkowski dimension D is the only 
complex dimension of real part D. (It is known from [Lap-vFr3, Theorems 2.16 and 3.6]) that for 
a self-similar string, D is always simple.) 
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is ‘nice enough’ (see Theorem 4.2.17 where the distance zeta function for ‘self- 
similar RFDs’ was computed). On the other hand, it is shown in [Lap-vFr3] that in 
the nonlattice case, there are examples of nonlattice self-similar strings (and hence, 
of ‘self-similar RFDs’ and sets in R) for which it is not fulfilled. (See [Lap-vFr3, 
Example 5.32] showing that for a given self-similar string, it is not always possible 
to choose a screen S passing strictly between the critical line {Res = D} and the 
complex dimensions to the left of this line and along which the RFD is languid.) 

However, we also stress that this issue regarding the nonlattice case is, a priori, 
occurring only in one direction of the desired (Minkowski measurability) character- 
ization theorem; that is, in the direction which aims at proving that, under suitable 
hypotheses, a Minkowski measurable ‘self-similar RFD’ (with a ‘nice enough’ base 
RED or generator) is always nonlattice.”> Indeed, for the other direction, we do not 
need the restrictive assumption about the existence of a suitable screen along which 
the RFD is languid since the desired Minkowski measurability conclusion should 
follow from the sufficient condition provided in Theorem 5.4.2. More specifically, 
in light of Theorem 4.2.17, and under appropriate hypotheses,*° we expect to draw 
the conclusion that a nonlattice self-similar RFD is always Minkowski measurable 
since the only pole on the critical line is its Minkowski dimension (which is equal to 
the maximum of the inner Minkowski dimension of the boundary of the generator 
and the unique real solution of their associated complexified Moran equation, see 
Equation (5.5.186) below), and it is simple. Of course, the above potential “theo- 
rem” should be more precisely stated, with the expressions of ‘self-similar RFD’, 
‘nice enough’ and ‘base RFD’ (or ‘generator’) being unambiguously specified. We 
leave this task for a future work. (See also the end of Subsection 5.5.6 below where 
these issues are addressed and essentially resolved in the important special case of 
self-similar sprays, under mild assumptions.) 


In the next result (Corollary 5.4.23), which follows from a combination of The- 
orem 5.4.2 and Theorem 5.4.20, we recover the aforementioned characterization of 
the Minkowski measurability of self-similar fractal strings (with possibly multiple 
gaps,”’ in the sense of [Lap-vFr3, Chapters 2 and 3]), obtained in [Lap-vFr3, Sec- 


25 Actually, this is only a problem at first glance. In fact, a moment’s reflection shows that it 
suffices to reason by contradiction in order to resolve this problem. Indeed, in the lattice case, 
we can always find a suitable screen satisfying the required hypotheses of Theorem 5.4.20 and, 
consequently, conclude that a lattice RFD is not Minkowski measurable and reach a contradiction 
after an application of Theorem 5.4.20. We will proceed exactly in this manner in the proof of 
Corollary 5.4.23 (where NV = 1), as well as in Subsection 5.5.6, Remark 5.5.26(c), when dealing in 
a similar manner with (higher-dimensional) self-similar sprays. 

26 Tn particular, we assume that the generators of the associated self-similar tilings (or sprays) are 
pluriphase (in the sense of [LapPe3] and [LapPeWil], along with [Lap-vFr3, Section13.1]) and 
(as will be done in Subsection 5.5.6 for self-similar sprays in case (i) of part (c) and part (a) 
of Remark 5.5.26) that the Minkowski dimension of their boundary is strictly smaller than their 
similarity dimension (or, equivalently, than the similarity dimension of the associated self-similar 
tiling or spray). 

27 We note that the general case of multiple gaps precisely corresponds to the general case of 
multiple generators for self-similar sprays; see, especially, part (b) of Remark 5.5.26 in Subsection 
be oa 
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tion 8.4, esp., Theorems 8.23, 8.25 and 8.36, along with Corollary 8.27]. In the proof 
of the next corollary, we will use the known fact (established in [Lap-vFr3, Theo- 
rems 2.16 and 3.6]) that a self-similar string is nonlattice if and only if its only scal- 
ing complex dimension (i.e., the only pole of its geometric or scaling zeta function, 
introduced in Remark 5.5.20 of Subsection 5.5.6) with real part oo (the similarity 
dimension of the string) is 0 itself. Note that this last statement also uses the fact 
(established in a part of [Lap-vFr3, Corollary 8.27]) according to which a lattice 
self-similar string (with multiple gaps) has infinitely many principal scaling com- 
plex dimensions (i.e., potential poles of the geometric or scaling zeta function with 
real part Oo and with nonzero residues) of the form 69 +ikp, where p :=27/logr™!, 
and r € (0,1) is the single generator of the multiplicative group (of rank one) gen- 
erated by the underlying distinct scaling ratios; therefore, it has at least one nonreal 
principal complex dimension. (This latter fact is easy to check in the case of a sin- 
gle gap; then, the set of principal scaling complex dimensions is all of 69 + piZ.) 
Finally, we recall from [Lap-vFr3, Chapters 2 and 3] that oo (and hence, each of the 
other principal scaling complex dimensions) is always simple, either in the lattice 
case or in the nonlattice case. This latter fact is also easy to check directly from the 
definitions. 

In the following corollary of Theorem 5.4.20 (combined with the aforementioned 
results in [Lap-vFr3, Chapters 2 and 3]), 22 denotes an arbitrary geometric realiza- 
tion of a (nontrivial) bounded self-similar fractal string @ := (¢ jap as a bounded 
open subset of R; see Subsection 2.1.4. Furthermore, dQ denotes its boundary (in 
R) and (OQ, Q) is the associated relative fractal drum (or RFD) in R. We note that 
in [Lap-vFr3], the term RFD (or ‘relative fractal drum’) was not used but that an 
equivalent notion was used instead in the present situation of fractal strings. 


Corollary 5.4.23 (Characterization of the Minkowski measurability of self- 
similar strings, [Lap-vFr3, Section 8.4]). Let (9Q,Q) (or @) be a (nontrivial, 
bounded) self-similar fractal string, with (upper) Minkowski dimension D < 1; so 
that D = Oo, its similarity dimension. Then the following statements are equivalent: 


(i) The RFD (0Q,Q) is Minkowski measurable. 


(ii) The self-similar string @ (or, equivalently, the self-similar RFD (0Q,Q)) is 
nontattice. 


(iii) The only principal scaling complex dimension of (0Q,Q) is D = oo. 


Proof. We already know from the discussion preceding the statement of the corol- 
lary that (ii) and (iii) are equivalent, based on the results of [Lap-vFr3, Chapters 2, 
3 and 8]; see, especially, [Lap-vFr3, Theorems 8.23 and 8.36]. 

Next, we show that (i) and (iii) are equivalent. Note that since D = og and op > 0, 
we have that D € (0,1). 

First, observe that (since 0p is always simple) the fact that (iii) implies (7) follows 
from Theorem 5.4.2, the sufficient condition for the Minkowski measurability of 
an RFD. Observe that in order to verify that the hypotheses of Theorem 5.4.2 are 
satisfied by the RFD (0Q,@) and its distance zeta function C39 9, we use the fact 
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that the scaling (and thus, geometric) zeta function Ge of a self-similar string is 
strongly languid with exponent Kk := 0 (and hence, also for any kK > 0), as is shown 
in [Lap-vFr3, Section 6.4, just above Remark 6.12], combined with the key relation 


1—s 
Caa,a(s) = — (5.4.53) 
See Equation (5.5.16) in Subsection 5.5.2 below, where it is proved for any fractal 
string &; here, €¢y = Ce. Therefore, the distance zeta function C30 g is strongly 
d-languid with exponent ky := —1. Consequently (and assuming that (iii) holds), 
the hypotheses of Theorem 5.4.2 are satisfied and so, it follows that (0Q,Q) is 
Minkowski measurable; i.e., (i) holds, as desired. 

Now, all that remains to show is that (i) implies (iii). More explicitly, we need 
to show that the fact that (0Q,Q) is Minkowski measurable, implies that / (or, 
equivalently, (09 Q,Q)) is nonlattice. For this purpose, we reason by contradiction. 
Namely, we assume that (i) holds (i.e., (9.Q,Q) is Minkowski measurable) but that 
£ isa lattice (self-similar) string. Since is lattice,”* its scaling complex dimen- 
sions are located (and periodically distributed) on finitely many vertical lines (pos- 
sibly on a single such line), the right most of which is the vertical line {Res = oo}, 
the critical line (since 69 = D). Therefore, we can obviously choose, as is required 
by the hypotheses of Theorem 5.4.20 (the Minkowski measurability criterion), a 
screen § passing strictly between the vertical line {Res = 69 = D} and all the com- 
plex dimensions (i.e., the poles of 39 9) with real part strictly less than D = oo. 
In light of Equation (5.4.53), it suffices to let S be any vertical line {Res = O}, 
where O € (max{0, 0; }, 6g) and 0; is the abscissa of the second to last (right most) 
vertical line on which the scaling complex dimensions of / (or of (0Q,Q)) are 
located. (If 0) does not exist, then we can choose any O € (0,00).) The fact that the 
strong d-languidity assumption is satisfied by (0Q,Q) is explained in the previous 
step of the proof. The corresponding argument is valid for any self-similar string. 

We may therefore apply Theorem 5.4.20 and deduce from the fact that the RFD 
(0Q,Q) is Minkowski measurable that D = oo must be its only complex dimen- 
sion of real part D = oo.” This contradicts the fact that Y is a lattice string, and 
hence has infinitely many (and thus at least two complex conjugate) nonreal prin- 
cipal scaling complex dimensions. We deduce from this contradiction that “ must 
be a nonlattice string (i.e., (ii) holds) and hence (since (ii) and (iii) are equivalent), 
that (iii) holds, as desired. 

This concludes the proof of the corollary. 


Remark 5.4.24. In Subsection 5.5.6, by using an analogous method, we will extend 
Corollary 5.4.23 to higher dimensions, that is, to a large class of self-similar sprays 
in RY, with N > 1 arbitrary. In the general case (and under some mild assump- 
tions), Minkowski measurability will have to be replaced by ‘possibly subcritical 


28 Tn the case of a self-similar string with multiple gaps, this means that the multiplicative group 
generated by both the distinct scaling ratios and gaps is of rank 1; see [Lap-vFr3, Chapters 2 and 3]. 
2° Note that, in light of (5.4.53) and since 69 > 0, it follows that the principal complex dimensions 
of (0Q,Q) and the principal scaling complex dimensions coincide: Y-(G99.0) = Ac(Cg). 
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Minkowski measurability’, in a sense to be explained there. (See especially, part (c) 
of Remark 5.5.26.) 


Next, we give the counterpart of Theorem 5.4.20, but now expressed in terms of 
the tube zeta function C4 o (instead of the distance zeta function ¢4 @) and with the 
restriction dimg(A,Q) < N removed in this case. 


Theorem 5.4.25 (Minkowski measurability criterion in terms of E40). Let 
(A, Q) be a relative fractal drum in RN such that D := dimg(A, Q) exists. Further- 
more, assume that (A,Q) is languid for a screen S passing strictly to the left of 
the critical line {Res = D} and strictly to the right of all the complex dimensions 
of (A,Q) with real part strictly less than D. Then the following statements are 
equivalent: 


(a) The RFD (A, Q) is (strongly) Minkowski measurable. 


(b) D is the only pole of the relative tube zeta function bro located on the critical 
line {Res = D}, and it is simple. 


Proof. First of all, if D = dimg(A,Q) < N, then, again, the conclusion of the theo- 
rem follows from Theorems 5.4.2 and 5.4.15 together with Remark 5.4.16. 

In the case when D = N, we will embed (A,Q) into R‘*!, as was done in Sub- 
section 4.7.2, and then use Theorem 4.7.9. The fact that (b) implies (a) is a conse- 
quence of Theorem 5.4.2 since there are no restrictions of the type dimg(A,Q) <N 
in the hypotheses of that theorem. Actually, it follows directly from the definition of 
the relative Minkowski content that dimg(A,Q) = N implies that .# (A, Q) exists 
and @%(A,Q) =|ANQ|. 

In order to prove that (a) implies (b), we embed (A,Q) into RXt! as (A,Q), := 
(A x {0},Q x (—6,6)), for some suitable 6 > 0, and conclude from Theorem 4.7.9 
that the relative tube zeta functions of the RFDs (A,@) and (A,Q), are connected 
by the approximate functional equation (4.7.26) from Theorem 4.7.9 (for M = 1); 
that is, 


val (S*4+1); 


CAx{0},Qx(—6,6) (556) = rCSE=41) Ca,a(s36) + E(s;6). (5.4.54) 


Here, 6 > 0 is chosen such that bs o( -;0) satisfies the languidity hypothesis of the 
theorem. We will now show that C4 x {0},0(-5,5)( -;0) satisfies the needed languid- 
ity conditions of Definition 5.1.3 and use Theorem 5.4.15 to conclude the proof. The 
error function E(-;6) is holomorphic on the open left half-plane {Res <N+1} and 
bounded by 28°°-"|A5 7 Q\|y (F — 1) (see the proof of Theorem 4.7.2 and Equa- 
tion (4.7.8)). In other words, E(-;6) is languid (with a languidity exponent equal 
to 0). Furthermore, for any a,b € C such that Re(b—a) > 0, we have the following 
pointwise asymptotic expansion: 

T(zta) yp (—1)"B*) (a) P(b-atn) 1 

T(z+b) _ x n! T(b-a) 2 


as |z|—> too, (5.4.55) 
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in the sector |argz| < .*° Substituting z:= “S* +1, a:=0 and b := 1/2 into 
Equation (5.4.55), we obtain that 


r(*5541) 1 (2n)!V2(—1)"B/)(0) 
~(N 2) 2 co 
T (541) vee) Dy niyiNashay oS Isl te, 
(5.4.56) 
for all s € C \ [N +2, +0°).?! In particular, we have that 
rasa 
it) =O(|s|~/?) as |s| 3 +e, (5.4.57) 


for all s € C \ [N+ 2,+c°), from which we conclude that the product of this ra- 
tio of gamma functions with the relative tube zeta function €4 @(-;6) is languid 
with a languidity exponent no greater than k — 1/2, where « is the languidity ex- 
ponent of in a@(-36). This fact, along with Equation (5.4.54) and the languidity of 
E(-;6), implies that C4 x {0},2x(—5,5)( -;0) is languid with the same choice of a dou- 
ble sequence (7)nez\{o} and the screen S' as for €, o(-;6) and with a languidity 
exponent no greater than max{« — 1/2,0}. 

On the other hand, if (A,Q) is Minkowski measurable, then this is also true 
for the embedded RFD (A x {0},Q x (—6,6)). In light of Lemma 4.7.5, this fact 
follows in a completely analogous way as in the case of bounded subsets of R™ 
which was proven in [Kne] (see also [Res]) and extended to RFDs in Subsection 
4.7.2 above. We now conclude the proof by invoking Theorem 5.4.15, or rather, 
its counterpart expressed in terms of the relative tube zeta function (see Remark 
5.4.16). 


In the next corollary of Theorem 5.4.20 and 5.4.25, and in light of Lemma 5.4.11 
and Remark 5.4.16, we can indifferently interpret the (principal) complex dimen- 
sions of the RFD (A,Q) as being the (principal) poles of either the distance, tube, 
shell or Mellin zeta function of (A,Q). This is the reason why we assume that the 
hypotheses of both Theorems 5.4.20 and 5.4.25 are satisfied; i.e., we assume that 
dimg(A,Q) < N in order to avoid the situation when N is a pole of the tube zeta 
function but is not a pole of the distance zeta function, which may happen. 


Corollary 5.4.26 (Characterization of Minkowski measurability in terms of the 
complex dimensions). Let (A, Q) be a relative fractal drum in R, with N > 1 arbi- 
trary, such that D := dimg(A, Q) exists and D < N. Assume also that any of its frac- 
tal zeta functions (specifically, C4.q or Ca.o, respectively) satisfies the hypotheses 
of Theorem 5.4.20 (or of Theorem 5.4.25, respectively) concerning the languidity 
and the screen. Then, the following statements are equivalent: 


30 Here, BY? (x) is the n-th generalized Bernoulli polynomial (see, e.g., [SriTod] for the exact def- 
inition and an explicit expression). See also [Tem, Subsection 3.6.2] for this result on the asymp- 
totics of ratios of gamma functions. 

ee . 2n)! 
31 We have used here the classic identity (1/2) = \/z and, more generally, P(1/2+n) = ul JT, 
for every n € No. 
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(a) The RFD (A, Q) is (strongly) Minkowski measurable. 


(b) D is the only complex dimension of the RFD (A, Q) with real part equal to D 
(i.e., located on the critical line {Res = D}), and it is simple. 


5.4.4 h-Minkowski Measurability and Optimal Tube Function 
Asymptotic Expansion 


In this subsection, we first obtain a very general result (Theorem 5.4.27) about gen- 
erating h-Minkowski measurable RFDs, where h(t) := (logt—!)’"~! for all t € (0, 1) 
and m is a positive integer, by using only some information about the principal 
poles and their multiplicities. Its proof rests on the use of the pointwise tube for- 
mula (Theorem 5.1.13). Theorem 5.4.27 is in fact a partial converse of Theorem 
4.5.1. Especially important is the asymptotic expansion of the tube function stated 
in Equation (5.4.60), from which it is possible to deduce the optimal tube function 
asymptotic expansion for a class of h-Minkowski measurable RFDs, as stated in 
Theorem 5.4.29. 

We invite the reader to review the definition of a gauge function / provided in 
Subsection 4.5.1 above (in the text surrounding Equation (4.5.10)) as well as, in par- 
ticular, of the corresponding notion of Minkowski h-measurability. (See also Section 
6.1 below, with the obvious changes in notation, such as the bounded set A being re- 
placed by the RFD (A, Q).) The notion of Minkowski h-measurability is motivated, 
geometrically and physically, by the study of non power law scaling behavior which 
arises in many natural examples. See [HeLap] and the relevant references therein. 


Theorem 5.4.27 (Generating /-Minkowski measurable RFDs). Let (A,Q) be a 
relative fractal drum in RN which is languid with languidity exponent K < —1 or 
such that (AA,AQ) is strongly languid for some 4 > 0 with languidity exponent 
« <0, fora screen S passing strictly between the critical line {Res = dimg(A,Q)} 
and all the complex dimensions of (A,Q) with real part strictly less than D := 
dimg(A,Q). Furthermore, suppose that D is the only pole of its relative tube zeta 
function Cao with real part equal to D of order m > \ and, additionally, that there 
exists (at most) finitely many nonreal poles of fra with real part D. Moreover, 
assume that the multiplicity of each of those nonreal poles is of order strictly less 
than m. Then, dimg(A,Q) exists and is equal to D:= D. Moreover, ?(A,Q) exists 
and is equal to +°°; hence, (A,Q), is Minkowski degenerate. 

Finally, an appropriate gauge function for (A,Q) is h(t) := (logt-!)""!, for all 
t € (0,1), and we have that, relative to h, the RFD (A,Q) is not only Minkowski 
nondegenerate but is also Minkowski measurable with Minkowski content given by 


Ma Pai men, (5.4.58) 
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where bro [D]_ denotes the coefficient corresponding to (s —D)~" in the Laurent 
expansion of C4.q around s = D. Moreover, if there is at least one nonreal complex 
dimension on the critical line {Re = D}, then the tube function t ++ |A;NQ| has the 


following pointwise asymptotic estimate: 
|A, OQ] =t%~Ph(t)( M+ O((logt7')~')) as t+ 0+, (5.4.59) 


while if D is the unique pole of Oe on the critical line (i.e., the unique principal 
complex dimension of (A,Q)), we have the following sharper asymptotic estimate: 


|A-NQ| =t"-Pa(t)( H+ 00? -P5)) as tt. (5.4.60) 


Proof. Let @ := D := dimg(A,Q),** and let w; := D+ iy;, where y; € R \ {0} for 
j €J and J is a finite and symmetric subset of Z\ {0}. That is, {@;} jc, is the (finite) 
set of all the other poles of a gq located on the critical line {Res = D}, i.e., with real 
part D. We also let y := 0 and mo := m, in order to be consistent with the notation 
introduced just below. Furthermore, for each j € J, let mj; be the multiplicity of 
@; and then, by hypothesis of the theorem, we have that m; < m for every j € J. 
By Theorem 5.1.13 and since the screen S is strictly to the right of all the other 
complex dimensions of (A,Q) with real part strictly less than D and strictly to the 
left of the critical line {Res = D}, we obtain a pointwise tube formula for (A, Q) 
with an error term which is of strictly higher asymptotic order as t + 0* than the 
term corresponding to the residue at s = D; that is, we have the following pointwise 
tube formula with error term: 


IANQ|= > res(t%*C4.0(s),@;) + O(N 5) ast Ot. (5.4.61) 
jeJU{0} 


We next consider the Taylor expansion of t’~* around s = @ ); (for each j € JU {O}): 


oo —L\n 
tN-# — gN-0y els—amj)logt _ pN-a; cc ) (s—@;)"; (5.4.62) 
n=0 a 
we then multiply it by the Laurent expansion of Ca: q(s) around s = @; and extract 
the residue of this product in order to deduce that 


~ mj—1 logt—!)" ~ 
res(tY~* Cy 0(s),@;)=t% ¥ Le [@j]-n-1- (5.4.63) 


! 
n—0 Nn. 


In light of this identity and of (5.4.61), we conclude that dimg(A,@) exists and is 
equal to D. Furthermore, since m; < mo =m, we conclude that the highest power 
of logt~! appearing in the fractal tube formula (5.4.61) is m— 1, and that it appears 
only in the sum (5.4.63) when j = 0. Therefore, if we choose h(t) := (logt—!)"~! 


32 Tt will follow from the proof that dimg(A, Q) exists and that D = dimg(A, Q) and hence, is equal 
to D. 
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for all t € (0, 1) as our gauge function, the statements about the Minkowski content 
and the gauge Minkowski content (in the usual sense as well as with respect to h) 
now also follow from the fractal tube formula (5.4.61). 

We easily deduce Equations (5.4.59) and (5.4.60) from (5.4.61) by rewriting 
(5.4.63) as follows: 


lo to! n—m+1 _ 
ae lee 


(5.4.64) 


mj—1 
N-s? ) _,N-D D-0; 
res(t” °C4 a(s),@j) =t" A(t) Dy ae mI 


Indeed, for 7 = 0, we have that mp = m and @ = D; so that the term on the right- 
hand side of (5.4.64) corresponding to n = m— | is equal to sil s (i.e., to @, 
the A-Minkowski content of (A,@); see Equation (5.4.58) above), while for any 
n€ {0,...,m—2} (if this set is nonempty, i-e., if m > 2), we are left with a function 
which is O((logt—!)~!) as t + O+ (if m = 1, the corresponding function is absent; 
i.e., it is equal to zero). Equations (5.4.59) and (5.4.60) then follow because for 
740 (j€J), we have that |t?~®| = 1 (since D— @; is a purely imaginary complex 
number) and (logt—!)”-"+! = O((logt—!)~!) as t + 0*. 
This concludes the proof of the theorem. 


Remark 5.4.28. In light of the proof of Theorem 5.4.27, the error term O((logt~!)~!) 
in Equation (5.4.59) can be slightly improved to O((logt~!)"~""*!), where n is the 
largest positive integer such that n <_m-— 1 and for which there exists j € J such 
that Ca,Q [@j]—n—-1 #~ 0. 


The further to the left we can meromophically extend the tube zeta function Cy: Q 
of a given RFD (A, 2) (meaning, the smaller the value of supS, for a given screen S 
relative to which C4 q is admissible), the sharper the estimate (5.4.60) in Theorem 
5.4.27. Therefore, if we denote by .7(A,Q) the family of all possible screens S such 
that the tube zeta function 4 ‘4.q admits a meromorphic extension to a connected open 
neighborhood of the corresponding window W = W(S), it is natural to define the 
following (extended) real number: 


or(A,Q) := noe S € [-co,dimg(A, Q)], (5.4.65) 


which we call the order of the RFD (A, Q). It is clear that 


or(A,Q) < Dmer(Ca Q); (5.4.66) 


where DisalC,; q) is the abscissa of meromorphic continuation of the tube zeta func- 
tion C4 a. In light of Equation (5.4.60) in Theorem 5.4.27, we can then deduce the 
following significant conclusion. 


Theorem 5.4.29 (Optimal tube function asymptotic expansion). Let (A,Q) be 
a relative fractal drum such that the conditions of Theorem 5.4.27 are satisfied, 
with D := D(€4.q) being the unique pole of C49 in the open right half-plane 
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{Res > Dmer(6a.a) }; of order m > 1. Then, (A, Q) is h-Minkowski measurable with 
h-Minkowski content “(A,Q,h) = . Furthermore, for any positive real number 
€, the tube function t +> |A; 0 Q| has the following pointwise asymptotic expansion, 
with error term: 


JA, 0. Q| = tNP A(t) (MH + O(1P~Pree(a.2)-€)) as t— Ot, (5.4.67) 


where h(t) := (logt!)""~! for all t € (0,1). 

Moreover, the asymptotic formula in Equation (5.4.67) is optimal; that is, the ex- 
ponent D— Dmmer(Ga.a) appearing in the error term cannot be replaced by a larger 
number. In addition, the order of the RFD (A,Q) is equal to the abscisssa of mero- 
morphic continuation of the corresponding tube zeta function f,a; i.é., 


or(A, Q) = Diner (E4,a).- (5.4.68) 


Proof. First of all, by using Theorem 5.4.27 and since for any € > 0 there exists 
S € Y such that supS > or(A, Q) +€, we have that 


JA, NQ| = 2*Pa(e)( + O(7P-4-2)-£)) ast 4 OF. (5.4.69) 


Equation (5.4.67) then follows from (5.4.66). 
In order to establish the optimality of the asymptotic formula in Equation 
(5.4.67), we reason by contradiction. Assume that we have 


A, NQ| =t%~Pa(t)(W+O(t%)) as t0",~ (5.4.70) 


for some real number _ 
a > D—Dyer(Ga,a)- (5.4.71) 


(Here, in the statement of (5.4.71), we can omit € since without loss of generality, we 
can always choose a smaller real number @ satisfying the same strict inequality.) In 
light of Theorem 4.5.1 (applied with m— 1 instead of m), we conclude that an gq can 
be meromophically extended (at least) to the open right half-plane {Res > D— a}. 
It then follows from the definition of the abscissa of meromorphic continuation that 
Died Cao) < D—a. On the other hand, we deduce from (5.4.71) that D—a < 
Dies C4, q), which contradicts the previous inequality. 

Finally, in order to prove Equation (5.4.68), it suffices to note that, due to the 
optimality proved just above, we must have that D — or(A,Q) < D— Dmer(Ga.0) 
(see Equations (5.4.69) and (5.4.67)); i.e., or(A,Q) > Dieser (Ca) which together 
with (5.4.66), implies the desired equality (5.4.68). This completes the proof of the 
theorem. 


In other words, assuming that the conditions of Theorem 5.4.29 are satisfied, we 
have shown that the larger the difference 


(A, Q) := D(€4.0) — Dmer(G,,0) (5.4.72) 
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between the abscissa of (absolute) convergence and the abscissa of meromorphic 
continuation of the tube zeta function C4 9 of a given RFD (A,@Q), the better the 
asymptotic estimate (5.4.67) of the tube function t > |A;.Q| when t —> OF. 


Our next result, Theorem 5.4.30, can be viewed as the converse of Theorem 
4.5.1, about the existence of meromorphic extensions of the tube (or distance) zeta 
functions of suitable Minkowski measurable RFDs. In addition, it shows that, in 
some precise sense, these results are optimal. 


Theorem 5.4.30. Let (A, Q) be an RFD such that the conditions of Theorem 5.4.27 
are satisfied. Furthermore, assume that there exists a positive real number such 
that the relative tube zeta function C,4.Q can be meromorphically extended to the 
open right half-plane {Res > D— a}, with D := D(e,.0) being the unique pole of 
&; 9 in this right half-plane, of order m > 1. Then, the tube function t > |A,NQ| 
has the following pointwise asymptotic expansion, with error term of order 0: 


|A,NQ| =t Pn(t)(W+O(t%)) as t+ 0*, (5.4.73) 


where the gauge function h is given by h(t) := (logt—!)"~! for all t € (0,1) and 
M = M(A,Q,h) is the h-Minkowski content of (A,Q). 
Moreover, if we let 


r(A,Q) := sup{Res: 5s € P(&,.a) \ {D}}, (5.4.74) 


then the tube function t ++ |A, Q| has the following poinntwise asymptotic expan- 
sion, with error term, for any positive real number €: 


JA; N.Q| =2%-Ph(t) (H+ O(7P-"A:2)-£)) ast 0, (5.4.75) 


Proof. Equation (5.4.73) follows from Equation (5.4.59) of Theorem 5.4.27, by 
choosing the screen S to be the vertical line {Res = D— a}; that is, S(x) :=D-—a 
for all x € R. Indeed, in this case, we have D— supS = D—(D-—a) =a. 

Equation (5.4.75) follows easily from (5.4.73) by letting a := D—r(A,Q)-e, 
for € > 0 small enough. Indeed, for such an €, s = D is the only pole in the open 
right half-plane {Res > r(A,Q)+€ =D-a}. 


In light of the functional equation (4.5.2) connecting the relative distance zeta 
function with the relative tube zeta function, it is clear that when dimgA < N, 
the value of the order @(A,Q) can be analogously defined by using the rela- 
tive distance zeta function C4 9 instead of the relative tube zeta function ae in 
Equation (5.4.72). Furthermore, D(64.9) = D(4.9) = dimg(A,Q), Dmer(S4.0) = 
Dial Cia): and the analog of Theorem 5.4.29 can be easily stated and proved in 
the case of the relative distance zeta function of a given RFD (A,Q), instead of the 
relative tube zeta function. 


Remark 5.4.31. It may be that the conclusion of Theorem 5.4.27 (and of Theorem 
5.4.32 below, respectively) is also true in the case when there exists an infinite 
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sequence of nonreal complex dimensions of (A, Q) with real part D such that each of 
them has multiplicity strictly less than that of D.** The fractal tube formula (5.4.61) 
((5.4.78), respectively) also holds pointwise in this case, but in order to obtain the 
conclusion about dimg(A,Q) and the h-Minkowski measurability of (A,Q), we 
have to be able to justify the interchange of the limit as t > 0* and the infinite 
sum which appears in this case in Equation (5.4.61) (respectively, (5.4.78)). A pri- 
ori, we do not have such a justification to our disposal without making additional 
assumptions on the nature of the convergence of the sum in (5.4.61) (respectively, 
(5.4.78)). 


It would be interesting to try to extend the above result and obtain a type of 
gauge Minkowski measurability criterion, in the likes of Theorem 5.4.20. (Some 
of the results obtained in [HeLap] may be useful for this purpose.)** See Theorem 
4.5.1 for a partial converse of the above theorem in the case when the relative tube 
function satisfies the following pointwise asymptotic expansion, with error term: 


|A;NQ| =t% P(logt |)" "1H +0(t%)) as t0*, (5.4.76) 


where m € N and a > 0. 


As always, we can reformulate the above theorems in terms of the distance 
(instead of the tube) zeta function. As an example, we state the counterpart for C4 0 
of Theorem 5.4.27. 


Theorem 5.4.32. Let (A,Q) be a relative fractal drum in IRN such that 
dimg(A,Q) < N. Also assume that (A,Q) is d-languid with Kq <0 or is such 
that (AA,AQ) is strongly d-languid for some 2 > 0 with Ky < 1, for a screen S 
passing strictly between the critical line {Res = dimg(A,Q)} and all the complex 
dimensions of (A,Q) with real part strictly less than D := dimg(A,Q). Further- 
more, suppose that D is the only pole of the relative distance zeta function C4 0 
with real part equal to D of order m > | and, additionally, that there exists (at 
most) finitely many nonreal poles of 6, 9 with real part D. Moreover, assume that 
the multiplicity of each of those nonreal poles is of order strictly less than m. Then, 
dimg(A,Q) exists and is equal to D := D. Also, ?(A,Q) exists and is equal to 
+00; hence, (A,Q), is Minkowski degenerate. 

In addition, an appropriate gauge function for (A,Q) is h(t) := (logt~!)"~! for 
all t € (0,1) and we have that, relative to h, and in the terminology of Definition 
6.1.4 of Section 6.1 below, the RFD (A,Q) is not only h-Minkowski nondegenerate 
but is also h-Minkowski measurable, with h-Minkowski content given by 


33 See Example 5.5.22 where we are in such a situation and the conclusion of Theorem 5.4.32 
holds. 

34 Recall, in particular, that in [HeLap], a gauge Minkowski measurability criterion was obtained 
for fractal strings, extending to the case of non power laws the one obtained (when h = 1) in 
[LapPol-2]. This criterion does not involve the notion of complex dimensions and is stated only in 
terms of the underlying gauge function h and the asymptotic behavior of the lengths of the string. 
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Ca,Q [D] —m 


M? (A,Q,h) = WW D)m_ 1!" 


(5.4.77) 


where C4 o|D|—m denotes the coefficient corresponding to (s —D)~" in the Laurent 
expansion of C49 around s = D. 

Finally, the exact same conclusions as in Theorem 5.4.27 hold concerning the 
asymptotic expansion of |A; Q| in either (5.4.59) or (5.4.60), but with C4.q in 
place of Cao in the respective hypotheses. 


Proof. We will prove the theorem in the special case when D is the only pole with 
real part equal to D. The general case then follows analogously as in the proof of 
Theorem 5.4.27. Let D := dimg(A,Q). By Theorem 5.3.16, we have the following 
pointwise asymptotic tube formula, with error term: 


N-s 
|A; 1Q| =res (= fa(s),D) +0("*°5) ast 0t. (5.4.78) 
= 


Furthermore, we expand (N —s)~! into a Taylor series around s = D: 


Ly 1D), 
N-s » ni(N—D)rt1” 


(5.4.79) 
we then multiply the resulting Taylor series by (5.4.62) in order to obtain the fol- 


lowing Taylor expansion of t’~*/(N — s) around s = D: 


tN-s 5 on (—1)"-* (logr-!)é 
N-s =; Lb Ki(n—k)\(N — D2 1 


(5.4.80) 


We next multiply the above Taylor series (in (5.4.80)) by the Laurent expansion of 
€4.a(s) around s = D and extract the residue of the resulting product to deduce that 


tN-s a m-1_n = K (logt— ye Ca.q|D J-n-1 
res = Ca,a(s), D) = = (n—kK)\(N—D)r eT 


We then complete the proof of the theorem by reasoning analogously as in the proof 
of Theorem 5.4.27. 


5.5 Examples and Applications 


In this section, we illustrate the theory of fractal tube formulas developed in Sec- 
tions 5.1—5.3 (along with the associated Minkowski measurability criterion obtained 
in Section 5.4) by means of several examples of bounded (fractal) sets and rel- 
ative fractal drums. These examples include the line segment and the (N — 1)- 
dimensional sphere (Subsection 5.5.1), the recovery of the known tube formu- 
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las (from [Lap-vFr3]) for fractal strings (Subsection 5.5.2), the Sierpinski gasket 
and the 3-dimensional Sierpinski carpet, along with the inhomogeneous higher- 
dimensional N-gasket RFDs, with N > 3 (Subsection 5.5.3), a suitable version of 
the Cantor graph (the “devil’s staircase’) and an associated discussion of ‘fractal- 
ity’ expressed in terms of the presence of nonreal complex dimensions (Subsection 
5.5.4), two families of examples which are not self-similar, namely, fractal nests 
and unbounded geometric chirps (Subsection 5.5.5), as well as, finally, the recov- 
ery and significant extensions of the known fractal tube formulas (from [LapPe2-3, 
LapPeWi1—2]) for self-similar sprays (Subsection 5.5.6). 


5.5.1 The Line Segment and the Sphere 


We begin by considering the trivial example of the unit interval in R, which illus- 
trates the case when we cannot use the distance zeta function in order to recover the 
tube formula, since D = N = 1. 


Example 5.5.1. Let I = [0,1] be the unit interval in R. Then the meromorphic con- 
tinuations to C of its distance and tube zeta functions are respectively given by 


s - s s—1 
= 20 and ¢,(s) = 20 + for alls € C. (5.5.1) 
Ss g= 


Ci(s) 1’ 


As we can see, the distance zeta function fails to provide information about the 
Minkowski content in this case, because the pole at s = | is canceled by means of 
the functional equation (2.2.23). On the other hand, it is clear that G, is strongly 
languid if we choose 6 > 1 for « := —1 and a sequence of screens consisting of the 
vertical lines {Res = —m}, where m € N. We then recover from Theorem 5.1.14 the 
following exact pointwise tube formula: 


Z,| =t%— res(Z,0) +t! res(G;, 1) = 2t +1, (5.5.2) 


initially valid for allt € (0,6). Actually, since 6 > 1 may be taken arbitrary large, the 
exact tube formula (5.5.2) is valid for all t > 0. Note that, of course, it is immediate 
to check directly that the tube formula (5.5.2) holds for all t > 0. 


Next, let us look at the example of the (N — 1)-dimensional sphere in RY, for 
which the tube zeta function has been explicitly calculated in Example 2.2.21. 


Example 5.5.2. Let Br(0) be the ball of R% centered at the origin and with radius 
R > 1; furthermore, let A := OBr(0) be its boundary, i.e., the (N — 1)-dimensional 
sphere of radius R. Then, for a fixed 6 € (0,R), the tube zeta function of A is mero- 
morphic on C and given by 


N 6° N+k 
) for alls EC. (5.5.3) 


N 
# (5) = _ (1) pN-k eee 
f(s) = aw arya" (1) 
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Moreover, we have shown in Example 2.2.21 that dimg A = D(&) = N—1 and that, 
in addition, the set of complex dimensions of A is given by 


Ps) = P(&,C) = {N-(2j+1):7=0,1,2,..., paar 
= {N-1,N-3,...,.N- (2|~5-| +1)}. 


(5.5.4) 


Also, A(&4) = A(ba). ; ; 
The residue of the tube zeta function C, at any of its poles m € A(C,) is given 
by 


res(G4,m) = 2@y (ae. (5535) 


Observe that, by choosing 6 = 1, we have that a is strongly languid with 
«k = —1. More specifically, we may take the sequence of screens S,, as the sequence 
of vertical lines {Res = —m}, with m € N. Then, in light of Theorem 5.1.14 (the 
strongly languid case), we recover the following well-known tube formula of A; 1.e., 
for all t € (0,1), we have successively: 


IAJ= > th res(f4,a) 


we P(Ea) 
Ever 2 
= (2i+1 pN-(2j+1 
7 > ee) (5.5.6) 


N /N 
= 1—(—1))rkRN- 
av (4) (—1))#R 
= wy ((R+1t)% —(R-1)"). 


We refer to Theorem 4.5.6 on page 359 and the discussion surrounding it for a 
large class of additional examples of exact (pointwise) tube formulas for bounded 
sets and relative fractal drums in R% associated with compact sets of positive reach, 
including compact convex sets in RY and compact smooth submanifolds of R. 
Recall that Theorem 4.5.6 relied in a key manner on the tube formula obtained by 
H. Federer in [Fed 1]. 


5.5.2 Tube Formulas for Fractal Strings 


In the present subsection, we apply our general theory of fractal tube formulas 
for relative fractal drums (and, in particular, for bounded sets) in R’ to the one- 
dimensional case (i.e., N = 1) in order to recover the known (pointwise and dis- 
tributional) fractal tube formulas for fractal strings obtained in [Lap-vFr3]. [Com- 
pletely analogously, we could obtain fractal tube formulas for bounded closed (or, 
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equivalently, compact) subsets of the real line.] We begin by discussing the proto- 
typical example of the Cantor string (viewed as an RFD), in Example 5.5.3, and 
further illustrate our results by means of two well-known examples, namely, the Fi- 
bonacci string (in Example 5.5.9) and the a-string (in Example 5.5.10). Along the 
way, we discuss the case of general fractal strings as well as the associated fractal 
tube formulas. 


Example 5.5.3. (The standard ternary Cantor set and string). Let C be the stan- 
dard ternary Cantor set in [0,1] and fix 6 > 1/6. Then, it is easy to deduce from 
the discussion in Example 2.1.82 that the ‘absolute’ distance zeta function of C is 
meromorphic in all of C and given by 


gl-s 25° 


——————— for all 5.7 
fc.c;(s) s(G°—2) + e? ora séeC, (5.5.7) 


where the term 26*/s corresponds to the integral over the ‘outer’ neighborhood 
of the two endpoints 0 and 1. Consequently, the relative distance zeta function of 
(C, (0, 1)) is also meromorphic on all of C and given by 


Cc,(0,1) (5) = s(@F=0)’ for alls € C. (5.5.8) 


Hence, in light of (5.5.7) and (5.5.8), the sets of complex dimensions of the Cantor 
set C and of the Cantor string (C, (0,1)), viewed as an RFD, coincide: 


P(bc) = Pl(Sc0,1)) = {O} U (10852 ai iz) ; (5.5.9) 


In (5.5.9), each of the complex dimensions is simple. Furthermore, the Minkowski 
dimension D := dimg(C,(0,1)) of the Cantor string exists and D = log32, the 
Minkowski dimension of the Cantor set, which also exists. Furthermore, p := 2% 
is the oscillatory period of the Cantor set (or string), viewed as a lattice self-similar 
set (or string); see [Lap-vFr3, Chapter 2, esp., Subsection 2.3.1 and Section 2.4]. 

It is clear that (AC,A(0,1)) is strongly d-languid for Ky := —1, any A > 2 
and a sequence of screens consisting of the vertical lines {Res = —m} for m € 
N, along with the constant B, := 2/A in the strong languidity condition L2’.*° 
Theorem 5.3.16 (or, really, Theorem 5.3.17 since all of the complex dimensions 
of the RFD are simple) then enables us to recover the following exact point- 
wise fractal formula for the inner f-neighborhood of C, whch is valid for all 


t € (0,min{1/A,1/2}) = (0,1/2): 


35 Without loss of generality, we can fix 6 > 1, here. 
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IC, (0, 1)| = res | —— 
B om( 


wc P(Sc,(0,1) : 
ti-@ 
= oy = res (€c,(0,1);@) 
0€ P(Sc,(0,1)) 
1 te (2p) !-% (5.5.10) 


 2log3 A“, (1 — a) ox 
(27)? -+eo O7)- 
2log3 pare os (1 = My) Oy 

= t'?G (log3(2t)') — 28, 


where @; := D+ ikp for each k € Z, D := dimg(C, (0, 1)) = log; 2 (as above), and 
p:= ror denote, respectively, the relative Minkowski dimension and the ‘oscillatory 
period’ of the Cantor string RFD (C,(0,1)) in R (or, equivalently, of the Cantor 
string -Zcs). Furthermore, G is the positive, nonconstant 1-periodic function, which 
is bounded away from zero and infinity and given by the following Fourier series 


expansion: 
2-D e2mikx 


G(x) : 


(5.5.11) 


= log3 @y(1 — Wx)" 


keZ 


In (5.5.10), the second equality follows from the fact that all of the complex di- 
mensions of (C, (0, 1)) are simple (see also Theorem 5.3.17 above), while the third 
equality is obtained by computing the residues of Cc,(0,1) at each s := @ (for k € Z) 
and at s = 0; in particular, we have that 


~O% 
res (60,01), &) = at for all k € Z. (5.5.12) 

Of course, the above exact pointwise fractal tube formula (5.5.10) coincides with 
the one obtained by a direct computation for the Cantor string (see [Lap-vFr3, 
Subsection 1.1.2]) or from the general theory of fractal tube formulas for fractal 
strings (see [Lap-vFr3, Chapter 8, esp., Sections 8.1 and 8.2]) and, in particular, for 
self-similar strings (see, especially, [Lap-vFr3, Subsection 8.4.1, Example 8.2.2]).*° 
Note that the ‘absolute’ tube function |C;,| has the same expression as in (5.5.10) 
above but now without the term —2r, which is in accordance with (5.5.7). 

Finally, observe that, in agreement with the lattice case of the general theory of 
self-similar strings developed in [Lap-vFr3, Chapters 2—3, and Section 8.4], we can 
rewrite the pointwise fractal tube formula (5.5.10) as follows (with D := dimgC = 
log, 3): 


t"-P)Vo oy (t) =t- "1G, (0, 1)| = G (log; (2t)~!) + 0(1), (5.5.13) 


36 Caution: in [Lap-vFr1, Subsection 8.4], the Cantor string is defined slightly differently, and 
hence, C is replaced by 37!C. 
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where G is given by (5.5.11). Therefore, since G is periodic and nonconstant, it is 
clear that ~~ Ve.0,1) (t) cannot have a limit as t + 07. It follows that the Cantor 
string RFD (C,(0,1)) (or, equivalently, the Cantor string “¢cs) is not Minkowski 
measurable but (since G is also bounded away from zero and infinity) is Minkowski 
nondegenerate. (This was first proved in [LapPol—2] via a direct computation, 
leading to the precise values of 4%, and .@*, and reproved in [Lap-vFr3, Sub- 
section 8.4.2] by using either the pointwise fractal tube formulas or a self-similar 
fractal string analog of the Minkowski measurability criterion; i.e., of the N = 1 
case of Theorem 5.4.20; see Remark 5.4.22 and, especially, Corollary 5.4.23.) Note 
that, of course, as was alluded to just above, we can also deduce the Minkowski 
nonmeasurability of (C,(0,1)) from the N = 1 case of Theorem 5.4.20. Indeed, 
D := dimg(C, (0,1)) = log,2 < 1, although it is simple, is not the only complex 
dimension of the RFD (C,(0,1)) (or, equivalently, of the Cantor string) with real 
part equal to D, since G is nonconstant. In addition, the remaining hypotheses of 
Theorem 5.4.20 are clearly satisfied. 


The above example demonstrates how the theory developed in this chapter gen- 
eralizes (to arbitrary dimensions N > 1) the corresponding one for fractal strings 
developed in [Lap-vFr3, Chapter 8].°” More generally, the following result provides 
a general connection between the geometric zeta function of a nontrivial fractal 
string L = (€;) j>1 and the (relative) distance zeta function of the bounded subset 
of R given by 


j2k 


Ag:= {« = Sea] (5.5.14) 


or, more specifically, of the RFD (Av, (0,2)). See also Remark 5.5.5 and Equation 
(5.5.16) below. 


Proposition 5.5.4. Let & = (€;);>1 be a nontrivial bounded fractal string and let 
C:= Cy(1) = X5_) 6; denote its total length. Then, for every 6 > ¢;/2, we have the 
following functional equation for the distance zeta function of the relative fractal 
drum (Ag, (0, £)): 


ql-s 
C4 v.(0.0) (835) = ——Cg(s); (5.5.15) 


valid on any connected open neighborhood U © C of the critical line {Res = 
dimg(A.v,(0,2))} to which any (and hence, each) of the two fractal zeta functions 
CA y,(0,0) and C ¥ possesses a meromorphic continuation. 


37 One should somewhat qualify this statement, however, because the higher-dimensional coun- 
terpart of the theory of fractal tube formulas for self-similar strings developed in [Lap-vFr3, Sec- 
tion 8.4] is not developed in this book in the general case of self-similar RFDs (and, for example, of 
self-similar sets satisfying the open set condition), except in the special case of self-similar sprays 
discussed in Subsection 5.5.6 below. 

38 Tf we do not require that 6 > ¢,/2, then we have that C4 ,,(s;5) = 2!~°s!€y(s) +v(s), where 
v is holomorphic on {Res > 0}. On the other hand, in order to apply the theory, we may restrict 
ourselves to the case when 6 > ; /2. 
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Furthermore, if Cv is languid for some languidity exponent kv € R, then 
Cay,(0,0)(-36) is d-languid for the d-languidity exponent Kg := Kv — 1, with any 
6 > ¢,/2. 

Moreover, if Cv is strongly languid, then so is C,ay(0,a0)(-6A) for any A > 2 
and any 6 > €;/2. 


Proof. The functional equation (5.5.15) is already derived in Example 2.1.58. More 
precisely, it follows from Equation (2.1.84) and the principle of analytic contin- 
uation. Furthermore, the statements about the languidity follow directly from the 
definition. 


Remark 5.5.5. There is nothing special about the bounded set Ay C R associated 
with &, as was already pointed out in Corollary 2.1.61 and the comments sur- 
rounding it (see also Remark 5.5.6 below). In fact, in the statement of Proposition 
5.5.4, we could replace Ay with dQ, where the bounded open set 2 C R is an 
arbitrary geometric realization of the fractal string . Similarly, in recovering the 
fractal tube formulas for fractal strings obtained in [Lap-vFr3, Chapter 8], one can 
use C99,0 ‘= $9a,9(-36) instead of Cay (0.0) = Say,(0,2)(-39). This is precisely 
what we will do in the subsequent discussion. 


Let OQ be the boundary of Q, where the bounded open set Q C R is any geomet- 
ric realization of the bounded (nontrivial) fractal string # such that dimg (dQ, Q) < 
1. Then, under suitable hypotheses (namely, we assume that either Cj9 9 or Cy has 
a meromorphic continuation to a connected open neighborhood U of the critical 
line {Res = dimg(9Q,Q)}), we have (much as in (5.5.15) above) the following 
key functional equation connecting the distance zeta function Cj9 9 of the RFD 
(0Q,Q) and the geometric zeta function ¢ y of the fractal string L£ := (0;)7_, (see 


also part (ii) of Corollary 2.1.61 on page 92 for more detailed information):*? 


l-s 
Con,a(s) ==), (5.5.16 
valid for all s € U. Of course, it then follows that each of the two fractal zeta func- 
tions C99.9 and Cy has a unique meromorphic continuation to all of U. 
Consequently, by choosing U := W to be the interior of a suitable window W 
(with an associated screen S$), we deduce from the results of Section 5.3 that the 
tube function 


Ve(t) = |{x EQ : d(x,dQ) <t}|1 = Va a(t) (5.5.17) 


39 We note that the functional equation (5.5.16) is valid, without any hypothesis on the bounded 
fractal string & (or on its distance and geometric zeta functions), for all s € C with Res suffi- 
ciently large (namely, for Res > D, where D := dimg(0Q,Q) = D(€39 g) = D(€v)). Its proof is 
provided in the proof of part (ii) of Corollary 2.1.61 on page 92. 
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can be expressed via the following fractal tube formula (with or without error term 
and pointwise or distributionally, depending on the assumptions), for every 6 > 
,/ 2:40 


Ve(t) =Voo,a(t) 


l-s 
= »y = (J foa0(0)) +R5} alt) 


0€ 9 (bn o,W (5.5.18) 


Qi 
s(1—s) 


re ( Cv(s),0) +R2), (0), 
w€ P(C90,0;W) 


where, in the languid case, we have the error estimate Re (7) =O SP) as 


02,2 
t—>0* or Re) = o(t!~P5) as t + 0+ (also depending on the hypotheses; 
more specifically, in order to obtain the better error estimate, we also have to as- 
sume that the screen S is strictly to the left of the vertical line {Res = sup S}), or 
else, Rae (t) =0 and W := C in the strongly languid case. Here, A(Ca9,.0,W) 
denotes the set of visible complex dimensions of (0Q,Q), visible through a given 
window W (with an associated screen S$), and in light of the counterpart for the 


RFD (dQ, Q) of Equation (5.5.15) along with Remark 5.5.5, we have that 


P(S30,0,W\{0}) = ACz, W \ {0}), (5.5.19) 


where the equality holds between multisets. Furthermore, if 0 © W and if ¢ (0) is 
defined and not equal to zero (i-e., if ¢(0) 40), then, O€ A(Ca9.0, W) and it has 
multiplicity one. On the other hand, if 0 € A( Cv, W) and is a pole of multiplicity 
m for some m €N, then, 0 € A(Cg9.9, W) and it has multiplicity m + 1. In other 
words, we have the following equality between multisets: 


P(Sa0,.2,W) = ASv,W)U {0}oew, 6410) 40> (5.5.20) 


where {O}oew, ¢y(0)40 iS equal to {0} if 0 € W and Cy(0) #0, and to the empty 
set otherwise. 

If, in addition, each of the visible complex dimensions of (0Q,Q) (i.e., each 
pole of 39.9 in W) is simple, then (in light of (5.5.18)) the fractal tube formula 
(5.5.18) takes the following simpler form: 


Ve(t) =Vog.a(t) 


1l-—@ 
= ~ oll =a) E2000) +262 Mew (5.5.21) 
oc A(Cv,W 
+R) o@), 


40 Namely, we are assuming here either the hypotheses of Theorem 5.3.16 (i.e., of Theorem 5.3.11 
at level k = 0), for the pointwise tube formula, or else, the hypotheses of Theorem 5.3.21 (i.e., of 
Theorem 5.3.19 at level k = 0), for the distributional tube formula. 
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where the (pointwise or distributional) error term RY! Q 


(in the languid case) or else, Re g(t) =0 and W := C (in the strongly languid 
case). Here, the term {2r¢.¥(0)}ocw is equal to zero if 0 ¢ W and to 2t¢ (0) 
if O € W. If, however, 0 is a simple, visible pole of Cv, then we should replace 
{2t¢¥(0)}ocw on the right-hand side of (5.5.21) by the term 


(t) is estimated as above 


2t(1 —log(2r)) res(Cv,0) + 2r¢ y[0]o, (5.5.22) 


where € [0] stands for the constant term in the Laurent series expansion of Cy 
around s = 0. This is in agreement with [Lap-vFr3, Corollary 8.3] (resp., [Lap-vFr3, 
Corollary 8.10]) in the case of a distributional (resp., pointwise) fractal tube formula. 

Note that in light of (5.5.19), formula (5.5.18) can be rewritten as follows, in 
terms of the set A(C.v, W) of all visible poles of € v (see also Remark 5.5.7 below): 


Ve(t) =Voo,a(t) 


2, 1—s 
= E 5 Cz(s), 0) (5.5.23) 


res ( 
oc P(Cyv,W) 
0 
+ {216 2(0) }oew\ a(ty,W) +R5} alt); 


which is in agreement with [Lap-vFr3, Theorem 8.1] (resp., [Lap-vFr3, Theo- 
rem 8.7]) in the case of a distributional (resp., pointwise) fractal tube formula. 
Naturally, A(C.v,W) is viewed as a multiset; that is, on the right-hand side 
of (5.5.19) or (5.5.20), each visible ‘scaling complex dimension’ @ € A(Cv,W) 
(i.e., each visible pole of the geometric zeta function ¢y) occurs according to 
its multiplicity. An entirely analogous comment can be made about the multiset 
FP (Caa,9,W) and the associated visible complex dimensions @ € A(Ca9.0, W). 


Remark 5.5.6. As was first observed in [LapPo1—2] and as can be easily checked via 
a direct computation, Vj9 9 depends only on the fractal string 2 = (¢ Dj and not 
on the chosen geometric representation of & via a bounded open set QC R. (See 
also [Lap-vFr3, Equation (8.1), p. 238].) Hence, we may use the notation V39 9 = 
Vy. More specifically, a moment’s reflection reveals that for every t > 0, we have 
that 

Vaaalt)= ¥ 2+ Y. &, (5.5.24) 


0j>2t €j<2t 
which clearly depends only on the fractal string 2 = (¢;)7"_). 


Remark 5.5.7. In [Lap-vFr3], the elements of A(C.v,W) are called the (visible) 
complex dimensions of &. In the present book, the relationship with the actual 
(visible) complex dimension of the RFD (0Q,Q) (ie., the visible poles of C99 0) 
is given by Equations (5.5.19) and (5.5.20), along with the text surrounding them. 
Much as in [LaPe2—3, LapPeWil—2] and [Lap-vFr3, Section 13.1], we propose to 
refer to the elements of A(Cv, W) (ie., to the visible poles of the geometric zeta 
function ¢) as the visible scaling complex dimensions of the fractal string 7. 
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Similarly, ¢ will also be occasionally referred to as the scaling zeta function of 
£ (or rather, of the associated RFD (0Q,Q)) and denoted by Ge; see, especially, 
Subsection 5.5.6 and the text surrounding Problems 6.2.35, 6.2.36 and 6.2.38. 


Remark 5.5.8. We leave it as an easy exercise for the interested reader to use the 
counterpart for the RFD (0Q,Q) of the functional equation (5.5.15) in Proposition 
5.5.4 in order to express the languidity, as well as the strong languidity conditions, 
in terms of the geometric zeta function ¢y instead of the distance zeta function 
Ca0.q- Furthermore, the reader can easily check that the results of Example 5.5.3 
concerning the Cantor string 


Bei ) 


3°9°9' 27° 27° 27' 27 
(see, especially, Equation (5.5.10)) are compatible with both (5.5.21) and (5.5.23). 
Indeed, in light of (5.5.8) and (5.5.15), we have (for all s € C) 


(5.5.25) 


1 
Ccs(s) = 359? (5.5.26) 


from which it follows that Ccs(0) = —1 and (with W := C) the term {216 7(0) hocw 
in both (5.5.21) and (5.5.23) becomes —2r, in agreement with (5.5.10). 


Let us now apply Proposition 5.5.4 (along with Remark 5.5.5) and the above 
discussion in order to recover the formula of the tubular volume of the boundary of 
a well-known fractal string studied in [Lap-vFr3, Subsection 2.3.2]. 


Example 5.5.9. (The Fibonacci string). Let Fib be the Fibonacci string (with total 
length 4) where the sequence of distinct lengths is given by €; := 2-/, for j © No, 
and each length @; has multiplicity F}+. Here, for each n € No, F, denotes the n-th 
Fibonacci number defined by the following recursion formula: 


Fi4i=ht+F,-1 forall n>1, and Fo:=0, Fp :=1. (5.5.27) 


Then, for the geometric zeta function of the Fibonacci string, we have (see 
[Lap-vFr3, Equation (2.20)]) 


1 
Crib (s) = {_3-8 4-8 for all s € C, (5.5.28) 
and we deduce from Proposition 5.5.4 that 
QI1-s gst 
i) = j 5.5.29 
Caray, (0.4) (55 1) s(1—2-8—4-5) — s(4°—25—1) ( ) 


also for all s € C. Therefore, one can easily check that the set of complex di- 
mensions of the RFD (Agip, (0,4)) consists solely of simple poles of Cy... (0,4) = 


Carin.(0,4)( -; 1) and is given by 
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P (Chew) = PCrey,(0.4) = (—D+ 5° +piZ) U{0}U(D+piZ), (5.5.30) 


where D := dimg(Agip, (0,4)) = log, ¢, with @ = (1+ V5)/2 being the golden 
mean, and with oscillatory period p := 27/log2. (Here, Fib is viewed as a lattice 
self-similar string; see [Lap-vFr3, Chapter 2, esp., Subsection 2.3.2].) Similarly as 
in Example 5.5.3, one checks that we can apply Theorem 5.3.16 with any A > 1/2 
and a corresponding By := 1/(2A) in order to recover the following exact pointwise 
fractal tube formula, valid for all  € (0, 1): 


Veib(t) = Variy,(0,4) (t) = | (Arib) 9 (0, 4)| 


ti-s 
= > res (tanioa(o0) 


OCP (Capi) 


1-—@ 
7 verte) _,, 1°85 (Carip,(0.4)> ®) (5.5.31) 
7 (2r)!-o eo Qpre 
V5log2 ae (1 —D—- ikp) (D + ikp) 
(2t)!+?(@ _ 1) =b90 (2r)~iP/2—ikp 


V5log2 ,., (1+ D—ip/2—ikp)(—D + ip/2+ ikp)’ 


Of course, the above formula coincides with the formula derived in [Lap-vFr3, 
Subsection 2.3.2]. It is also consistent with the discussion (of fractal tube formu- 
las for fractal strings) following Proposition 5.5.4 above, in the strongly languid 


case (hence, with W := C and Ro (0,4) (t) = 0) and in the pointwise case. (See, in 


particular, Equation (5.5.21), where we have set Ro (0,4) (t) =0.) 

Much as we did for the Cantor string in Equations (5.5.10) and (5.5.11), it is 
now immediate to rewrite (5.5.31) in the following form, which is consistent with 
the general theory of (exact pointwise) fractal tube formulas for lattice self-similar 
strings developed in [Lap-vFr3, Subsection 8.4.2, esp., Theorem 8.4.2]: 


Veib (t) = (2t)'~? Gy (logy (2t)~") — 2t + (2r)'*? Go (log, (2t)~"), (5.5.32) 


where G, and Gy are explicitly known nonconstant 1-periodic functions on R; fur- 
thermore, G; and |G2| are bounded away from zero and infinity. 


Example 5.5.10. (The a-string). For a given a > 0, the a-string -Z, can be realized as 
the bounded open set Q, C R obtained by removing the points j~“ for 7 € N from 
the interval (0, 1); that is, 


=U (Gt) 4), (5.5.33) 
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so that the sequence of lengths of %, is defined by 
£;=j7°-°-G+1), for j=1,2,..., (5.5.34) 
and dQ, ={j-*: j> 1}U{0} =Ayv U{0}. Hence, its geometric zeta function is 
given (for all s € C such that Res > dimg %,) by 
Cad= DG= yt U+y%y’ 
j=l j=l 


It then follows from Proposition 5.5.4 that for 6 > (1 —2~°)/2, its distance zeta 
function is given by (see Remark 5.5.11 at the end of this subsection) 


C4-v, (0,1)(8:5) = s2alS) _ Age 5 i" wi colew (5.5.35) 
where the second equality holds for all s € C such that Res > dimg -% while the 
first equality holds for all s € C (since, as will be recalled just below, ¢.y, and hence 
also ¢ Ay, (0,1)> admits a meromorphic extension to all of C). 

Furthermore, the properties of the geometric zeta function Cy, of the a-string 
are well-known (see [Lap-vFr3, Theorem 6.21]). Namely, ¢.y, has a meromorphic 
continuation to the whole of C and its poles in C are located at 


1 
a+l1 


D:= dimg % = dimgA v, = (5.5.36) 
and at (a subset of) {— 7%) 
res(€v,,D) = Da”.*! In addition, for any screen S not passing through a pole, 
the function Cy, satisfies L1 and L2 with « := 5 —(a+ 1)infS, if infS < 0 and 
K i= 5 if inf S > 0. From these facts and Equation (5.5.35), we conclude that the 
set A y, is d-languid with Ky := —5— (a+ 1)infS if infS < 0 and with Kq := —3 if 
infS > 0. For each M € No, where (as before) No := NU {0}, we can now choose 
the screen Sjy to be some vertical line between —4a and —H2 and let Wy be 
the corresponding window. Applying Theorem 5.3.21, we now obtain the following 
asymptotic distributional formula for the tube function t ++ |(A.v,), (0, 1)| when 
t>0r: 


:m € N}. Moreover, all of its poles are simple and 


1l-s 
4zkNG0I= res (7 E19 (638) 
) 


we PACs y .War (5.5.37) 


+ (rt -ePS), 


41 Tn [Lap-vFr3, Theorem 6.21], it is stated that res(C. g,,D) =a”, which is a misprint. More 
specifically, in the proof of that theorem, the source of the misprint is the fact that the residue of 
€((a+1)s) at s=1/(a+ 1) is equal to 1/(a+1) and not to 1. Here, ¢ is the Riemann zeta function. 
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More specifically, since we know that all the poles are simple and ¢ (0) = —1/2 
(see [Lap-vFr3, p. 205]), we have that 
res(Cay,,D) = has 8 ae res(C.v,,D) = hale a 
res(Ca ,0) =2¢% (0) =—1. 
Consequently, and in agreement with the discussion following Proposition 5.5.4 in 


the special case of simple complex dimensions (see, especially, Equation (5.5.21) 
above), we have that 


(5.5.38) 


res (Cv, —mD) (2r) 1+mD 
(1+mD)mD (5.5.39) 


gl-DgP = M 
(Az, 0,1) == 1 > 


m=1 


+O(tOHDP) as +0,” 


where the sum is interpreted as being equal to 0 if M = 0. In particular, dimgA v, = 
D (as was stated above), and, according to Theorem 5.4.20 (the Minkowski mea- 
surability criterion), the a-string is Minkowski measurable with Minkowski content 
given by 
q1-D_D 
1—D° 
as was first established in [Lap1, Example 5.1] and later reproved in [LapPo1l-—2] via 
a general Minkowski measurability criterion for fractal strings (expressed in terms 
of the asymptotic behavior of (¢;)7_,, here, £; ~ a j'/> as j >) and then, in 
[Lap-vFr1—3] (via the theory of complex dimensions of fractal strings, specifically, 
via the special case of Theorem 5.4.20 when N = 1). We point out that (5.5.39) 
coincides with the ‘inner’ tube formula of the a-string (see [Lap-vFr3, Subsec- 
tion 8.1.2]).** Furthermore, by choosing a screen to the right of —D/2, we conclude 
that (5.5.39) is actually valid pointwise since then, Ky < 0 (see Theorem 5.3.16). 


M”(Ag,) = 


(5.5.40) 


Remark 5.5.11. Throughout the discussion provided in Example 5.5.10, and without 
affecting any of the results, we could have replaced the RFD (A v,,(0,1)) by the 
equivalent RFD (0.Q,, Qa), where Q, is defined by (5.5.33) and, more generally, by 
the RFD (0Q,Q), where Q is an arbitrary geometric realization of the fractal string 
-Ly. Indeed, as we know from Subsection 5.5.2 (see, especially, Remark 5.5.5), all of 
the results obtained here are independent of the choice of the geometric realization 
of the fractal string %. 


#2 More precisely, the two expressions coincide after we have taken into account the misprint 
mentioned in footnote 41 on page 490 and added the term 2¢4(0) which seems to have been 
forgotten in [Lap-vFr3]. 
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5.5.3 The Sierpinski Gasket and 3-Carpet 


In this subsection, we provide an exact, pointwise fractal tube formula for the 
Sierpinski gasket (Example 5.5.12) and for a three-dimensional analog of the 
Sierpinski carpet (Example 5.5.13). Naturally, although the required computation 
is somewhat more complicated, one could similarly derive from our general re- 
sults in Section 5.3 exact, pointwise fractal tube formulas for the N-dimensional 
analogs of the Sierpinski gasket and carpet, with N > 2 arbitrary. We leave it to 
the interested reader to carry out the corresponding detailed computations and to 
imagine other (two- or higher-dimensional) examples of self-similar fractal sets or 
self-similar RFDs which can be dealt with explicitly within the present general the- 
ory of (higher-dimensional) fractal tube formulas.*? The example of the Sierpiriski 
3-carpet discussed in detail in Example 5.5.13 below should give a good idea as 
to how to proceed in other, related situations, including especially for the higher- 
dimensional inhomogeneous N-gasket RFDs (with N > 4) discussed in Example 
4.2.26 and for other self-similar RFDs which can also be dealt with within the gen- 
eral theory of fractal tube formulas and their applications developed in this chapter. 


Example 5.5.12. (The Sierpiriski gasket). Let A be the Sierpitiski gasket in R?, con- 
structed in the usual way inside the unit triangle. Furthermore, we assume without 
loss of generality that 6 > 1/4\/3, so that As be simply connected. Then, the dis- 
tance zeta function C4 of the Sierpiriski gasket is meromorphic on the whole com- 
plex plane and is given by 


Ca(s;6) = (5.5.41) 


for all s € C (see Proposition 3.2.3 in Subsection 3.2.1). In particular, the set of 
complex dimensions of the Sierpinski gasket is given by 


PUL) = PlLs.C) = {0,1} (1og.3+ S52), (5.5.42) 


with each complex dimension being simple. 
By letting a := log, 3+ ikp (for each k € Z) and p := 27/1log2, we have that 


6(/3)!-% 
= for all k € Z 54 
Tes(Ca,@%) = Fo Aoe Delay i) rake z, (5.5.43) 


res(C4,0) =3V3+2m, and res(f4,1) =0. (5.5.44) 


43 The authors have recently obtained an explicit fractal tube formula for the Koch drum (or the 
Koch snowflake RFD), by using the general theory developed in this chapter. This important ex- 
ample should be discussed in a later work and its conclusions compared with those of [LapPe1] 
(as discussed in [Lap-vFr3, Subsection 12.2.1]). 
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Similarly as in Examples 5.5.3 and 5.5.9, one can check that €,,,(-;6A) is strongly 
languid with Kz := —1 for every 6 > 1/2\/3 and any A > 2,\/3; so that we can 
apply Theorem 5.3.16 (or, more specifically, its corollary given in Theorem 5.3.17 
at level k = 0 and in the case of simple poles) in order to obtain the following exact 
pointwise fractal tube formula: 


2-s 
AS & res (4 Gx(5:8),00) 
we A(C4) = 

eo ~ 0 ,—-ik 
2-Iog,3 6V3 a) as a eae n)t 


=t 
log2 , 47, (2 — Ox) (@ — 1) a 2 


3V3 
=f? -G(log, 1!) + es +n)P, 


valid for all t € (0,1/2\/3). (Here, G is a positive, nonconstant 1-periodic func- 
tion, which is bounded away from zero and infinity and is given explicitly by the 


convergent Fourier series G(x) := re Sie, aati for all x € R.) 


Note that this fractal tube formula coincides with the one obtained in [LapPe3] 
and [LapPeWil] and, more recently, via a different (but related) technique 
in [DenKoOU]. 


Fig. 5.2 The pairwise congruent pyramids into which we subdivide the cube A; from Example 
5.5.13. Eight of them, corresponding to one face of A;, are shown here. 


Example 5.5.13. (The 3-carpet). Let A be the three-dimensional analog of the Sier- 
pinski carpet. More specifically, we construct A by dividing the closed unit cube of 
IR? into 27 pairwise congruent cubes and remove the open middle cube. Then, we 
iterate this step with each of the 26 remaining smaller closed cubes; and so on, ad 
infinitum. By choosing 6 > 1/6, we have that Ag is simply connected. Let us now 
calculate the distance zeta function C4 of the three-dimensional carpet A. Note that 


Ca(s30) = Car(s) + Caas\r(5), 
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where / denotes the closed unit cube in R?. Let us denote by B, the open unit cube of 
side 1/3 removed in the first step of the construction; so that we have the following 
equalities: 


Car(s) = Ca.p, (5) + Carp, (8) = Sap, ,B, (8) + 2603-14 3-17(5), (5.5.45) 


for all s € C with Res sufficiently large. The first equality is obvious, while the 
second equality in (5.5.45) follows from the self-similarity of A. More precisely, 
this equality follows since the relative fractal drum (A,/ \ B,) consists of 26 copies 
of (A,/) scaled down by 3~!. Hence, by the scaling property of the relative distance 
zeta function (see Theorem 4.1.40), we have that 


Car (S) = Cop,,p, (8) +26-3-*Car(s), 


which yields 


for all s € C with Res sufficiently large. The distance zeta function Cjz, 2, can be 
easily calculated by dividing the cube B, into 48 pairwise congruent pyramids (see 
Figure 5.2) and then integrating in local Cartesian coordinates (x,y) € IR* over each 
resulting pyramid: 


(5.5.46) 


C al tel ay 27% ae 5.5.47 
B,,B, (5) = 7. [ y fz oe DGD) (5.5.47) 
valid for all s € C such that Res > 2. On the other hand, the distance zeta function 
CAA 5\1(5) corresponding to the ‘outside’ of the unit cube J is easy to calculate once 
we have subdivided the parts that correspond to the faces, edges and vertices of 
the unit cube and used local Cartesian, cylindrical and spherical coordinates in R?3, 
respectively: 


1 1 5 1/2 5 1 
Crags) =6 fdr [ay [eo Pacti2 fag [ear [ac 
0 0 0 0 0 0 


n/2 m/2 5 
+8 | sin0 d0 : do i play (5.5.48) 
0 0 0 
_ 665? 6nd! | 405° 
a er = ee 


again valid for all s € C such that Res > 2. From the above calculation and from 
(5.5.46) together with (5.5.47), we deduce that €4 can be meromorphically contin- 
ued to all of C and is then given by 


48-278 4n5° 66°"! 66°? 
s(s—1)(s—2)(35-26) s ° s—1 tg ee 


Ca(s) := Ga(s,6) = 


for every s EC. 
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It follows that the set of complex dimensions of the 3-carpet A is given by 
PCa) = A(Ca,C) = {0,1,2}U (log; 26+ piZ), (5.5.50) 


where D := log, 26 (= D(C,)) is the Minkowski (or box) dimension of the 3-carpet 
A and p := 277/1og3 is the oscillatory period of A (viewed as a lattice self-similar 
set). In (5.5.50), each of the complex dimensions is simple. Furthermore, a routine 
computation shows that 


24 96 
res(C4,0) = An — 5, res(C4,1) = on 5, tes(Ca,2) = 55 (5.5.51) 


and, by letting @; := log; 26+ ikp (for all k € Z), 


24 
13 - 2% ay (gp — 1)(@, — 2) log3° 


res(C4, Mk) = (5.5.52) 


One also easily checks that the hypotheses of Theorem 5.3.16 (or, really, of The- 
orem 5.3.17 since all of the complex dimensions in (5.5.50) are simple) are satisfied 
for every 6 > 1/2 and any scaling factor A > 2, and thus we obtain the following 
exact pointwise tube formula, valid for all ¢ € (0, 1/2): 


24 p3—logs 26 +90 JQ Oe ¢—ikp 
13log3 jae (3 _ x) (Wy _ 1)(@ = 2) Wy 


6 Io, (ae. 8% 


In particular, we conclude that D := dimgA = log; 26 (as was noted before) and, 
by Theorem 5.4.20, that the three-dimensional Sierpinski carpet is not Minkowski 
measurable, which is expected (see [Lap3]). We also point out that the part 6f + 
3nt* +4207 /3 from the above Equation (5.5.53) is exactly equal to |/,| — ||, where 
Tis the closed unit cube of R?. 

Finally, we note that clearly, the first term on the right-hand side of (5.5.53) can 
be rewritten in the following form (still with D := dimgA = log; 26): 


IA; | = 


(5.5.53) 


t? > G(log;t'), (5.5.54) 


where G is a positive, nonconstant 1-periodic function which is bounded away from 


zero and infinity and is given explicitly by the convergent Fourier series G(x) := 


Bis pais G aCeIIC — Naz’ for all x € R. Therefore, also as expected (see 


[Lap3]), the 3. -carpet is Minkowski nondegenerate: 0 < .4@,(A) <.@*(A) < ©. 


Of course, exactly the same comment as above about the Minkowski nonmea- 
surability and the Minkowski nondegeneracy could have been made about the 
Sierpinski gasket discussed in Example 5.5.12. 
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5.5.4 A Relative Fractal Drum Generated by the Cantor Function 


The example dicussed in this subsection, namely, a version of the Cantor graph (or 
“devil’s staircase”, in the terminology of [Man1]) plays an important role in showing 


Fig. 5.3 The third step in the construction of the Cantor graph relative fractal drum (A, Q) from 
Example 5.5.14. One can see, in particular, the sets By, A; and A, for k = 1,2,3. 


why the notion of complex dimensions gives a lot more information than the mere 
(Minkowski or Hausdorff) fractal dimension, as will be explained below in relation 
to the elusive notion of “fractality”’. 

We invite the interested reader to review the discussion of the classic Cantor 
graph provided in the introduction to this book in Remark 1.2.1 of Section 1.2, 
along with Figures 1.5, 1.6 and 1.7 on pages 25-28. 


Example 5.5.14. (The Cantor graph RFD). In this example, we compute the distance 
zeta function of the RFD (A,Q) in R?, where A is the graph of the Cantor function 
(i.e., the Cantor graph) and Q is the union of triangles A; that lie above and the 
triangles A, that lie below each of the horizontal parts of the graph denoted by By. 
(At each step of the construction there are 2‘! pairwise congruent triangles A, and 
A.) Each of these triangles is isosceles, has for one of its sides a horizontal part of 
the Cantor graph, and has a right angle at the left end of By, in the case of Ax, or at 
the right end of By, in the case of Ax. See Figure 5.3. 

For obvious geometric reasons and by using the scaling property (see Theo- 
rem 4.1.40) of the relative distance zeta function of the resulting RFD (A,Q), called 
the Cantor graph RFD, we then have the following identity: 
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C4,0(s) =D) 2a, a, (5) 
k=1 
= Y2C3-'p, 3-#0, (5) (5.5.55) 


= 2k  2¢z, a, (s) 
= Sai.oi(s) By 3ks — egea 


valid for all s € C with Res sufficiently large. Here, (By, 1) is the relative frac- 
tal drum described above with two perpendicular sides of length equal to 1. It is 
straightforward to compute its relative distance zeta function: 


= . * s—2 = 1 
t,ar(s) = f ax [y Oey (5.5.56) 


valid, initially, for all s € C such that Res > 1 and then, upon meromorphic contin- 
uation, for all s € C. This fact, combined with the last equality of Equation (5.5.55), 
gives us the distance zeta function of (A,Q), which is clearly meromorphic on all 
of C: ; 
= ————., foralls €C. 5.5.57 
Ca,.a(s) Ga 2sn I)’ or all s € ( ) 
We therefore deduce that the set of complex dimensions of the RFD (A, Q) is given 
by 
20. 
Absa) = Plbsa.€) = {0.1} (logs2+ Siz), (65.58) 
with each complex dimension being simple. 
We conclude from Theorem 5.4.2 that dimg(A,@) = 1 and that the RFD (A,Q) 
is Minkowski measurable. Moreover, one also deduces from Theorem 5.4.2 that the 
(one-dimensional) Minkowski content of (A, Q) is given by 


res(Ca a, 1) _ 


1 =_ 
M'(A,Q) = 8 


(5.5.59) 
which coincides with the length of the Cantor graph (i.e., the graph of the Cantor 
function, also called the devil’s staircase in [Man1]). 

In the sequel, we associate the RFD (A, A, /3) in R? to the classic Cantor graph.** 
We do not know if (5.5.58) coincides with the set of complex dimensions of the ‘full’ 
graph of the Cantor function (i.e., the original devil’s staircase), or equivalently, the 
RFD (A,Aj/3), but we expect that this is indeed the case since (A, @2) is a ‘relative 
fractal subdrum’ of (A,Aj1/3). Moreover, it clearly follows from the construction of 
(A, Q) that for the distance zeta function of the RFD (A,Aj/3) associated with the 
graph of the Cantor function, we have 


44 Recall that the classic Cantor graph (or ‘full Cantor graph’) was discussed at some length in the 
introduction (Chapter 1), on pages 25-28; see, especially, Remark 1.2.1 along with Figures 1.5, 
1.6 and 1.7. 
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CAAy/3 (s) = Ca, (s) oh CA,A1/3\Q (s). (5.5.60) 


In order to prove that A(C,4.9), given by (5.5.58), is a subset of the complex dimen- 
sions of the ‘full’ Cantor graph, it would therefore remain to show that C4 4, A\a (s) 
has a meromorphic continuation to some connected open neigborhood U of the crit- 
ical line {Res = 1} such that U contains the set of complex dimensions of (A, Q), 
as given by (5.5.58), and that there are no pole-pole cancellations in the right-hand 
side of (5.5.60). 

One easily checks that A°C, (5; 1/3) is strongly d-languid for any A > 1, with 
Kg := —2, and thus we can apply Theorem 5.3.16 in order to obtain the following 
exact pointwise fractal tube formula for the RFD (A, Q), valid for all t € (0,1): 


Zoe (s.0(01,0) 


Va.a(t) = |ArNQ| 


wc P(Ca.a 
105 (C4.0(s),0) 
= res (L4,a(s),0 
@€ P{l4.9) 2 (5.5.61) 
f2—log3 2 eo pike 
= 2-4 2 


log3 fas (2 = Mx) (Wy = 1) @ 


= 24? ~Per + p?-PesGop (log,t7!) +2”, 


where @; := log;2 + ikp (for each k € Z), Dcr = dimg(A,Q) = 1, Dcs = log; 2 
and p := 27/log3. 

In the last line of (5.5.61), Gcr is a nonconstant 1-periodic function on R, which 
is bounded away from zero and infinity. It is given by the following convergent (and 
even, absolutely convergent) Fourier series: 


1 eo e2mikx 


Ger (x): for allx ER. (5.5.62) 


7 log3 =o (2— Mx) (Op — 1)a@,’ 


Note that in order to obtain the third equality in (5.5.61), and hence also the above 
expression for Gcr given in (5.5.62), we have used the fact that (in light of (5.5.57) 
and (5.5.58)) 

1 


= 5.5.63 
log 3(@g — 1) a,’ ( ) 


res (C4,0(s), Ox) 


for all k € Z. 

It follows from (5.5.61) and (5.5.62) that even though this version of the Can- 
tor graph, described by the RFD (A, Q), is Minkowski measurable and hence does 
not have any oscillations of leading order, it has oscillations of lower order, cor- 
responding to the complex dimensions of the Cantor set (or string) of the form 
Des + ikp, with k € Z (see Example 5.5.3, especially, Equation (5.5.9)); that is, it 
has subcritical oscillations, of order 2— Dcs © 1.3691, where Des := log; 2 is the 
Minkowski dimension of the Cantor set (or string). In fact, in light of the point- 
wise fractal tube formula (5.5.61) and since the RFD (A, Q) has Minkowski content 
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Mcp := M(A,Q) = 2 (see Equation (5.5.59) above), as well as Minkowski dimen- 
sion Dcr := dimg(A,Q) = 1, we have that 


0< lim inf t~(2—Des) | cpt? Per — Va.aQ (t)| 
t>0 
5.5.64 
< limsup t-(2-Pes) | Act? Per —Va.o (t)| < 09, 
t>0+ 


Hence, we see that even though the leading term (as t — 07) in the fractal tube 
formula (5.5.61) is of order 2— Dor = 1 (1.e., of order t2-9cr = t), determined by the 
Minkowski dimension Dcr = | of (A, Q), as should be case, and is monotonic (and 
therefore, nonoscillatory), the asymptotic second term, h(t) := t?~P°SG(log,t~'), 
is of order 2 — Dcs, determined by the Minkowski dimension Dcs = log; 2 of the 
Cantor set (or string), and is oscillatory (in fact, multiplicatively periodic, or “log- 
periodic”, to use the physicists’ terminology). 


Remark 5.5.15. (Critical vs subcritical fractals). Recall from Remark 4.6.24 that a 
geometric object is said to be “fractal” if it has at least one nonreal complex di- 
mension (or if its fractal zeta function has a (meromorphic) partial natural boundary 
along a suitable screen, in which case it is said to be “hyperfractal’’). (See [Lap-vFr3, 
Sections 12.1 and 12.2], along with [Lap-vFr3, Subsection 13.4.3], as adapted and 
extended to our general higher-dimensional theory of complex dimensions in Sub- 
section 4.6.3 above, especially, in Definition 4.6.23, Remark 4.6.24 and the com- 
ments following it.) Accordingly, the present version of the Cantor graph (i.e., the 
RFD (A, Q) from Example 5.5.14 just above) is “fractal” in this sense. 

In addition, following [Lap-vFr1—3] (see, especially, [Lap-vFr3, Section 3.7]), 
given d € R (with d < N), we say that a geometric object is fractal in dimension 
d if it has at least one nonreal (visible) complex dimension of real part d.> (Au- 
tomatically, it will then have at least one pair of nonreal complex conjugate com- 
plex dimensions of real part d.) If the object in question is an RFD (A,Q) (and, 
in particular, a bounded set A) in R%, with upper (relative) Minkowski dimension 
dimg (A, Q) (or, in particular dimgA) denoted by D, then we can distinguish between 


the following two different and interesting cases:*° 


(i) (Critical case). The RFD (A,Q) is fractal in dimension d := D, in which 
case (A, Q) is said to be critically fractal. Indeed, under suitable hypotheses, it then 
follows from the fractal tube formulas of Sections 5.1—5.3 that it has at least one 
nonreal complex dimension on the critical line {Res = D}, thereby giving rise to 
geometric oscillations of leading order. 


(ii) (Subcritical case). The RFD (A, Q) is not fractal in dimension D (i.e., it does 
not have any nonreal principal complex dimension), but it is fractal in some dimen- 


45 We allow here the number d to be nonpositive, since it enables us to deal with a broader class of 
potential fractals. 

46 We assume here implicitly that the fractal zeta function of (A,Q) under consideration has a 
meromorphic extension to a connected open neighborhood of the critical line {Res = dimg(A, Q)}, 
say, to the interior of a window W with associated screen S such that supS < D := dimg (A,Q). 
We also assume that D € R; i.e. (since D < N), D #4 —~. 
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sion d < D. The RFD (A,Q) is then said to be subcritically fractal. (Sometimes, 
we will also say that (A,Q) is “strictly subcritically fractal” in order to emphasize 
the fact that d < D, and we will say that (A, Q) is “possibly subcritically fractal” in 
order to indicate that d < D instead of d < D.) 


[Other cases are possible, such as (A,@Q) being hyperfractal, even in case (i) 
or (ii), or else (A,Q) being nonfractal; that is, neither having a nonreal (visible) 
complex dimension nor being hyperfractal. However, we are not concerned with 
these situations in the present context.] 


Given an RFD (A,Q), we define @ € RU {—°}, the subcriticality index of 
(A, Q), via the following formula: 


O = 04.9 := sup{d € R: (A,Q) is fractal in dimension d}. (5.5.65) 


By convention, we let 04.9 = —° if (A,Q) is not fractal in dimension d, for any 
d €R. Clearly, we always have 4 9 < D<N. 


We note that even if (A,Q) is subcritically fractal, it could happen that 04,9 = 
D := dimg(A, Q). This is the case, for instance, if (A,Q) := (0Q,Q) is a generic, 
nonlattice self-similar string, in the sense of [Lap-vFr3, Subsection 3.2.1].*” Then, 
as was conjectured in [Lap-vFr3, Subsection 3.7.1] (as well as, more specifically, 
in reference [Lap—vF6] of [Lap-vFr3]) and later proved in [MorSepVil], the set of 
dimensions of fractality of (A,Q) (i.e., the set of real numbers d such that (A,Q) is 
fractal in dimension d) is dense in some compact interval of the form [D,,D], with 
D,.€ Rand D, < D. As a result, in light of (5.5.65), it follows that 0&4 9 = D. How- 
ever, (A, Q) is not critically fractal (because according to [Lap-vFr3, Theorem 2.16], 
a (generic) nonlattice string does not have any nonreal complex dimensions of real 
part D), even though it is subcritically fractal in dimension d < D for a dense (and 
countable) set of real numbers d in [D, ,D]. 


We now return to the RFD considered in Example 5.5.14 (that is, the version 
of the Cantor graph denoted by (A, Q)), and we refer to Remark 5.5.15 just above 
for the appropriate terminology and definitions. As we have seen, (A,Q) is fractal. 
More specifically, it is not critically fractal (because its only complex dimension 
of real part Dor (= D = dimg(A,Q)) = 1 is 1 itself, the Minkowski dimension of 
the Cantor graph, and it is simple) but it is strictly subcritically fractal. In fact, it is 
subcritically fractal in a single dimension, namely, in dimension d = Dcs = log; 2, 
the Minkowski dimension of the Cantor set. Consequently, in light of (5.5.65), the 
subcriticality index of (A, Q) is given by 


04.9 = Des =log;2, (5.5.66) 


and it is attained. 


47 Recall from [Lap-vFr3, Chapters 2-3] that a self-similar string with distinct scaling ratios 
P1,---;Pn in (0,1) is said to be lattice (resp., nonlattice) if the rank of the group generated by 
P1,---;Pn (viewed as a multiplicative subgroup of (0,+¢°)) is equal to 1 (resp., > 1), and generic 
nonlattice if the rank is equal to n, the maximal possible rank, and n > 1. 
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We expect the same result to hold for the devil’s staircase itself (i.e., the ‘full’ 
graph of the Cantor function), represented by the RFD (A,A,/3) and of which (A, Q) 
is a ‘relative fractal subdrum’, as was explained above. Clearly, in light of (5.5.60) 
and (5.5.58), we have the following inclusions (between multisets): 


PSAs) S P(Sa,0)U PSs a, ,\@) 


Also, we know for a fact that dimg(A,Aj/3) exists and 
D(CaA,/,) = dimp(A,A1/3) = 1; (5.5.68) 


so that 
dimpc(A,A1/3) = Pe(Gaays) = {1}. (5.5.69) 


(Thus, we also have that {1} C PCAs 5) in (5.5.67).) Note that (5.5.68) (and 
hence, (5.5.69)) follows from the rectifiability of the devil’s staircase, combined 
with a well-known result in [Fed2] and with part (b) of Theorem 4.1.7. 

As was mentioned earlier in the discussion of Example 5.5.14 (and was pre- 
dicted in [Lap-vFr3, Subsections 12.1.2 and 12.3.2], based on an ‘approximate tube 
formula’), we expect that PCA Ass) = PCs Qa), as given by (5.5.58), and hence, 
that we actually have equalities instead of inclusions in (5.5.67), even equalities be- 
tween multisets. If so, then the ‘full’ Cantor graph (A,A, /3) is fractal, not critically 
fractal, but (strictly) subcritically fractal in the single dimension d := Des = log; 2. 

Clearly, both (A,@) and (A,Aj/3) should be fractal for any proper definition of 
fractality. This would completely resolve the following apparent paradox: the RFD 
(A,Aj1/3) is not “fractal” according to Mandelbrot’s original definition of fractality 
given in [Man1],** even though everyone feels and expects it to be “fractal” simply 
after having glanced at the ‘full’ Cantor graph (A,Aj/3) (the ‘devil’s staircase’ in the 
sense of [Man1]). The same is true for the ‘partial’ Cantor graph (A, Q), for which 
we can now rigorously prove that it is “fractal” (in the sense of the present theory 
of complex dimensions) even though it is only (strictly) subcritically fractal, which 
may explain, in hindsight, why some practitioners refer to it as a “borderline fractal” 
(see, e.g., [PeitJiiSa]). 

We conclude this discussion by quoting (as in [Lap-vFr3, p. 335]) Mandelbrot 
[Man1, p. 82] writing about the devil’s staircase (the ‘full’ Cantor graph, depicted 
in [Man1, Plate 83, p. 83]): 


48 Indeed, Mandelbrot’s definition, given in [Man1, p. 15], can be stated as follows: A geomet- 
ric object is “fractal” if its Hausdorff dimension is strictly greater than (i.e., is not equal to) its 
topological dimension. However, note that the Hausdorff, Minkowski and topological dimensions 
coincide and are equal to 1 in the case of (either the ‘full’ or the ‘partial’) Cantor graph. If, in 
addition, we replaced “Hausdorf dimension” by (relative, upper) “Minkowski dimension” in the 
above definition and we interpreted the topological dimension in the obvious way, we would also 
reach the analogous conclusion for both (A,A;/3) and (A, Q), which therefore would still not be 
fractal according to this modified Mandelbrot definition. 
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One would love to call the present curve a fractal, but to achieve 
this goal we would have to define fractals less stringently, on the 
basis of notions other than D [the Hausdorff dimension] alone. 


Thanks to the higher-dimensional theory of complex dimensions of fractals and 
the associated fractal tube formulas developed in this book and in [LapRaZu1-8], 
building on the corresponding theory for fractal strings developed in [Lap-vFr1-3], 
we are now tentatively close to having resolved this apparent paradox, which has 
long puzzled the first author and was one of the key motivations for the develop- 
ment of the mathematical theory of complex dimensions. Furthermore, if we use 
the ‘partial’ Cantor graph (A,Q) as a suitable substitute for the ‘full’ Cantor graph, 
viewed as the RFD (A,Aj/3), the corresponding paradox is indeed completely re- 
solved here. We invite the interested reader to extend the conclusions of the present 
example (i.e., Example 5.5.14) from (A, @) to (A,Aj/3), and thereby, to fully prove 
the conjectures and statements made in [Lap-vFr3, Subsection 12.1.2], as well as 
here, about the devil’s staircase itself. 


5.5.5 Fractal Nests and Unbounded Geometric Chirps 


In this subsection, we apply our general fractal tube formulas to several families 
of fractal nests (Example 5.5.16) and of (unbounded) geometric chirps (Example 
5.5.19). Both of these families are examples of fractal sets which are not self-similar 
or, more generally, ‘self-alike’ in any sense. We also draw some useful conclusions 
about the interesting new situation when the fractal zeta function of the RFD (A, Q) 
has a pole of order m (with m € N, m > 2) located at D := dimg(A,Q) and all 
the other poles with real part D are of order strictly less than m. More specifi- 
cally, under suitable additional hypotheses, we show that the RFD (A,@Q) is then 
Minkowski degenerate, with Minkowski content .@(A,Q) = +e, but is neverthe- 
less gauge Minkowski measurable with respect to the gauge function h given by 
h(t) := (logt!)"~!, for all t € (0,1). (See Theorems 5.4.27 and 5.4.32 for this re- 
sult; also, for an introduction to gauge functions, see the beginning of Subsection 
4.5.1, along with Definition 6.1.4.) 


Example 5.5.16. (Fractal nests). We let @ = (£;);>1 be a bounded fractal string 
and, as before, let Ay = {a,x :k © N} CR, with a, := Diet; for each k > 1. Fur- 
thermore, consider now A ¥ as a subset of the x;-axis in R? and let A be the planar 
set obtained by rotating Ay around the origin; i.e., A is a union of concentric circles 
of radii a; and center at the origin (see Figure 3.2). For 6 > ¢/2, the distance zeta 
function of A is given (for Res sufficiently large) by 


2-37 226° 2na,55—! 
= YO" (aj +aj41) + LS : (5.5.70) 
j=l 


Ca(s) 


s—l Ss s—l 
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see Equation (3.5.1) from Example 3.5.1. The last two terms in the above formula 
correspond to the annulus a, < r < a, + 6 and we will neglect them; that is, without 
affecting the final outcome, we will only consider the relative distance zeta function 
Ca,Q, With Q := Ba, (0).*° Furthermore, since aj4+1 =aj;—; foreach j > 1, we have 


28S 5-1 
Ca,a(s) = > & *(2a;- 4) 

s-1S 
aq © sn Se 

= Sat -—* Se (5.5.71) 

j=l j=l 

28g ima 

= 7 bls) — a7 Se); 


where we have denoted by ¢; = €1(s) the first of the two sums appearing after the 
second equality and where € v = C y(s) is the geometric zeta function of the fractal 
string 2. 


Let us next consider an interesting special case of the fractal nest above; that is, 
the relative fractal drum (A,, 2) corresponding to the a-string Y := Y,, with a > 0; 
so that 2; := j- “—(j+1)~“ for all j > 1 and hence, a; = j~“ for every j > 1. In 
this case, we have that (for Res large enough) 


23-8 co ; 
1 »Y ; —_ 
= 


5 


CAg.2(5) = 


2-s 
2. (5.5.72) 
s—l 


Since the geometric zeta function Cy = Cy, has already been analyzed in Example 
5.5.10 (based on the results of [Lap-vFr3, Subsection 6.5.1]), we will now do the 
same for the zeta function ¢; by means of a technique analogous to the one used 
in the proof of [Lap-vFr3, Theorem 6.21]. Here, €)(s) is initially defined by the 
following Dirichlet series (still with 2; := j-¢ —(j+1)™, for all j > 1): 


ios (5.5.73) 
j=l 


for all s € C with Res sufficiently large. Hence, we have €)(s) = ¢.v —-a(s— 1), in the 
notation of the next theorem, and ¢)(s) = Cv _a1(s), in the notation of Corollary 
5.5.18 following it. 


Theorem 5.5.17. Let a > 0, b € R, and let 2 = YL, be the a-string with lengths ¢; 
given by (5.5.34); ie, £; = jf *—(j+1) “ forall j > 1. Then, the Dirichlet series 
Cvp(s) = Dp pes (defined initially for all s € C with Res sufficiently large) has 
a meromorphic continuation to all of C. The poles of €.y y are located at 


b+1 


C:=D(Cv5) = ai 


(5.5.74) 


4 Here, for r > 0, B; (x) denotes the open ball of radius r and with center at x. 
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b—m 
atl 
we have the following inclusions: 


:m € No} \ {0}, and they are all simple.°° In particular, 
51 


and in (a subset of) 


{rath aben) = Alben) 


a 
b+1 b-—m 
-{t}(fE=t een}. 
Furthermore, the residue of Cv» at C = bit is equal to 
a (necessarily simple) pole of Cv ». 

Moreover, for any screen Sg chosen to be a vertical line {Res = 0}, witho € R\ 
PCy»), the zeta function Cy. i satisfies the Variguidity conditions L1 and L2, with 
Ki= 9 +b-(atljoifos gy and x= 3(1+b—(at lo) fo [Ay al: 

Finally, we have that Cv »(0) = ¢(—b ae all b € R\ {—1}, where ¢ is the 
Riemann zeta function. 


(5.5.75) 


- so that © et is always 


aa , 


Proof. We begin by computing the first term of an asymptotic expansion of ¢;: 
j+l i 
ast-(tit=alf x? dxaaj * *+A(j), (5.5.76) 
j 


where j > 1 and H(j) := ajen (x~¢-! — j-@"!) dx. We next introduce a new vari- 
able t := x/j—1 and let 


1/j 
hj:=a'j**'A(j) = if : ((1 +4)! —1)de. (55.77) 


Note that h; = O(1/j) as j + e-. By now choosing an integer M > 0, we have 


PE = Par (+h) 


M M+1 5.5.78 
= a’ jP-s(atl) (5 6 ni f o( ae )) a fe, ( ) 
J 


n=0 


where we have let 


(*) — este for alls € C andn € No. (5.5.79) 


n! 


50 Here, as usual, we let No := Nu {0}. 


5! For ‘generic’ values of a and b, the second inclusion in (5.5.75) should be an equality while for 
‘most’ values of those parameters, A(Cy») should at least contain an infinite subset of bom aie 
m € No}. However, this informal comment will not be needed in the sequel and the corresponding 


conjecture has not been proved or even precisely formulated. 
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(Clearly, le ’) is a natural generalization of the usual binomial coefficient to an arbi- 
trary value of the parameter s € C.) We thus obtain the following identity: 


M co 
Cvs(s)= Da (*) Y HPO) + f(s), (5.5.80) 


n=0 j=0 


where f(s) is defined and holomorphic on the open half-plane {Res > 2 Pani MY Pur- 
thermore, the first term (i.e., the term corresponding to n = 0 in the above sum) is 
equal to a°¢((a+1)s—b), where € is the Riemann zeta function, and thus has a 
single, simple pole at s =C := D(€v) = 2+! —| >? In order to compute the residue of 


a+ 


a’C((a+1)s—b) ats = byt +, we use the fact at the principal part of the Riemann 
zeta function at s = 1 is equal to 1/(s— 1) and consequently, 


b+1 


ime Ceti tae 
soC soc (at+l)s—b-1 atl 


(5.5.81) 


A well-known result (due to Lindeléf) about the growth of the Riemann zeta 
function along vertical lines (see, e.g., [Edw, Section 9.2]) implies that the first 
term in (5.5.80) grows wae the vertical cies {Res = o}, for some o € R, as 


(|t|-41)2+2-84+) fo < Py as (|t| + 1)26+-(@+No) if ge [at axl +], and is 
I 


bounded from above by a constant (possibly depending on o) if o > bet 
It now remains to analyze the functions 


y pes, (5.5.82) 
j=1 


for eachn > 1. 
Let us fix M € No, for now. Then, the asymptotic expansion (1 + t)~¢-! = 
yo (7) + O(t*!) as t > OF, together with (5.5.77), yields 


1/j Ms 
hj =if o aa Javon ;-M-1) 
m=1 


=-23 (74), +07") ajo. 


G n=l 


(5.5.83) 


We proceed by taking the n-th power of the above expansion to obtain an asymptotic 
expansion for /’; and substitute this into (5.5.82). It enables us to express each of 
the functions in (5.5.82) as a sum of constant oureple of €(m+(a+1)s—b), for 
n<m<M, and of a remainder term of order O(j-”~'). Since €(m+(a+1)s—b) 


has a simple pole at s = pel ™ and in view of (5.5.80), we conclude that Cv p(s) 


2 See, e.g., [Tit3] or [Edw] for the relevant properties of the Riemann zeta function. Recall, in 
particular, that ¢ has a meromorphic continuation to all of C with a single, simple pole at s = 1 
(with residue 1) and that it is initially defined by the Dirichlet series €(s) = X7_ j* for all se C 
with Res > 1. 
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has a meromorphic continuation to the open right half-plane {Res > —~ }, with 


I+ 
simple poles at s = ae form =0,1,2,...,M. To be more specific, some of these 


potential poles of ¢, may not actually be poles (due to cancellations), depending 
on the choice of the parameters a and b. (See, however, the unproven assertion in 
footnote 51 in this subsection.) Furthermore, 0 is never a pole of € v4, since we can 
see from (5.5.80) that it is canceled by the factor ( Ee) for m > 1. Moreover, since M 
is arbitrary, we conclude that ¢ v7, has a meromorphic continuation to all of C. Next, 
note that for each integer m > 1, the growth of €(m+(a+1)s—b) is dominated by 
the growth of the first term a°¢((a+1)s—b) and therefore, we have proved the 
statement about the languidity of Cy ». 

Finally, the last statement of the theorem follows from an application of the prin- 
ciple of analytic continuation since we deduce directly from the definition of Cy» 
that Cv »(0) = ¢(—b) for all b € {Res < —]}. 


In order to complete the present discussion of the example of the fractal nests, as 
well as in preparation for the example of the unbounded geometric chirps (Example 
5.5.19 below), we will need the following simple consequence of the above theorem. 


Corollary 5.5.18. Let a > 0, bE R, t ER and let Y := LY, be the a-string with 
lengths €; given by (5.5.34). Then, the Dirichlet series Cy p,7(s) >= X31 pi 
(initially defined for all s € C with Res sufficiently large) has a meromorphic con- 
tinuation to all of C. The poles of €¥p,1 are located at 


b+1 


D(C v.51) = amare (5.5.84) 


and in (a subset of) { pom +7:mé€No}\{t}, and they are all simple. In particular, 


we have the following inclusions:* 


{ext +t} C P(Ce nn) = P(Cenn€) 


+1 
‘ pas ; (5.5.85) 
+ —m 
e TPUl 4 ——4T:meEN T} |. 
ere } (ee i o}M } 
Furthermore, the residue of Cv p,1 at ptt + is equal to asa so that 


D(C¥51) = bit +T is always a (necessarily simple) pole of C2 5.1- 

Moreover, for any screen Sg chosen to be a vertical line {Res = 0}, with o € 
R\ A(C¥ 0,1), the zeta function Cv pr satisfies the languidity conditions L1 and 
L2, with «:= 5+b—(a+lo ifo < Att and K:= 3(1+b-(a+1)o) if 
o€ {2 47,4447]. 

Finally, we have that Cv p,..(t) = ¢(—b) for allb € R\ {—1}. 


>3 A comment entirely analogous to the one made in footnote 51 on page 504 holds relative to 
‘generic’ (or else ‘most’) values of the parameters a, b and T. (Recall that 4 = Y%,, so that Cv p+ 
depends on a, b and T.) 
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Proof. Since Cv,7(s) = ¢v»(s—T), this an immediate consequence of Theorem 
5.0.17. 


Let us now return to Example 5.5.16, where the distance zeta function of (Ag, Q) 
is given by (5.5.72); see also (5.5.73) and the brief discussion following it. We there- 
fore deduce from Corollary 5.5.18 and the discussion of Cy = Cy, in Example 
5.5.16, combined with an application of the principle of analytic continuation, that 
Ca,.@ is meromorphic on all of C and is given for all s € C by 


3-5 22S 


CAg.2(8) = c= 6.2,-a,1(8) — s—l 


Cv(s). (5.5.86) 
Moreover, the set of complex dimensions of (A,,Q) satisfies the inclusion 


P(Ca,.2) = P(Ga,,a,C) 


5.5.87 
C4], z ‘ ! U mim N>. 
a+la+l a+l 


We do not have an equality here, due to the possibility of zero-pole cancellations. 
Furthermore, if a 4 1, all of the above (potential) complex dimensions are simple. 


Moreover, we are certain that ay is always a complex dimension of (Ag, Q) since 
it is never canceled, as a pole. In fact, by letting D := =. we have for all positive 


a # | that 


ae © 
# D-l 
D-1 
We now conclude from Theorem 5.4.2 (and part (b) of Theorem 4.1.7) that if a € 
(0,1), dimg(Ag, 2) = D(C,,,9) = D and (Ag,Q) is Minkowski measurable with 
Minkowski content given by 


res (C4,,0,D) = (5.5.88) 


J 
PPD pai 


Ob) =F pyD = 


(5.5.89) 


Furthermore, it also follows from Theorem 5.4.2 that if a > 1, we have that 
dimg(A,,Q) = | and the corresponding residue is given by 


res(C4,,0,1) = 4262 -a1 (1) —2m6o(1) = 4x6 (a) — 2m. (5.5.90) 


Therefore, still for a > 1, the RFD (A,,Q) is Minkowski measurable with 
Minkowski content given by 


M' (Ag, Q) = 4nC(a) — 22; (5.5.91) 
note that /!(Aq,Q) is positive since €(a) > 1 for a > 1; so that 


2n <M (Ag,Q) <@. 
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In the critical case when a = 1, we have that s = | is a pole of second order (.e., 
of multiplicity two) of C4,,q and since it is a simple pole of ¢y 1,1, we deduce 
from (5.5.86) that 

res(C4,,9, 1) =4nCv_11[lo—22, (5.5.92) 


where for each m € Z, Cv -1,1[@|m stands for the m-th coefficient in the Laurent 
series expansion of Cy _;; around s = @. We conclude that in this case (i.e., when 
a = 1), by Theorem 2.2.3 (and part (b) of Theorem 4.1.7), the RFD (A;,Q) must be 
Minkowski degenerate with dimg(A1,Q) = D(€4,.0) = 1.*4 We can also compute 
the coefficient corresponding to (s— 1)~? in the Laurent expansion of C4 ,,@ around 
s = 1, by using Corollary 5.5.18: 


Ca,,a[1]-2 = 4ares(Cv 11,1) = 20. (5.5.93) 


Assume now that a £ 1. For M € NU {0}, as before, we choose the screen Sj to 
be some vertical line between — aoe and on , and let Wy be the corresponding 
window. After having applied Theorem 5.3.21, we then obtain the following asymp- 


totic distributional formula for the tube function V(t) := |(Aa)s.Q|, as t > 07: 


2 Dr 
V(t) =. HP P+ (4 ed 
(t) @—D)(p—1)" + (4x6 (a) — 27) 
1 
res (Ca, aH) Pat 
. on (5.5.94) 
at+l 
M res fy) era 
) eae avt) +O(P?+aT) as tt, 


m=1 a+l 


where the sum is interpreted as being equal to 0 if M = 1. By choosing as a screen 


a vertical line {Res = o}, with o > esi we obtain a pointwise fractal tube 


formula with a pointwise error term of order O(t?~°); indeed, in light of Corollary 
5.5.18, we have that Ky < 0 and hence, we can apply part (i) of Theorem 5.3.16. This 
pointwise formula is still given by (5.5.94) but now interpreted pointwise and valid 
for all t > 0. It is actually initially valid for allt € (0,6) but since 6 > ¢;/2 may be 
taken arbitrary large, we conclude that it is valid for all t > 0. Of course, we actually 
do not know much about the above error term when f¢ is not close to zero, but that 
does not matter because we are not interested in the values of V(t) = |(Ag);.Q| for 
large t. (Note also that clearly, |(Aq);Q| = |Q| =|B1(0)| = 7, for all t sufficiently 
large.) 


4 Actually, it can also be shown directly that .@!(A,,Q) exists in this case and is equal to +00; 
see Example 3.5.1. 
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Let us next consider the critical case when a = 1. Choose a screen given by 
the vertical line {Res = o}, with o € (—3/4,—1/2); we then obtain the following 
pointwise fractal tube formula with error term: 


t2-8 


2 1\ 3 
s—fm.als)s1) + 5108 (Cu.a.5) 8 


2 1 
+ gres (64,.0.-5) pet O(t?-°) as tt. 


V(t) =res ( 
(5.5.95) 


5 2 


We expand the function t*~* /(2 — s) into a Taylor series around s = 1, as follows: 


= = Dx 1)" y c a ee : (5.5.96) 
We then deduce from (5.5.92) and (5.5.93) that 
ae - 
res (J tn.0l), 1) = 2atlogt + 4at(C¢_—11[1]o—1); (5.5.97) 
so that (still pointwise) 
V(t) =2atlogt”'+4at(Cy_11[lo—1)+0(t) as tOr. (5.5.98) 


The above tube formula is in agreement with the fact that (A},Q) is Minkowski 
degenerate but it is also clear that one can choose the function h(t) :=logt~!, for all 
t € (0,1), as an appropriate gauge function (see the beginning of Subsection 4.5.1 
for an introduction to gauge functions, along with Definition 6.1.4 below). More 
precisely, one then has that .#!(A;,Q,h), the gauge relative Minkowski content of 
(Aj, Q), is well defined and 


M'(A\,Q,h) = lim Mea eC] 


20. , 
0+ tht) - eee, 


In particular, the RFD (A,Q) is h-Minkowski measurable, in the sense of Defini- 
tion 6.1.6 (extended to RFDs in the obvious way). The choice of the above gauge 
function h is connected with the fact that when a = 1, C49 possesses a (unique) 
pole of order two on the critical line, located at s = 1. (See Subsection 5.4.4 above.) 
Alternatively, one may also view this situation as a kind of “merging” of two sim- 
ple complex dimensions of the RFD (A,,Q), namely, 1 and 2/(a+ 1), into a single 
complex dimension of order two (located at s = 1) asa— 1. 


Example 5.5.19. (Unbounded geometric chirps). In this example, we consider and 
study a type of unbounded geometric chirp. A standard geometric (a, B )-chirp, with 
positive parameters o and , is a simple geometric approximation of the graph of the 
function f(x) :=x% sin(zx~F), for all x € (0, 1). (See Example 4.4.1 and Proposition 
4.4.3, along with Figures 4.13, 4.14 and 4.15 on pages 345-347.) 
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If the parameters «@ and f satisfy the inequalities —1 < a@ <0< B, as we shall as- 
sume from now on, we obtain an example of an unbounded chirp function f which 
we approximate by the unbounded geometric (a, B)-chirp. More specifically, let 
Ag,g be the union of vertical segments with abscissae x := ma B and of lengths 
Sime! B for every j < N. Furthermore, define Q as a union of the rectangles R; for 
7 <N, where R; has a base of length j~!/8 — (j+1)~'/P and height j~°/8; see Fig- 
ure 4.15. The relative distance zeta function of (A, Q) is computed in Example 4.4.1 
and is given by 


— 5 s—l 


= RPG Leas ub) 


Cag p 2 Q 
(5.5.100) 


where Y is the B~!-string. In light of Corollary 5.5.18, we conclude that Cag p 2 
has a meromorphic continuation to all of C and 


PCs, 5,2) S {1 2= jb U(Dnimen), (5.5.101) 


+B 
where D,, := 2 — ene Let D:=2— ite Also, by the same corollary and from 
(5.5.100), we have that both | and D are simple poles of CAap . Furthermore, we 


have that D > | and, consequently, dimg(Agg,92) = D and the RFD (Ag.g,Q) is 
Minkowski measurable with Minkowski content given by 


res(Ca,, 5,0,D) 2?-D BIB 
M? (Ag p,Q) = ae = 
(Aa, 2) 2—D (2—D)(D—1) 1+B (5.5.102) 
_ (2B)?-? 
~ (2—D)(D-1)1 +B) 
Moreover, the residue at s = | is given by 
1es(Ca4.9,.01) =26¢-a/p,1(1) = 2£(z). (5.5.103) 


It follows that s = 1 is indeed a simple pole of C4, 

Similarly as in previous examples, for M € N U 10}. we choose the screen Siy 
to be a vertical line {Res = o}, for some real number o lying strictly between 
2 Lat (rB and 2 stort a B (so that C4... is d-languid in the associated 
window), and let Wy be the corresponding window. From Theorem 5.3.21, we 
then obtain the following asymptotic distributional formula for the tube function 


V(t) = |(Aag) 2): 
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(2Br)?-P 1 res(Ca, 5,0,D1) 
V(t)= + 
(2—D)(D-NU +B) ii 
ae \e5 a (5.5.104) 
B m=2 2 = Din 
+0(t?-Pm+1) as t—0t. 
Note that the second noninteger complex dimension, namely, Dj = | — Tp is also 
greater than 1. Finally, by choosing as a screen a vertical line to the right of — te : 


we actually obtain a pointwise formula still given by (5.5.104) above; indeed, we 
then have Ky < 0, so that we can apply part (i) of Theorem 5.3.16. 


5.5.6 Tube Formulas and Minkowski Measurability Criteria for 
Self-Similar Sprays 


We conclude this section by explaining how the results of this chapter may also 
be applied to recover and significantly extend, as well as place within a general 
conceptual framework, the tube formulas for self-similar sprays generated by an 
arbitrary open set G C R% of finite N-dimensional Lebesgue measure. (See, espe- 
cially, [LapPe2—3] extended to a significantly more general setting in [LapPeWi1], 
along with the exposition of those results given in [Lap-vFr3, Section 13.1]; see also 
[DenKoOU] for another, but related, proof of some of those results.) 

Recall from Definition 4.2.11 that a self-similar spray (with a single generator 
G, assumed to be bounded and open) is defined as a collection (Gx)xcn of pairwise 
disjoint (bounded) open sets Gz C IR, with Go := G and such that for each k € N, 
G, is a scaled copy of G by some factor A, > 0. (We let Ap := 1.) The associated 
scaling sequence (A,)xen is obtained from a ratio list {r|,72,...,r7}, withO<rj <1 
for each j = 1,...,J and such that 2 ry < 1, by considering all possible words 
built out of the scaling ratios r;; see Equation (4.2.31). Here, as in Definition 4.2.11, 
J > 2 and the scaling ratios 7,...,7y are repeated according to their multiplicities. 

Let us next assume that (A,Q) is the self-similar spray considered as a relative 
fractal drum and defined as A := 0(LI?_ Gy) and Q := Li?_oG,, with dimg (dG, G) < 
N. Then, by Theorem 4.2.17, we have the following key formula, called a factoriza- 
tion formula, for its associated distance zeta function C4 9, expressed as follows in 
terms of the distance zeta function of the boundary of the generator (relative to the 
generator), Cg, and the scaling ratios {rj}j_ in 


= Cac(s, G) ; 
1-4 


Ca,a(s) (5.5.105) 
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(See also part (a) of Remark 5.5.26 below.)°> It now suffices to assume that the 
relative distance zeta function Cg g of the generating relative fractal drum (0G,G) 
satisfies suitable languidity conditions in order to apply (at level k = 0) the fractal 
tube formulas of Sections 5.1-5.3 and to obtain a pointwise or distributional for- 
mula, with or without error term, for the ‘inner’ volume of aie oF 


Vaa(t) = |ANQ| 
y. tN Cog.c(s) 
res 
@€(DNW)UA(656,6:-W) (N-s)(1-34.479) 


+ RaQ (t), 


,@ (5.5.106) 


where © denotes the set of solutions in C of pa rj = 1, the complexified Moran 


equation, and Rag := Ro is a pointwise or distributional error term (or else 


Ra.o(t) = 0 and W := C, in the case of an exact tube formula, provided C9g.G 
is strongly d-languid), depending on the d-languidity growth conditions satisfied by 
CaG,c- 

In the d-languid (but not necessarily strongly d-languid) case, Rao = Ro sat- 
isfies the following (pointwise or distributional) error estimate (at level k = 0): 


Ra a(t) =o(¢%-?5) as t0", (5.5.107) 
where S is the screen associated to the window W. 


Remark 5.5.20. Observe that in the notation also used in part (b) of Remark 5.5.26 
below (and towards the end of Chapter 6), we can rewrite Equation (5.5.105) as 
follows: 


C4,a(S) = 6(s)- Sac,a(s), (5.5.108) 


where the geometric zeta function Ge of the associated self-similar string (with 
scaling ratios {rj} and a single gap length, equal to one, in the terminology of 
[Lap-vFr3, Chapters 2 and 3]) is meromorphic in all of C and given for all s € C by 


1 


ea 


(5.5.109) 


In general, given a connected open set U C C containing the vertical line {Res = 
dimg(A,2)}, C4,.q is meromorphic in U if and only if C3g¢g is; furthermore, in that 
case, the factorization formula (5.5.108) then holds for all s € U. We note that in the 


>5 For the case of multiple generators, see Equation (5.5.172) in part (b) of Remark 5.5.26. 


56 Here and throughout the rest of this subsection, we use the notation V4.9, consistent with the 
statement of a pointwise tube formula. In the case of the distributional tube formulas, we should 
use instead the notation %q. (And analogously for the error term R4.q(f) in (5.5.106), which 
should then be denoted by #4 g(t), in the distributional case.) For notational simplicity, however, 
we will not do so in this discussion. 
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sequel (see Remark 5.5.26 below) and following [LapPe2—3] and [LapPeWil-—2], 
we will often refer to Ce as the scaling zeta function of the self-similar spray (A, Q) 
and to its poles in C (composing the multiset D) as the scaling complex dimensions 
of (A,Q). In the present case, they are the solutions (counting multiplicities) of 
the complexified Moran equation wei r; = 1. We will also sometimes write D6 
instead of ©, so that De := D; hence, similarly, O06 7W = DOW, the set of 
visible scaling complex dimensions of (A,Q), denotes the set of poles of Ce visible 
through the window W. See Equations (5.5.106) above and (5.5.175) below. 

Typically, we will work with generators such that C3g g is strongly d-languid and 
consequently, since Ce (as given by (5.5.109)) is strongly d-languid (after a possible 
scaling by an appropriate scaling factor Ag > 0; see Corollary 5.3.14 and the dis- 
cussion preceding it), C4 9 will be strongly d-languid (also after a possible scaling 
by the same scaling factor Ag) and given by the factorization formula (5.5.108) (or 
(5.5.105)), for all s € C. As a result, unless we need to work with a ‘truncated tube 
formula’ (corresponding to a fractal tube formula with error term associated with a 
suitable screen S), we will be able to obtain an exact fractal tube formula, as we 
will now see. 


Assume next that the generator G is monophase (in the sense of [LapPe2-3] 
and [LapPeWi1-2]); that is, the volume of its ‘inner’ t-neighborhood is given by a 
polynomial DME Py xt’ ~' for all t € R such that 0 <r < g. Here, g is the inradius of 
G, i.e., the supremum of the radii of all the balls which are contained in G. Since 
then, 


Vac,c(t) = |(8G)1NG| = > ca (5.5.110) 


for 0 < t < g, we can explicitly calculate the relative tube zeta function of G, as 
follows (initially, for all s € C with Res sufficiently large): 


i 


F e 7. Kg? 
acolss) = | ee yg + ae (5.5.111) 
0 i=0 


i=0 7? 


It is obviously meromorphic on all of C and still given by (5.5.111) for all s € C. 

Using the functional equation which connects the relative tube and distance zeta 
functions (see Equation (4.5.2)), we now obtain the following explicit expression 
for the relative distance zeta function of the generator G: 


Cac.als) = bac,e(s38) = 8° "|(AG)gNG| + (N—5)Cac.alssg) 


N :" Kg 
—g— MG N— i 
gonial +¢ jd <i (5.5.112) 


where we have let Ky := —|G]. 
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Consequently, by substituting (5.5.112) into (5.5.106), we recover (and signifi- 
cantly extend as well as place within the broader framework of the theory of fractal 
tube formulas via fractal zeta functions) a well-known result obtained in [LapPe3] 
and more generally in [LapPeWil], as well as more recently, via a different (but 
related) technique in [DenKoOU]: 


gr 


N-s pel 0 i i 


Va.a(t) = |A,NQ| = by res | t ,@}.  (5.5.113) 
o€DU{0,I,....N-1} (1 -y iv ; 
This is an exact pointwise fractal tube formula. Indeed, after an appropriate scaling 
by a factor Ag > 0, Cag.g is shown to be strongly d-languid with (Kz)g := 0 for 
a suitable infinite sequence of vertical lines {Res = Q,}, m > 1 with a, € R and 
On —> —9° as m —> cv, Also, it is ey to swe (after an appropriate scaling by a 
factor Ag > 0) that Ge(s) = (1-4 j=l ay is strongly d-languid, with (kz)6 :=0 
(see [Lap-vFr3, Equation (6.36), p. 195]). Hence (after a suitable scaling by ye : 
Aa.q, depending on both Ag and As), we deduce from the factorization formula 
(5.5.105) (or, equivalently, (5.5.108)) that C4 9 is strongly d-languid, with exponent 
(Kq)a.Q := 0 for this same sequence of vertical lines {Res = ,}, m > 1. We can 
therefore conclude from Theorem 5.3.16 that the tube formula (5.5.113) is valid 
pointwise and without an error term in this case, for all positive ¢ sufficiently small.>’ 

If needed, one can also obtain a corresponding ‘truncated’ pointwise fractal tube 
formula (with error term), relative to a suitable screen, in the spirit of [Lap-vFr3, 
Corollary 8.27 and Subsection 8.4.4]. 

A completely analogous reasoning can be used for the case of pluriphase genera- 
tors G for which the ‘inner’ tubular volume is given as a piecewise polynomial. Ina 
future work, we plan to investigate for which classes of generators the tube formula 
(5.5.106) can be applied pointwise or distributionally. It is clearly a very large class, 
corresponding to essentially all of the self-similar sprays (and hence, also all of the 
self-similar tilings, in the sense of [Pe, LapPe2—3, LapPeWil-—2, PeWi]) of interest, 
including (in light of the results of [KoRati], proving a conjecture of [LapPe2-3]) 
those with generators that are convex polyhedra (or polytopes), under mild assump- 
tions. 


Remark 5.5.21. We point out that in [LapPeWil1], which (prior to the present work 
and that in [LapRaZu5]) was the paper containing the most elaborate results con- 
cerning the fractal tube formulas for self-similar sprays (and other fractal sprays), 
a considerable amount of effort was required to obtain analogous (but less gen- 
eral) fractal tube formulas, with or without error term. Furthermore, the ‘tubular 
zeta functions’ used in [LapPe2—3] and, in the more general context of [LapPeWi1], 
were introduced in an ad hoc manner. Here, by contrast, both the fractal tube formu- 
las and the fractal zeta functions (in the present situation, the distance zeta functions) 


57 For an exact interval within which the fractal tube formula is valid, one has to explicitly calculate 
the scaling factors Ag and Ae, which we leave as an exercise for the interested reader. 
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occurring in the corresponding tube formulas follow naturally from the general the- 
ory developed in this book, and in particular, in the present chapter. 

We close this comment by mentioning that the interested reader can find in 
[LapPe2-3], [LapPeWi1-—2], as well as in the exposition given in [Lap-vFr3, Subsec- 
tion 13.1.4], a number of concrete examples illustrating the fractal tube formulas for 
self-similar sprays (or tilings). These examples include the Cantor tiling, the Koch 
tiling, the Sierpinski gasket and carpet tilings, along with the pentagasket tiling (see, 
e.g., [Lap-vFr3, Example 13.33]), which is an interesting and natural example of a 
self-similar spray with multiple generators; see part (b) of Remark 5.5.26 below for 
the relevance of this latter example. In all of these examples, the underlying gener- 
ators of the fractal sprays (or tilings) are convex polygons and therefore, satisfy the 
required assumptions. 


The next four examples respectively complement Examples 4.2.33, 4.2.34, 4.2.35 
and 4.2.36 from Subsection 4.2.3. We obtain here their corresponding fractal tube 
formulas and illustrate the interesting situations which may arise, in particular, for 
self-similar sprays (or tilings), or more generally, for self-similar RFDs. These ex- 
amples enable us, in particular, to further illustrate our proposed definition of (criti- 
cal and subcritical) fractality (see Remark 4.6.24). Accordingly, the sets and RFDs 
considered in these examples are indeed fractal, in that sense, and their fractality re- 
flects their intrinsic geometric oscillations, as is made evident by the corresponding 
fractal tube formulas. 


Example 5.5.22. (Fractal tube formula for the 1/2-square fractal). Let us consider 
the 1/2-square fractal A from Example 4.2.33 and depicted in Figure 4.10. Its dis- 
tance zeta function was obtained in Example 4.2.33 (see Equation (4.2.114)), where 
it was shown to be meromorphic on all of C and given by 


2-8 4 20 
gals) = Deca tects? (5.5.114) 


for every s € C. In (5.5.114), without loss of generality, we have chosen 6 := lI. 
Furthermore, as was discussed in Example 4.2.33, it follows at once from (5.5.114) 


that 
D =; 
(Ga) (5.5.115) 
P(Ca) = A lCa,C) = {O}U (1 + piZ) 

and 
dimpcA := Pe(Ea) = {1}, (5.5.116) 
where the oscillatory period p of A is given by p := inns and all of the complex 

dimensions in A(C,4) are simple, except for @p := 1 which is a double pole of Cy. 

One easily sees that 2A is strongly d-languid for Ky := —1, for any A > 2 and 
for a sequence of screens consisting of the vertical lines {Res = —m}, m EN, along 


with the choice of the constant B, :=2/A in the strong languidity condition L2’. 
Therefore, we can use Theorem 5.3.16 in order to obtain the following exact point- 
wise fractal tube formula, valid for all t € (0,min{1/A,1/2}) = (0,1/2): 
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Va(t):=|A|= > res € &(0),0) 
we P (Ca) = 
(5.5.117) 


res (Salo) + SF res Ca.0). 


a= vc AG) ~~ © 
We now let @ := 1+ 1pk for each k € Z and note that, in light of (5.5.114), 


4-ipk 
,0O) =1+27 d , O,) = ————., 5.5.118 
res (C4,0) and res (C4, @) so (ap= 1) ( ) 
for every k € Z\ {0}. 
In order to compute the residue at @p = | in (5.5.117), we reason analogously as 
in the proof of Theorem 5.4.32 (see Equation (5.4.80) and the comment following 
it) to conclude that 


2-8 LS (-1)"-*(logt!)¥ 64/1) _»_ 
res (5—La(s1) = >! ce 
[ 


5 n=0k=0 (5.5.119) 
=t (41-1 — Ca[1]-2 + Ca[1]-2 loge’). 
The Laurent series expansion of €4 around s = | is given by 
1 29log2—2 
= + O(1 5.12 
SA\S) = Figg (s—1)2 * Blog2G@—1) 0 ened) 
so that : eho 5 
og2— 
1]_2 = ——~ 1]. = ———_ 5.121 
Salll-2 = Gig alll = “Sigg Drier 
which, combined with (5.5.119), yields 
> 1 29log2—4 
Li = tlogt”! + —*~_—t. 5.5.122 
res (Sal). ) Alog2’ 8’ = + ~ Biog2 \ 


Finally, we obtain the following exact fractal tube formula for the 1 /2-square fractal 
A, valid for all t € (0, 1/2): 


1 _, . 29log2—4 
Va(t) = |A;| = ra oe ~ Blog2 


(Ary 1+2z , 


+t + t 5.5.123 
oy 4G —1)2—a,) 2 ( ) 


1 1+27 
= ——_tlogt =! +1G (log, (4r)~!) + 
4log2 og ae (logs ( ) + 5) ’ 
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where G is a nonconstant 1-periodic function on R, which is bounded away from 
zero and infinity. It is given by the following absolutely convergent (and hence, 
convergent) Fourier series: 


29log2—-4 1 eke 
G(x) := forallxeR. (5.5.124 
) = Fog? +a 2 C2a\osie@ oo ) 


To conclude our discussion of this example, we note that it is now clear from the 
fractal tube formula (5.5.123) for the 1/2-square fractal that dimgA = 1 and that A 
is Minkowski degenerate with (ordinary) Minkowski content .@'(A) = +o. On the 
other hand, we deduce from a direct computation that A is h-Minkowski measurable 
with h(t) := logt—! (for all t € (0, 1)) and with h-Minkowski content given by 


1 


MM '(A,h) = 4log2” 


(5.5.125) 
Finally, although D := dimgA = | (which is also the topological dimension of A) 
and hence, A would not be considered fractal in the classical sense, we also see 
from (5.5.123) that the nonreal complex dimensions of A with real part equal to 
D give rise to (intrinsic) geometric oscillations of order t?~? (or simply, 2 — D) 
in its fractal tube formula. More specifically, according to our proposed definition 
of fractality given in Remark 4.6.24 and further refined in Remark 5.5.15 (case 
(i)) above, A is critically fractal in dimension d := D = dimgA = 1. (See also the 
concluding comments concerning the example of the Cantor graph in Subsection 
5.5.4, especially on pages 499-502.) 


Example 5.5.23. (Fractal tube formula for the 1/3-square fractal). Let us now con- 
sider the 1/3-square fractal A from Example 4.2.34 and depicted in Figure 4.11. 
Its distance zeta function was obtained in Example 4.2.34 (see Equation (4.2.125)), 
where it was shown to be meromorphic on all of C and given by 


2 6 4 20 
= Z ap 5.12 
Ga(s) (35 — 2) (+ +4 s? Oates) 
for all s € C. Here, the entire function Z is given by 
m/2 
Z(s) =) (cos@+sing) “do (5.5.127) 
0 


and, without loss of generality, we have chosen 6 := 1. Furthermore, as was dis- 
cussed in Example 4.2.34, it follows at once from (5.5.126) that 


D(Ca) = 1 (5.5.128) 


and 
PCa) = AlCa,C) C {0} U (log; 2+ piZ) U {1}, (5.5.129) 
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where the oscillatory period p of A is given by p := is and all of the complex 


dimensions in “(C,) are simple. In Equation (5.5.129), we only have an inclusion 
since, at least in principle, some of the complex dimensions with real part log; 2 may 
be canceled by the zeros of 6/(s— 1) + Z(s). However, it can be checked numeri- 
cally that there exist nonreal complex dimensions with real part log,2 in A(C,). 
Moreover, observe that we have 


2-Res2-lq if Res <0 
IZ(s)| < eae (5.5.130) 

m/2 if Res>0, 
from which we conclude that that 1A is strongly d-languid for Ky := —1, any 
A > V2 and a sequence of screens consisting of the vertical lines {Res = —m}, 


m €N, along with the constant By, := V2 /A in the strong languidity condition L2’. 
Therefore, we can use Theorem 5.3.16 to obtain the following exact pointwise frac- 
tal tube formula, valid for all t € (0, min{1/A,1/V2}) = (0,1/V2): 


{2-8 
Va(t) := |A;| = by res (= fx(9).0) 
o€P (6A) 
te-8 
= Ye s—res(La(s),@) 
wc PCa) 
t2—log32 t — (37) —ipk 6 (5.5.131) 
= 16t Z 
Li log3 pos y.(2 — Wy) (= a (o)) 
aR 2 
2 
12 
= 16t + 17-1837 (log, (3t)~!) + ae. 
Here, we have used the fact that 
res(C4,1)=16, res(€4,0)=124+2 (5.5.132) 
and ; 
Cia 2 _ 4a) (5.5.133) 
eee (log 3) @ a, — 1 Hey? ~ 


where we have let @ := log; 2+ ipk for each k € Z. It can be checked numerically 
that res (C4, @;,) 4 0 (at least) for k = —1,0, 1 and we conjecture that this is also true 
for all k € Z.® However, the fact that res (Ca, @) #0 for k = —1,0,1 suffices to 
deduce that the function G in the last line of (5.5.131) is a nonconstant 1-periodic 
function on R, which is bounded away from zero and infinity and is given by the 
following absolutely convergent (and hence, convergent) Fourier series: 


58 We caution the reader that we do not have a rigorous proof of this last statement. 


5.5 Examples and Applications 519 


1 boo e2tikx 6 
= + 
log3 pa (2 _ Mx) OK (= —1 


G(x): z(0.)) forallx€R. (5.5.134) 


In conclusion, we observe that it is clear from the fractal tube formula (5.5.131) 
that dimgA = 1 and A is Minkowski measurable, with Minkowski content given by 


M'(A) = 16. (5.5.135) 


Moreover, since the set A is rectifiable, we have that H'(A) =.@!(A) /2 = 8, which 
can, of course, also be computed directly.*° (Here, as before, H | (A) denotes the 1- 
dimensional Hausdorff measure of A.) On the other hand, although D := dimgA = 1 
(which also coincides with the topological dimension of A) and thus A would not be 
considered fractal in the classical sense, we also see from (5.5.131) that the nonreal 
complex dimensions of A with real part equal to log; 2 give rise to (intrinsic) geo- 
metric oscillations of order t?—!°837 (or simply, 2 — log 2) in its fractal tube formula. 
Therefore, according to our proposed definition of fractality given in Remark 4.6.24 
and further refined in Remark 5.5.15 (case (i)) above, the 1/3-square fractal A is 
fractal; more precisely, it is strictly subcritically fractal in dimension d := log, 2. 
(See also the discussion at the end of Subsection 5.5.4, especially on pages 499-— 
502.) 


Example 5.5.24. (Fractal tube formula for the self-similar fractal nest). Let us now 
consider the self-similar fractal nest A from Example 4.2.35 and depicted in Fig- 
ure 4.12. Its distance zeta function was obtained in Example 4.2.35 (see Equation 
(4.2.137)), where it was shown to be meromorphic on all of C and given by 


_ 2 -Sa(i+a)(1—a)! 2a Qn 
CG) = as on ae (5.5.136) 


for all s € C; here, without loss of generality, we have chosen 6 := 1. Recall that 
a € (0,1) is a real parameter. Also recall that 


D(Ga) = 1 (5.5.137) 


and 
PCs) = P(Cs,C) = piZu {1}, (5.5.138) 


where the oscillatory period p of A is given by p := Tha and all of the complex 
dimensions in A(C,) are simple. 

It is now easy to check that AA is strongly d-languid with «, := —1, for any 
A >2if ae (0,1/2] or for any A > 2(1 —a)/aifa € (1/2, 1) and (in both cases) for 
a sequence of screens consisting of vertical lines {Res = —m}, m €N, in the strong 
languidity condition L2’. Furthermore, once again, we can use Theorem 5.3.16 in 


59 Tn order to obtain the length H!(A) of A, we divide its Minkowski content by the volume of the 
unit ball of RY~! = R (since here N = 2), which is equal to 2. 
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order to obtain the following exact pointwise fractal tube formula, which is valid for 
allt € (0,min{1/2,a/2(1—a)}): 


p28 
Va(t) := |A;| = res | ——Ca(s),@ 
‘ vote & ° 
{2-8 
a »y res (Ca(s),@) 


we Alt, 2—5 


= (ae, 4n(1+a) y (4) ™ Je 


l—a loga—!)(1—a) ,4~., (@e — 1)(2— @) 


_ An 2 2t 
= oa G (lo, (4)). 


(5.5.139) 
Here, we have used the fact that 
An 4n(1+a) 
1) = —— 0) =2 ————____—.- 5.5.140 
res (Ca, ) 1—a’ res (Ca, ) T+ (loga)(1 —a) ( ) 
and ‘a 
4n(1+a) 2 ye 
= 5.5.141 
res (C4, @) (loga-\(@ — 1) (=) ( ) 


where we have let @ := ipk for each k € Z. Furthermore, the function G appear- 
ing in the last line of (5.5.139) is a nonconstant 1-periodic function on R, which 
is bounded away from zero and infinity and is given by the following absolutely 
convergent (and hence, convergent) Fourier series: 


A4n(1 +a) eo e2tikx 
(loga~!)(1 —a) ,2*., (2— @)(@e — 1)’ 


G(x) = a+ forallxe R. (5.5.142) 


It clearly follows from the fractal tube formula (5.5.139) that dimgA = 1 and A 
is Minkowski measurable with Minkowski content given by 


An 
l-a 


M'(A) = (5.5.143) 
Furthermore, since the set A is rectifiable, we have that H'(A) = .@'(A)/2 = 
2m/(1—a), which, of course, can also be easily checked via a direct computation. 
Finally, we conclude this example by observing that although D := dimgA = 1 
(which is also the topological dimension of A) and thus A would not be considered 
fractal in the classical sense, we also see from (5.5.139) that the nonreal complex 
dimensions of A with real part equal to 0 give rise to (intrinsic) geometric oscilla- 
tions of order 1? (or simply, 2) in its fractal tube formula. Consequently, according 
to our proposed definition of fractality given in Remark 4.6.24 and further refined 
in Remark 5.5.15 (case (i)) above, the self-similar fractal nest A is indeed fractal; 
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more precisely, it is strictly subcritically fractal in dimension d := 0. (See also the 
discussion closing Subsection 5.5.4 above.) 


Example 5.5.25. (Fractal tube formula for the geometric progression string). We 
now consider the geometric progression fractal string & from Example 4.2.36; 
more specifically, we consider its geometric realization Av in R. Its distance zeta 
function was obtained in Example 4.2.36 (see Equation (4.2.146)), where it was 
shown to be meromorphic on all of C and given by 


gI-s 2 
Cay(s) = i=— ao (5.5.144) 


for all s € C.® Recall that a € (0,1) is a real parameter. Also recall that (as is 
obvious in light of Equation (5.5.144)) 


D(fay) =0 (5.5.145) 

and 
Pay) = piZ, (5.5.146) 
where the oscillatory period p of Ay is given by p := ee and all of the complex 
dimensions in “(C,) are simple, except for @p := 0, which has multiplicity two. It 
is now easy to check that AA.¢ is strongly d-languid for Ky := —1, any A > 2a and 
a sequence of screens consisting of the vertical lines {Res = —m}, m €N, in the 


strong languidity condition L2’. Therefore, once more, we can use Theorem 5.3.16 
in order to obtain the following exact pointwise fractal tube formula, valid for all 
t € (0,1/(2a)): 


ti-s 
Vay (t) = (Ag) = res ( —C4,,(s),@ 
, a= 3 (4.0.0) 


WEP( 


l—s 
=e (=4..0.0) (5.5.147) 


1-—@ 


- 


ots (Cieny lB): 
we Aba y)\M0} 


We now let @, := ipk for each k € Z and note that: 


21 oy 


res (Cavs @) = (5.5.148) 


loga—!) a,’ 
for every k € Z\ {0}. 
In order to calculate the residue of Chey at Mp = 0 in (5.5.147), we reason anal- 
ogously as in the proof of Theorem 5.4.32 (see Equation (5.4.80) and the comment 
following it) in order to deduce that 


6 Here, without loss of generality, we have fixed 5 := 1. 
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ti-s ) lon (—1)"* (loge! FG, [O]-n—1 
res | ——C,.(s),0) =t z 
(Toe p> k\(n—k)! (5.5.149) 
=t (Cae [0]-1 — Say [0]-2 + S4,[0|-2logr™"). 


The Laurent series expansion of €4 around s = 0 is given by 


2 3— log -14 
hrel8) = Heat =a + O(1). (5.5.150) 
Hence, 
b4z|0|-2 = ioeat and Cay l0]-1 =3 —log,-14, (5.5.151) 


which combined with Equation (5.5.149) yields 


tics 2 log4 —2 
——,_,(s),0 ) = —~—tlogr7! +. (3 i 5.5.152 
= (use (s) ) loga7! eo ( loga! ) ( 


Finally, we obtain the following exact pointwise fractal tube formula for Ay, 
valid for all t € (0, 1/(2a)): 


7 log4—2 
Va y(t) = \(A.v)s| = ica = (3- loga! ) 
4 (21) iP (5.5.153) 
loga keEZ\{0} (1 _ x) 


2 -1 -1 
- fogantt oe +1G (log,-1(2t)~'), 
where G is a nonconstant 1-periodic function on R, which is bounded away from 
zero and infinity and given by the following absolutely convergent (and hence, con- 
vergent) Fourier series: 


log4—2 2 wan 
G(x) := (3 a )+ ~ Y ——,, forallxeR. (5.5.154) 
loga loga keZ\(0} (1 — @y) 


It is now clear from the fractal tube formula (5.5.153) for A.yv that, as was al- 
ready stated, dimg Ay = 0 (which is also the topological dimension of A) and A ¥ is 
Minkowski degenerate with (ordinary) Minkowski content .#/°(A.v) = +o. On the 
other hand, Ay is h-Minkowski measurable, with h(t) := logt~! for all t € (0,1), 
and its h-Minkowski content is given by 


_ 2 
~ loga!” 


M°(Ay,h) (5.5.155) 
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We conclude this example by pointing out that, although D := dimgA vy = 0 
(which is also the topological dimension of A) and hence, much as in Examples 
5.5.22, 5.5.23 and 5.5.24, Av would not be considered fractal in the classical sense, 
we also see from (5.5.153) that the nonreal complex dimensions of A_y with real part 
equal to D give rise to (intrinsic) geometric oscillations of order f (or simply, 1) in 
its fractal tube formula (even though A ¥ is h-Minkowski measurable). More specif- 
ically, according to our proposed definition of fractality given in Remark 4.6.24 and 
further refined in Remark 5.5.15 (case (i)) above, Ay (or, equivalently, ) is crit- 
ically fractal in dimension d := D = dimgA y = 0. (See the concluding comments 
of Subsection 5.5.4, on pages 499-502 for a closely related situation.) 


The next remark (Remark 5.5.26) is extensive and is composed of three parts, la- 
beled (a), (b) and (c). It addresses various aspects and generalizations of the above 
discussion. Part (a) discusses the potential generalizations of the above fractal tube 
formulas to self-similar sets, rather than to self-similar sprays (or tilings). Moreover, 
part (b) provides explicitly the easy extension of the above fractal tube formulas to 
self-similar sprays with multiple generators. Finally, part (c) discusses the charac- 
terization of the Minkowski measurability (or, more generally, the possibly subcriti- 
cal Minkowski measurability) of a large class of self-similar sprays and self-similar 
sets. (We could analogously discuss the general applications of fractal tube formulas 
and Minkowski measurability criteria to not necessarily self-similar fractal sprays. 
However, for the sake of clarity and brevity, we will not do so here and simply 
mention that, under appropriate assumptions, the corresponding discussion would 
parallel the one provided in the relevant portions of parts (a) and (b) of Remark 
5.5.26 just below.) 


Remark 5.5.26. (a) (Towards fractal tube formulas for self-similar sets). We also 
expect that under suitable hypotheses (see below), and by using (or appropriately 
extending) the corresponding results of the present subsection about self-similar 
sprays, we can obtain (pointwise or distributional) fractal tube formulas, with or 
without error term, for a large class of self-similar sets (satisfying the open set con- 
dition). A key step for deriving such results should consist in obtaining an approx- 
imate functional equation connecting the distance zeta functions of the given self- 
similar set F and of the associated self-similar tiling (or spray) (A, Q), viewed as a 
self-similar RFD. 
More specifically, we expect that, under suitable assumptions, we have 


Cr(s) = C4.a(s) + Co out(s) + f(s), (5.5.156) 


where f is a function which is holomorphic on some open right half-plane {Res > 
n}, with —co < 7 < min{Dg,0o}. Here, Dg and op stand, respectively, for the 
(upper) Minkowski dimension of the generator G of the self-similar spray (or tiling), 
and for the similarity dimension of F (or, equivalently, of (A, Q)); that is, 69 € (0,N) 
is the unique real solution of the Moran equation yj m=, 

Furthermore, €0.out := Cx.xe is the distance zeta function of a relatively “simple” 
RFD (denoted in an interesting special case by (K,K°) below, with K := O and 
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K®¢ := R® \ O) taking into account the contributions of the outer neighborhoods of 
K =O, where O is an admissible open set, in a sense to be explained below. For the 
purpose of the present discussion, we assume that O, the closure of O in RY, is the 
convex hull of F’, but significantly more general situations will be considered below. 

Moreover, (A,@) is the canonical self-similar tiling associated with the self- 
similar set F’, in the sense of [Pe] to be briefly described below (and as used in 
[LapPe2—3], [LapPeWil-—2], as well as described in [Lap-vFr3, Section 13.1]) and 
viewed as a self-similar RFD. It is a special case of a self-similar spray (in the sense 
of [Lap3, LapPo3]) having a natural geometric meaning. In particular, the bounded 
open set Q is the complement of F' in the (necessarily closed) convex hull of F 
(or, more generally, in the closure O of the admissible open set O, see below) of 
countably many scaled copies (the ‘tiles’) of the generator G of the fractal spray (or 
tiling).°! In most situations of interest, the tiles are simple polyhedra (equivalently, 
the generator is a simple polyhedron). 

We assume that the self-similar tiling is nontrivial, which is known to imply 
that the self-similar set F satisfies the open set condition (in the sense of [Hut]; 
see also, e.g., [Fall]) and that dimg(A,Q) < N (which will be implied by our 
other hypotheses). We also assume that the generator G is sufficiently ‘nice’, for 
instance, monophase or, more generally, pluriphase (in the sense of [LapPe2-3], 
[LapPeWil—2]), as discussed earlier in the present subsection. For example, un- 
der mild nondegeneracy hypotheses, G can be a convex polytope of RY; see the 
main result in [KoRati], which resolved and specified a conjecture in [LapPe2] and 
[LapPe3]. (More information about self-similar tilings, their generators, the open set 
condition, and the nontriviality condition, is provided towards the end of the present 
discussion, i.e., of part (a) of this remark.) 

Note that it is well known in the literature on fractal geometry (see, e.g., [Hut] 
and Theorem 9.3, page 140 of the third edition of [Fal1]) that since the self-similar 
set F' satisfies the open set condition and letting Dr := dimgF,, we have that the 
box (i.e., Minkowski) dimension Dr of F exists and 09 = dimy F = Dr (= D(Cr), 
by Theorem 2.1.11 and Corollary 2.1.20 above). We caution the reader, however, 
that the same statement does not hold, in general, for a self-similar RFD (which is 
not, necessarily, a self-similar set), as the example of the inhomogeneous Sierpinski 
N-gasket RFD (and similar examples; see Examples 4.2.33, 4.2.34 and 4.2.35 from 
Subsection 4.2.3, revisited from the point of view of the fractal tube formulas in 
Examples 5.5.22, 5.5.23 and 5.5.24, respectively) shows. More specifically, for the 
inhomogeneous Sierpinski N-gasket RFD (Ay, Qy), when N > 4, the open set con- 
dition is satisfied by the corresponding self-similar set F but we have 


Day .Qy =DG =N—1> 00 = Dr =log,(N +1), (5.5.157) 


where G is the single generator of the inhomogeneous N-gasket RFD. Here, the 
corresponding self-similar set F := $3 is the well-known Sierpinski tetrahedron (or 


6! For notational simplicity, we assume here that there is a single generator. Entirely analogous 
results are expected in the case of finitely many generators, as is explained at the end of part (c) of 
this remark, based on part (b) below. 
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pyramid) S3, in the case when N = 3 and a higher-dimensional analogue F := Sy 
when N > 4.°? (See Example 4.2.26, along with the discussion surrounding Equa- 
tion (5.5.185).) We caution the reader, however, that we can have simultaneously 
Dr = 09 and Day ay = Day = max{Dg, 00} > 00. Indeed, as was discussed in 
Example 4.2.26 and will be further discussed below, Ay is an inhomogeneous self- 
similar set, not an ordinary (or homogeneous) self-similar set. This may be a some- 
what confusing point worth being highlighted. The first author (Michel Lapidus) 
wishes to thank Michael Barnsley and Martina Zahle for their helpful queries about 
this issue. 

What should be true, in general, is that for a self-similar set F' satisfying the open 
set condition (and under some other mild conditions on the generator G), we have 
that Dg < 0 and therefore (in light of Corollary 2.1.20, in particular), 


Dp := ae D(Gr) = Daa = D(Ca,a) (5.5.158) 
= dimg(A, Q) = max{Dg, 00} = oo. 

In the present discussion, we do not need to know that (or when) Equation 
(5.5.158) holds, but we need to be aware of the following fact, which is a conse- 
quence of the factorization formula (5.5.105) (or, equivalently, (5.5.108)) combined 
with parts (b) and (c) of Theorem 4.1.7: 


Dao := dimg(A, 2) = D(C4,a) = Dhoi(Ca.a) = max{DG, oo}, (5.5.159) 


with (again by these same results) Dg = D(C3¢,c). (Clearly, we have that 09 < N 
since, by hypothesis, yy ry < 1; also, we have that 69 > 0 since J > 2.) 

The hypotheses under which we expect these results to hold, include, for exam- 
ple, that the generator G is pluriphase (for instance, a polytope, under mild assump- 
tion, by [KoRati]). 

We mention that other, more general, choices of self-similar tilings associated 
with a self-similar set F and a corresponding open set O satisfying the open set con- 
dition (OSC, in short) can be made, as in [PeWi] (and as used in [LapPeWil-2] or 
described in [Lap-vFr3, Section 13.1]); they give rise to different, although related, 
self-similar RFDs but the corresponding results are expected to be analogous. In 
fact, this extra flexibility is likely to be essential for making the present ideas more 
specific and to correctly implement them. 

These more general self-similar tilings are associated with ‘feasible’ (bounded, 
nonempty) open sets O; i.e., the OSC is satisfied in the following sense: O is a 
nonempty open subset such that 


@(O)CO for j=l,...,J (5.5.160) 


62 More precisely, the self-similar set F := Sy is the unique fixed point of the IFS consisting of 
(N+ 1) contractive similitudes of R% of scaling factor equal to 1/2, as described in Example 4.2.26. 
63 We assume here implicitly that when Dg # 6, the generator G (and hence also, the RFD (A, Q)) 
has positive lower Minkowski content, which is the case in most situations of interest. 
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and 
D;(0)1@(O) =0 for jA#j', with Ff SAlcgd (5.5.161) 


where { ® nee are J contractive similitudes of R with scaling ratios {r; Hes defin- 
ing the self-similar set in the usual way: 


J 
F=|J((F) =: O(F). (5.5.162) 
j=l 


Furthermore, O is ‘acceptable’, in the sense that the associated self-similar tiling is 
nontrivial: _ 
O¢ (0), (5.5.163) 


where O denotes the closure of O in R¥. The associated self-similar tiling t := t(O) 
is then given by 
t= t(O) := {®,(G) : we W}, (5.5.164) 


where 25 := Uf_o{1,...,/ f is the set of all finite words based on the alphabet 
{1,...,/} and for each w = (wy,..., wx) € W, Dy := B,,, o---o@,,, is the appropri- 
ate composition of the maps ®,,,,..., Py,. Here, the generator G of the self-similar 
tiling t (or, equivalently, of the associated self-similar RFD (A, Q)) is the (bounded) 
connected open set of R% defined by G:= O\ ®(O), the elements of O which are 
not in ®(O). Note that according to the nontriviality condition, G is nonempty. Also, 
for notational simplicity, we assume in the present discussion that there is a single 
generator. (In general, the open set O \ ®(O) need not be connected. Then, the gen- 
erators { GO}e of t, where Q is assumed to be a finite number, for simplicity, are 
the bounded open sets which are defined as the connected components of the open 
set O\ ®(O).) 

It is shown in [PeWi] (extending [Pe] to this more general situation) that the tiles 
®,,(G) (for w € MW) in t = t(O) are pairwise disjoint (bounded) open sets, and that 
the closure of their union coincides with O, the closure of 0: 


O= | | Dy(@), (5.5.165) 
wea 


thereby, justifying the use of the term “self-similar tiling” in this context. 

Let us close this discussion by giving one class of examples for which a rela- 
tion of the type (5.5.156) is satisfied, in a strong sense (since the counterpart of 
f is then identically equal to zero) and for the tube (instead of the distance) zeta 


4 We follow here the discussion of self-similar tilings provided in [LapPeWi2]. If, as in part (b) 
of this remark on page 528, we have multiple generators, {Ga ) ane rather than a single generator 
G, then (5.5.165) should be replaced by the following equality: O = ea Leo Pv(G%), where 


B denotes the closure in R of B C R%. We note that the N = | case precisely corresponds to the 
self-similar strings with multiple gaps discussed in [Lap-vFr3, Chapter 2, esp., Section 12.1]. 
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functions. (As a consequence of the functional equations (2.2.23) and (4.5.2), it will 
then follow that (5.5.156) actually holds for the distance zeta functions, with f be- 
ing an explicitly computable entire function.) This is directly connected to a result 
in [PeWi] and to the hypotheses made in [LapPeWi2, Section 5] in order to transfer 
results (such as Minkowski measurability results) from self-similar tilings to certain 
self-similar sets. The main geometric condition about the self-similar tiling t = t(O) 
required here is the following compatibility condition. Namely, the bounded open 
set O (in addition to being ‘admissible’, i.e., feasible and acceptable) is such that 
OO C F, where dO denotes the boundary of O in R. This condition is satisfied, 
for example, by the Sierpinski gasket and the Sierpinski carpet tilings, but not by 
the Koch tiling (see, e.g., [LapPeWi2, Figure 2.1, p. 189]). Then, if we consider the 
compact subset of R defined by K := O, it follows from the compatibility condition 
that for every t > 0, we have that 


lF:] = V (t,t) +|K\ Kl, (5.5.166) 


where V(t,t) is the volume of the inner t-neighborhood of t = t(O) (the disjoint 
union of the inner ¢-neighborhoods of the tiles of t), just as in the general theory of 
fractal sprays [Lap2—3, LapPo3, Lap-vFr1-—3]), and 


|K\ K| = [Ki] —|K| =|K:K"|, (5.5.167) 


with K° := R" \ K (the complement of K in R%). Here, K; \ K is the ‘outer’ (or 
“excised’) t-neighborhood of K. Note that therefore, in light of (5.5.167), 


|K; \ K| = |Ki 0 K°| = Ve,xe (5.5.168) 


is the tube function of the RFD (K,K‘°). 
It follows at once from (5.5.166) and (5.5.168) that 


|F;| = V (t,t) + Vk,xe(t) = Va,o(t) + Ve,xe(t), (5.5.169) 


where we have identified the self-similar tiling with the RFD (A,Q) given by the 
self-similar spray defined by t and hence, generated by G. (For notational simplic- 
ity, we write |-| instead of |-|y in Equations (5.5.166)—(5.5.169).) Observe that in 
light of (5.5.169), |F;| is the sum of an inner contribution (corresponding to the RFD 
(A, Q), associated with the tiles of t = (O)) and an outer contribution (correspond- 
ing to the RFD (K,K°), where K := 0). 

In light of the definition of the tube zeta function of an RFD (A, Q) and since, by 
construction, V4.9 = |A;N Q| and Vx xe = |K;™ K*|, we deduce the following key 
identity between the corresponding tube zeta functions: 


Er (s) = Cs,0(s) + Sx,xe(s), (5.5.170) 


for all s € C with Res sufficiently large, and then, as usual, after meromorphic con- 
tinuation, for all s ¢ U, where U C C is a domain to which both C4 9 and Cx xe can 
be meromorphically continued. Since, according to our results about self-similar 
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tilings (sprays) obtained in the first part of this subsection, C4 9 and hence also, 
bro, can be meromorphically continued to all of C (and is explicitly known in 
terms of Cgc and the scaling ratios {r Vis see Equation (5.5.105) along with the 
functional Equation (4.5.2)), the identity (5.5.170) is valid for all s € U, where U is 
any connected open subset of C to which 4 K,Ke can be meromorphically continued. 

We leave it as an exercise for the interested reader to deduce from (5.5.170) 
and a repeated application of the functional equation (4.5.2) (connecting the rela- 
tive distance and tube zeta functions) a corresponding identity for the distance zeta 
functions Cr, Cao and Co out ‘= ¢x,xe. In fact, as desired, one obtains an expres- 
sion which is exactly of the form (5.5.156), where the ‘error function’ f = f(s) is 
an entire function (which is explicitly computable and depends on the unimportant 
choice of 6 > 0 occurring in the functional equation (4.5.2)). 

In the more general situation when the compatibility condition dO C F is not 
necessarily satisfied, we expect that, under suitable hypotheses, we have a relation 
of the form 5 7 ‘ 

Cr(s) = C40 + Sx,xe +8(s), (5.5.171) 


where g is a holomorphic function of the above type; namely, g is holomorphic on 
some open right half-plane {Res > a}, with a € RU {—cc} small enough (say, 
oa < min{D, 9,Dx,x}). Then, exactly as above, by repeatedly using the functional 
equation (4.5.2), one would obtain an expression of the desired form (5.5.156), for 
the distance zeta function Cp itself. 

This last discussion clearly suggests that, in general, the situation is somewhat 
complicated but that it might be best apprehended by first working with (absolute 
and relative) tube (instead of distance) zeta functions, then deducing the correspond- 
ing identity (5.5.156) between the distance zeta functions (via a repeated use of the 
functional equation (4.5.2)) and finally applying one of the appropriate tube formu- 
las (expressed in terms of the distance zeta functions) from Section 5.3 in order to 
obtain the tube formula for Vo out := Vk,xe. 

Alternatively, one may wish to directly apply the tube formulas obtained in Sec- 
tions 5.1 and 5.2 (rather than in Section 5.3). Finally, we note that in light of the 
functional equation connecting C4 @ and aa (see Equation (4.5.2)) and in light 
of Equation (5.5.105) (or, equivalently, (5.5.108)) giving the explicit expression of 
Ca,Q (namely, C4,0(8) = Cac,a(s)/U - py r)), we have in our possession an ex- 
plicit expression for 4 o(s). We expect that in many cases, Ce Ke (s) can also be 
computed or, at least, appropriately approximated (modulo a suitable holomorphic 
function, of the above type). 


(b) (Fractal tube formulas for self-similar sprays with multiple generators). 
Moreover, we mention that all the results of the present subsection easily extend 
to self-similar sprays (and tilings) with finitely many (rather than a single) genera- 
tors. For example, if G),...,G(2) denote these O generators, with Q € N, Equation 
(5.5.105) simply becomes 
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bade ra faati (a) (S) 
ye 1 rj 


Ms 


C4,0(S) = 


Cala) ad (s) = 


i 
us 


(5.5.172) 


Q 
s) by acta) GG) (s) 
q=l 


where en denotes the self-similar spray (viewed as an RFD) with Q genera- 
tors G"),...,G(2) and scaling ratios {rj} ,-and for each g=1,...,0, (A, QM) 
stands for the self-similar spray with the single generator G and the same scaling 
ratios (or ratio list) {rjHu1- Furthermore, in the last equality of (5.5.172), Ge is the 
scaling zeta function of the self-similar spray (A, Q) given by (5.5.109). Moreover, 
with 09 (= D(fe) = Dnoi(Ge), by Theorem 4.1.7) still denoting the similarity di- 
mension, (5.5.159) becomes (due to possible cancellations between the zeros of the 
numerator and the denominator, in the last two terms of (5.5.172))® 


Dag := dimp(A,Q) = D(C4,a) = Dhoi(Sa,0) 
(5.5.173) 


Similarly, exactly as in [LapPe2-—3] and [LapPeWil-2], the fractal tube formula 
(of a given type) associated with the RFD (or self-similar spray) (A,Q) is simply 
obtained by adding the corresponding fractal tube formulas (of the same type) asso- 
ciated with the RFDs (or self-similar sprays) (A® ‘ Qa), for each g = 1,...,Q, and 
likewise for the corresponding error terms and error estimates (when applicable). 
[Naturally, this observation can also be applied to the case of self-similar sets dis- 
cussed in the previous comment (see part (a) of this remark), when the correspond- 
ing self-similar tilings have multiple generators (rather than a single generator). ] 

More specifically, the counterpart of (5.5.113) would become 


Va.a( > Vito ata ( (5.5.174) 


where, for each g = 1,...,Q, Vyia) gig (t) is given by the fractal tube formula 


(5.5.106), but with (A,Q) replaced by (A,Q() and likewise, with (9G, G) re- 
placed by (9G‘),G). Therefore, we have the following (pointwise or distribu- 
tional) formula (with or without error term): 


Va.a(t) == |ArNQ| 
Q er ga (s ) 
a »y res ; 
11 w€(ONWUFCga) gg’ W) (N= tessa ; r\) 
+R, a(t), 


,O (5.5.175) 


65 For the third equality in (5.5.173) to hold, we must implicitly assume a mild condition on (A, Q); 
namely, that its lower Minkowski content .%, (A, Q) is positive. 
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where, as before, © = De is the set of complex solutions of yy rj = 1 and 
Ra a(t) = py a R 4(@ (a (t) is the sum of the error terms associated with each self- 


similar RED (A, Q()), for q € {1,...,Q}. 
In the case when each of the generators G) (q = 1,...,Q) is monophase, then 
each Vy(q) o(q) 18 given by the exact tube formula (5.5.113), except for (A,Q) re- 


placed by (AD, QM), g replaced by g(, the inner radius of G, and x; replaced 
by Ki for eachi=0,...,N: 


Va.a(t) = |ArNQ| 


N (9) (Or 5.5.176 
jN-s i= a). ( ) 


= y »y res ; 
g=! wEDU{0,I,...,N—1} (1 3175) 


Furthermore, in the important special case when D = De (the set of ‘scaling 
complex dimensions’ of the self-similar spray, in the terminology of [LapPe2-3], 
[LapPeWi1—2] or of [Lap-vFr3, pester 13.1]) consists only of simple zeros of the 
Dirichlet polynomial 1 — Y’ =| 1; (or, equivalently, of simple poles of the eae 


zeta function’ Ce (s) := (1— y= in) '), and the unique real zero oo of 1 re Tj 
is not an integer,” the fractal tube formula (5.5.176) takes the following simpler 


form: 


Va a(t) = |A,NQ| = > a ©. (5.5.177) 
@EDU{0,1,....N—1} 
where 
Q KO (g (q))@- i 
do :=tes (Ce, o) Y Ys. if wED, (5.5.178) 
q=1i=0 
or 
So @) 
dy :=Ce(@) Yi Ky’, if we {0,1,...,.N—1}, (5.5.179) 
q=1 


and (as above, and in the terminology of [LapPe2—3], [LapPeWil-—2]) Ge denotes 
the ‘scaling zeta function’ of the spray; namely, 


1 
Co (s) := , forall seéC. (5.5.180) 


1-yan Wj } 


Consequently, we obtain the following more explicit form of the fractal tube for- 
mula, which shows the respective contributions of the ‘scaling complex dimensions’ 
(i.e., the poles of Ce, or, equivalently, the elements of D =: De) and the ‘integer 
complex dimensions’ (i.e., the elements of {0,...,N — 1} that are poles of 3g g): 


66 See the example of the Sierpiriski 3-gasket discussed in Example 4.2.26 where this situation 
occurs. 
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Va,a(t) = |ArNQ| 


= > res(Lo,0 (23% Meine sree ae 


es 


Sean Ea )e 


q=1 


(5.5.181) 


(Compare with [LapPe3, LapPeWi1] and [Lap-vFr3, Corollary 13.16].) 

In closing this comment, we note that the fractal tube formula (5.5.176) (or, 
equivalently, (5.5.181)) can be immediately extended from the case of monophase 
to that of pluriphase generators, as a consequence of the general fractal tube for- 
mula (5.5.175). Therefore, we can recover and considerably extend all of the results 
obtained in [LapPe2—3] and [LapPeWil-—2] (see also [DemKoOU] and, especially, 
[DenKoOU], based on those references), as well as the corresponding results dis- 
cussed in the exposition provided in [Lap-vFr3, Section 13.1]. 

Also, we note that, naturally, the discussion of part (a) of this remark can be 
combined with the present one to extend from single to multiple (sufficiently nice) 
generators the conjectures regarding the fractal zeta functions of self-similar sets 
(satisfying the open set condition) and corresponding fractal tube formulas. In par- 
ticular, we expect that (with the notation of part (a)) Equation (5.5.156) remains 
true, with C4 9 given by the following identity: 


Cr(s) = CA.Q (s) + Co.out(S) + f(s), (5.5.182) 


where the complex-valued function f is holomorphic in a suitable open right half- 
plane {Res > a}, with a € RU {—c-} sufficiently small, and where (A,Q) is the 
canonical self-similar tiling associated with the given self-similar set F. We then 
conjecture that the corresponding fractal tube formula is given by 


Ve (t) = Va,a(t) + Voour(t) +Rr(t), (5.5.183) 


where V4 9 is still given by Equation (5.5.175), the fractal tube formula for the 
canonical self-similar tiling (A,Q) (or an appropriate more general self-similar 
tiling) associated with the self-similar set F, and the error term Rr can (roughly) 
be split into three parts, 

Rr =Raaqt+RoountRy, (5.5.184) 


the error term R49 appearing in (5.5.175), Ro,ou, the error term appearing in the 
fractal tube formula for the RFD (O, out) := (K,K°) described towards the end of 
part (a) (or a suitable analog thereof), expressed in terms of the distance zeta func- 
tion Co.out = CK,Ke (by using the results of Section 5.3), as well as the error term 
Ry corresponding to the contribution of the holomorphic function f appearing in 
(5.5.182) (the counterpart of (5.5.156) in the present context). 
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(c) (Minkowski measurability criteria for self-similar sprays and sets). Let 
(A, Q) be a self similar spray with scaling ratios {r; Het and (for notational simplic- 
ity) a single generator G assumed to be pluriphase (for example, a suitable polytope, 
by [KoRati]).°’ Then, under mild assumptions, D = dimg(A,Q) exists, D < N and 
(A, Q) is Minkowski nondegenerate. In particular .%,(A,Q) > 0. Now, let oo de- 
note the similarity dimension of (A, Q); namely, oo is the unique real solution of the 
Moran equation pe 1 z = |. Then, in light of the factorization formula (5.5.105), 
(namely, since Cj g is then meromorphic in all of C, C4 a(s) = G6 (s)- Cag.g(s), for 
all s € C, where Gg (s) := (1—- a r)-l) and by Theorem 4.1.7(c) (or Corollary 
4.1.10(ii)), we have that 


pStuag he) D(Ca,2:) = Dnoi(Sa,a) (5.5.185) 
= max {60,dimg(dG,G)}. 

Actually, in the second equality above, initially, we have dimg(A,Q) = D(€4.9), 
which is a general result for any RFD (A, Q), by Theorem 4.1.7. The stronger result 
in our case follows from the sufficiency condition given by Theorem 5.4.2 in the 
nonlattice case, and by the pointwise fractal tube formula of case (ii) of Theorem 
5.3.16 in the lattice case (since the generator is assumed to be pluriphase, it is not 
difficult to check that the strong d-languidity is satisfied with d-languidity exponent 
Kg := 0; see also the discussion following Equation (5.5.113) in the monophase 
case).°° In particular, we obtain the following natural generalization of the identity 
(4.2.80), initially established in the case of the inhomogeneous N-gasket RFD in 
Example 4.2.26 of Subsection 4.2.3 (in the notation of Example 4.2.26, we have 
G:= Qn): 


D = dimg(A,Q) = D(€4,.9) = max { 00,dimg(dG,G) }. (5.5.186) 


Note that, under the present assumptions, we have that dimg(dG,G) belongs to 
{0,1,...,N—1} and hence, is an integer. Also, if G is a polytope, for example, 
Dg := dimg(0G,G) exists and therefore can be substituted for Dg := dimg (0G, G) 
in (5.5.185) and (5.5.186). For notational simplicity, we will assume in the sequel 
that Dg = dimg(0G,G) exists. 


Next, we distinguish the following three cases: (i) Dg < 60; (ii) Dg = 00; and 
(iii) Dg > Oo. 


Case (i): Dg < 09. Then, by (5.5.186), D = oo and all of the poles of Cag.c 
(which are all simple and form a subset of {0,1,...,N — 1}) are located strictly 
to the left of D. Therefore, in light of the factorization formula (5.5.105) recalled 


67 The assumptions on G could be significantly weakened but we will refrain from doing so here, 
in order not to complicate the statements unnecessarily. 

68 Actually, the following issue arises in the critical case when D = og = dimg(0G, G) since then, 
by the factorization formula (5.5.105), D is a double pole of C4 a. Therefore, in the lattice case, we 
can apply Theorem 5.4.32, but in the nonlattice case, we do not have a rigorous justification of the 
second equality in (5.5.185), although we conjecture that it is also true. 
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above, it follows that the principal complex dimensions of (A, Q) coincide with the 
complex solutions of the complexified Moran equation Ye rj = 1 (Le., with the 
scaling complex dimensions of (A,Q)). Recall from [Lap-vFr3, Theorem 3.6] that 
Oo is always a simple pole of Ge and that, in the nonlattice case, it is the only pole 
of Ce located on the vertical line {Res = 00}, while in the lattice case, the poles of 
Ce form an infinite subset of 69 + piZ, where p := 27/log(r—!) is the oscillatory 
period, with r € (0, 1) being the single generator of the multiplicative group (of rank 
1) generated by the scaling ratios 7),...,ry. (See also the comments preceding the 
statements of Corollary 5.4.23 above.) 

We deduce, in particular, that since D is simple, the RFD (A,Q) has a nonreal 
complex dimension with real part D (= 00) if and only if we are in the lattice case, 
and hence, in light of Theorems 5.4.2 and 5.4.20, if and only if (A, Q) is Minkowski 
measurable. More specifically, we reason exactly as in the proof of Corollary 5.4.23 
(which corresponds to the case when N = 1). Namely, if (A,@) is lattice, then it 
satisfies the hypotheses of Theorem 5.4.15 concerning the languidity and the screen 
and hence, since in the lattice case, in addition to D there are other poles with real 
part D, we conclude that (A,Q) cannot be Minkowski measurable. On the other 
hand, if (A,Q) is nonlattice, then the only pole with real part D is D itself and it is 
simple. Consequently, (A, Q) satisfies the hypotheses of Theorem 5.4.2 and hence, 
(A, Q) is Minkowski measurable. 

Therefore, in case (i), (A,Q) is Minkowski measurable if and only if D is its only 
principal complex dimension and also, if and only if the self-similar spray (A, Q) is 
nonlattice. 

This proves (for the case of self-similar sprays) the geometric part of a conjecture 
of the first author in [Lap3, Conjecture 3, pp. 163-164], in case (i) (and, in particu- 
lar, in case D is not an integer). Note that for a self-similar string (i.e., when N = 1), 
we are always in case (i) and therefore, we have reproved the characterization of the 
Minkowski measurability for self-similar strings obtained in [Lap-vFr3, Section 8.4, 
esp., Theorems 8.23 and 8.36] and recovered (via a different method) in Corollary 
5.4.23 above. 

We note that [Lap3, Conjecture 3] was stated both for the geometry and spectra 
of self-similar fractal drums, satisfying the open set condition. More specifically, it 
was stated in terms of the leading geometric and spectral oscillations of such drums 
but not explicitly in terms of complex dimensions. Therefore, from this point of 
view, our results go beyond the scope of the geometric part of that conjecture. 


6 See [Lap-vFr3], Chapters 2 and 3, especially, Theorem 2.16 and Theorem 3.6, for a detailed anal- 
ysis of the structure of the scaling complex dimensions, in the lattice and nonlattice cases. In partic- 
ular, in the lattice case, the scaling complex dimensions are periodically distributed along finitely 
many vertical lines (the right-most of which is {Res = 00}), while in the nonlattice case, they 
are ‘quasiperiodically distributed’ and can be approximated by the scaling complex dimensions of 
an infinite sequence of self-similar strings, with oscillatory periods p, increasing to infinity expo- 
nentially fast as n — oo. Observe that in [Lap-vFr3, Chapter 3], no assumption is made about the 
underlying scaling ratios (and gaps), so that the corresponding results (and hence also, [Lap-vFr3, 
Theorems 2.16 and 3.6]) can be applied to self-similar sprays in R¥, for an arbitrary N > 1. 
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Case (ii): Dg = 09 and hence, D is an integer. Since Dg and 6p are simple poles 
of Cag.g and Ce, respectively, it follows from the factorization formula (5.5.108), 
Ca,0 = Ce: Cag.c, that D is a double (and hence, a multiple) pole of ¢4 a. Therefore, 
according to Theorem 5.4.10 (and by using Lemma 5.4.11), the self-similar spray 
(i.e., the RFD) (A,Q) is not Minkowski measurable, independently of whether or 
not the self-similar spray is lattice or nonlattice. Under the additional assumptions”° 
of Theorem 5.4.32 (the case when m = 2 in the notation of that theorem) on the 
RFD (A, Q), we conclude in this case that it is h-Minkowski measurable, where the 
gauge function h is given by h(t) := logt~! for every t € (0,1). 


Case (iii): Dg > 00. Then, in light of (5.5.186), we have D = Dg (hence, D is an 
integer). Furthermore, according to [Lap-vFr3, Equation (3.9)] (see also Subsection 
2.1.4 above), all of the poles of Ce have real part < oo and thus, have real part < D. 
In light of the factorization formula (5.5.105), it then follows that the only principal 
complex dimension of (A, Q) is D = Dg itself, and it is simple (since Dg is a simple 
pole of Cg.g); ie., dimpc(A, Q) = {Dg}. (Note that in most cases of interest, we 
have Dg = N — 1.) Consequently, by Theorem 5.4.20 (the Minkowski measurability 
criterion), the RFD (A, 2) is Minkowski measurable. 

Therefore, in case (iii), (A, Q) is always Minkowski measurable, whether or not 
the self-similar spray (A, Q) is lattice or nonlattice. 

In summary, if D is not an integer, then we must be in case (i). In that situation, 
(A, Q) is Minkowski measurable if and only if it is nonlattice (the same conclusion 
holds in case (i) even if D is an integer, which can happen). In particular, the ge- 
ometric part of Conjecture 3 of [Lap3, p. 163-164] is true in this case (and, more 
generally, in case (i), which is the one most often encountered in practice). (See also 
the comments below about the later results of [KomPeWi].) 

If we are not in case (i), then D is an integer and either 69 = Dg (= D) and 
hence, (A,Q) is not Minkowski measurable or else 69 < Dg (= D), and hence 
(A,Q) is Minkowski measurable. Then, clearly, the conclusion of the geometric 
part of [Lap3, Conjecture 3] fails when we are not in case (i). Note, however, that 
in case (iii), this fact does not contradict [Lap3, Conjecture 3] because case (iii) 
cannot occur for self-similar sets satisfying the open set condition, which was the 
only situation considered in that conjecture. Indeed, in that situation, we have (for 
any 6 > 0) 

dimg(A, Q) < dimp(A,A5) = dimpA = 00, 


where the last equality is well known and was discussed earlier. (See, e.g., [Fall, 
Theorem 9.3].) 

Recall from the discussion of the inhomogeneous relative N-gasket (Ay, Quy) 
in Example 4.2.26 of Subsection 4.2.3 that case (i) occurs when N = 2 (the usual 
Sierpiriski gasket), case (ii) when N = 3, and case (iii) when N > 4. Therefore, each 


70 These assumptions are always satisfied in the lattice case, whereas in the nonlattice case it may 
not be possible to choose a suitable screen. Note also that for now, we do not have an analog of 
Theorem 5.4.2 for h-Minkowski measurability sufficiency; we leave the problem of proving such a 
sufficiency theorem for a future work. In spite of these two cautionary comments, we believe that 
the stated -Minkowski measurability result is true quite generally, in case (ii). 


5.5 Examples and Applications 535 


of the cases (i)—(iii) is naturally realized for general self-similar sprays (or RFDs), 
even though for self similar sets F (satisfying the open set condition), only case (i) 
or case (ii) can occur because we always have that Dr = 09 for such sets. 

We point out that the geometric part of [Lap3, Conjecture 3] has been proved for 
self-similar sets (rather than for general self-similar sprays or RFDs) satisfying the 
open set condition, first when N = 1 in [Lap-vFr1—3] (see [Lap-vFr3, Section 8.4] 
and the earlier books [Lap-vFr1—2]), by using the fractal tube formulas for fractal 
strings, and then, in parallel with the present work, when N > 1 in [KomPeWi], by 
using the renewal theorem, in particular. The aforementioned works extend a variety 
of results previously obtained in [Lap3] (when N = | and by using the renewal theo- 
rem), in [Fal2] (also when N = 1, and by using this same theorem as well) and then, 
in [Gat] (when N > 2, and also by using the renewal theorem) and in [Lap-vFr1—3] 
(as mentioned above), as well as later, under some relatively restrictive hypotheses, 
for self-similar sprays in [LapPeWi2] (when N > 1 and by using the fractal tube for- 
mulas for self-similar sprays of [LapPeWi1], along with techniques from [Lap-vFr3, 
Section 8.4]). 

What was missing in the results of [Lap3, Fal2, Gat] (but not of [Lap-vFr1—3] 
and of [LapPeWi2]) was to show that lattice self-similar sets are not Minkowski 
measurable (as was the content of part of the aforementioned conjecture of [Lap3]), 
which is now known to be true when D is not an integer. We note that case (ii) was 
also considered in [KomPeWi], with the same conclusion as above. In our setting, 
however, by using the results and methods of Subsection 5.4.4, we could also (under 
appropriate hypotheses) obtain definite conclusions about the h-Minkowski measur- 
ability of (A,Q) for some suitable gauge function h (namely, h(t) :=logt~!, for all 
t € (0,1)). In the inhomogeneous (rather than homogeneous or strictly) self-similar 
case, explicit examples of such situations and conclusions are provided in Examples 
5.5.22, 5.5.25, as well as in Example 4.2.26 when N = 3 (the relative Sierpinski 
3-gasket); see Theorem 5.4.27 (along with Theorem 4.5.1). 


Finally, we close this discussion with four comments: 


First, we expect that the above results about self-similar sprays cases (i), (ii) and 
(iii) can also be proved by analogous methods for self-similar sets in RY (satisfying 
the open set condition), via a suitable functional equation connecting the fractal 
zeta functions of the self-similar set and the associated self-similar tiling (or spray), 
as was suggested earlier in this subsection, or else by some other method based 
on symmetry considerations and the key scaling properties of fractal zeta functions 
established in this book. 


Second, whether for self-similar sprays or for self-similar sets (and, more gen- 
erally, for self-similar RFDs), the geometric part of the original conjecture [Lap3, 
Conjecture 3] can be naturally extended as follows (both in case (i) for which it is 
now a theorem, and in case (iii): 
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Assume that 09 # Dg. Then, the self-similar spray (or set) is (possibly subcriti- 
cally) Minkowski measurable in dimension d := Oo if and only if the only complex 
dimension with real part d is d itself.’| Note that here, d is simple when d 4 Dg. 


In the case of self-similar sprays, this conjecture should follow from the results of 
this chapter, much as in case (i) above, by an appropriate adaptation (to the strictly 
subcritical case when Dg > d) and extension of the statements and proofs of The- 
orems 5.4.2 and 5.4.20. (Of course, case (i) corresponds to the case when Dg < d 
and is already proved above.) 

We note that there may be one exception to the above conjecture; namely, it could 
happen that Dg > d and 63g g(d) = 0,” thereby giving rise to cancellations.’* Of 
course, this could only happen for a general self-similar RFD (or spray), but not for 
a self-similar set. 

Recall once again that for self-similar sets (satisfying the open set condition), we 
have that Dr = d and hence, we can replace “possibly subcritically” by “critically” 
in the above conjecture, in agreement with the original conjecture made in [Lap3] 
(and now proved in that case in [KomPeWi], as discussed above). We point out that 
case (ii) (when Dg = d) will be discussed in more detail towards the end of Chapter 
6 (see, especially, Problem 6.2.36 and the much more precise conjecture to be stated 
there), is not yet proved for self-similar sets, but is expected to be true and provable 
by means of some of the results of the present chapter. 


Our third comment is that many of the results and conjectures of this subsection 
extend naturally to the setting of (not necessarily self-similar) fractal sprays, under 
appropriate assumptions on the generators of the sprays and on the (generalized) 
fractal strings by which they are scaled. Then, Minkowski measurability (respec- 
tively, Minkowski measurability in dimension d) should be equivalent to the fact 
that the only complex dimension of real part D (respectively, d) is D (respectively, 
d) itself and D (respectively, d) is simple. This follows exactly along the same lines 
as above by using, in particular, the factorization formula, C4, 9 = C6 -Cag.c, where 
(A,Q) is a fractal spray with a single generator G and Ce is the geometric zeta 
function of the fractal string by which G is scaled; in other words, Ce is the scal- 
ing zeta function of the fractal spray. Using our previously introduced terminology, 


7! Roughly speaking, “Minkowski measurability in dimension d” means that if W(t) is the part of 
the fractal tube formula corresponding to the complex dimensions with real part < d, then the limit 
of t-\“—4) w(t) (as t + 0+) exists in R. Note that, according to this definition, the ‘d-Minkowski 
content’ may be negative, which cannot happen for the classical Minkowski content; alternatively, 
one may prefer to replace W(t) by |W(t)| in the above definition, so that the corresponding con- 
tent be always nonnegative. (One can similarly define the notion of Minkowski nondegeneracy in 
dimension d.) When Dg < d, we have d = D and hence, the notion of Minkowski measurability in 
dimension d coincides with the usual notion of Minkowski measurability. 

” Note that this cannot occur when Dg < d because then, we must have that 63g.¢(d) > 0 by 
definition of C3¢.¢(s) for all s € C such that Res > Dg; that is, €jg.¢(d) is then given by the 
(convergent) Lebesgue integral of a positive function (see Equation (4.1.1)). 

® Theoretically, it could happen that 63, g also cancels some of the other or even all of the complex 
dimensions with real part equal to 0p, but we do not have examples of such self-similar RFDs. We 
do not even have an example for which the cancellation of oo occurs. 
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this would mean that the corresponding RFD is not fractal in dimension D (respec- 
tively, d) and hence, is not critically fractal (respectively, is not subcritically fractal 
in dimension d). Similarly, under appropriate hypotheses, critical Minkowski non- 
measurability (respectively, subcritical Minkowski nonmeasurability in dimension 
d < D) would be equivalent to critical fractality (respectively, to strict subcritical 
fractality in dimension d < D). 


We close this section by a fourth and final comment. Namely, we mention that 
one could provide many further examples illustrating our fractal tube formulas, as 
applied to self-similar sprays or, more generally, fractal sprays. These examples 
would include the Koch curve tiling, the Sierpinski gasket tiling, the pentagasket 
tiling and the Menger sponge tiling depicted, respectively, in Figures 6.1-6.5 of 
[LapPeWi1]. We refer to [LapPe2-3] for the corresponding tube formulas. We point 
out that the pentagasket tiling is of special interest because it is a natural example of 
a self-similar spray with multiple generators. Recall from Remark 5.5.26(b) that in 
the case of fractal sprays with multiple (say, Q) generators, it suffices to apply the 
results of the present subsection to each of the corresponding Q fractal sprays with 
a single generator, and then to add-up the resulting Q fractal tube formulas. 

Other interesting examples include the Cantor carpet, the U-shaped modifica- 
tion of the Sierpifiski carpet tiling (which has a generator that is itself “fractal”, in 
our sense), the binary trees, and the Apollonian packings depicted, respectively, in 
Figures 6.6, 6.9, 6.11 and 6.12 of [LapPeWil] and whose associated fractal tube 
formulas are provided and discussed in Subsections 6.1—6.4 of [LapPeWi1]. 

Moreover, recall from footnote 43 on page 492 that we can now use the results 
and methods of this chapter (including of this subsection) to also obtain a frac- 
tal tube formula for the Koch curve and for the Koch snowflake RFDs, which are 
important geometric examples that are definitely not fractal sprays.’* This result re- 
mains to be fully explicited and compared with the tube formula obtained for these 
same examples in [LapPel1] via a direct computation (and without the use of fractal 
zeta functions and their associated complex dimensions); see [Lap-vFr3, Subsection 
12.21] for an exposition of the main result of [LapPe1]. 

Finally, we recall that our methods apply naturally to fractal sprays which are 
not necessarily self-similar (such as the last three examples mentioned in the next- 
to-last paragraph just above). Moreover, as was alluded to in the introduction (i.e., 
Chapter 1), our general pointwise and distributional fractal tube formulas can be ex- 
tended (under suitable hypotheses) to include the case where the associated fractal 
zeta functions have nonremovable singularities which are not poles. Several exam- 
ples of such situations have been provided earlier in various contexts, but we plan 
to develop the corresponding systematic theory in a later work. 


™ The Koch curve is, of course, self-similar, but it is clearly not a self-similar spray or tiling. Fur- 
thermore, the Koch snowflake (on which the corresponding snowflake RFD is based) is obtained 
by putting together three isometric and abutting copies of the Koch curve. See, e.g., [Lap-vFr3, 
Figures 12.7 and 12.6], along with [Fall] and [Man1]. 
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Remark 5.5.27. We note that it follows from the results in [Lap-vFr3, Chapters 2 
and 3] discussed elsewhere in this book that, under mild assumptions on their gen- 
erators,’> self-similar fractal sprays are fractal in dimension d for only a finite (but 
nonempty) set of values of d in the lattice case, whereas they are fractal in dimension 
d for an infinite countable and dense set of values of d in the nonlattice case. More 
specifically, the set of d’s for which nonlattice (resp., generic nonlattice) self-similar 
sprays are fractal in dimension d is dense in finitely many nonempty compact inter- 
vals (resp., in a single interval of the form [D;,D], where D; € R and D; < D). (This 
follows from the main result of [MorSepVil] proving and extending a conjecture 
in [Lap-vFr2, Section 3.7], as well as more specifically, in reference [Lap-vF7] of 
[Lap-vFr2] or of [Lap-vFr3].) 

More generally, we conjecture that under appropriate hypotheses, self-similar 
RFDs and sets satisfying the open set condition enjoy the same properties. 


7 For example, it suffices to assume that the generators are convex polytopes or, more generally, 
that they are “nonfractal” in our sense, so that they do not have any nonreal complex dimensions. 


Chapter 6 


Classification of Fractal Sets and Concluding 
Comments 


If I were to awaken after having slept for a thousand years, my 
first question would be: Has the Riemann hypothesis been 
proven? 


David Hilbert (1862-1943) 


Abstract In this last chapter, we first introduce a refinement of the classification 
of bounded sets in RY which had begun with the well-known distinction between 
Minkowski nondegenerate and Minkowski degenerate sets. Further distinction will 
be made by classifying fractals according to the properties of their tube functions 
and allowing, in particular, more general scaling laws than the standard power 
laws. We then provide a short historical survey concerning notions pertaining to 
Minkowski measurability and related topics which play an important role in this 
work. We conclude the book with a few remarks, a long list of open problems, 
and propose several directions for future research. The research problems and di- 
rections proposed here connect many different aspects of fractal geometry, number 
theory, complex analysis, functional analysis, harmonic analyis, complex dynam- 
ics and conformal dynamics, partial differential equations, mathematical physics, 
spectral theory and spectral geometry, as well as nonsmooth analysis and geometry. 


Key words: classification of fractal sets, tube function, Minkowski degenerate set, 
Minkowski nondegenerate set, Minkowski measurability, gauge functions, historical 
survey, open problems, research directions. 


In this last chapter, we introduce (in Section 6.1) a refinement of the classification 
of bounded sets in RY which had begun with the well-known distinction between 
Minkowski nondegenerate and Minkowski degenerate sets. Further distinction will 
be made by classifying them according to the properties of their tube functions. See 
Subsection 6.1.1. 

Towards the end of Section 6.1, we provide a short historical survey concern- 
ing notions pertaining to Minkowski measurability and related topics which play 
an important role in this work; see Subsection 6.1.2. We conclude the book with 
a few remarks (Subsection 6.2.1), a relatively long list of open problems (Subsec- 
tion 6.2.2), and propose several directions for future research (Subsection 6.2.3). 

The research problems and directions proposed here connect many different as- 
pects of fractal geometry, complex analysis, functional analysis, harmonic analyis, 
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complex dynamics and conformal dynamics, partial differential equations, mathe- 
matical physics, spectral theory and spectral geometry, as well as nonsmooth analy- 
sis and geometry. 


6.1 Classification of Bounded Sets in Euclidean Spaces 


We propose the following general classification of bounded sets A in R". The rough- 
est classification into Minkowski degenerate and Minkowski nondegenerate cate- 
gories has already been introduced on page 32 in Section 1.3. 


(a) A is Minkowski nondegenerate (or simply nondegenerate), if there exists D > 
0 such that 0 < P(A) < .@*?(A) < oe. In particular, we then have D = dim, A. 


(b) A is a Minkowski degenerate set (or simply degenerate) if 


e either D = dimgA exists and at least one of the corresponding D-dimensional 
Minkowski contents is degenerate (i.e.,.4?(A) = 0 or .@/*?(A) = +0) 


e or else dimpA < dimgA. 


Remark 6.1.1. Recall from Remark 1.3.4 that since the t-neighborhood of A is equal 
to that of its closure A, the same is true of the tube function t ++ |A;| of A, as well as 
of the (upper, lower) Minkowski dimension and Minkowski content of A. Therefore, 
in what follows, we may as well asume that instead of being bounded, A is a compact 
subset of RY. 


6.1.1 Classification of Compact Sets Based On the Properties 
of Their Tube Functions 


We now introduce a finer classification of bounded sets in R™, based on the asymp- 
totic behavior of their tube functions. Since, in light of Remark 6.1.1 just above, the 
tube function of a bounded subset of R% coincides with that of its closure, which is 
a compact set, this classification amounts to a classification of the compact subsets 
of the N-dimensional Euclidean space R™. 

First, we consider the case of Minkowski nondegenerate sets A. This is equivalent 
to saying that the tube function ¢ +> |A;| has the following form: 


|A,| =t’ P(F(t)+0(1)) as t—0t, (6.1.1) 


where the function F : (0,6) — R is bounded away from zero and infinity, that is, 
0 <infF < supF < . Clearly, 


liminf F(t) =.@?(A), limsupF(t) =.@*?(A). 


t0F toot 
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The idea of this classification is to introduce function-theoretic notions for sets. 
More precisely, various properties of A will be expressed in terms of properties of 
an associated function F in the corresponding tube formula (6.1.1). 

We shall need an auxiliary function p = p(t), defined for t > 0 small enough, 
such that 


p = p(t) is decreasing, positive, continuous, and lim,_, 9+ 9 (t) = +e. (6.1.2) 


6.1.1.1 Classification of Minkowski Nondegenerate Sets 


Let A be a Minkowski nondegenerate bounded (or, equivalently, compact)! set in 
IR’. We say that 


e A is a constant set, or a Minkowski measurable set, if there exists a finite and 
positive constant .@ such that (6.1.1) is satisfied with F(t) = .@. It then follows 
that A is Minkowski measurable with Minkowski content .@. 


e A is a nonconstant set if there is no positive constant function F’ satisfying 
(6.1.1). 


We now classify Minkowski nondegenerate sets that are not constant, i.e., sets that 
are not Minkowski measurable. Let A be a nonconstant (i.e., Minkowski nonmea- 
surable) set in RY. 


e A is a periodic set if (6.1.1) holds with F of the form F(t) = G(p(t)) for all 
t small enough, where G is a periodic function and p satisfies conditions (6.1.2). 
In the applications, we often have p(t) = logr~!, like in the case of the Cantor set 
or of the Sierpinski carpet. See Examples 2.3.31 and 2.3.36, Proposition 3.1.2, and 
also Example 2.3.33, dealing with general self-similar fractal strings. The value of 
the minimal period of G is called the oscillatory period of the set A, and is denoted 
by p. At least in spirit, it is closely related to the definition of the oscillatory period 
of lattice self-similar sets studied in [Lap-vFr3]. We also introduce the notion of the 
oscillatory amplitude of A, denoted by am = am(A), defined as the oscillation of 
the function G, am(A) = osc G = supG — inf G; that is,” 


am(A) := .@*?(A)— @?(A). (6.1.3) 


e Ais anonperiodic set if any function F(t) appearing in (6.1.1) cannot be written 
in the form F(t) = G(p(t)) for all t small enough, where G is periodic and p satisfies 
conditions (6.1.2). 


Nonperiodic sets can be further classified as follows. Let A be a nonperiodic set 
in RY. 


' See Remark 6.1.1. 

2 The oscillatory amplitude of a set A, defined here, should not be mistaken for the ‘amplitude’ of 
the set A, introduced in [Zu4, Remark 2.4]. These two notions are different, though related. For ex- 
ample, the larger the amplitude of A, the larger its oscillatory amplitude; see [Zu4, Equation (23)]. 


542 6 Classification of Fractal Sets and Concluding Comments 


e Let n be an integer > 2 or else n = ©. Then, A is a transcendentally (resp., 
algebraically) n-quasiperiodic set if F (t) = G(p(t)), where the function G = G(t) 
is transcendentally (resp., algebraically) n-quasiperiodic (in the sense of Defini- 
tion 3.1.9, for n < ©, or of Definition 4.6.6, for n = o) and p satisfies condi- 
tion (6.1.2). We say that A is an n-quasiperiodic set if it is either algebraically 
or transcendentally n-quasiperiodic. Several examples of such transcendentally n- 
quasiperiodic sets (along with associated RFDs and fractal strings) have been stud- 
ied in Subsection 3.1.2 (for n < °°), as well as in Subsections 4.6.1 and 4.6.2 (for 
n =e), Alternatively, one says that A is a quasiperiodic set of finite (n < °°) or 
infinite (n = e) order. When no ambiguity may arise, we simply say that A is a 
quasiperiodic set. 


e A is a nonquasiperiodic set if it is not a quasiperiodic set; that is, if any func- 
tion F(t) appearing in (6.1.1) cannot be written in the form F(t) = G(p(t)), with 
G = G(T) being quasiperiodic (in the sense of Definition 3.1.9) and p satisfying 
condition (6.1.2). 


Remark 6.1.2. The functions G and p in the decomposition F = Gop are not 
uniquely determined. For example, let us fix any positive real number c. If we let 
F(t) := F(ct) and pi(t) :=c7 p(t), then we have Gop = Gy op). 


The value of the oscillatory period of A depends not only on A, but also on 
the choice of the function p; that is, p = p(A,p). For example, since G(p(t)) = 
G(c-c~'p(t)) for any fixed positive real number c, then the oscillatory period of A 
with respect to the function p; defined by pi (rt) = c~!p(t) is equal to p(A,p1) = 
p(A, p)/c. Indeed, this is precisely the value of the minimal period of the periodic 
function G defined by G|(t) = G(cT). 


Assuming that A is a bounded subset in R” such that D := dimgA exists and 
M*?(A) <0, then the oscillatory amplitude of A is D-homogeneous; that is, 
am(AA) = A?a(A) for any positive 7. This is a consequence of the D-homogeneity 
of the D-dimensional upper and lower Minkowski contents: 


MO? (NA) = AP MPA), ME (2A) = VP MOA); 


see [Zu4, Proposition 4.4], along with the discussion surrounding Equations 
(1.3.17)-(1.3.19). 


Remark 6.1.3. The ‘oscillatory amplitude’ of A, am(A), as defined by Equation 
(6.1.3), is called by Mandelbrot in [Man2] the /acunarity of A. (See also [BedFi] for 
a related, but probably better, definition.) We refer to [Lap-vFr1—2] and [Lap-vFr3, 
Subsection 12.1.3] for a discussion of the possible connections between the heuris- 
tic notion and the definition of ‘lacunarity’ proposed in [Man], esp., Chapter 35], 
[Man2] (as well as in [BedFi]) and the theory of complex dimensions developed 
in [Lap-vFr1—3]. In the abovementioned discussion from [Lap-vFr3, Subsection 
12.1.3], not only the complex dimensions themselves (i.e., the poles of the given 
fractal zeta function, assumed to be simple), but also the values and the asymptotic 
behavior of the associated residues play a key role. 
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We summarize the above classification of bounded sets in R’, based on the prop- 
erties of the associated tube function t ++ |A;|, in Figure 6.1 on page 543.° 


Bounded sets in RY 


aa 


Minkowski degenerae sets Minkowski nondegenerate sets 


Minkowski nondegenerate sets in RY 


a 


Constant (or Minkowski measurable) sets Nonconstant (or Minkowski nonmeasurable) sets 


Nonconstant (or Minkowski nonmeasurable) sets in RY 


a 


Periodic sets Nonperiodic sets 


Nonperiodic sets in RY 


a 


Quasiperiodic sets Non-quasiperiodic sets 


Quasiperiodic sets in RY 


aa 


Algebraically quasiperiodic sets Transcendentally quasiperiodic sets 


Minkowski degenerate sets in RY 


a 


Strongly degenerate sets Weakly degenerate sets 


Fig. 6.1 Classification of bounded sets A in R”, depending on the asymptotic properties of the 
associated tube functions tf +> |A;| ast + 0°. 


3 Given an integer n > 2, we say that A is algebraically n-quasiperiodic if the periods T,,...,T 
appearing in Definition 3.1.11 (see also Definition 3.1.9) are rationally independent, but not alge- 
braically independent. For example, if we only have two periods 7; and 7, it suffices to assume 
that 7; /T) is an irrational algebraic number. (This definition can be extended without change to the 
case when n = 9.) 
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6.1.1.2 Classification of Minkowski Degenerate Sets 


If A is (Minkowski) degenerate and such that D := dimgA exists, we assume that 
|A,| =e" 9(F(r)+0(1)) as #307, (6.1.4) 


where F : (0, &) — (0,+¢), for some sufficiently small & > 0. 
Let A be a degenerate set in R”. Then: 


e A is weakly degenerate if D = dimgA exists and either .#?(A) = 0 (ie., 
liminf,_,9+ F(t) = 0) or .@*?(A) = +c (ie., limsup,_,o+ F(t) = +2). See Equa- 
tion (6.1.4). 


e A is strongly degenerate if dim,A < dimgA. Note that here, (6.1.4) is impossible 
for any D > 0 (otherwise, D would be equal to the box dimension of A). 


Weakly degenerate sets can be classified by their gauge functions h, if they 
exist (see Definition 6.1.4). We assume that the function F(t) appearing in Equa- 
tion (6.1.1) is of the form 


F(t)=h(t) or F(t)=74 (6.1.5) 
where h : (0,€) — (0, +2), for some small & > 0, h(t) + +20 as t + OF and 


h(t) =O) as t+0*, with O(¢°):= 1} 0). (6.1.6) 
B<O 


Note that we need to assume that h(t) = O(t9)) as t + O* in order to fix the value 
D = dimgA; see Equation (6.1.4). 


Definition 6.1.4. If a function h : (0, 9) > (0, +e) is of class O(t°)) and converges 
to infinity as t > O*, we then say that h is of slow growth to infinity as t > 0°. 
Analogously, a function g : (0, €)) — (0, +2) is said to be of slow decay to zero as 
t > 0° if itis of the form g(t) = 1/h(t), for some function h which is of slow growth 
to infinity as t > 0*. Such functions h and g are called gauge functions. 


It is easy to see that a function g : (0,&) — (0,+¢°) is of slow decay to zero as 
t — 0+ if and only if for every B > 0, t? = O(g(t)) ast > OF. 


Example 6.1.5. If we define h,(t) = logt—!, h2(t) = loglogr!, and more generally, 
h3(t) = (logt!)4, ha(t) = (log t—!)4, for all t € (0,1) (here, a > 0, k € N, and 
log“ denotes the k-fold composition of logarithms), then all of these functions are 
of slow growth to infinity as t > 0*. Furthermore, their reciprocals are functions of 
slow decay to 0 ast + 0°. 


Since for a weakly degenerate set A we have .@/*?(A) = +c0 or P(A) = 0, 
it will be convenient to define (as in [HeLap]) the upper and lower D-dimensional 
Minkowski contents of A with respect to a given gauge function h, as follows: 
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A, | 
M*?(A,h) = limsu tale. 
( ) wht t¥-Phit) 

1A,| (6.1.7) 
MM? (A,h) = liminf ——"_. 
7 ( ) t0t tN-P g(t) 
The aim is to find gauge functions h and g so that the upper and lower Minkowski 

contents of A with respect to h are nondegenerate, that is, belong to (0, +e). 


Definition 6.1.6. If ?(A,h) = .@*(A,h) € (0, +c), this common value is de- 
noted by .@?(A,h) and called the h-Minkowski content of A. We then say that A is 
h-Minkowski measurable. 


Definition 6.1.7. Assume that A is a bounded subset of R™ such that (6.1.4) holds 
under one of the conditions stated in (6.1.5) and that, in addition, (6.1.6) is satisfied. 
We then say that h = h(t) or g = 1/h(t) is a gauge function of A.4 We also say that 
the set A is weakly degenerate, of type h or 1/h, respectively. 


Note that in the first case of (6.1.5), we have 
M*?(A)=+0, M*?(A,h) € (0, +2), 
while in the second case of (6.1.5), we have 


M?(A)=0, M?(A,1/h) € (0,40). 


Let A be a weakly degenerate set in R of type h, in the sense of Definition 6.1.7. 
We say that 


e A is a constant weakly degenerate set of type h (or an h-Minkowski measurable 
set), if @(A,h) exists and belongs to (0,+¢°). Then, .@?(A,h) is called the h- 
Minkowski content of A. 


e A is a nonconstant weakly degenerate set of type h (or an h-Minkowski nonde- 


generate set) if 
0<.A?(A,h) < M*?(A,h) <@. 


We adopt a similar terminology in the case of the gauge function 1 /h instead of h; 
see Definition 6.1.7. 


At this stage, it would be of interest to develop general methods for finding 
gauge functions associated with various classes of weakly degenerate sets; see Prob- 
lem 6.2.4. Some basic results in this direction can be found in [HeLap]. 


Concerning a function-theoretic terminology for bounded (or equivalently, com- 
pact) sets in R”, we can also, for example, propose the following notions. 


4 In the case when F(t) = g(t), we also assume that the implied function o(1) appearing in (6.1.4) 
satisfies o(1)/g(t) +O ast— 07. 
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Definition 6.1.8. We say that a bounded set A has a pole at s,; € C if Res; > 
Dmer(€a) and its distance zeta function €, admits a meromorphic extension which 
has a pole at s;. The poles of A are also called complex dimensions of A, according 
to the terminology introduced by the first author and M. van Frankenhuijsen; see 
[Lap-vFr3]. 


In closing this subsection, we note that a classification entirely similar to the 
above one and all of the above definitions can be introduced for general RFDs (A, Q) 
instead of merely for bounded (or compact) subsets A of RY; see, in particular, the 
discussion surrounding Equation (4.5.10) in Section 4.5 above. 


6.1.2 A Short Historical Survey 


From our perspective, the notions of lower and upper Minkowski contents are 
among some of the central objects in the study of the properties of fractal sets in 
Euclidean spaces, and their associated zeta functions. These important notions have 
been introduced and/or used (with different degrees of generality and precision) by 
various authors, including Bouligand [Bou], Hadwiger [Had], Kneser [Kne], Fed- 
erer [Fed2] and Stacho [Sta], to only mention references ranging from the 1920s 
through the mid-1970s. The expression “Minkowski measurability” was perhaps 
used for the first time in [Sta] (and in a slightly weaker meaning in [Had, Definition 
2], permitting the values 0 and +e°) but the corresponding notion of “Minkowski 
content” was already used explicitly in [Had], [Kne], and [Fed2], and at least im- 
plicitly in [Bou]. 

Finally, we note that to our knowledge, the notion of ‘Minkowski dimension’ 
(now often called “box dimension’ in the literature on fractal geometry) was first 
used by Minkowski for integer values and then introduced and studied by Bouli- 
gand in the late 1920s in [Bou], in the general case of possibly noninteger values 
(but without making a clear distinction between the lower and upper limits). More 
recently, Tricot has used and studied various aspects of the Minkowski (or box) 
dimension; see, for example, [Tril—3] and the relevant references therein. Further- 
more, the notions of Minkowski dimension and Minkowski measurability have also 
played a key role in the first author and his collaborators’ work on fractal drums 
[Lap1—3, HeLap, Lap7-8] and (as will be discussed next) fractal strings and sprays 
[LapPo2-3, LapMal-2, Lap-vFr3, Lap6, HeLap, LapPeWil-2].° 

The notion of complex dimensions (poles) of sets, introduced in Definition 6.1.8, 
as well as much earlier in the book (for instance, in Chapters 2 and 4), is a continu- 
ation of the program of study of the complex dimensions of fractal strings and their 
generalizations, undertaken by the first author (M. L. Lapidus) and his collabora- 
tors in the early 1990s; see, for example, an extensive joint monograph by the first 
author and van Frankenhuijsen [Lap-vFr3], the earlier monographs [Lap-vFr1—2, 


> See also, e.g., Section 4.3 and Remark 4.1.5 (resp., page 18 of Section 1.1) above for further 
relevant references about fractal drums (resp., about fractal strings and sprays). 
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Lap6] and the many references therein. The notions of nondegenerate and degener- 
ate sets have been introduced by the third author (D. Zubrinié) in [Zu4]. A geomet- 
ric and spectral characterization of nondegenerate fractal strings (or equivalently, 
of nondegenerate compact subsets of IR) appeared for the first time in a paper of 
the first author and Pomerance [LapPo2] (announced in [LapPo1]). Moreover, a ge- 
ometric characterization of Minkowski measurable fractal strings (or, equivalently, 
of Minkowski measurable or ‘constant’ compact subsets of R) was obtained by these 
same authors in [LapPol—2]. (For more details, see Remark 6.1.10 at the end of this 
subsection.) Assuming some of the results of those same papers, the geometric char- 
acterization of Minkowski measurability obtained in [LapPol—2] was then given a 
different proof in [Fal2] (by Falconer) and most concisely, in [RatWi2] (by Rataj 
and Winter).° In terms of complex dimensions (and under suitable assumptions on 
the associated geometric zeta function ¢), this characterization was further ex- 
tended by the first author and van Frankenhuijsen in [Lap-vFr1—3] by showing that 
a fractal string & is Minkowski measurable if and only if the only complex dimen- 
sion on the critical line {Res = D} is D itself, and D is a simple pole of Cv. For 
self-similar strings (or equivalently, for self-similar sets in R), this is equivalent to 
stating that the self-similar string (or equivalently, the self-similar set) is nonlattice 
(i.e., that the logarithms of its distinct scaling ratios are rationally independent), as 
was first shown in [Lap-vFr1] (thereby settling in the affirmative the geometric part 
of a conjecture formulated in [Lap3, §4.4.1a]). (See [Lap-vFr3, Chapter 8].) 


The aforementioned characterization of (or criterion for) Minkowski measurabil- 
ity obtained in [LapPo2] was a key step in the proof of the (one-dimensional) Weyl— 
Berry conjecture for fractal drums (as formulated in [Lap1]) and also obtained in 
[LapPol-2]. Accordingly, it was shown in [LapPo2] that if a fractal string @ (or, 
equivalently, its boundary) is Minkowski measurable, then its spectral (or frequency) 
counting function Ny v({) admits a monotonic (i.e., nonoscillatory) asymptotic 
second term, of the form —cp.@?/?, where D € (0,1) is the Minkowski (or box) 
dimension of %, .@ is the Minkowski content of &, and (for the present case of 
Dirichlet boundary conditions) cp > 0. Moreover, the constant cp depends only on 
D and is directly proportional to —¢(D), where € = €(s) (= Cr(s)) denotes the clas- 
sic Riemann zeta function.’ The results of [LapPol—2] have thereby established a 
direct connection between Minkowski measurability, the direct spectral problem for 
fractal strings and the Riemann zeta function. 

Shortly afterwards, the first author and Maier obtained in [LapMa2] (announced 
in [LapMal1]) a natural geometric and spectral reformulation of the Riemann hy- 
pothesis stated in terms of the corresponding inverse spectral problem for fractal 
Strings: 


© The proof in [Fal2] is more of a dynamical systems nature while that in [RatWi2] is of a geometric 
measure-theoretic nature. Both proofs rely on a part of the original proof in [LapPo2], which is of 
a purely analytical nature. 

7 Since D € (0,1), we have that ¢(D) < 0. Furthermore, recall that for a bounded fractal string, we 
always have 0 < D < 1 (since N = 1); the cases where D € {0,1} are dealt with in [Lap-vFr1-3]. 
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(ISP), Given that £ is a fractal string for which the spectral counting function 
N,_v(L) admits a monotonic asymptotic second term proportional to w? 2 (as LU > 


too), does it follow that Z is Minkowski measurable ?® 


It was shown in [LapMa1-2] that the above inverse spectral problem (ISP), is 
intimately connected with the location of the critical zeros of ¢(s). More specifi- 
cally, it was shown in [LapMa1-—2] that for a given D € (0,1), the inverse spectral 
problem (ISP), is true if and only if ¢(s) does not have any zeros on the vertical 
line {Res = D}. Consequently, (ISP), ; is false (since ¢(s) is known to have zeros 
on the critical line {Res = 1/2}). Moreover, the inverse spectral problem (ISP)p 
has an affirmative answer for all D € (0,1), with D 4 1/2 (that is, except in the 
midfractal case when D = 1/2) if and only if the Riemann hypothesis is true. 

Again, the above characterization of Minkowski measurability of fractal strings 
(obtained in [LapPo2]) played a significant role in one important step in the proof of 
the above results of [LapMa1—2]. Furthermore, the results of [LapPo1—2] (combined 
with the earlier works in [Lapl—3] and [HeLap], in particular) have provided an 
important motivation for the mathematical theory of complex dimensions (of fractal 
strings) developed by the first author and van Frankenhuijsen (see [Lap-vFr1-3]). 

They have also been significantly extended in [Lap-vFr1-—3], in order to obtain, in 
particular, a reformulation of the ‘generalized Riemann hypothesis’ by means of the 
generalized ‘explicit formulas’ (also obtained in the above books; see [Lap-vFr3, 
Chapter 5]). See, in particular, [Lap-vFr3, Sections 6.2, 6.3, as well as Chapters 8 
and 9]; see also [Lap-vFr3, Chapter 11] where inverse spectral problems extending 
the ones considered in [LapMa1-—2] are used to prove that the Riemann zeta func- 
tion, along with many other Dirichlet series and integrals (including most arithmetic 
or number-theoretic zeta functions, with the exception of those associated with vari- 
eties over finite fields for which it is clearly not true), does not have infinitely many 
zeros in vertical arithmetic progression. 

We refer the interested reader to [Lap8] for a survey of some of the main results 
obtained in [LapPo2] and [LapMa2], as well as for some of the later developments 
of fractal string theory and of the corresponding theory of complex dimensions. 

Finally, we note that motivated in part by semi-heuristic suggestions made in 
[Lap-vFr2, Subsection 6.3.2] (and [Lap-vFr3, Subsection 6.3.2]) about a possible 
definition of the spectral operator on fractal strings (which sends the geometry onto 
the spectrum of fractal strings), a rigorous functional analytic definition of the spec- 
tral operator a (acting on the weighted Hilbert space H, := L?(R,e~?dr), for any 
given c € R) was obtained by the first author and Herichi in [HerLap 1-5]. In partic- 
ular, the authors of [HerLap1—5] have shown in [HerLap1-—3] that for a given c € R, 
the spectral operator a, is invertible (in a suitable sense)’ if and only if €(s) does 


8 Tt then follows automatically that has Minkowski (or box) dimension D and that (by the results 
of [LapPo2], see Remark 6.1.10) its Minkowski content can be explicitly computed. 

° Specifically, the appropriate notion of invertibility used in [HerLap 1-5] is the so called ‘quasi- 
invertibility’ of a,, that is, the invertibility (in the usual sense, with the set-theoretic inverse being 
a bounded linear operator on H) of each of the (suitably defined) truncated spectral operators 


{a} 750 of ac. 
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not have any zero on the vertical line {Res = c}.!° Consequently, a, /2 18 not invert- 
ible and the spectral operator a, is invertible (in the above sense) for all c € (0,1), 
c # 1/2 (or, equivalently, for all c € (0, 1/2)) if and only if the Riemann hypothesis 
is true. Accordingly, via an appropriate ‘quantization’ of the Riemann zeta function 
¢ = C(s) (since ae = €(0-), where 0, = 4 is the suitably defined differentiation 
operator on H, := L?(IR,e~*“dt), also called the infinitesimal shift (of the real line), 
an operator-theoretic reformulation of the results of [LapMal—2] on the Riemann 
hypothesis and inverse spectral problems for fractal strings has been obtained in 
[HerLap1—3]. Many other results concerning various aspects of ‘quantized number 
theory’ are obtained in [HerLap1-—5], but they fall outside the scope of the present 
discussion. 

An asymmetric reformulation of the Riemann hypothesis (expressed in terms of 
the standard notion of invertibility of the spectral operator a, for all c € (0,1/2)) 
was obtained by the first author in [Lap7]; see also [Lap8]. 

We also refer to [Lap9] and [Lap10] for a later, related reformulation, as well 
as for further extensions, of these results (and beyond), expressed in terms of a 
different ‘quantization’ of ¢(s) via infinitesimal shifts and spectral operators acting 
on a suitable family of weighted Bergman spaces ([HedKoreZh]) of entire functions. 


Among numerous contributions dealing with periodic and related sets, we men- 
tion a fundamental work by Hutchinson [Hut] on the definition and properties of 
self-similar sets, following the earlier seminal work of Moran [Mora] in the case 
when N = 1, then the papers by Lalley [Lall1—3] and Gatzouras [Gat], the papers 
[LapPo 1-2, Lap3], an article by Falconer [Fal2], the detailed investigation of the ge- 
ometry of self-similar fractal strings (and particularly, of lattice strings) conducted 
in [Lap-vFr1—3] (see, especially, [Lap-vFr3, Chapter 8]), a joint work by Pearse, 
the first author and Winter in [LapPeWi1] (building on the earlier work by the first 
author and Pearse in [LapPe2-—3], as described in [Lap-vFr3, Section 13.1]), the 
work by Kessebohmer and Kombrink [KeKom] on self-conformal sets (see also 
the survey article [Kom]), as well as the work of Kombrink, Pearse and Winter in 
[KomPeWi] providing a proof (for noninteger D and for any N > 1) of the geo- 
metric part of [Lap3, Conjecture 3] according to which (nontrivial) self-similar sets 
are Minkowski measurable if and only if they are nonlattice. The special case when 
N =1 (ie., the case of self-similar fractal strings) had been establlished earlier in 
[Lap-vFr1—3], by using the theory of complex dimensions and the associated ex- 
plicit formulas; see [Lap-vFr3, Section 8.4]. 

The first attempt at carrying out a systematic study of weakly degenerate sets 
(in the Minkowski sense, as defined on page 544), and their respective gauge func- 
tions, has been undertaken by He and the first author in [HeLap], where, in partic- 
ular, the main results of [Lap1] have been extended to nonstandard scaling laws. 
The notions of relative box dimensions and relative Minkowski contents, consid- 


‘0 The parameter c is closely related to the box (or Minkowski) dimensions D of the fractal strings 
heuristically represented by H1.. Indeed, intuivitely, we have D < c (modulo an infinitesimal). More 
precisely, c is the supremum of the Minkowski dimensions of all the possible (generalized) fractal 
strings with counting functions belonging to H,. 
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ered in Section 4.1.1, have been introduced by the third author in [Zu4]. Some gen- 
eral results about constant (i.e., Minkowski measurable) sets have been obtained 
by Stach6 in [Sta], as well as by the first author and Pomerance in [LapPo2]. Fur- 
thermore, a class of constant weakly degenerate sets has been studied by Rataj and 
Winter in [RatWi2]. In particular, in [LapPo2], is obtained a useful characterization 
of Minkowski nondegenerate compact sets in R (or, equivalently, of fractal strings); 
see Remark 6.1.10 below for more details. Still when N = 1, the characterization 
of Minkowski nondegenerate sets, along with the aforementioned characterization 
of Minkowski measurable compact sets (or, equivalently, fractal strings) obtained in 
[LapPo2], was extended in [HeLap] to a broad class of gauge functions (obeying a 
non power scaling law). 

Some classes of strongly degenerate sets have been constructed by the third au- 
thor in [Zu4, Theorem 1.2], where one can find a class of maximally degenerate sets 
A in R%, in the sense that dimpA = 0 and dimgA = N. (See also [Tril] for related 
examples.) A family of strongly degenerate sets within the class of inhomogeneous 
self-similar sets has been studied by Fraser in [Fral]. While the upper box dimen- 
sion is known to be finitely stable with respect to the union of any two bounded sets 
in RY, that is, 

dimg(A UB) = max{dimgA, dimgB}, (6.1.8) 


this property does not hold for lower box dimensions; see [Fall]. For example, it is 
even possible to construct two sets A and B in R%, such that dim,A = dim,B = 0, 
whereas dim, (AUB) =N; 'l see [Zu4, Theorem 1.4]. A generalization of finite 
stability property (6.1.8) to the upper box dimensions of RFDs can be found in 
Proposition 4.1.26 in Subsection (4.1.1) of Chapter 4 above. 


Remark 6.1.9. Both the lower and upper box dimensions are, in general, unstable 
with respect to Cartesian products of Minkowski degenerate sets. For example, there 
exist two bounded sets A and B in R% such that dimgzA = dim,B = 0, whereas 
dim, (A x B) = N and dimgA = dimgB = N, dimg(A x B) = N; see [Zu4, Theorem 
1.4]. Besides the known (and elementary) inequalities, 


dim,A +dim,B < dim,(A x B), dimg(A x B) < dimgA + dimgB, 


which hold for any two bounded sets A and B in RY, Robinson and Sharples obtained 
in [RoSha] a new pair of inequalities 


dim, (A x B) < dim,A + dimgB < dimg(A x B). 


Since dimp(A x B) = dim,(B x A) and similarly for the upper box dimension, it 
then follows that 


dim,(A x B) < min{C,D} < max{C,D} < dimg(A x B), 


'l Since we always have dim,(AUB) < dimg(AUB) < N, we conclude that dimg(A UB) exists in 
this case and, moreover, dimg(A UB) = N. 
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where C := dim,A + dimgB and D := dimgA + dim,B. These inequalities are sharp; 
see [RoSha] for more details. 


A lot of additional information about the past and ongoing work, related to var- 
ious aspects of the theory of fractal strings, can be found in a joint monograph of 
the first author and van Frankenhuijsen [Lap-vFr3], and in a monograph of the first 
author [Lap6], dedicated to the search for the Riemann zeros and a deeper under- 
standing of why the Riemann hypothesis should be true. 

We refer, in particular, the interested reader to [Lap-vFr3, Chapter 13] which con- 
tains a survey of some of the recent developments of the theory of complex dimen- 
sions (since the publication of the monographs [Lap-vFr1] and [Lap-vFr2]) in the 
higher-dimensional case [Lap-vFr3, Section 13.1] (based on [LapPe3, LapPeWil, 
Pe, PeWi], which focuses on fractal tube formulas for self-similar tilings and frac- 
tal sprays), the p-adic case [Lap-vFr3, Section 13.2] (based on [LapLul-—3] and 
[LapLu-vFr1-—2], which focuses on nonarchimedean fractal strings), the multifractal 
case [Lap-vFr3, Section 13.3] (based on [LapRol, LapLéRo, ElLapMacRo], which 
focuses on various multifractal zeta functions and self-similar measures) and the 
random case [Lap-vFr3, Section 13.4] (based on [HamLap], which focuses on ran- 
dom fractal strings and the associated random zeta functions). See also [Lap-vFr3, 
Section 13.5], which briefly discusses a few aspects of the book [Lap6] (and of the 
paper [LapNes].) 


Remark 6.1.10. More specifically, the geometric characterization of Minkowski 
nondegeneracy (resp., of Minkowski measurability) obtained in [LapPo2] can be 
stated as follows: A fractal string 2 = (¢ Dp , is Minkowski nondegenerate (with 
Minkowski dimension D € (0, 1)) if and only if p, > 0 and p* < °°, where p,. and p* 
denote, respectively, the lower and upper limit of 0; 7 ve (Clearly, we always have 
O<p.<p*< oo, )!2 Furthermore, it is Minkowski measurable (with Minkowski di- 
mension D € (0, 1)) if and only if, in addition, p, = p* (Le., 0; ~ pj !/? as j 3 ©, 
for some p € (0, -+°°)). (Clearly, we then have p = p, = p*.) Moreover, it is shown 
in [LapPo2] that in that case, the Minkowski content of # is given by 


1-D 
p2 


M =p? —. (6.1.9) 


Note that the term p” on the right-hand side of Equation (6.1.9) is due to the scaling 
property of the Minkowski content; see page 35. 

Here, (¢;) j>1 denotes the sequence of lengths (arranged in nonincreasing order) 
of the connected components (bounded open intervals) of the fractal string (viewed 
as a bounded open subset of R) or equivalently, the lengths of the connected compo- 
nents of the complement of a bounded set A (contained in the real line) with respect 
to its closed convex hull J (i.e., the lengths of the fractal string J \ A). 

We mention in closing this remark that, under mild assumptions on h, both of 
these characterizations have been extended (by He and the first author) to a gen- 


'2 Tt is easy to see that the condition 0 < p, < p* < is equivalent to the existence of two positive 
constants a and b such that a < b,j? <b for all j > 1; that is, with ¢; = pe as j >, 
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eral class of gauge functions in [HeLap]. Furthermore, we mention that in the same 
memoir, [HeLap], the direct and inverse spectral problems for fractal strings (as well 
as their connections with the Riemann zeta function and the Riemann hypothesis, re- 
spectively) considered in [LapPo1l—2] and [LapMal-2], respectively (and discussed 
earlier in the present subsection), were extended and studied in the context of fractal 
strings with a general class of gauge functions. 


6.2 Open Problems and Future Research Directions 


We close this chapter by proposing a number of open problems (of varying difficulty 
and importance) along with several directions for future research closely connected 
with (or motivated by) the theory developed in this book. 


6.2.1 Concluding Comments 


We first make a few elementary remarks which could be further developed in more 
algebraic terms. 
Assume that a sequence of RFDs (0.Q;,.Q/;) in RY is given, such that (Qj) ;>1 is 
a disjoint family of open connected sets. We define the corresponding relative fractal 
drum 
(A,Q) := J (0Q;,Q)). (6.2.1) 
fal 
Let (Q') j>1 be a disjoint family of open sets such that for each j > 1, Qi is ob- 
tained from Q; by a rigid motion of IR. We can analogously define (A’,Q’) = 
Uj>1(0.Q), Q'). Then the distance zeta functions of the RFDs (A,Q) and (A’,.Q") 
coincide; that is, 


Ca,a(s) = Carar(s). 


More precisely, dimg(A,Q) = dimg(A’,Q’) and €4,0(s) = C4,or(s) for Res > 
dimg(A, Q) or, more generally, for all s in any given domain to which either of these 
zeta functions has a meromorphic extension. This remark follows immediately from 
Lemma 4.5.9; see, in particular, condition (4.5.44). 

In light of this comment, we can generate a new subclass of RFDs, defined as 
above. Furthermore, it is natural to introduce a geometric equivalence of relative 
fractal drums, 


(A, Q) as (A’,.Q'), (6.2.2) 


in order to identify the indicated RFDs of the form (6.2.1). As we have just ex- 
plained, their distance relative zeta functions coincide, so that we can speak of the 
relative distance zeta function ¢)(4,)| of the equivalence class [(A, Q)] correspond- 
ing to (A,Q): 


6.2 Open Problems and Future Research Directions 553 


C((4,2)] (s) = Ca. (s). (6.2.3) 


Each bounded fractal string & = (¢;)j>1 can be naturally identified with a rela- 
tive fractal drum (Av, Q) in R, where Ay = {ay = Djs lj ik © N} and Qy = 
Uj>1Q;, Q; = (aj+1,a;). In view of the definition of geometric equivalence in 
(6.2.2), if a relative fractal drum (A’, Q') is geometrically equivalent to (Av, Q¢), 
then (A’,Q‘) can also be viewed as a ‘realization’ of a given bounded fractal string 
£. Note that Q' can even be unbounded, but clearly, |Q"| = |Q| = Yj>) ¢) <. In 
this way, the class of all bounded fractal strings is embedded into the class of all 
RFDs. This can be described more formally in terms of category theory, which may 
be the object of a later investigation. 


Let us very briefly summarize a symbolic discussion of some of the basic objects 
encountered in this book. Starting with any bounded fractal string 2 = (¢;) j>1, we 
have the associated geometric zeta function C¥(s) := Yj>1 f, which in turn gener- 
ates the corresponding set of principal (geometric) complex dimensions dimpc 2; 
i.e., the set of poles of (the meromorphic extension of) ¢y, located on the critical 
line. We have a similar sequence of constructions for bounded fractal subsets A of 
Euclidean spaces and for RFDs (A, Q) (but this time, with the distance zeta function 
C4 and the relative zeta function ¢, 9, respectively, instead of ¢y):!° 


L— Cy — dimpc Y, 
A— CA — dimpcA, 
(A, Q) = CA.Q ==? dimpc (A, Q). 


Using the mapping @ —> A vy, where A y := {ay := D j>x lj 2k € N}, we see that the 
family of bounded fractal strings is naturally embedded into the family of bounded 
fractal subsets of IR. Also, we have the natural correspondence € y —> C4, and 
dimpc 2 = dimpcA v. Therefore, for each bounded fractal string, we obtain the 
following commutative diagram: 


Fao Ge eh He 
| | | (6.2.4) 
Ag ? Gage ——> dimpcAyv 


Starting with a bounded subset A of R%, we can assign to it a relative fractal drum 
(A,Ag), where 6 is a fixed positive number. In this way, we obtain the following 
commutative diagram: 


'3 Instead of C4, we could use the tube zeta functions a or faa, respectively. Assuming that 
dimgA < N or dimg(A,Q) < N, respectively, the resulting sets of principal complex dimensions 
dimpcA or dimpc(A, Q), respectively, would remain unchanged and an entirely parallel discusion 
could be provided. 
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| | | was 


(A,As) ——_ CAAs —=;} dimpc(A,A5) 


Note that here C4 = C4.4, and dimpc A = dimpc(A,A¢). 

We can also consider the following self-explanatory sequences of constructions, 
dealing with spectral zeta functions, corresponding to bounded fractal strings 7%, 
bounded open sets Q in Euclidean spaces and RFDs (A, Q), respectively: 


L— Cy — dimp Z, 


Q— 66 — dimpc Q, 
(A,Q) — Ci 9 —> dimp- (A, Q). 


The set of principal spectral complex dimensions of @, dimpc-@, is defined as 
the set of principal complex dimensions of the corresponding spectral zeta function 
¢% (also denoted by Cy; see [Lap-vFr3, Section 1.3]), meromorphically extended 
to a neighborhood of the critical line {Res = 1}, and similarly for dimpcA and 
dimp-(A,Q) (see Definition 4.3.4). Much as in the case of geometric zeta func- 
tions and the corresponding sets of principal complex dimensions, we can sketch 
the following commutative diagram associated to spectral zeta functions: 


Boa ae a 


| | | 


Qe —> b, —— dime Qe 


Here, to any bounded fractal string  := (1) ;>1 we have assigned an open subset 
Qy := Ugei(4k41,4«) contained in the real line, where ay := > ;>,/;. Finally, to 
any bounded open subset Q of R™ (or, more generally, to any open set Q of finite 
N-dimensional Lebesgue measure, such that Q C (dQ)s5 for some 6 > 0) we can 
assign a relative fractal drum (02, Q). Therefore, we obtain the following commu- 
tative diagram: 


O «5 = = dato 


| | | 


(0Q,Q) ——+ 6%, 9 ——> dim?,(02,Q) 
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6.2.2 Open Problems 


Besides several open problems already mentioned in the text, one can formulate 
numerous open problems related to the classification of bounded sets in Euclidean 
spaces. We propose a few of them here to the attention of the reader. 


Problem 6.2.1. Find a bounded set A in R¥ (or a relative fractal drum (A, Q) in R) 
such that the corresponding distance zeta function C, (relative distance zeta func- 
tion C4.Q) possesses an analytic continuation which generates a nontrivial Riemann 
surface. 


Problem 6.2.2. Describe explicitly as large as possible a set of 
(a) periodic functions G(T) 

and 
(b) functions p(t) 


that are associated with the family ., of all possible periodic subsets A of Euclidean 
spaces. Periodic sets are defined in Section 6.1 on page 541. Furthermore, find nec- 
essary and sufficient conditions for a pair of functions (G,p) to be associated with 
the family .7,. 


Problem 6.2.3. A similar question can be asked for (algebraically or transcenden- 
tally) quasiperiodic sets. Describe explicitly as large as possible a set of 


(a) n-quasiperiodic functions G(T) 
and 
(b) functions p(t) 


associated with the family .Wgp(n) of all possible n-quasiperiodic sets A in Euclidean 
spaces, where n > 2 or n = ee. (Quasiperiodic sets are defined in Subsection 6.1.1.1, 
on page 542.) Furthermore, find necessary and sufficient conditions for a pair of 
functions (G,p) to be associated with the family Wgp(n). 

Since the family of quasiperiodic sets in Euclidean spaces is the union of the 
family of algebraically n-quasiperiodic sets and the family of n-transcendentally 
quasiperiodic sets, that is, 


Sap(n) = agp (1) U Aqp(n), 


one can ask the analogous questions for .Yaqp(”) and “tgp (2). Finally, show that the 
family -Yaqp(n) is nonempty, as we expect to be the case. 
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Problem 6.2.4. Let .%,q be the family of all weakly degenerate sets in Euclidean 
spaces (see page 544). Describe as large as possible a set of gauge functions h (and 
1/h) that are associated with the members of the family .%,g. 


Problem 6.2.5. Let A be a periodic set in RY. Let (G,p) be an associated ordered 
pair of functions (see page 541), where G is periodic, and p(t) + +00 as t + 0°. 
Study the regularity of the functions G and h in terms of the regularity of A (and 
conversely). For example, characterize all of the periodic sets such that an associated 
periodic function G is of class C’”, and more generally, of class C’"® (for some m € N 
and @ € [0, 1]).'4 See Remark 2.3.32. 


Problem 6.2.6. Find a geometric definition of the “relative box dimension” (‘“rela- 
tive Minkowski dimension’) of a relative fractal drum (A, Q), as defined in Section 
4.1 (see Remark 4.1.6 on page 250). The sought for geometric definition should 
involve suitable coverings of A and Q by cubes (or balls). 


Problem 6.2.7. Can we determine €,,.z, up to zeta function equivalence, in terms of 
C4 and Cg? What if C4 and Cp are only known up to equivalence? See also a related 
open problem stated in Remark 3.6.8. 


Problem 6.2.8. Is there a set A satisfying the conditions of Theorem 2.3.25 and 
such that the corresponding set of principal complex dimensions dimpcA = {s; = 
D+ ik: Go(4) £0, k € Z} is nonarithmetic (i.e., does not consist of an infinite 
arithmetic progression)? (According to the results of [Lap-vFr3, Subsection 8.4.2] 
and to Proposition 2.1.72, one would expect this to be the case if A is a (nontrivial) 
lattice self-similar subset of R.) Furthermore, can one find rational conditions un- 
der which such a set A is arithmetic (i.e., consists of a full arithmetic progression) 
or more generally, consists of an infinite (but not necessarily full) arithmetic pro- 
gression (i.e., for which Go(#) # 0 for infinitely many k € Z)? The answer to this 
question is probably “yes” and could possibly be found in the examples of lattice 
self-similar fractals studied in [Lap-vFr3]. 


Problem 6.2.9. Construct a subset A of [0,1] such that dimg A = D exists for some 
Dé (0,1), while .#?(A) =0 and .@*?(A) = +0. 


Problem 6.2.10. Prove or disprove that the bound B in (2.3.7), appearing in Theo- 
rem 2.3.2, is optimal. 


Problem 6.2.11. Assume that A is a bounded set in IR" which is strongly degenerate, 
that is, such that dimpA < dimgA. Does the abscissa of meromorphic continuation 
Dmer(€a) of the distance zeta function ¢4 depend only on the difference dimgA — 
dimzA? 


Problem 6.2.12. Assume that C44; (8) = Cz.z;(s) for all s such that Res > o, where 
o € RU {—co} and 6 > 0 are fixed (with o > max(dimgA, dimgB)). From this, we 


'4 Here, given m € No and @ € [0,1], C’"® denotes the space of m-times continuosly differentiable 
functions on R whose m-th derivative is Holder continuous of order 0. 
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cannot infer that the fractal sets A and B are interrelated in any way. This can be 
seen in the special case where A and B are n-point sets in the plane, provided 6 is 
sufficiently small, so that As and Bs are both equal to the disjoint union of n disks. 
However, the pairs (A,Ag) and (B, Bs) might be related somehow. For example, Bs 
can be obtained from Ag by the rigid motion of the connected components (in this 
case, the disks of radius 6) of As. Compare with Problem 6.2.17 below. Recall that 
any bounded fractal string is uniquely determined by its geometric zeta function; 
see Theorem 2.1.39. 

In fact, from the results of Chapter 5, one can deduce that, under suitable hy- 
potheses, the tube functions ¢ ++ |A;| and t +> |B,| will be asymptotically equivalent 
as t > OT, up to an order of growth depending on the growth properties of the dis- 
tance zeta function €4,4;(8) = Cp.p,(s).!° 


Problem 6.2.13. Here, we state a problem formulated in [LapRoZu, Remark 2.21]. 
Let A and B be two constant (i.e., Minkowski measurable) sets on the real line. It is 
clear that if A and B are disjoint, then AU B is constant as well. Prove or disprove 
that this property holds if ANB # 0. 


The following problem has also been stated in [LapRoZu, Open Problem 2.20]. 


Problem 6.2.14. If A and B are two constant (i.e., Minkowski measurable) sets in 
IR", prove or disprove that A x B is constant. 


Recall from the discussion immediately preceding Corollary 2.3.23 that if a 
bounded set A C R is constant (i.e., Minkowski measurable), then it is also constant 
in R‘+1; that is, it is Minkowski measurable when viewed as a subset of R'+!; see 
[Kne, Satz 7] and [Res, Theorem 4]. In the next problem we will explore a closely 
related problem for periodic instead of constant sets. 


Problem 6.2.15. Let A be a bounded periodic set in R.!° Does it follow that A C 
RAT! is periodic in R+!9 Furthermore, does the converse hold? N amely, if A C RY 
is periodic in R‘*!, is it also periodic in RY? Again, this open problem can be 
(partially) answered by finding appropriate hypotheses on the set A and by using 
Theorem 4.7.3 about the invariance of complex dimensions on the dimension of the 
ambient space as well as the approximate functional equation (4.7.4) of Theorem 
4.7.2. Of course, on should also use the results of Chapter 5 on fractal tube formulas. 


The next problem complements Problem 6.2.15. 


'5 Note that, by the principle of analytic continuation, this equality continues to hold on any con- 
nected open set U C C which contains the open half-plane {Res > o} and to which any (and 
hence, both) of the two distance zeta functions can be meromorphically continued. 

'6 Recall that in the definition of a periodic set, the underlying periodic function G = Gy appearing 
in Equation (2.3.30) (or, more generally, in its counterpart in Subsection 6.1.1.1) is associated with 
the asymptotic behavior as t + 0* of the tube function |A;,|,, the N-dimensional volume of A, 
in RY. 
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Problem 6.2.16. Let A C R™ be a bounded periodic set satisfying the stronger as- 
sumptions of Theorem 2.3.25. Namely, 


|A:lw =t* ?(Gw(logt!) + O(t%)) as tt, 


for some a > 0, where G = Gy is periodic (and necessarily continuous, by Lemma 
2.3.30).!” Does it then follow that the normalized lower and upper Minkowski con- 
tents of A, defined respectively by 


min Gy d max Gy 


@Nn—D @Nn—D 
(where A is viewed as a subset of R”) are independent of N? 


Problem 6.2.17. Assume that we have two domains (i.e., open connected sets) Qi 
and Q) in R% such that C30, 0, (s) = Caa,.a,(s) on a set S of complex numbers 
which has an accumulation point; that is, in light of the principle of analytic con- 
tinuation, we know that the zeta functions of the RFDs (0.Q),Q,) and (0Q),Q2) 
coincide on {Res > p}, where 


p := max { Dmer(690,.0, ),Dmer(Caa,,0,)} : 


Prove or disprove that the sets Q; and Q2 are then congruent, that is, Q2 can be 
obtained from Q, by a rigid motion. This problem is related to Proposition 2.1.39, 
which states that any fractal string 2 = (€j)x>1 is uniquely determined by its geo- 
metric zeta function ¢ y(s) = Yj>, ¢. Compare with Problem 6.2.12 above. 


Problem 6.2.18. It is well known that the function f : B} = {|s| <1} > C, f(s) := 
Yeo sis holomorphic on B), and that the bounding circle S! = {|s| = 1} is equal 
to the set of its nonisolated singularities (see, e.g., [Titl, p. 163]). More precisely, 
S! is a (holomorphic) natural boundary of f, in the sense of Definition 1.3.6 of 
Subsection 1.3.2; equivalently, {|s| < 1} is a domain of holomorphy for f. Using 
the Mobius transformation T : {Res > 0} — B, defined by T(s) = (1—s)/(1+s), 
we can introduce the function 


es ak 
g:{Res>D}>C, g(s)=f(T(s—D))= » (SS) ; 


where D is any given real number. This is a holomorphic function on {Res > D}, 
and the entire vertical line {Res = D} is the set of nonisolated singularities of g. 
More precisely, {Res = D} is a (holomorphic) natural boundary of g; equivalently, 
the half-plane {Res > D} is a domain of holomorphy for g. Is g representable as 


'7 Recall from Theorem 2.3.25, Equation (2.3.31), that it then follows that the lower and upper 
Minkowski contents of A in R’ are given respectively by 


MM, = U(A)=minGy and .@* =.@¢P(A) = maxGy. 
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a Dirichlet series, or, more generally, as a (generalized) Dirichlet integral, and with 
abscissa of (absolute) convergence equal to D? Is there a relative fractal drum (A, Q) 
in RY, for some N > D, such that 4 9(s) = g(s) for Res > D and dimg(A,Q) = 
D? Of course, as was shown in Section 4.6, there are RFDs (A,Q) such that the 
whole critical line {Res = D} of the corresponding zeta function ¢, 9 consists of 
nonisolated singularities of C4 @; see Theorem 4.6.9. 


Problem 6.2.19. Prove or disprove that there is a maximally degenerate rela- 
tive fractal drum (A,Q) in RY, that is, such that dim,(A,Q) = —oo, whereas 
dimg (A,Q) =N. (See Corollary 4.1.38.) Recall that there exists a bounded set A in 
RY which is maximally degenerate, that is, such that dimpA = 0 and dimgA = N; 
see [Zu4, Theorem 1.2]. 


In the next problem, at least for Julia sets and the Mandelbrot set, one should 
possibly use an appropriate gauge function (in the sense of [HeLap] and Definition 
6.1.4 above) before addressing the question. 


Problem 6.2.20. Find Dmer(Ga), the abscissa of meromorphic continuation of C4, in 
the case where A is the von Koch curve,!® the Menger sponge and its generalizations, 
Julia sets, the Mandelbrot set (see, e.g., [Man1], [Man2], [TanL]),!° the limit set 
of a Fuchsian group or of a Kleinian group (see, e.g., [BedKS]), etc. Moreover, 
determine the complex dimensions of the meromorphic extension of €4 in {Res > 
Dmer(€4)}. For each of these sets, find all the singularities on the critical lines of 
the corresponding distance zeta function ¢4. For the case of the von Koch curve, 
compare with [LapPe1]; compare also with [LapPe3] and [LapPeWi1] (as described, 
for example, in [Lap-vFr3, Section 13.1]). 


The following two problems complement Problem 6.2.20. (Again, one may wish 
to first find a suitable gauge function in order to address the questions.) 

We refer, for example, to [Bea, Man1, Man3, TanL] for a discussion of the classic 
fractals arising in complex dynamics, such as Julia sets and the Mandelbrot set. 


Problem 6.2.21. Is the Mandelbrot set maximally hyperfractal? Are there Julia sets 
with that same property? Is there an appropriate Riemann surface naturally associ- 
ated with the fractal zeta functions (€4 or an say) of the Mandelbrot set or of those 
Julia sets? 


'8 Recall from footnote 43 on page 492 that, at least in principle, this problem has now been re- 
solved by the authors, although the corresponding result still needs to be fully explicited and com- 
pared with the earlier results of [LapPe1], as described in [Lap-vFr3, Subsection 12.2.1]. However, 
one can also ask these questions for a variety of (lattice and nonlattice) Koch-type curves as well 
as for other fractal (or multifractal) curves, such as the Weierstrass curve, the Riemann curve and 
the Takagi curve. 

'9 Since, according to Shishikura’s well known result [Shi], the boundary A of Mandelbrot’s set 
satisfies dimy A = dimgA = dimgA = 2, it follows from Theorem 2.1.11 and Corollary 2.1.20(i) 
that D(C4) = 2. 
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Problem 6.2.22. Which Julia sets are hyperfractal, or even strongly hyperfractal, 
but not maximally hyperfractal? (See Definition 4.6.23.) Which ones are not hyper- 
fractal but have infinitely many complex dimensions? If it is not maximally hyper- 
fractal, is the Mandelbrot set a hyperfractal, or even a strong hyperfractal? What are 
its (visible) complex fractal dimensions? 


Problem 6.2.23. Address questions similar to those raised in Problems 6.2.21 and 
6.2.22, but now with the types of fractals naturally arising in conformal dynamics 
rather than in complex dynamics, such as the limit sets of Fuchsian groups or of 
Kleinan groups (see, e.g., [BedKS]). 


Problem 6.2.24. Is the graph of the Weierstrass function hyperfractal? More gen- 
erally, are the graphs of the Weierstrass—Mandelbrot functions and any of the other 
classic families of nowhere differentiable functions hyperfractal or even, strongly 
or maximally fractal? What are their (visible) complex dimensions? A simpler, but 
still interesting question, is to determine the complex dimensions of the graph of the 
Cantor function (i.e., of the devil’s staircase), or of any natural relative fractal drum 
naturally associated to it, and, in particular, the half-plane of meromorphic contin- 
uation (possibly, the entire complex plane) of its distance and tube zeta functions. 
(See Example 5.5.14 for an answer to this question in the special case of a particular 
relative fractal drum generated by the Cantor graph.) This is of particular interest in 
view of the discussion of the notion of fractality given in [Lap-vFr3, Subsections 
12.1.1 and 12.1.2, including Figures 12.1-12.3]. 


The next problem is motivated in part by the work of Ben Hambly and the first 
author in [HamLap], where a theory of random fractals, geometric zeta functions 
and of the associated complex dimensions was first developed (for random fractal 
strings, that is, in the one-dimensional case). (See also [Lap-vFr3, Section13.4] for 
an exposition of some of the main results of [HamLap].) Fully addressing it will 
require to extend to the random case the definitions of fractal zeta functions consid- 
ered in this book, as well as possibly, choosing appropriate gauge functions, such as 
the iterated logarithm h(x) = loglogx—!, where x € (0, 1/e). 


Problem 6.2.25. Is a typical Brownian motion path in R% hyperfractal, strongly 
hyperfractal or maximally hyperfractal??° When applicable, determine its (visible) 
random complex dimensions (i.e., the poles of an appropriate meromorphic continu- 
ation of the associated pointwise random zeta function). Ask and answer analogous 
questions about the sample paths and the zero sets of other stochastic processes 
(such as Lévy and a-stable processes; see [HamLap] and the suitable references 
therein), as well as about other classes of random fractals, including stochastically 
self-similar fractals. 


20 By “typical” here, we mean that the corresponding property holds almost surely with respect to 
the underlying Wiener (probability) measure; see, e.g., [Sim] or [JohLap, Chapters 2—4] and the 
many relevant references therein. 
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Problem 6.2.26. Prove or disprove that the union of two (strong, maximal) hyper- 
fractals is a (strong, maximal) hyperfractal. Similarly for Cartesian products of hy- 
perfractals. 


Problem 6.2.27. Prove or disprove that there is a hyperfractal set A in R“ which is 
constant (i.e., Minkowski measurable). 


In [Lap-vFr1-3], it is shown, that under suitable hypotheses on the meromorphic 
continuation of ¢y to a connected open neighborhood of the critical line {Res = 
D}, a fractal string Y is Minkowski measurable if and only if it does not have 
any nonreal complex dimension on {Res = D} (and D is a simple pole of ¢¥); 
see [Lap-vFr3, Theorem 8.15].2! This result (which has been extended to higher 
dimensions in Chapter 5 above and in [LapRaZu4, 6]) would tend to suggest that the 
answer to Problem 6.2.27 should be that there does not exist a hyperfractal subset A 
of R% which is Minkowski measurable. Caution is required, however, since clearly, 
the hypotheses of the above theorem are far from being satisfied in the case of a 
hyperfractal set A C IR” (even when N = 1). This fact makes Problem 6.2.27 all the 
more interesting. 


Problem 6.2.28. Prove or disprove the following statement: for any bounded set A 
in R”, we have 


dim,yA =dimgA and dim,,A = dim,A, 


where the upper and lower average Minkowski dimensions are defined in Subsec- 
tion 2.4.2. See, in particular, Definition 2.4.11 and Proposition 2.4.9. 


Problem 6.2.29. Prove or disprove the following statement: there is a bounded set 
A in R® such that there exists D := dim,,A and .@?(A) <.@*?(A). Recall that 
for the Cantor ternary set A we have that .#@/?(A) = .@*?(A); see Corollary 3.1.6. 
Average Minkowski contents are defined in Definition 2.4.1. 


Problem 6.2.30. Construct a bounded set A in R% such that dim,,A < dimgyA. 
Moreover, is it possible to find an example for which dim,,,A = 0 and dim,,A = N? 
Study the properties of the lower and upper average Minkowski dimensions, intro- 
duced in Subsection 2.4.2, with respect to finite unions and Cartesian products of 


bounded subsets of Euclidean spaces. 


Problem 6.2.31. Is the upper box dimension additive with respect to Cartesian prod- 
ucts of RFDs? This is true in the case of Minkowski nondegenerate fractal drums; 
see Proposition 4.1.20(b). It is well known that the Jower box dimension is not addi- 
tive with respect to the Cartesian product of compact sets; see, e.g., [Fall]; see also 
Remark 6.1.9 on page 550. 


2! Recall from [Lap-vFr3, Section 1.2] and from Subsection 2.1.4 above that provided Y is non- 
trivial, the abscissa of convergence D(Cv) of Cy necessarily coincides with the upper box di- 
mension of (the boundary of) Y as well as of Av: D = dimgOQy = dimgA v. (See Corollary 
2ST.) 
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Problem 6.2.32. Let (A, Q) be a relative fractal drum and, in particular, let (0Q,Q) 
be an ordinary fractal drum in RY. Assume, for simplicity, that we choose Dirich- 
let boundary conditions (in the variational sense) and that |Q| < co. For various 
concrete examples (e.g., the Koch snowflake drum or, more generally, self-similar 
drums, Julia sets, the Mandelbrot set, as, for instance, in [Lap1—3]), compare the 
set of geometric and spectral complex dimensions of the drum (that is, the complex 
dimensions of the distance or tube zeta function, on the one hand, and those of the 
normalized spectral zeta function of the Dirichlet Laplacian, on the other hand). Can 
one compare these two sets of complex dimensions (when they exist) for a general 
class of (relative) fractal drums? (Compare with related questions asked in [Lap3] 
and towards the end of [Lap5]. See also Problem 6.2.36 below for the case of the 
geometric complex dimensions of self-similar sets.) 


In order to understand some of the statements, hypotheses and notation of parts 
of our last two problems (namely, Problem 6.2.35 and 6.2.36), the reader might first 
want to read (or review) Subsection 5.5.6, including Remark 5.5.26. In the sequel, 
we let (as in Subsection 5.5.6) 69 denote the similarity dimension of a self-similar 
set (or, equivalently, of the associated self-similar tiling or spray); that is, Oo is the 
unique real solution of the Moran equation x 1 i = 1, where J > 2, ys ry <1 
and {rj Het is the list of scaling ratios (counted according to their multiplicities) of 
the self-similar set (or, equivalently, of the associated self-similar tiling). The self- 
similar set is also assumed implicitly to satisfy the open set condition (in the sense 
of [Hut, Fall]).2* We have that 0 < 69 < D < N, where D denotes the (upper) box 
dimension of the self-similar tiling (or spray), viewed as an RFD. (We exclude here 
the extreme case when D = N; see footnote 22 on page 562.) We have (see part (c) 
of Remark 5.5.26 in Subsection 5.5.6) 


D := dimg(A,Q) = max {60,Dc}, (6.2.6) 


where G is the generator of the tiling and Dg denotes the (inner) box (or Minkowski) 
dimension of its boundary: Dg := dimg(0G,G). Here, for simplicity, we assume 
that there is a single generator and that it is pluriphase, in the sense of [LapPe2-3, 
LapPeWi1—2] (as is the case, for example, of most polytopes, in light of [KoRati]); 
see Subsection 5.5.6 above. See also Remark 6.2.33 just below for the case of mul- 
tiple generators. 


Remark 6.2.33. In the case of multiple generators {G@ ae and in light of the re- 
sults of [Lap-vFr3, Chapter 3 and Section 8.4], we expect that analogous results 
should hold (see also part (b) of Remark 5.5.26), modulo suitable modifications. For 
example, Dg should be replaced by max{Dgo } 2, and (when Q > 2) the equal- 
ity should be replaced by the inequality D < max{oo,Dg} since there might be 
some cancellations between the zeros of C3g.g != pede C ac@.ga) and the zeros of 


22 Tn fact, a little more is assumed since we assume that the associated self-similar tiling is nontriv- 
ial, which implies the open set condition of [Hut] and the strict inequality D := dimg(A,Q) < N; 
see [LapPe2-3, LapPeWi1-2, Pe, PeWi], along with [Lap-vFr3, Section 13.1]. 
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1— ae tad Furthermore, in Problem 6.2.35, some of the potential scaling com- 
plex dimensions of the self-similar set (i.e., the poles of the geometric zeta func- 
tion Ce of the fractal string associated with its self-similar tiling, in the sense of 
[Lap-vFr3, Chapter 3 and Section 13.1]) might be canceled by some of the zeros of 
the numerator of €¢. However, according to the results of [Lap-vFr3, Section 8.4], 
at least infinitely many of these scaling complex dimensions should not be canceled 
on the vertical line {Res = 6o}.) Moreover, under the above assumptions, and since 
(according to the results of Subsection 5.5.6; see, especially, Equations (5.5.105) 
and (5.5.172)), we have that 


C4,2(5) = S6(s): Sac.a(s), (6.2.7) 


where 


P (Sac,6) = P(SaG.a,C) € {0,1,...,N— 1}; (6.2.8) 


more specifically, Dg = dimg(9G,G) € No and the set A(C9g,g) of ‘integer dimen- 
sions’ is given by 
FP CaG,c) = 10; 1) eee (6.2.9) 


or (due to the potential cancellations), a subset of {0,1,...,Dg}, but with Dg € 
P(CaG.q). All of these integer dimensions are simple poles of ¢9g,g. Furthermore, 


Co(s) = (1- wet ay for all s € C and the multiset A(Ce) of ‘scaling complex 
dimensions’ is given (when Q = 1) by 


J 
PSs) = Hbe,0)= {see Sat}; (6.2.10) 


j=l 


this multiset is described in [Lap-vFr3, Theorem 3.6], as well as throughout Chapter 
3 of [Lap-vFr3]. 


Remark 6.2.34. In the case of truly multiple generators (i.e., Q > 2), due to the pos- 
sible cancellations, the second equality of Equation (6.2.10) should be replaced by 
a containment, C. (Generally, however, it remains an equality.) Furthermore, we al- 
ways have that 69 € A(Ce). More specifically, according to the aforementioned 
results of [Lap-vFr3, Chapter 3 and Section 8.4], in the nonlattice case, Oo is the 
only principal pole (i.e., the only pole with real part 69) of Gs, whereas in the lat- 
tice case, A(C~q) contains not only op but also an infinite arithmetic progression of 
principal poles of G6. Moreover, all of the principal poles of Ge (including oo) are 
simple. See [Lap-vFr3, Theorem 8.2.5 and Corollary 8.27].”* 


23 Generally, however, such cancellations do not occur and hence, the exact counterpart of the 
identity (6.2.6) holds. 


°4 The setting of [Lap-vFr3, Section 8.4] is that of general self-similar strings (for which we then 
have that Det r; < 1) but, in light, in particular, of the general framework considered in [Lap-vFr3, 
Chapter 3], where this condition is not assumed about the r;’s, the proofs and the statements 
of all of the results in that section can be immediately adjusted to our present situation (where 
pa ry <1). This fact is also used in [LapPe2—3, LapPeWil-2] and [Lap-vFr3, Section 13.1]. 


564 6 Classification of Fractal Sets and Concluding Comments 


The content of Problem 6.2.36 will be in part to connect the complex dimen- 
sions of the (suitable) self-similar set F (or, more generally, self-similar RFD) 
and the complex dimensions of the associated self-similar tiling (or spray) (A, Q), 
as described in Subsection 5.5.6, and taking into account the aforementioned re- 
sults about the complex dimensions of (generalized) self-similar strings obtained in 
[Lap-vFr3, Chapter 3 and Section 8.4]. (See, in particular, footnote 24 on the previ- 
ous page.) First, we consider Problem 6.2.35, which revisits some of the issues dealt 
with in Subsection 5.5.6, especially in parts (b) and (c) of Remark 5.5.26. In clos- 
ing these introductory comments, we point out that, as will be clear to the reader, 
Problem 6.2.35 is closely related to Problem 6.2.36. 


Problem 6.2.35. Prove that every (nontrivial) lattice self-similar subset F or, more 
generally, self-similar RFD (F,Qo) of R% (satisfying the open set condition) and 
such that Dg # Oo is either periodic or strictly subcritically periodic; that is, 
more specifically, it is Minkowski nonmeasurable, when Dg < 6p (and hence, 
D := dimg(F, Qo) = 00) or else (strictly subcritically) Minkowski measurable in 
dimension 0p (in the sense explained at the end of Subsection 5.5.6), when 09 < Dg 
(and hence, D := dimg(F, Qo) = Dg € {0,1,...,N — 1}). It would be natural to as- 
sume that the affine subspace of R% generated by G is all of R%, in which case 
Dg=N-1. 

More generally, show that provided Dg # oo, the self-similar set F (or, in the 
broader setting of self-similar RFDs, the self-similar RFD (F,Q)) is Minkowski 
measurable in dimension 6p (in the sense of footnote 71 at the end of Chapter 
5) if and only if it is nonlattice. [Equivalently, the self-similar set F (or, more 
generally the self-similar RFD (F,Qo)) is Minkowski nonmeasurable in dimen- 
sion Oo if and only if it is lattice.] Exactly the same statement holds with the 
self-similar set F replaced by its associated self-similar tiling (or spray) (A,Q). 
Also, under mild assumptions, we have that D := dimg(A,Q) = dimg F, whereas 
dimg(F, Qo) = max{dimg F,dimg(dG,G)} = max{oo,Dg}, since dimg F = oo, 
and G is the generator of the self-similar RFD (F,@o), viewed as an inhomoge- 
neous self-similar set here (or as a suitable generalization thereof, in the spirit of 
Examples 4.2.33, 4.2.34 and 4.2.35). In the case of multiple generators {G}2,, 
with Q > 2, we instead have the inequality dimg(F, Qo) < maxg—1,...0{60, Dg }- 

Finally, when Dg = 00, F (or, more generally, (F,Qo)) is not Minkowski mea- 
surable.*> Show, however that, if we consider the gauge function h(t) := logt~!, for 
all t € (0,1), then the self-similar set F (or, more generally, the self-similar RFD 
(F,.Qo)) is always h-Minkowski measurable, whether it is lattice or nonlattice (or, 
equivalently, whether the associated self-similar spray or tiling (A, Q) is lattice or 
nonlattice).2° 


25 Indeed, its distance zeta function C-(s) should then have a multiple pole (of second order) 
at s = D (= Dg = 00) and hence, according to Theorem 5.4.10 and Lemma 5.4.11, F cannot 
be Minkowski measurable. On the other hand, as is stated here, it should follow from results of 
Chapter 5, that when Dg = 00, F is h-Minkowski measurable whether it is lattice or nonlattice, 
where h(t) = logt—! for all t € (0,1). 

26 The intuitive reasoning behind this part of the conjecture (or open problem) is as follows. In 
both cases (i.e., the lattice and the nonlattice cases), we have that the only double pole is 09; so it 
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We note that the results of [Lap-vFr1—3] (see, especially, [Lap-vFr3, Section 8.4]) 
imply that the answer to Problem 6.2.35 is affirmative when N = | (except, of 
course, in the trivial case of an interval); see [Lap-vFr3, Theorem 8.25 and Corol- 
lary 8.27, along with Theorems 8.23 and 8.36], thereby proving the geometric part of 
[Lap3, Conjecture 3, pp. 163-164] in the special case of self-similar fractal strings. 
Part of these results have been extended in [LapPe2—3] and in [LapPeWi1-2] to cer- 
tain lattice self-similar sprays (or tilings), as well as to a more restricted class of 
lattice self-similar sets in RY (N > 1); see, in particular, [LapPeWi2]. 

Furthermore, for general self-similar sprays (or tilings) in RY (with N > 1), we 
have essentially answered Problem 6.2.35 in the affirmative, in Subsection 5.5.6 
(see, especially part (c) of Remark 5.5.26), by using the fractal tube formulas and 
Minkowski measurability criteria of Chapter 5. More specifically, when Dg < 0p, 
as was discussed in case (i) of Remark 5.5.26(c), a combination of Theorem 5.4.2 
and Theorem 5.4.20 enables us to obtain the required result, exactly as in the proof 
of Corollary 5.4.23 (which corresponds to the N = | case). Furthermore, when 
Dg > 00, as in case (iii) of Remark 5.5.26(c), a suitable adjustment (to the strictly 
subcritical case) of the statements and proofs of these two theorems should yield 
the discussed result. Moreover, for general self-similar sets in RY (with N > 1) in 
the case when Dg < 6 (i.e., Dg # 60, although it is not formulated in this manner 
in that paper), the problem is essentially answered in the affirmative in [KomPeWi], 
thereby proving the geometric part of [Lap3, Conjecture 3] when D is not an integer, 
by using the renewal theorem and the main results of [Gat]. 

Recall from Subsection 5.5.6 that the case when Dg > 6 cannot occur for self- 
similar sets (satisfying the open set condition) since then, we have 


009 = Dr D(4,Q) :D max{Dg, oo} (6.2.11) 


and hence, Dg < 69; see part (a) of Remark 5.5.26. (In the case of multiple 
generators, we have that D < maxg=1,....0{Dga); Oo}; also implying that Dg := 
maxg=1,...0{D gia) } < 60; see part (b) of Remark 5.5.26.) However, for a general 
self-similar RFD (or spray) we no longer have that Dg = D(4,.q) = 90, allowing 
for Dg to exceed Op. (See, e.g., the case of the inhomogeneous Sierpinski N-gasket 
RFD discussed in Example 4.2.26, along with Examples 4.2.34 and 4.2.35.) 
Strictly speaking, the case when Dg > 09 remains open for general self-similar 
RFDs (or sprays), although we expect the results and methods of Chapter 5 (com- 
bined with some of the results about the complex dimensions suggested in Problem 


6.2.36 just below) should enable us to resolve it in the affirmative, as well as to 


is clear that in the nonlattice case, F should be h-Minkowski measurable. But in the lattice case, 
all the other nonreal principal poles are simple; therefore, they generate powers of tY—% times 
an oscillatory term in the tube formula, but this contribution is dominated by tY—% logt—! when 
t — 0*. Hence, in the lattice case F should be also h-Minkowski measurable. On the other hand, 
the h-Minkowski nonmeasurable but /-Minkowski nondegenerate situation arises, for instance, for 
the second-order Cantor set discussed in Example 4.2.10, where we have an infinite sequence of 
double principal poles occurring in arithmetic progression along the critical line. 


566 6 Classification of Fractal Sets and Concluding Comments 


obtain a modified proof for all of the possible cases considered in Problem 6.2.36; 
namely, Dg < 00, 09 < Dg, and Dg = Oo. 


In the next problem, we propose to study the fractal zeta functions and the cor- 
responding complex dimensions, as well as the Minkowski measurability, of self- 
similar sets in R‘, much as is done when N = | for self-similar strings in [Lap-vFr3, 
Chapters 2, 3 and 8], and when N > 1 but for self-similar tilings (or for more gen- 
eral fractal sprays) and for special kinds of self-similar sets, in [LapPe2—3] and 
[LapPeWi1—2] (as is discussed in [Lap-vFr3, Section 13.1]). 


Before stating this problem, we recall some terminology associated with self- 
similar sets (or, more generally, with self-similar RFDs or sprays) and the cor- 
responding lattice/nonlattice dichotomy. Let F be a self-similar subset of R% or, 
more generally, a self-similar RFD (with a single generator G for the associated 
self-similar tiling or spray), and consider the multiplicative group Y = []/_, (p;)” 
generated by its distinct scaling ratios ~1,...,P, and viewed as a subgroup of 
Ry := (0, +e). Then, recall that F is said to be lattice if Y is of rank | (i.e., Y = p, 
for some p such that 0 < p < 1), and nonlattice otherwise. Moreover, F is a generic 
nonlattice self-similar set if Y has rank n > 2, where (as above) n is the number 
of distinct scaling ratios of F. See [Lap-vFr3, Chapters 2 and 3] and the relevant 
references therein. 

In the lattice case, the oscillatory period (i.e., the common difference of the arith- 
metic progression of the imaginary parts of any two consecutive complex dimen- 
sions along the vertical lines {Res = w,}7_,), but ignoring the i := /—I factor, is 
given by p := 27/logp~!, where (as above) p € (0,1) is the positive generator of 
the (discrete) multiplicative group Y generated by the distinct scaling ratios. 


In the sequel, we will denote by F the self-similar set or, more generally, RFD un- 
der consideration and by (A, Q) the associated self-similar tiling (or spray), viewed 
as an RFD. (See the discussion preceding Problem 6.2.35.) Implicit in the statement 
of Problem 6.2.36 is the fact that under suitable hypotheses, we can show (as was 
conjectured in part (a) of Remark 5.5.26 of Subsection 5.5.6) that 


Cr(s) = 4,0(s) + Co,our(s) + f(5), (6.2.12) 


where (as was explained towards the end of part (a) of Remark 5.5.26) Coou 
represents the contributions of the outer neighborhoods of a feasible and admis- 
sible open set O relative to which F' satisfies the open set condition. Further- 
more, f is a holomorphic function in some open right half-plane {Res > a}, with 
—oo < @ < dimg(A,Q) =: D (< N). If @ > —» (that is, if f is not entire), then 
clearly, the conclusion of Problem 6.2.36 concerning the structure of the complex 
dimensions of F should be suitably adjusted. Namely, the corresponding statements 
should be limited to the visible complex dimensions (i.e., the poles of ¢- or of br 
with real part > ). 
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Finally, recall that since D := dimg(A,Q) < N,”’ the complex dimensions of F 
can be interpreted indifferently as the poles of the distance zeta function Cr or of 
the tube zeta function or, and analogously, for the complex dimensions of the RFD 
(A,Q), with Cr and p replaced by 64. and mn g, respectively. This statement 
follows from Proposition 2.2.19 and its obvious counterpart for relative fractal zeta 
functions of RFDs. 

Finally, we note that in light of the results of Subsection 5.5.6 and Section 5.4 
(combined with those of [Lap-vFr3, Chapters 2—3 and Section 8.4]), most of the 
results expected to hold in Problem 6.2.36 have already been established in this 
book in the special case of a self-similar spray (with a single generator or, more 
generally, with finitely many generators). 


Problem 6.2.36. (Geometric complex dimensions of self-similar sets). Calculate the 
distance and tube zeta functions of self-similar fractals F in RY, and, more gener- 
ally, of self-similar RFDs (F, Qo) (or of self-similar sprays). Let (F, Qo) be such a 
self-similar RFD, with associated self-similar tiling (or spray) (A, Q). If F is a self- 
similar set, we assume, in particular, that it satisfies the open set condition of [Hut] 
(see also [Fall]). Can one show that these fractal zeta functions have a meromor- 
phic continuation to all of C??* Determine the poles of these zeta functions, that is, 
the complex dimensions of a self-similar set F or, more generally, of a self-similar 
RFD (F, Qo). Finally, compare the results with those obtained by means of the well- 
developed theory of complex dimensions of fractal strings. (See [Lap-vFr3, Chap- 
ters 2—3 and Section 8.4].) and, in the higher-dimensional case, with the results from 
[Lap-vFr3, Section 13.1] describing some of the work in [LapPe3] and [LapPeWi1] 
on tubular zeta functions and the complex dimensions of self-similar tilings and 
sets.) Compare also with the results of Subsection 5.5.6 above on self-similar sprays. 

In particular, show that, under suitable hypotheses, we have the following inclu- 
sion between multisets (in the case of a single generator G), which would follow at 
once from Equation (6.2.12) above, combined with the results of Subsection 5.5.6 
(see also Remark 6.2.33):7° 


C P(Ca.a)U Al(Co out) (6.2.13) 
: la 


P(Ce)U P(Cac,q) VU A(Soout), 


PCr) 


27 Recall, that in the case of multiple generators {G4 2 we have, in general, D := 


qq? 
dimg(A, Q) < max{Dga) ,0) : gq =1,...,Q}; so that D < N because og and each Dow) (¢ = 
1,...,Q) is strictly less than NV. Note that the fact that Dg < N — 1 and the hypothesis accalding to 


which wei ry < 1, which guarantees that Q has finite N-dimensional volume, imply that 09 < N. 


28 Tf not, determine Dmer (Gr) = Dmer(&r); the commmon abscissa of meromorphic continuation 
of Cr and p. 

29 Equation (6.2.13) should still remain valid in the more general case when (A, Q) has multiple 
generators. (See Subsection 5.5.6, including parts (a) and (b) of Remark 5.5.26.) Often, unless 
there are obvious cancellations (see, for example, Remark 6.2.33 for one of the sources of these 
possible cancellations, in the case of multiple generators), the inclusion signs can be raplaced by 
equalities in Equation (6.2.13). 
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where (Ce) is the set of ‘scaling complex dimensions’ of the associated self- 
similar tiling (A, Q) (as given by Equation (6.2.10)) and A(Cag.g) € {0,1,...,Dg} 
C {0,1,...,N— 1} is the ‘set of integer dimensions’ of (A,Q), as given by Equa- 
tion (6.2.8). Accordingly, the elements of A(Ce) (respectively, A(CjG.G)) are also 
called the scaling (respectively, integer) complex dimensions of the self-similar set 
F. (Naturally, some integers in {0,1,...,Dg} might be common to #(Ce) and 
P(Caaa)-) 

Consequently, it follows from the results of [Lap-vFr3, Chapter 3] (see espe- 
cially [Lap-vFr3, Chapter 3]) that if D := dimg(A,Q) and oo € (0,N) denotes the 
similarity dimension of F (or, equivalently, of (A,Q)), as defined before Equation 
(6.2.6), that the scaling complex dimensions of nonlattice self-similar sets F’ have 
real parts strictly less than 0g (except for po itself, which is also a scaling complex 
dimension), but that there exists an infinite (and explicitly computable) sequence 
of such scaling dimensions approaching from the left the vertical line {Res = oo}, 
whereas the scaling complex dimensions of lattice self-similar sets F are distributed 
periodically along finitely many vertical lines {Res = w,}, for u = 1,...,q, with 
Wg S++ SW2 <wy, = Oo. In all cases, the only scaling complex dimension which is 
real is Op itself, and it is simple. (In the lattice case, all the scaling complex dimen- 
sions with real part oo are simple as well.) Moreover, the scaling complex dimen- 
sions of a nonlattice string have a quasiperiodic structure, as shown and described in 
detail throughout [Lap-vFr3, Chapter 3]. Finally, according to [MorSepVi1] (prov- 
ing and extending a conjecture in [Lap-vFr2-3]), the set of real parts of the scal- 
ing complex dimensions of a generic nonlattice (respectively, and more generally, 
of a suitable nonlattice) self-similar set is dense in a single compact interval, of 
the form [D,.,D] (with —co < D, < D), or in the union of finitely many disjoint 
compact intervals (see [Lap-vFr2, Subsection 3.7.1], [Lap-vFr3, Section 3.7], along 
with [MorSepVil], [MorSep] and [DubSep]). Therefore, generic nonlattice (respec- 
tively, under mild assumptions, more general nonlattice) self-similar sets are fractal 
in dimension d, for d in an infinite countable and dense subset of a compact interval 
[D,,,D], with D, < D (respectively, of a finite union of compact disjoint intervals). 

Furthermore, assume for now that Dg < 6p (so that D = 69). Then, in the lat- 
tice case, F is Minkowski nondegenerate but is not Minkowski measurable. (See 
Problem 6.2.35 and the comments surrounding it; see also [KomPeWi], proving a 
conjecture of [Lap3] in this case.) In the nonlattice case, F is Minkowski measurable 
(see Problem 6.2.35, along with [Gat]).°° Also, in the nonlattice case, the residue of 
the tube zeta function Cr at s = D = 0 is equal to .@, the Minkowski content of F, 
whereas in the lattice case, it is equal to MM, the average Minkowski content (which 
exists and belongs to (0,+°°)). See Remark 6.2.37 below. 


30 Recall from Example 4.2.26 and Subsection 5.5.6 that for the inhomogeneous Sierpiriski N- 
gasket (which is not a self-similar set unless N = 2), Dg < dy for N = 2, Dg = Oo for N = 3, and 
Dg > 0o for every N > 4. See also the illustrative planar Examples 4.2.33, 4.2.34 and 4.2.35 (which 
too are not self-similar sets, but are self-similar RFDs and, in fact, are inhomogeneous self-similar 
sets, in a suitably generalized sense). 
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Moreover, for a general self-similar RFD (F, Qo) (but not for a self-similar set 
F, for which this case cannot arise),*! if we assume instead that Dg > Oo (so that 
D = Dg),** then (F, Qo) is always Minkowski measurable. More interestingly, the 
self-similar RFD (F, Qo) is (strictly subcritically) Minkowski measurable in dimen- 
sion Oo, in the sense of footnote 71 at the end of Chapter 5, if and only if it is 
nonlattice, and in that case, its (strictly subcritical) 69-Minkowski content is equal 
to the residue of Cra at 5 = Oo. Also, in the lattice case, (F,Qo) is (strictly sub- 
critically) Oo-Minkowski nonmeasurable (and 09-Minkowski nondegenerate), with 
average (strictly subcritical) O9-Minkowski content equal to the residue of ¢ F,Qo at 
S= O00. 

In the case when Dg = 00 = D, then the self-similar set F is always Minkowski 
degenerate with Minkowski content equal to +c°, due to the double pole of Cy at 
s = D, but it is also h-Minkowski measurable, where the gauge function h is given by 
h(t) :=logt™! for all ¢ € (0,1). Furthermore, its h-Minkowski content is then equal 
to Cr [D|_2, the (—2)-nd coefficient in the Laurent series expansion of ‘ee around 
s =D. Still when Dg = oo (= D), but now for a general self-similar RFD (F, Qo) 
instead of a self-similar set F’, exactly the same results are expected to hold, with F 
and Cr replaced by (F,Qo) and Cr,9,, respectively. 

Finally, completely analogous statements hold for the distance zeta function Cr 
(instead of the tube zeta function Cr). More specifically, since D < N (as was as- 
sumed throughout), its poles (i.e., the associated complex dimensions), are exactly 
the same as for the tube zeta function Or whereas (when Dg < 6p) its residue at 
s = Dis equal to (V—D).@ and (N— D).%@, in the nonlattice and lattice case, re- 
spectively. (See Theorem 2.2.3, Equation (2.2.4).) And analogously, when Dg > 0o 
and when Dg = 6o.*° 


Remark 6.2.37. Implicit in the statement of the latter part of Problem 6.2.36 con- 
cerning the (ordinary) Minkowski measurability statements is the fact that one could 
show that when Dg < 0p, the hypotheses of Theorem 2.3.18 and Theorem 2.3.25 
are Satisfied in the nonlattice and lattice case, respectively. In particular, for a lattice 
self-similar set (or, more generally, RFD) F, it would then follow from Theorem 
2.3.25 and Corollary 2.3.26 that 4%, = minG and .@* = maxG are the values of 
the lower and upper Minkowski contents of F’, respectively, where G is the periodic 
function occurring in the counterpart of Equation (2.3.30). Just as in [Lap-vFr1-—3] 
(and then in [LapPe3] and [LapPeWil—2]), this periodic function is determined by 
the sequence of (simple) complex dimensions, with maximal real part w; = D, dis- 
tributed in arithmetic progression (along with the associated residues). 


31 See the discussion following Problem 6.2.35 and preceding the present one, along with parts (a) 
and (b) of Remark 5.5.26. 


32 We assume here implicitly that in the case of multiple generators, there are no cancellations. 
33 Naturally, in the case of a general self-similar RFD (F, Qo) instead of a self-similar set F, one 
should replace ¢r and Cr by Cra, and Cray. 
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We note in closing this discussion that the results obtained about the principal 
complex dimensions of the Sierpifski gasket and the Sierpinski carpet in Subsec- 
tion 4.2.3 (on pages 290-305) are consistent with the results conjectured to hold in 
Problem 6.2.36. 


6.2.3 Future Research Directions 


Since the definition of the upper relative box dimension dimg(A,Q) involves the 
function t ++ |A; 7 Q| (see Section 4.1), it is natural to study the problem of find- 
ing a tube formula for this function, which we call the relative tube formula of A 
with respect to Q, that is, of the tube A; intersected by Q; see Chapter 5. It will 
be the subject of further investigation by the authors. (See Problem 6.2.38 below, 
along with the comments following it, for several concrete research directions in this 
area.) The tube formula for t + |A;| has been extensively studied in [Lap-vFr1-3], 
partly motivated by the present theory as well as, in particular, by the earlier work 
in [BesTay, Tri3, Lap1—3, LapPol-3, LapMal—2, HeLap], and in [LapPe1—3] and 
in [LapPeWi1—2] for various classes of fractal sets A. 

We plan to apply the methods developed in Section 2.3 to study the meromor- 
phic extensions of box-counting zeta functions, recently introduced in a paper of 
John Rock with the first and third authors [LapRoZu], and partly motivated by the 
present higher-dimensional theory of complex dimensions and some of its predeces- 
sors (including [BesTay, Tri3, Lap1—3, LapPol—3, LapMa1-2, HeLap, Lap-vFr1-3, 
LapPe1l-—3, LapPeWil—2]). We expect that many of the results in this book will have 
a suitable counterpart in the context of box-counting zeta functions. For example, 
we expect that our results about meromorphic extension of geometric zeta func- 
tions, obtained in Section 2.3, could be applied to this new class of zeta functions. 
The residues of these zeta functions could also be closely related to an appropriate 
(but perhaps less geometric) notion of Minkowski content, as in the case of distance 
and tube zeta functions. Further related work of John Rock, joint with the first and 
third authors, is in preparation on this subject. 

We also plan to study the behavior of relative box dimensions and relative zeta 
functions with respect to Lipschitz functions between pairs of RFDs. 

As we have already mentioned in Subsection 6.2.1 on pages 553-554, it is pos- 
sible to consider some parts of our monograph from the point of view of category 
theory. It is easy to recognize several related categories, like, for example, the cate- 
gory of RFDs, or its subcategory, the category of bounded fractal strings. Some of 
the results obtained here can be formulated in the language of category theory. This 
and other related questions will be the subject of a future work. 


Given a relative fractal drum (A,Q) in R® and a suitable weight function 
w:Q — C, one can define the associated weighted relative distance relative zeta 
function Ca.9,w, much as in Section 3.4: 
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s—N 
Ea.aw(s) = ff d(ea) w(x) dr (6.2.14) 


for all s € C with Res sufficiently large. For example, the derivative of a given 
relative distance zeta function ¢,4 a, as given by Definition 4.1.1, coincides with the 
following weighted relative distance zeta function (see Theorem 4.1.7(a)): 


tra(s,w) = Fe d(x,A)*"* logd(x,A) dx, 


with the weight function defined by w(x) := logd(x,A). In our future work, we plan 
to study general properties of weighted relative distance zeta functions as well. 


It should also be interesting and useful for the applications to extend the present 
theory of distance and tube zeta functions (and their complex dimensions) to met- 
ric measure spaces, in which the underlying measure is assumed to be a “doubling 
measure” or, better, to satisfy the Ahlfors condition. (Metric measure spaces and 
their applications are studied, for example, in [DaMcCS] and the many relevant 
references therein.) Working on general metric measure spaces (locally compact 
metric spaces equipped with a positive Borel measure satisfying a “doubling con- 
dition”) rather than on Euclidean spaces would enable us, in particular, to extend 
aspects of the present theory (under appropriate hypotheses) and to establish con- 
tact with aspects of geometric analysis on “nonsmooth manifolds” (as, for example, 
in [DavSem], [Chee] and the survey article [Hei]), as well as with aspects of anal- 
ysis on self-similar (or not necessarily self-similar) fractals (as, for example, in the 
monograph by Kigami [Kil] and in [Lap3-—5, KiLap1—2, Ki2—3, ChrivLap, LapSar] 
and the relevant references therein). Some preliminary work in this direction is be- 
ing carried out in [Wat, LapWat], where it is shown, in particular, that many of the 
general results obtained in this book (including the fractal tube formulas obtained 
in Chapter 5) extend to the setting of Ahlfors spaces and where several examples of 
nonsmooth metric measures are studied. 

Metric measure spaces are also called spaces of homogeneous type, d-sets, or 
Ahlfors regular spaces in the literature. We caution the reader that the definitions 
of these various notions are not quite equivalent and that the terminology or the 
definitions themselves are not always used consistently in the literature. Part of the 
problem discussed here will consist in finding the proper definitions and conditions 
which will best fit the situation under consideration. 


The following open problem (Problem 6.2.38) is motivated by [Lap-vFr3, Chap- 
ters 5 and 8], along with [LapPe2-—3] and [LapPeWi1—2], as well as, of course, by 
the general higher-dimensional fractal tube formulas obtained in Chapter 5 (espe- 
cially in Sections 5.1-5.3 and in Subsection 5.5.6). More precisely, recall that in 
[Lap-vFr1—2] and [Lap-vFr3, Chapter 8] are obtained (under suitable assumptions) 
and used distributional and pointwise fractal tube formulas (with or without error 
term) for fractal strings, and, in particular, (pointwise) exact fractal tube formu- 
las for self-similar strings (both in the lattice and nonlattice cases). These fractal 
tube formulas are expressed in terms of the residues of the underlying geometric 
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zeta functions. Moreover, in [LapPe2—3] and [LapPeWi1-2] (partially discussed in 
[Lap-vFr3, Section 13.1]), which build on and extend the aforementioned work in 
[Lap-vFr1—3], are obtained (under suitable assumptions) and used distributional and 
pointwise tube formulas (with or without error terms) for fractal sprays, and, in 
particular, (pointwise) exact tube formulas for self-similar sprays or ‘self-similar 
tilings’ (both in the lattice and nonlattice cases), where the embedding dimension 
N > 1 is arbitrary. (The results in [LapPeWi1—2] also yield fractal tube formulas for 
a restricted class of self-similar sets in RY; see [LapPeWi2].) These fractal tube for- 
mulas are expressed in terms of suitably defined ‘tubular zeta functions’ associated 
with the fractal sprays (or the self-similar tilings).*+ They involve, in particular, the 
residues of ‘scaling zeta functions’ which play, in this more general context, the 
role played by the geometric zeta functions of fractal strings. In addition to these 
scaling data, the tubular zeta functions, however, involve other geometric data about 
the corresponding fractal sprays, such as the ‘curvatures’ of the generators of the 
sprays. 

The aforementioned results of [LapPe2—3] and [LapPeWi1-—2] about fractal tube 
formulas for self-similar sprays (discussed in part in [Lap-vFr3, Section 13.1]) 
have ben significantly extended in Subsection 5.5.6 and [LapRaZu5], where they 
have also been placed within the much more general framework of the (higher- 
dimensional) theory of fractal zeta functions and fractal tube formulas developed in 
this book. The corresponding general theory of complex dimensions and of (global) 
fractal tube formulas should serve as a key guide for addressing the corresponding 
problem. 

We will state the announced open problem (Problem 6.2.38) in words and hence, 
mostly qualitatively (since only future research will tell us what is the precise form 
of the sought for local fractal tube formulas). The main point is that we can now 
hope to obtain local fractal tube formulas valid (under suitable assumptions) for 
a very large class of relative fractal drums in R% and, in particular, of compact 
subsets of R% (where the embedding dimension N > 1 is arbitrary), including self- 
similar sets in R%. Furthermore, in light of the results of Chapter 5 (especially, of 
Sections 5.1—5.3), it is natural to expect that they would now be expressed in terms 
of the residues of local analogs of the fractal zeta functions introduced in this book, 
namely, the distance and tube zeta functions associated with arbitrary RFDs and, in 
particular, with bounded subsets of RY 35 At first, because in the present context, it 
is the most interesting case, geometrically, the reader may wish to focus on obtaining 
and interpreting local fractal tube formulas expressed in terms of suitably defined 
local distance zeta functions (in the spirit of Appendix B to the present book). It 


34 The ‘tubular zeta functions’ of [LapPe2-3] and [LapPeWi1l—2] are not to be mistaken with the 
tube zeta functions introduced in this book. 


35 For simplicity, we assume here implicitly that the (visible) complex dimensions are simple. In 
the general case of possible multiple complex dimensions, the local fractal tube formula should 
be expressed as a sum over the (visible) complex dimensions of the residues of suitable expres- 
sions involving the corresponding local fractal zeta functions, much as is the case for their global 
counterparts obtained in Sections 5.1-5.3. 
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should be easy to obtain corresponding fractal tube formulas expressed in terms of 
the other fractal zeta functions.*° 

Finally, we mention that in the process, we expect to establish contact with earlier 
tube formulas and their interpretation in terms of curvatures or curvature measures 
(in the sense of Federer [Fed1]) associated with integer dimensions. See, especially, 
in addition to the original and key reference [Fed1], which has unified into a sin- 
gle framework (that of ‘sets of positive reach’) the work of Steiner [Stein] and its 
successors (for compact convex sets in RY) and of Weyl [Wey3] (for smooth com- 
pact submanifolds of Euclidean spaces, as described in [BergGos], and in the more 
general context of Riemannian manifolds, in [Gra]), the informative book [Schn2] 
and the articles [Schn1, Z41—3], along with [HugLasWeil] (for the case of compact 
sets in RY) and [Wi, WiZa, Zi4—5, KeKom] (for the case of certain self-similar sets 
and their self-conformal and random generalizations). Further relevant references 
are provided in the introduction of Chapter 5. 


Problem 6.2.38. (Local fractal tube formulas and curvatures). 


(i) Obtain local forms (in a sense akin to [Fed1]) of the fractal tube formulas 
established in Chapter 5 (especially, in Sections 5.1—5.3) for relative fractal drums 
(and, in particular, for bounded sets) in RY. Much as in Chapter 5, these local fractal 
tube formulas should be pointwise or distributional, as well as with error term or else 
exact (i.e., without error term), depending on the growth assumptions made on the 
underlying fractal zeta functions and (when applicable) on the screens used to for- 
mulate the results. Also by analogy with Chapter 5 (Sections 5.1—5.3), they should 
be expressed in terms of the residues (evaluated at the underlying visible complex 
dimensions) of expressions explicitly involving suitably defined local fractal zeta 
functions (for instance, local distance, tube or shell zeta functions).°” 


(ii) In the important special case of simple (visible) poles (for example),*® in- 
terpret the coefficients of the (global) fractal tube formulas of Chapter 5 (Sections 
5.1-5.3) as ‘fractal curvatures’ associated with each of the complex dimensions of 
the relative fractal drum (or bounded set) in R”. (See problem (iii) just below.) 


(iii) Furthermore, under the same assumptions as in part (ii), interpret the coeffi- 
cients of the local fractal tube formulas sought for in part (7) of this problem as the 
corresponding action (on Borel subsets of R” or on a class of appropriately local- 
ized test functions) of suitably defined ‘curvature measures (or distributions)’, again 


36 It is likely, however, that exactly as in Chapter 5, it would be easier to first obtain local tube 
formulas expressed in terms of the local tube zeta functions (much as in Sections 5.1 and 5.2), 
and only then deduce their counterparts expressed in terms of local distance zeta functions (as in 
Section 5.3). 

37 The ‘local zeta function’ proposed in Appendix B may be helpful in this context, provided 
its definition is appropriately modified, for geometric reasons (and by analogy for example, with 
[Fed1, Schn2, HugLasWeil, Wi]). 

38 This hypothesis is not really necessary but assuming it makes more transparent the analogy with 
the classic literature on tube formulas (see, e.g., [Fed1, Schn2]). 
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in the spirit of [Fed1].°° Consequently, interpret the ‘fractal curvatures’ of part (ii) 
as the total masses (or their smeared analogs) of the above curvature measures (or 
distributions). 


(iv) Finally, whenever possible, obtain concrete realizations of the various frac- 
tal tube formulas obtained in Chapter 5 (especially, in Sections 5.1—5.3), as well as 
of the ‘local fractal tube formulas’ [and hence, of the associated fractal curvature 
measures (or distributions) and, in particular, of the fractal curvatures] sought for 
in part (i) (as well as in parts (ii) and (iii) just above). Do so, for example, in the 
case of self-similar sets (see Problem 6.2.36 and part (a) of Remark 5.5.26) and, 
in particular, of self-similar sprays or tilings (see, especially, Subsection 5.5.6) as 
well as in the case of Julia sets (see also, for instance, the geometric part of Prob- 
lem 6.2.32, Problem 6.2.21 and 6.2.22), the Mandelbrot set, limit sets of Fuchsian 
and Kleinian groups, conformal fractals, nonlinear and “approximately self-similar’ 
fractals, along with random (or stochastically self-similar) fractals and other random 
fractals naturally occurring in mathematics and physics (see also Problem 6.2.25 and 
the brief discussion preceding it), without forgetting (for the question concerning 
fractal curvatures) the various classes of examples discussed in Section 5.5 from the 
point of view of the fractal tube formulas and the associated (geometric) complex 
dimensions. 


We should caution the reader that Problem 6.2.38 is difficult, especially in the 
most interesting case of distance zeta functions. Its investigation and eventual reso- 
lution, however, should open new venues in a number of directions: 


(a) The further development (and justification) of a theory of complex dimensions 
and of the corresponding geometric oscillations, valid (both globally and locally) for 
‘arbitrary’ compact sets (or, more generally, RFDs) in R¥, for any N > 1. 


(b) The possible interpretation (sought for in parts (ii) and (iii) of Problem 
6.2.38) of the coefficients of the (global or local) fractal tube formulas in terms 
of (global or local) ‘fractal curvatures’, along the lines suggested in a related con- 
text in [Lap-vFr3, Sections 8.2, 12.4, 12.5 and 13.1] as well as in [LapPe3] and 
[LapPeWi1], should eventually be connected with the notion of ‘fractal cohomol- 
ogy’ conjectured to exist in [Lap-vFr1—3] (see, especially, [Lap-vFr3, Sections 12.4 
and 12.5]) and in [Lap6]. In the latter fractal (or complex) cohomology theory, a 
suitable finite-dimensional complex Hilbert space is associated with each (visible) 
complex dimension (and of dimension equal to the multiplicity of the complex di- 
mension). Alternatively, or rather, in addition, to each d € R for which the geometric 
object under consideration is ‘fractal’ (see the latter part of (c) just below), is associ- 
ated a possibly infinite dimensional complex Hilbert space (equal to the direct sum 
of the finite-dimensional Hilbert spaces associated to each of the (visible) complex 
dimensions with real part d). (See also [Lap6] and the relevant references therein; 
see, especially, [Lap9, Lap10, CobLap]*° for the construction of a possible fractal 


39 Naturally, the curvature measure associated with a given visible complex dimension should be 
a complex measure (or else, a complex-valued distribution). 


40 The papers [Lap9, Lap10] may become joint with Tim Cobbler. 
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cohomology theory fulfilling these criteria in the context of a suitable class of mero- 
morphic functions, including essentially all arithmetic zeta functions, as well as the 
scaling zeta functions of all self-similar strings and sprays.) 


(c) A general definition of fractality, and especially its justification. More ex- 
plicitly, as was discussed in various places in this book (see, e.g., Remark 4.6.24), a 
geometric object is said to be fractal if its associated fractal zeta function has at least 
one nonreal complex dimension. Furthermore, recall from the discussion in Remark 
5.5.15 that given d € R, a geometric object is said to be fractal in dimension d if 
it has at least one nonreal complex dimension with real part d. These definitions 
could be extended to the local complex dimensions (i.e., the poles of the relevant 
local fractal zeta functions) and thereby justified in part by the general local fractal 
tube formulas sought for in part (i) of Problem 6.2.38, as well as by their concrete 
realizations sought for in a variety of situations in part (iv) of Problem 6.2.38; see 
also Problems 6.2.21, 6.2.22 and 6.2.32. 


The concrete forms of the global (and local) fractal tube formulas sought for in 
part (iv) of Problem 6.2.38 would then further demonstrate the fact that the presence 
of geometric oscillations is intimately connected with the notion of fractality. Hence, 
for example, according to the answers conjectured in Problem 6.2.36, self-similar 
geometries are always fractal (except in the trivial case of N-dimensional cubes, 
say). (Compare with the discussion in [Lap-vFr3, Section 12.2].) More specifically, 
in the lattice case, they would be fractal for finitely many values of d (no less than 
one, but possibly just one), whereas in the nonlattice case, they would be fractal in 
dimension d for infinitely many countable values of d, dense in a single interval 
or in a finite union of intervals. Similarly, one would expect that Julia sets (except 
in the trivial case of circles, for example), the Mandelbrot set, the Cantor curve 
(i.e., the “devil’s staircase’; see [Lap-vFr3, Subsection 12.1.2]), the Weierstrass— 
Mandelbrot curve, the limit sets of Fuchsian and Kleinian groups, chaotic attractors 
(in the theory of dynamical systems), approximately self-similar attractors and their 
various nonlinear generalizations, stochastically self-similar sets, ..., to be fractal 
in the above sense.*! A difficult challenge consists in actually calculating the visible 
poles of the associated fractal zeta functions (that is, the visible complex dimensions 
of the fractals under consideration). This is, in part, the object of several of the 
open problems stated in Subsection 6.2.2 above within the present significantly more 
general context of the theory of fractal zeta functions; see, especially, Problems 
6.2.21-6.2.25 along with Problem 6.2.36. 

We should add that, just as in [Lap-vFr3, Section 13.4.3], as well as in Sub- 
sections 4.6.2 and 4.6.3 above within the significantly more general context of the 
theory of fractal zeta functions, we must extend the definition of fractality as fol- 
lows: A geometric object (say, an arbitrary bounded subset A of RY) is said to be 
fractal if its associated fractal zeta function (C4 or ay) has a (meromorphic) partial 
natural boundary along a screen or else has at least one nonreal (visible) complex 


41 We allow here the use of general gauge functions when trying to determine the complex dimen- 
sions and the nature of the corresponding oscillations. 
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dimension. We point out that according to this refined definition, even a maximal hy- 
perfractal would be fractal (see Subsection 4.6.2, including Definition 4.6.23 (iii)), 
and in a certain way, would be ‘maximally fractal’, since every point of the critical 
line {Res = D} is a (nonisolated) singularity of the fractal zeta function. 


We plan to further study the spectrum o(A,Q) of RFDs (A,Q) in Euclidean 
spaces R, as well as the associated spectral zeta functions ¢ ‘4 q» introduced in Sec- 
tion 4.3.1. This theory is well understood for N = 1, that is, in the case of fractal 
strings; see [Lap1—3], [LapPol—3], [LapMa1-—2], and [Lap-vFr3, esp., Chapters 1, 6 
and 9-11]. When N > 2, partial mathematical results are known in the cases where 
A = RY or A = 0Q (corresponding to ordinary fractal drums with Neumann or 
Dirichlet boundary conditions, respectively). See, for example, [Lap 1—3], [LapPo3], 
[HeLap], [Lap-vFr3, Section 12.5] and the many relevant references therein, includ- 
ing [BroCar, Cae, FlVa, Ger, GerSc, Mol Vai, vBGilk]. (See Section 4.3 above.) 

A challenging problem in this context consists in determining the (visible) spec- 
tral complex dimensions (i.e., the visible poles of a nontrivial meromophic contin- 
uation, when it exists, of the spectral zeta function Cj 9) of a variety of interesting 
(relative) fractal drums (A,Q) and to obtain spectral analogues of the (geometric) 
fractal tube formulas, sought for in Problem 6.2.38 above. The resulting spectral ‘ex- 
plicit formulas’ would express the spectral counting function My (LL) as a (typically 
countably infinite) sum involving the residues of the spectral zeta function CA g: For 
practical or physical reasons (and because it is easier, mathematically), one may also 
wish to work with other spectral functions, such as the partition function (or trace 
of the heat semigroup), instead of the spectral counting function Ny (l). 

In the process of attempting to address this problem, one should naturally be led 
to investigate in depth the connections between the spectral zeta function Cj , of a 
relative fractal drum (A,Q) and the corresponding (relative) fractal zeta functions 
(namely, the relative distance and tube zeta functions, C4 9 and a Q) introduced in 
this book. 


Appendix A 
Tamed Dirichlet-Type Integrals 


Abstract The goal of this appendix is to provide several properties and examples 
of Dirichlet-type integrals (DTIs) and their natural generalizations (extended DTIs) 
in our context, as well as to modify accordingly the relation ~ (introduced and 
used in the book) so that it remains a true equivalence relation on the resulting 
space of extended DTIs. At the end of the appendix, we also introduce a notion of 
“asymptotic equivalence”, which is no longer a true equivalence relation but allows 
more flexibility and, as a result, may potentially be more useful in certain practical 
situations. All of the fractal zeta functions studied in this book, along with the classic 
arithmetic zeta functions and Dirichlet series and integrals, are shown to be very 
special cases of the general DTIs introduced and studied in this appendix. 


Key words: Dirichlet type integral (DTI), tamed DTI, extended DTIs, asymptotic 
equivalence. 


The goal of this appendix is to provide several properties and examples of Dirichlet- 
type integrals (DTIs) and their natural generalizations (extended DTIs) in our con- 
text, as well as to modify accordingly the relation ~ so that it remains a true equiv- 
alence relation on the resulting space of extended DTIs. 

At the end of the appendix (see, especially, Definition A.6.6, along with the com- 
ment preceding it and Remark A.6.7), we will also introduce a notion of “asymptotic 
equivalence”, which is no longer a true equivalence relation but allows more flexi- 
bility and, as a result, may potentially be more useful in certain practical situations. 

This appendix shoud be read in conjunction with Subsection 2.1.3.2, which it 
complements in a variety of ways. Recall that in that subsection, the notion of DTI 
was introduced (albeit not as precisely as here). 

All the fractal zeta functions studied in this book, along with the classic arith- 
metic zeta functions and Dirichlet series and integrals, are shown to be very special 
cases of the general DTIs introduced and studied in this appendix. 
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A.1 Local Measures and DTIs 


We begin by recalling the notion of local (positive or complex) measure on a given 
Hausdorff locally compact space, equipped with its Borel o-algebra.' (See [DolFr], 
[JohLap], [JohLapNi], [HerLap1—4] and [Lap-vFr3, Chapter 4] for the important 
special case where E is an interval of R.) In all of our applications to the various 
fractal zeta functions encountered in this book as well as to the modified equivalence 
relation to be discussed towards the end of this appendix, E is a subset of some 
Euclidean space. For example, in the applications of the theory, we can have EF = 
[0, +00), [1, +0), [0,5] for some 6 > 0 or else E = Ag (or even E = As \ A), where 
As is the 6-neighborhood of a given bounded subset A of R™. 


Definition A.1.1. A (positive or complex) local measure u on E (or a locally 
bounded positive or complex Borel measure on £) is a set-function u : A(E) > 
[0,-+e°] or up : A(E) > C whose restriction to A(K), the Borel o-algebra of an 
arbitrary compact subset K of E, is either a bounded positive measure on K (case 
of a local positive measure) or is a complex (and hence, bounded) measure on K 
(case of a local complex measure). Thus, |{|(K) < ee for every compact subset K of 
E, where || denotes the total variation measure of U (see, e.g., [Coh], [Foll] and 
[Ru]) defined for each B € A(E) by 


|B) ap wait (ALI) 


k=1 


where m > | and {By}7_, ranges over all finite partitions of B into disjoint measur- 
able subsets of E. 


The total variation measure || is a local positive measure. Furthermore, if 1 
itself is a (local) positive measure, then |1| = U. In addition, a positive local measure 
on F is nothing but a locally bounded (Borel) measure on E. Moreover, the reason 
why (in the case of complex local measures) we have to work with a set-function 
that is not a complex measure (in the usual sense) on E but only on its compact 
subsets is that, as is well known, an ordinary complex measure is always bounded 
(see, e.g., [Coh], [Foll] or [Ru]). We refer to [Coh, Foll, Ru] for the basic results 
on measure theory and, in particular, for the theory of standard positive or complex 
measures. 

We next recall the definition of a Dirichlet-type integral associated with a given 
triple (E, @, 1), where jl is a (positive or complex) measure on E and the Borel mea- 
surable function 9 : E + R satisfies g > 0 ||-a.e. on E (i.e., |4|-almost everywhere 
on E).2 


! For our own purposes it would be sufficient to assume that E is also separable and metrizable, so 
that it has a countable basis of relatively compact open sets. 

? In all but one of the applications of DTIs (or extended DTIs), we have 9 > 0 |u|-a.e. an E 
(i.e., |u|({~@ = 0}) = 0). The one exception is the case of the distance or tube zeta function of a 
bounded set A C R%, for which we have explained what to do in the main text of the book. (An 
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Definition A.1.2. The Dirichlet-type integral (in short, DTI) f = Cz,9,, associated 
with the triple (E,@, 1) as above is given by 


fx) = [ o(ay'aue), (A.1.2) 


for all s € C with Res sufficiently large, provided f is tamed in the sense of Defini- 
tion A.1.3 below. 


When f = Cz,9,1 can be meromorphically continued to some connected domain 
U CC, we still denote its (unique) meromorphic extension to U in the same way, as 
usual. In the sequel, we will write, indifferently, du (x) or (dx). We will also write 
interchangeably Cr.g Or S¢z,9,n)- 

The notion of Dirichlet-type integral is only truly useful for us when the DTI in 
question is tamed, in the following sense. 


Definition A.1.3. A DTI f = €(¢,9,,) (as in Definition A.1.2) is said to be tamed 
if there exists a positive and finite constant C = C(f) such that |u|({@ > C}) =0; 
Le., if 
Q<C_ |p|-ae. on E. (A.1.3) 
We wish to stress the fact that a DTI f = Cz. is precisely defined only once 
the associated triple (E,@, 1) has been specified. Hence, the choice of our notation, 
CE0,u- 
We next recall from Definition 2.1.8 in Section 2.1 the definition of the abscissa 
of convergence D(f) of a tamed DTI f = Cr. given by (A.1.2)°: 


Dif)i=int{aeR: [ o(s)"|n)(ay) <>} 
= inf {a €R: —(x)® is p-integrable}. 


(A.1.4) 


Occasionally, D(f) = D(Cz,9,1) is also referred to as the abscissa of absolute 
convergence of f = Cr.9,u, since a measurable function is Lebesgue p-integrable if 
and only if it is absolutely |u|-integrable, where as before, || is the total variation 
measure of pt (defined by (A.1.1) above). 

Also as in Section 2.1, the half-plane of convergence of a tamed DTI f = Cron, 
denoted by IT(f), is defined by 


II(f) := {Res > D(f)}, (A.1.5) 


where D(f) is the abscissa of convergence of f given by (A.1.4) above. Sometimes, 
II(f) is called the half-plane of absolute convergence of f. 


alternative would be to integrate p(x)* on the complement in E of {@ = 0} in Equation (A.1.2) of 
Definition A.1.2.) 

3 The second equality in (A.1.4) holds if (as will always be assumed) the DTI is tamed, in the sense 
of Definition A.1.3. 
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Using a classic theorem concerning the analyticity of the integrals depending on 
a parameter (see Theorem 2.1.47 in Subsection 2.1.3.2, along with the associated 
Remark 2.1.49 on page 83), it is easy to show that the tamed DTI f = Ceo is 
holomorphic on IT(f) = {Res > D(f)}. Hence, Dnoi(f) < D(f). 

The point of the tameness condition introduced in Definition A.1.3 above is 
that under this condition, D(f) and IT(f) are always well defined, in the sense 
that IT(f) is the largest open right half-plane {Res > a}, with a € RU {+c>}, 
on which the Lebesgue integral /; p(x)°du(x) is convergent (i-e., Ceo y)(Res) = 
Se P(x)R°Sd | |(x) < ee) and hence, f(s) = €z,9,.(s) is well defined by Equation 
(A.1.2) and furthermore, the second equality of Equation (A.1.4) holds. 


Theorem A.1.4. If the DTI f = Ce.9,y is tamed, then D(f) and II(f) are well de- 
fined (in the above sense). In particular, f(s) = Ce,o,u(s) is given by (A.1.2) for 
Res > D(f) and cannot be defined (by a Lebesgue integral) in this manner on any 
strictly larger open right half-plane. 


Proof. See the proof of Theorem 2.1.45(a) on page 83 in Subsection 2.1.3.2, which 
can easily be adapted to the present, more general, situation. 


A.2 Basic Properties of DTIs 


In this section, we show that a (pointwise) product of tamed DTIs is still a tamed 
DTI, and examine when the tameness condition is preserved. We also show that a 
linear combination of tamed DTIs based on the same underlying pair (EZ, @) is again 
a tamed DTI. In Section A.3, we will use the results of this section regarding prod- 
ucts of tamed DTIs, while in the later sections, we will use the results concerning 
linear combinations of DTIs. 


Theorem A.2.1. The (pointwise) product h = f - g of two tamed DTIs f and g is 
again a tamed DTI. (See Corollary A.2.2 below for a more specific statement.) 


Proof. Assume that f = Ceo, and g = Cry.n are the tamed DTIs. We claim that 
h= CeExF.eay,uen> where 9 © yw: E x F — Cis the tensor product of the functions 
@ and y, defined by (9 @ w) (x,y) = @(x) w(y) for (x,y) € E x F, and p @ 77 is the 
usual tensor product of the measures w and 7 (also called the product measure and 
denoted by pt x 1; see, e.g., [Coh, Foll, Ru] for the latter notion as well as for the 
Fubini theorem used below). It can be easily checked that if (as in the case here) 
and 7) are local measures on E and F, respectively, then  @ 7 is a local measure on 
E x F. (Recall that A(E x F) = BE) ® A(F).) 

We leave it as an exercise to the interested reader to verify (by using Equation 
(A.1.1), in particular) that 


J“U@n| < |u| @I|n\; (A.2.1) 


ie., |[U @n|(B) < (|u| @|n|)(B) for every B € B(E x F). Let us simply mention 
that since the rectangles generate the Borel o-algebra B(E x F) = B(E)@ AF), 
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it suffices to check the latter equality for B a rectangle of the form B = C x D, where 
C € A(E) and D € A(F). Furthermore, for similar reasons, in the counterpart of 
(A.1.1) defining | @ 7)|(B), it suffices to take partitions of B = C x D of the form 
Cj x D;, with Cj € BE) and D; € BF). 

The claim follows from a relatively routine use of the Fubini theorem (for the 
Lebesgue integral). Nevertheless, let us give some of the steps involved: 

Let s € C be such that Res > max{D(f), D(g)}. Then (since |u@n| < |u| @|n|, 
in light of Equation (A.2.1)), we can use Definition A.1.2 and the Fubini—Tonelli 
theorem (see [Coh, Foll, Ru]) in order to obtain successively: 


CexP.gayusn| (Res) = [Me @ y)(x,y))R°*(|u @ n}) (dx, dy) 
< [ed voy)**(ul en) dxay) 


= J PO VO) (| ® m1) (ax, dy) (A.2.2) 


= f o(s**sul(as) f woy®in\(ay) 
E F 
= Ce,9,|u|(Res) Cr.yjn|(Res) < ee. 


(The last inequality follows from the fact that the DTI’s f and g are tamed; see 
Theorem 2.1.45(a) on page 81.) We may therefore now apply the classic Fubini 
theorem to the integral 


J (ewes) @n)(ax,4y) 
EXF 


to deduce the desired claim. More specifically, let s € C be such that Res > 
max{D(f),D(g)}. Then, we have successively (much as in (A.2.2) above, except 


with s instead of Res and w, 7 and U @ 77 instead of |u|, |n| and |u ® n|, respec- 
tively): 
h(s) = CExFpay,uan (s) 
=| ((eewluy)(Han)(dr,dy) 
EXF 
7 p(x) w(y)’(u @ n) (dx, dy) (A.2.3) 


EXF 


= | o'er) | voyn(a) 
= be.ou(s) Seyn(s) =F(8)8(6), 


as desired. Note that in (A.2.3), we have used Definition A.1.2 in the second and 
fifith equalities, while we have used Fubini’s theorem in the fourth equality. 

Observe that the application of the Fubini theorem (see, e.g., [Coh, Ru]) is jus- 
tified by the computation and the conclusion of Equation (A.2.2) above (namely, 
Ce.ou(Res) Ce.9,n (Res) < c for Res > max{D(f),D(g)}). This proves that f- g is 
a DTI. Further, note that (A.1.4) implies that D(h) < max{D(f), D(g)}. 
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To show that the DTI f- g is tamed, recall that, since f and g are tamed DTIs, 
then there exist two positive contants Cp and Cy such that 0 < @(x) < Cg |p |-a.e. 
on E and 0 < w(x) < Cy |n|-a.e. on F. It follows immediately that 


0< (P@wW)(x,y) = P(x) WY) < CoCy (A.2.4) 


(|u| @ |n|)-a.e. on E x F, and hence, also (| @ 7|)-a.e. on E x F (because the 
inequality (A.2.1), |u@7| < |u| @|n|, implies that sets of (|~| @ |7|)-measure zero 
are also of | @ |-measure zero). 

Finally, in light of (A.2.4), we see that the DTI h = CexF.oay,uan is tamed and 
that C(h) < C(A)C(g). 

This completes the proof of the theorem. 


The following result is really a direct consequence of the proof of Theorem A.2.1. 


Corollary A.2.2. If f = Cegy and g = Cryn are tamed DTIs, then their 
(pointwise) product f - g coincides with the DTI Cex r.gay,uan 


f-g= CExF.pay,uon> (A.2.5) 
and it is also tamed, with C( fg) < C(f) C(g). Moreover, 


D(f-g) < max{D(f),D(g)}- (A.2.6) 


Next, we consider the stability of the class of tamed DTIs under linear combina- 
tions. The following simple theorem shows that the class of tamed DTIs associated 
with the same underlying pair (E, @) is a vector space. 


Theorem A.2.3. The class of tamed DTIs attached to the same pair (E,@) is sta- 
ble under linear combinations; i.e., it is a complex vector space. More specifi- 
cally, if f = Cepy and g:= Cen and if a,B €C, then h:= af + Bg coin- 
cides with the following DTI Cr,o,y, where v := a + Bn." Furthermore, D(h) < 
max{D(f),D(g)} and h is tamed, with C(h) < max{C(f),C(g)}. 


Proof. First, note that clearly, since and 7 are local measures on E, then so is 
v=au+ fn. Next, for s € C such that Res > max{D(f), D(g)}, it is immediate to 
verify that h(s) = Cz,,y(s), with v defined as above (so that |v| < |a| |u| +|B||n)). 
Also, 

Ce.o,|v|(Res) < |@|Ce.oJu\(Res) +|B|Se,9,\n|\(Res) <-. 


Hence, D(h) < max{D(f), D(g)}, as claimed. 

Let us next prove that the functions h is tamed, in the sense of Definition A.1.3 
above. Since f = Cr. and g = Cz ,y are tamed, there exist two nonnegative con- 
stants constant C(f) and C(g) such that 


4 Tf 8 =O, but with g arbitrary, then obviously, we have D(af) = D(f) for a 40, and D(a@f) = —< 
for @ = 0. Hence, the inequality D(h) < max{D(f),D(g)} may be strict (because D(g) can be 
arbitrary). 
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0<@<C(f) |yl-ae.onE (A.2.7) 
and 
0<@<C(g) |p|-ae. on E. (A.2.8) 
Let us show that 
0<@<max{C(f),C(g)} |v|-a.e. on E. (A.2.9) 


To this aim, let Ty := {x € E : p(x) > C(f)} and T, := {x € E : p(x) > C(g)}. 
Now, in light of (A.2.7) and (A.2.8), we have |u|(Z+) = 0 and |n|(Z,) = 0. There- 
fore, 
(Jo| |u| + |B] |n|)(77 72) =0 (A.2.10) 


and hence, since |v| = jau + Bn| < |o||u| + |B||n| Gn the sense of positive 
measures), we also have |v|(ZyMT,) = 0. Since Ty NT, = {x € E : Q(x) > Th}, 
where Tj, := max{C(f),C(g)}, this implies the second inequality in (A.2.9); ice., 
@ < max{C(f),C(g)} |v|-a.e. on E and hence, C(h) < max{C(f),C(g)}. 

We conclude the proof by establishing the first inequality in (A.2.9). It suffices to 
let FJ :={x € E: p(x) <0}; so that, due to (A.2.7) and (A.2.8), we have |u|(7) = 
\n|(7) = 0. Hence, since 0 < |v| = Jau+ Bn| < |a||u|+|B||n|, we also have 
|v|(.7) =0. This statement, in turn, precisely means that 0 < @ |v|-a.e. in E, which 
is the sought for first inequality in (A.2.9). 

This completes the proof of the theorem. 


In light of Theorem A.2.3 just above, the following result is of interest. Note that 
it suplements large parts of Examples 2.1.40, 2.1.41, 2.1.43 and 2.1.44 in Subsection 
2.1.3.2, as well as Lemma 2.2.9. (See also Corollary A.2.7 below.) 

In view of part (1) just below, recall that, according to Definition 4.1.2, a relative 
fractal drum (A, Q) is defined as an ordered pair of two subsets A and Q of R% such 
that Q is open, |Q]y < °c and Q C Ag for some 6 > 0. 

Furthermore, in view of part (2) below, recall from [Lap-vFr3, Section 4.1] that 
a generalized fractal string 7) is a local (positive or complex) measure on (0,-+¢), 
which is supported on [xo, +°°) for some xo > 0. Furthermore, by definition, we have 
€n(s) := Jo x *n(dx) for all s € C with Res sufficiently large. 


Proposition A.2.4. All of the fractal zeta functions used in this book are tamed 
DTIs. 


(1) More specifically, the distance zeta function C4 q and the tube zeta function 
Ca.a of a relative fractal drum (A,Q) in RN are tamed. In particular, for any & > 0, 
this is the case of C4 = Ca.as and Ca = Cass, the distance and tube zeta functions of 
an arbitrary bounded subset A of RN. 


(2) Moreover, if Cv is the geometric zeta function of a bounded fractal string 
L = (6;)7_1, with Cj | 0* as j > %, then Cy is a tamed DTI. More generally, the 
geometric zeta function Cy of a generalized fractal string n is a tamed DTI. 
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Proof. (1) Since €4.a(s) := Ja d(x,A)* “dx = fig d(x,A)%d(x,A) “dx for all s EC 
such that Res > dimg(A, Q), we can write C4 a(s) as a DTI: 


Ca,a(S) = Cen (s), 


where E := Q, (x) :=d(x,A) and (dx) :=d(x,A) “dx. This DTI is tamed, since 
(x) < 6 for all x € E, where the constant 6 > 0 is from the definition of the RFD 
(A, Q), that is, such that Q C Ag. 

Similarly, the tube zeta function &4 @(s) := ie t*N-'A, 9 Q| dt can be written 


as a DTI: 7 
Ca,a(S) = Ce,9,u(s), 

where E := (0,6], p(t) :=t and (drt) :=1-%|A,;N Q| dr/t. Then, obviously, we 
have ~(t) < 6 for all € E and therefore, €4 o(s) is a tamed DTI. 

Note that one could also let E := Q\ A, p(x) := d(x,A) for x € E and p(x) =0 
for x € A, with N as above, in order to define €4 9 and C4 0. 

(2) Since Cv(s) := D5 & for all s € C with Res > D(Cv), we can write the 
geometric zeta function of the fractal string & as a DTI: 


Cz(s) = Se,9.u(s), 


where E := [xo,+0°) with xo := 1/¢1, @(x) := 1/x for all x € E, and p(dx) := 
yi 91 je;- The DTI is tamed since (x) < 1/xo = &; for all x € E. Finally, note 
that D(¢v) = D(CE.9.)- 
The reasoning is similar for ¢,, the geometric zeta function of a generalized 
fractal string 1. Indeed, it is a DTI, since 
oo 


én(s)i= fx *n(dx) = feels) 

X0 

where E := [xo,-+0°), @(x) := 1/x for all x € E and yw := 7. The DTI is tamed, 

because ~(x) < 1/xo for all x € E. Again, note that D(¢n) = D(Ce,9,u)- 
This concludes the proof of the proposition. 

Remark A.2.5. It is useful to note that the zeta function C49 of an RFD (A,Q) in 

part (1) of Proposition A.2.4 can be related to another DTI Cr. y,n as follows: 


Ca.a(s) := - d(x,A)> “dx = Cryn(s—N), (A.2.11) 
where F := Q, w(x) := d(x,A) and (dx) := dx is the usual Lebesgue measure 
on QQ. 


Similarly, the tube zeta function 4 9 of an RED (A, Q) in part (1) of Proposition 
A.2.4 can be related to the following DTI Cr. y,n: 


= 5 
Ca,a(s) =f A114, Q| dt = Sry.n(s—N—1), (A.2.12) 


where F := Q, w(x) :=t and 7 (dx) := |A;N Q| dx. 
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We close this section by stating the following result, which is a consequence of 
Theorem 2.1.47 (the classic theorem about the analyticity of an integral depending 
holomorphically on a parameter). 


Theorem A.2.6. Let f = Cz.9,, be a tamed DTI, so that D(f) and II(f) are well 
defined. Furthermore, assume, for simplicity, that p(x) > 0 for |u|-a.e. x € E.° Then, 
f is holomorphic on the half-plane of convergence II(f) := {Res > D(f)} and for 
all s € C with Res > D(f), its derivative is given by 


f(s) = [ 0(+)"log(s) (dx) = Ce.9.n(6), (A2.13) 


provided @ is -essentialy locally bounded away from zero (i.e., for every compact 
subset K of E there exists a positive constant cx such that cx < @(x) for |b|-ae. 
x € K),°’ where n is the (positive, signed or complex) local measure given by 
n (dx) := log p(x) u(dx). 

Furthermore, under the same assumptions, the DTI f' = Cro, is tamed becasue 
the DTI f = Ce,o,u is tamed. It follows that 


Dyoi(f) < D(f). (A.2.14) 


Note that in Theorem A.2.6, 1 would be a positive measure if [1 were assumed 
to be positive and p(x) > 1 pr-a.e. on E. 

The following result is an immediate consequence of Theorem A.2.6, taking into 
account the last two footnotes to the statement of the theorem (specifically, footnotes 
6 and 7 on this page). 


Corollary A.2.7. Let f = Ce.9,y be a tamed DTI. Then f is holomorphic on its 
half-plane of convergence II(f) := {Res > D(f)} and in that half-plane, we have 


(8) = | @(3)"10g.9(s) u(dx) =: Se,9.n(8) (A.2.15) 


Furthermore, 


Dyoi(f) < D(f). (A.2.16) 


> We have seen in Chapter 2 that there are situations where this additional assumption does not 
have to be made. For example, in the case of the distance (or the tube) zeta function of a bounded 
subset of R. Note that for the case of €4, we have @(x) := d(x,A), so that @(x) > 0 |u|-a.e. is 
equivalent to |A| = 0. 

6 This additional hypothesis on @ is only assumed to guarantee that 17 is a (that is, locally bounded) 
local signed measure, and hence, that f’ = CE.g.n is a bona fide DTI (in the sense of Definition 
A.1.2). It is not needed to guarantee that f is holomorphic on {Res > D(f)} and that f’ is given 
by the first equality of (A.2.13); likewise, it is not needed to conclude that the inequality (A.2.14) 
holds, namely, that Dpoi(f) < D(f). 

7 This condition on @ is satisfied if @ is a continuous function on E. Indeed, on a given compact 
subset K of E, it suffices to set cx := ming @. Then, clearly, we have cx > 0. 
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Moreover, if f is a continuous function on E, then f' = CE,o.n is a local tamed 
DTI, associated with the (positive, signed or complex) local measure n(dx) := 


log p(x) U(dx). 


Remark A.2.8. We have seen in Chapter 2 that the inequality (A.2.14) of Theorem 
A.2.6 is sharp, in general. For example, under the assumptions of part (c) of The- 
orem 2.1.11 and when f/f is the distance zeta function of a suitable bounded sub- 
set of R”, we have Dpoi(f) = D(f). On the other hand, there are many examples 
of tamed DTIs for which Dhoi(f) < D(f). This is also the case if f is a Dirich- 
let L-function with a nontrivial primitive character, which is an ordinary Dirich- 
let series with complex coefficients and hence, is a tamed DTI, being the Mellin 
transform of a Dirac comb (a weighted countable sum of Dirac measures). Thus 
f(s) = L(s, x) = S14 (n)n-™ for Res > 1, where the “character” 7 is a com- 
pletely multiplicative function from Z to the unit circle in the complex plane and is 
periodic modulo some integer m > 1. (Furthermore, ¥ #1 mod m.) Then, D(f) = 1 
and Dhoi( f) < 0; see, e.g., [HardWr] and [Ser, Sections VI.2 and VI.3]. If, in addi- 
tion, the underlying character y is primitive, then f = L(-,7) is an entire function, 
so that Dyoi(f) = —° whereas D(f) = 1. (For instance, let f(s) := 7 ,(—1)"" ns 
for Res > 1; see Equation (2.1.39) in Remark 2.1.29 on page 69.) 


A.3 New Examples of DTIs 


In Subsection 2.1.3.2, especially in Examples 2.1.40, 2.1.41, 2.1.43 and 2.1.44, we 
have given many examples of tamed DTIs, including all of the fractal zeta functions 
considered in this book. (See also Proposition A.2.4 above.) The goal of the present 
section is to provide new examples of DTIs, of a rather different nature but which, 
when combined with a suitable change of variable (see the next section, Section 
A.4), will play an important role for the modified equivalence relation defined in 
Section A.4 below. 

The next result will provide the key step in the proof of the main result of this 
section, namely, Theorem A.3.2. 


Lemma A.3.1. Let a € C. Then f(s) :=1/(s—a) is a tamed DTI. 

More specifically, we have f = Cr.g,u, where E := [1,+¢°), (x) := 1/x for all 
x € E, and w(dx) := x47 !dx = x"dx/x (so that |p|(dx) = xRe¢—!dx = xRe4dx/x). 
Furthermore, we have Dmer(f.) = —e2 and® 


Dnoi(f) = D(f) = Rea. (A.3.1) 


8 More specifically, the DTI Cx» ,, can be meromorphically continued to all of C and Cr. 9,y(s) = 
f(s) :=1/(s—a) for alls € C. 
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Proof. A simple computation yields that for all s € C with Res > Rea, 


_ x a— we pts 
f= Seen) = fo olde = |" 
1 1 ~ (A.3.2) 
a-s S—a 
Similarly, 
1 
f(Res) = Cr, 9, u|(Res) = Res Reg for Res > Rea, 
whereas 


f(Res) = Ce. \uj(Res) =+e° for Res < Rea; 


indeed, for Res = Rea, Cz,9,y(Rea) = J,” SF =logx | = +e, while for Res < 


Rea, Cz.gy(Res) = Ewe {3 = +e. From the definition of D(f) given in 
(A.1.4), it then follows that D(f) = D(Ce,9,y) = Rea. 

Also, in light of (A.3.2), we see that f(s) = 1/(s—a), first for Res > Rea and 
then, upon anlytic continuation, for all s € C. It follows that we also have Dnoi(f) = 
Rea since clearly, f = f(s) has a pole at s = a. Therefore, (A.3.1) holds. 

Finally, we check that the DTI f = C9, is tamed, as claimed. But this is obvious 
since as we have seen just above, E := [1,+°) and @(x) := 1/x for all x € E, so that 
o(x) <lonE. 


x=1 7 


We can now state the main result of this section. 


Theorem A.3.2. Let P € C[X] be an arbitrary polynomial with complex coefficients. 
Then f(s) :=1/P(s) is a tamed DTI. (See Corollary A.3.3 below for a more specific 
statement. ) 


Proof. Without loss of generality, we may assume (for notational simplicity) that P 
is a monic polynomial (i.e., its leading coefficient is equal to 1). Denote by 7 the 
degree of P. 


Case 1: If n = 0, then P(s) = 1, f(s) = 1 and hence (since 1 = fi...) 1°d61(x)), 
we have f = Ce.9,y, where E = [1,+c°), p(x) = 1 and yu := 6), the Dirac measure 
concentrated at x = 1. Clearly, f is a tamed DTI, since o(x) = 1. 


Case 2: Let us now assume that n > |. Then, by the fundamental theorem of 
algebra (and since P is monic), we have that 


n 


P(s) = [[ (s—am), 


m=1 


where the complex numbers aj,...day, are the roots of P, repeated according to their 
multiplicities. 
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Therefore, in light of Theorem A.2.1 (according to which a product of tamed 
DTIs is again a tamed DTI) and its associated Corollary A.2.2, combined with 
Lemma A.3.1 just above (applied repeatedly, that is, n times) we deduce that 
f(s) = 1/P(s) is a tamed DTI. More specifically, in light of Lemma A.3.1, we have 
that for each m= 1,...,n, 


1 
nls) = CE.@ Lm 


S—Sm 
where E := [0,+0°), p(x) := x7! for x € E and Un(dx) = x4"~!dx = xmdx/x. 
Hence, according to Theorem A.2.1 and Corollary A.2.2 (applied n times), we have 


#9)= 55 -T 


m=1'5— 4m 


= Cr.o.u, 


where F := [1, +00)", ©: F +R, ®(x1,...,%n) = O(1)-*- @(%n) = (x1-- Xn), 
[= [ @-++@ Mp (so that U(dxy,...,d%,) = x0 "dey ...x2"" dey). 
Since, obviously, ®(x1,...,Xn) = (x1---%n)7! < 1 for all (x1,...,%) € F = 
[0, +0)", the DTI f = Cro, is tamed. 
This completes the proof of the theorem. 


The following result is really a direct consequence of the proof of Theorem A.3.2 
combined (for the last part of Corollary A.3.3) with Theorem A.2.6 (as will be 
further explained just after the statement of Corollary A.3.3). 


Corollary A.3.3. Let P be a polynomial of degree n > 1. Then, for all s € C, we 
have? 


f(s) := a = Crey(s), (A.3.3) 


where F := [1, +00)", ®: F +R, ®(x,...,%n) = O(x1)-* @(Xn) = (X12 Xp) 7! 
for all (x1,...,Xn) € F, and 


ju(dxy,...,dxn) = c+ day..." "day. 10 (A.3.4) 


Here, P(s) =cII"_|(s—am),c #0, c= JP) (0) and a,,...,4n € C are the roots 
of P (repeated according to their multiplicities). Moreover, 


Dnoi(f) = D(f) = max{Reay,...,Rean}. (A.3.5) 


Finally, for all s € C with Res > D(f), f is holomorphic with derivative given by 
the tamed DTI. 
f'(s) = Sz,on(s), (A.3.6) 


where n (dx) := log B(x) u(dx) with x := (x1,...,%) € F := [1,+¢°)”. 


° More specifically, the DTI Cro, can be meromorphically continued to all of C and its analytic 
extension coincides with f on all of C; namely, Equation (A.3.3) holds for all s € C. 


10 Tt follows that |u|(dx1,...,dx») := |e| diy . eRean—ldy,,, 
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We note that the last part of Corollary A.3.3 follows from Corollary A.2.7, 
including the last part of that corollary (since ®(x) = (x, -++x,)~! for all x := 
(x1,.-.,%n) € F is a positive and continuous function on F := [1,+°°)"). 


Remark A.3.4. We can use the fact that dx/x is the natural Haar measure on the 
multiplicative group (0,+<¢¢) in order to rewrite 1/P(s) in many different, but com- 
pletely equivalent ways, as a tamed DTI, assuming n > | (as in Corollary A.3.3). 


For example, if we make the change of variables (y1,...,y,) = OG neuteh 

(dy1/y1,---;4¥n/¥n) = (—dx1/%1,...,-—dx,/x), we obtain (using Corollary A.3.3): 
1 

:= —— = Cpe g 1) * A.3.7 

f(s) Ps) Cr+ .o* u*(S), ( ) 


wu (dy, .., dyn) -=—Ccy “lay, soy, lay 
= cy 1 M1, yan Bn (A.3.8) 
yy n Yn 


Since ®*(y) < 1 for all y € F*, the DTI Cr~ o* y+ is tamed as well. 

Of course, many other equivalent ways of rewriting f(s) := 1/P(s) as a tamed 
DTI are obtained by applying the change of variable y; = x; " to some of the vari- 
ables x; (j € {1,...,n}) but not to others (as well as by permuting the variables in 


an arbitrary manner). 


A.4 Extended Dirichlet-Type Integrals 


In this section, we define the notion of an extended DTI (EDTI, in short) which will 
be the key to the modification of the equivalence relation ~ to be defined in the next 
section. 


Definition A.4.1. Given r € (0,1), an extended DTI of base r is a function g = g(s) 
of the form 


(s) = Ceoulr ”) (A.4.1) 
where f(s) := Ce,9,y(s) is a standard DTI (in the sense of Definition A.1.2). 


An extended DTI g(s) := Cz,9,u (7°) of base r is said to be tamed if the asso- 
ciated DTI f(s) := Cz,9,n(s) enjoys the same property (in the sense of Definition 
A.1.3). However, contrary to intuition, the function g(s) is not always holomor- 
phic on an open right half-plane of the form {Res > a} with a € RU {+c>}, as 
shown by Proposition A.4.2 below. Moreover, there are examples of extended DTIs 
of base r € (0,1) which are not holomorphic on any open right half-plane with 
a € RU {—>} (alternatively, we can write D(g) = Dnoi(g) = +c¢). In particular, the 
right open half-plane IT(g) := {Res > D(g)} of (absolute) convergence of g is then 
equal to the empty set. 
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Proposition A.4.2. Let g = g(s) be an EDTI with base r € (0,1), generated by a 
tamed DTI f := Ce.g,y, as in Definition A.4.1. Then the following properties hold 
(see also Figure A.1): 


(a) If D(f) > 0, then g converges (absolutely) for all complex numbers s :=x+iy 
in the open set II'(g) C C defined by the following conditions 


log D(f) —logcos ((logr~') -y) 
a logr—! 


U{( ua 1 \+ 2nk \ 
- bos 2logr—!? 2logr—! logr! 5° 


(A.4.2) 


The open set II'(g) of absolute convergence of g has countably many open con- 
nected components (corresponding to each k € Z) and is contained in the open 
right half-plane 


{Res = ae seat (A.4.3) 
logr 


In particular, D(g) = +°° and the boundary of the set TI'(g) is described by the 


following equation: 


_ log D(f) — logos ((logr~') -y) 
_ logr7! 


; (A.4.4) 


where y takes the values indicated in (A.4.2). 


(b) If D(f) <0, then the convergence set II'(g) of the function g = g(s) is de- 
scribed by 
log ID(f)| —logcos ((logr~') -yt a) 
= logr—! 


1 27k 
ye U ( lo 1) ia re }. 
keZ & 8 
In particular, D(g) = +¢° and IT'(g) is contained in the open left half-plane 
log |D()| \ 


logr—! 


(A.4.5) 


{ Res < (A.4.6) 


The boundary of T'(g) can be described analogously as in case (a). 
(c) If D(f) = 0, then IT'(g) is defined by 


xeR, y U{( = i \+ mall , (A.4.7) 


—1? =I =I 
— 2logr—*’ 2logr logr 


In particular, D(g) = +°° and IT'(g) is equal to the disjoint union of countably 
many translation invariant equidistant open horizontal strips of the form R x Ik, 
with k € Z, where I, is the (translated) open interval defined between curly brackets 
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in (A.4.7).!! The boundary of TI'(g) is equal to the family of equidistant horizon- 
tal lines; it contains the line y = 1/(2logr~') and the distance between any two 
consecutive lines in the family is 1/(logr—'). 


The bounds defining the convergence set II'(g) in cases (a), (b) and (c) are 
optimal for the class of tamed extended DTIs; i.e., they cannot be improved. 


Proof. The condition of absolute convergence of g(s) := fi, @(x)" ° U(dx) is 


[loc “Iel(ax) = f ote “eoer | I(ax) <A) 
E 


and it is equivalent to 
r*cos ((logr~')y) > D, (A.4.9) 


where we have let D := D(f) and s:=x+ iy, with x := Res and y := Ims. We 
consider the following cases: 


(a) If D> 0, then r* < 4 cos ((logr—!) y), that is, 


1 
xlogr < log (cos ((logr“')y) ), 


and the claim follows by dividing by logr < 0. 
(b) If D < 0, then multiplying (A.4.9) by —1 we deduce that 


ih Ai pie 
r|D| > —cos ((logr )y) =c0s ((logr ) y+5). 


The claim then follows similarly as in case (a). 
(c) If D =0, then (A.4.9) reduces to cos ((logr~') y) > O and x € R. 


The optimality of the bounds obtained in cases (a), (b) and (c) can be verified 
by considering an extended DTI g(s) = f(r~*) generated by a DTI f of the form of 
the distance zeta function f := ¢4, where A is a maximal hyperfractal (in the sense 
of Definition 4.6.23(iii)). Recall that for maximal hyperfractal sets A, the associated 
critical line {Res = D(€,)} consists of nonisolated singularities of C4. In particular, 
¢4 does not have a meromorphic extension to a connected open set containing any 
given compact subinterval of the critical line {Res = D(€,4)}. The existence of such 
sets has been proved in Corollary 4.6.17. In the context of the present proposition, if 
the extended DTI g had a meromorphic extension containing a compact connected 
subset of the boundary of IT’(g), then this would imply that f could be meromor- 
phically extended to a connected open set containing the corresponding compact 
interval on the critical line {Res = D(f)}, which is impossible. 

This completes the proof of the proposition. 


'l Tn particular, the set I’(g) is not contained in any left or right open half-plane of the form 
{Res < a} or {Res > a}, respectively, for some a € R. 
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x2 


x] 


Fig. A.1 Typical domains of (absolute) convergence of an EDTI g = g(s) of type II appearing in 
cases (a), (b) and (c) of Proposition A.4.2. 
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Remark A.4.3. It would be of interest to know if the optimality condition for tamed 
extended DTIs g appearing in Proposition A.4.2 is in some sense generic, i.e., satis- 
fied for some “large” set of tamed extended DTIs g. 


Remark A.4.4. As we have seen in Proposition A.4.2, for any EDTIs h of type II, the 
corresponding (absolute) convergence set IT’(h) is never of the form of a nonempty 
open right half-plane. This class of EDTIs of type II includes, for example, the 
functions of the form (s) 

_ pls 
= a—b-r-s’ 
where a and b are positive real numbers, r € (0,1), and p is a nowhere vanishing 
entire function. On the other hand, note that a function of the form given in (A.4.10) 
appears in the expression of the distance zeta functon C, of a generalized Cantor 
set C""); see Equation (3.1.5) on page 188 appearing in Proposition 3.1.1. In this 
case we view the function defined by (A.4.10) as an EDTI of type I (ie., as a 
geometric zeta function generated by the bounded fractal string corresponding 
to C")) and according to Proposition 3.1.1, the resulting open right half-plane of 
convergence is nontrivial and equal to {Res > log, Ja m}. This example shows that 
the intersection of the class of EDTIs of type I and of the class of EDTIs of type 
II is not empty, and that one must always specify how to view a given EDT] in the 
intersection of these two classes. 


(A.4.10) 


We are now ready to give the general definition of an extended DTI (also abbre- 
viated as an EDTI). As will be explained, we will distinguish between EDTI of type 
I (e.g., given by (A.4.11) below) or of type II (e.g., given by (A.4.12) below). 


Definition A.4.5. An extended Dirichlet-type integral (in short, an extended DTI or 
simply, an EDT] A = h(s) is of the form 


h(s) :=p(s) Ce.o.u(5) (A.4.11) 


or of the form 
A(s) = p(s) Cepu(r*), (A.4.12) 


where p = p(s) is a nowhere vanishing entire function and f(s) := Ceo is a DTI. 
More generally, p can be a holomorphic function which does not have any zeros 
in the given domain U C C under consideration, where U contains the closed half- 
plane {Res > D(Ce.o,u)}- 

Moreover, if the extended DTI is of the form (A.4.11), it is said to be of type I, 
and if it is of the form (A.4.12), it is said to be of type II (or of type I, if one wants 
to keep track of the underlying base r). 

Finally, if the DTI f(s) := Cz,9,u(s) is tamed, then the extended DTI (or EDTI) 
h(s) is said to be tamed. 


The following comments supplement Definition A.4.5 just above: 
Given any tamed EDTI h = h(s) of type I (i.e., given by (A.4.11), with f(s) := 
Ce.9,u(S)), its abscissa of convergence, D(h), is defined by D(h) := D(f). As shown 
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by Proposition A.4.2, in the case of a tamed EDTI of type IJ, the abscissa of conver- 
gence D(h) does not exist as a real number. 

Similarly, the half-plane of convergence of h is denoted by IT(h) and defined by 
IT(h) := IT(f) if h is of type I. Clearly, since the function p is entire and nonzero, 
the tamed EDTI / is then holomorphic on IT(h). Hence, Dnoi(h) < D(A). 

The vertical line {Res = D(h)}, where h is a tamed EDTI of type I, is called the 
critical line of h. It coincides with the critical line of f. 

Finally, still for a tamed EDTI A = h(s) of type I, since D(h) and IT(h) are well 
defined, as explained above, we can define Y,(h) and A(h) in much the same way 
as in Definition 2.1.68 (where C4 is replaced by /). More specifically, if h = h(s) 
admits a (necessarily unique) meromorphic continuation to a connected open subset 
U CC containing the closed half-plane {Res > D(h)} = IT(f),'* we denote by 
P-(h) the set of principal complex dimensions of h, that is, the set of poles of h 
located on the critical line {Res = D(h)}: 


A -(h):={@ €U: @isa pole of h and Rew = D(h)}. (A.4.13) 


Clearly, A,.(h) does not depend on the choice of the domain U satisfying the above 
condition. 

Under the same assumptions, we define similarly A(h) = A(h,U), the set of 
(visible) complex dimensions of h, relative to U: 


Ath) :={o €U: isa pole of h}. (A.4.14) 


Clearly, A(h) = A(h,U) depends on the choice of U, in general. Also, since the 
function p in Definition A.4.5 does not have any pole or zero, for any tamed EDTI 
of type I (i.e., given as in (A.4.11), with the notation of the first part of Definition 
A.4.5), we have 

Ach) =A(f) and Alh)= A(f), (A.4.15) 


where f(s) := Ce,ou(s), 

Let us assume that / is a tamed EDTI of type II. As we have seen in Proposition 
A.4.2, we always have D(h) = +e. If there exists an analytic continuation of the 
function h such that it is holomorphic on an open right half-plane {Res > a}!3 for 
some a € R, we can define the abscissa of holomorphic continuation of h by 


Dpoi(h) := inf{a € R: his holomorphic on {Res > a}}; (A.4.16) 


or equivalently, .#(h) := {Res > Dnoi(h)}, the half-plane of holomorphic contin- 
uation of h, is the largest open right half-plane on which h is holomorphic. We can 
also define IT(h) := {Res > D(h)} in the usual way, as the half-plane of (absolute) 
convergence of h. 


'2 Since p is nowhere vanishing on U, if h is of type I, this is the case if and only if f = f(s) admits 
a meromorphic continuation to U. 

'3 Tf no such a exists, we set Dyoi (2) = +e and hence, #(h) = 0, while if all a can be chosen, 
then Dpoi(h) = —° and so, .#(h) =C. 
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A.5 Modified Equivalence Relation and Tamed EDTIs 


Recall from the discussion following Definition A.4.5 that if h is any tamed extended 
DTI of type I, then its abscissa of convergence D(h), half-plane of convergence 
TT(h) := {Res < D(h)}, critical line {Res = D(h)}, as well as (under the hypotheses 
(ii) of Definition A.5.1 just below), its set of complex principal dimensions, Y,(h), 
are well defined.!* 

We can now modify as follows the definition of the equivalence relation ~ pro- 
vided in Definition 2.1.69 of Subsection 2.1.5.!° 


Definition A.5.1. Let 4; and h be two tamed extended DTIs of type I (or briefly, 
tamed EDTIs of type I), as in Definition A.4.5 of Section A.4 above. We say that hy 
and hz are equivalent, and write h, ~ ho, if the following three conditions (i)—(iii) 
are satisfied: 


(i) hy and hy have the same abscissa of convergence (assumed to be a real num- 
ber): D(A, ) = D(hz) (€ R); call D this common value. 


(ii) The functions h; and hz admit a necessarily unique meromorphic continua- 
tion to a connected open neighborhood U of the closed half-plane {Res > D} (the 
closure of their common half-plane of convergence IT := IT(h,) = I(hz)). 


(iii) Finally, the sets of poles of 4; and hz on their common critical line {Res = 
D} coincide (and have the same multiplicities): 


PM) = Pe(hn), (A.5.1) 
where the equality holds between multi-sets (i.e., the multiplicities of the principal 
poles are taken into account). 


If in addition to the above conditions (i), (ii) and (iii), the functions h; and ho 
are the EDTIs of the form h = C(g.9,,) and h2 = C(e,9,y,), for the same pair (E, ¢), 


then we write 


hi tes (A.5.2) 


and we say that Ay and hy are (E, @)-equivalent. 


As was alluded to earlier, in practice, when we apply the (modified) definition of 
the equivalence relation (see Definition A.5.1 above) 


hy ~hy, (A.5.3) 


the meromorphic function /; is a fractal zeta function (a tamed extended DTI of 
type I), while the function hz (which gives the “leading beahvior” of h;, to mimick 


4 So is A(h) = A(h,U), its set of (visible) complex dimensions, but this is not relevant to our 
present discussion. 

'S See also Definition A.6.6 in Section A.6 below (along with the text surrounding it, including 
Remark A.6.7), for a somewhat different, but potentially also useful, definition of “asymptotic 
eqivalence’, in the case when the function g is merely assumed to be meromorphic. 
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the terminology of the theory of asymptotic expansions) is another tamed extended 
DTI of type I but of a ‘simpler’ closed form. Hence, the importance of the Corollary 
A.5.1 in the theory developped in the present book, as well as in its companion 
research and survey articles [LapRaZu1-8]. 


Remark A.5.2. The two definitions of the notion of equivalence ~ provided in Def- 
inition 2.1.69 and Definition A.5.1 are clearly compatible. In fact, the first part of 
Definition A.5.1 merely extends Definition 2.1.69 (appearing on page 98) to the case 
where both f and g are allowed to be tamed extended DTIs (i.e., EDTIs) of type I. 

Finally, it is possible, even likely, that in future applications of the theory of 
fractal zeta functions developed in this book and in [LapRaZu1l-8], we will need 
to deal with functions g which are no longer tamed EDTIs but are meromorphic 
functions of a suitable kind. In that case, we will have to suitably modify Definition 
2.1.69 and Definition A.5.1 in order to deal with such a situation; see Definition 
A.6.6 and Remark A.6.7 below. 


Proposition A.5.3. Let us assume that a and b are nonzero complex numbers and 
r € (0,1). Then the function f(s) = 1/(a— br‘) coincides (in all of C) with (the 
meromorphic continuation of) the tamed DTI Cr.o,y(s), where (for example) E := 
(1/2,+¢°), @(x) :=r* for all x € E and 


u(dx) =a"! ¥ bka *&, (A.5.4) 
k=0 


with 0, denoting the Dirac measure concentrated at k € NU {0}. Furthermore, the 
abscissa of (absolute) convergence D(f) is given by 


D(f) = wt (A.5.5) 


Equivalently, the open right half-plane of convergence IT(f) of f is given by 


log(|/lal) \. 


N(f) = { Res ee (A.5.6) 


Proof. It suffices to represent the function f as a Dirichlet series, as follows: 


ee 
a 1—bae'Ps 


f(s) =a! 3 beak, (A.5.7) 
k=0 


Then, clearly, f(s) = Cz,9,n(s). The largest open set of complex numbers s for which 
the series is absolutely convergent is defined by {s € C: |ba!r| < 1}, that is, by 
(A.5.6). Furthermore, the abscissa of convergence D(f) of the Dirichlet series is 
therefore determined by |b] |a|~!r?\/) = 1, that is, by (A.5.5). 


Theorem A.5.4. Assume that aj and b; are nonzero complex numbers and rj € 
(0,1), where j =1,...,m. Then the function 


A.5 Modified Equivalence Relation and Tamed EDTIs 597 


1 
Loi (a, — byr})... (Gm — Dnr%,) 5:8) 


can be represented as a tamed DTI Croy(s), for an explicit choice of (F,@,U) 
specified in the proof.'° Furthermore, the abscissa of convergence of the DTI f is 
given by 

- ez, jl/lajl) 


D(f) = logr;! 


eagips (A.5.9) 


Proof. From Proposition A.5.3, applied to fj(s) := 1/(aj; — bjr;) for each j = 
1,...,m, we deduce that 


(8) = fils) +> fn (8) = See 1 ar) (9) °° Sin. nbn) (S)> 


where (with the notation of (A.5.4) above) for j = 1,...,m, we let 
a > bha = Se 


Ej := E := [1/2,+00) and 9j(x) := r} for all x € Ej. Now, Theorem A.2.1 and 
nasuaa ees 2.2 imply that f(s i Cs s), where F := Ey X---X Ey =E", 9 := 
Q| ®-++@Q@m and LU := LM; ®-+:@ Mp. This completes the proof of Theorem A.5.4 
and spesilies its statement. 


We illustrate Definition A.5.1 in the case of the distance zeta function of the 
ternary Cantor set. 


Corollary A.5.5. Let C4 be the distance zeta function of the ternary Cantor set 
A:=C/3), contained in [0,1]: 


= ‘ d(x,A)*!dx, (A.5.10) 
As 


where 6 is a fixed positive real number. Then 


(E.9) 1 
Gals) “Toa gs (A.5.11) 
in the sense of the second part of Definition A.5.1, with respect to the connected 
open set U := {Res > O}, where E := Ag and ~(x) :=d(x,A) for allx € E. 
An analogous claim holds for the generalized Cantor sets A:= C\" introduced 
in Definition 3.1.1. 


Proof. We assume without loss of generality that 6 > 1/6, in which case we obvi- 
ously have that As = (—6,1+4.6). Then, the distance zeta function h)(s) := €,(s) is 
a tamed DTI which is given by 


'6 More precisely, the DTI Cr.p,u Can be meromorphically continued to all of C and its analytic 
continuation satisfies Cr94(s) = f(s), for all s € C. 
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2:6 % é° 
Ai(s) = Toa ey (A.5.12) 


(See the second line of Equation (2.1.113) on page 105.) It can be meromorphically 
extended to the whole complex plane C, so that (A.5.12) continues to hold for all 
s € C. (See the second line of Equation (2.1.113) on page 105.) Note that here, 
we have E := As = (—6,1+4+ 4), @(x) := d(x,A) and p is the standard Lebesgue 
measure on E. We next proceed to show that it is (E, @)-equivalent in the sense of 
Definition A.5.1 to the function h2(s) := 1/(1-2-3~%). 

To this end, note that the function p(s) := 26*/s is a DTI which is holomorphic 
on U, and that we can represent it as a DTI corresponding to the same underlying 
pair (E,@) as above, but with a new measure v defined by v(dx) := 2%(9,1)() - dx, 
where Yj0,1| : E — R is the characteristic function of the interval (0, 1]. Therefore, 
by Theorem A.2.3, we conclude that the function 


oy mia) = 260) (5.13) 


is also a DTI corresponding to the same pair (E,@). Defining the function p(s) := 
2~'s6°, and noting that p(s) 4 0 on U, we obtain upon multiplying the left-hand 
side of Equation (A.5.13) by p(s) (and noting that this product is equal to hj(s)), 
that A; is (E,@)-equivalent to f(s) in the sense of the second part of Definition 
A.5.1, as desired. 


A.6 Further Generalizations: Stable Tamed DTIs and EDTIs 


Recall that, according to Theorem A.2.1 and Corollary A.2.2, the class of tamed 
DTIs is stable under product (i.e., pointwise multiplication), while in light of The- 
orem A.2.3 the class of tamed DTIs Ce.9,,, associated with the same pair (E, ?) 
[but with variable [1], is stable under (finite, complex) linear combinations. Conse- 
quently, it is natural to introduce the following definitions, which extend the defini- 
tions of DTIs (Definition A.1.2). 


Definition A.6.1. Given a fixed pair (E,@), we denote by & (9) the class of all 
tamed DTIs Ce, (with variable 1) associated with (E, ¢). 


It follows from the discussion preceding Definition A.6.1 that é(¢ 9) is a (com- 
plex) vector space. More specifically, according to Theorem A.2.3, for any a, B €C, 


aC (z,9,u) + BCiz.9,n) = C(z,@,v) (A.6.1) 


where Vv := aU +B. Moreover, in light of Theorem A.2.1 and its corollary (Corol- 
lary A.2.2), we have that 


EE.) Erw) © &ExFgoy): (A.6.2) 
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More specifically, for C(¢,.9 1) € @(E,@) and Ciryn) € &(F, y), we have 


Ce.o.u) Syn) = S(ExF.pay.nen) © S(ExF.gay): (A.6.3) 


In light of (A.6.2) or (A.6.3), the vector space &(E,@) is clearly not an algebra 
(i.e., is not stable under products). Therefore, we next imitate a well-known con- 
struction in order to obtain an associated algebra .o/ (E, @). Specifically, we let!” 


co 


Ae») = D Eer,g2); (A.6.4) 
n=0 


where in (A.6.4), the symbol © stands for the vector space direct sum, E” denotes 
the Cartesian product of n copies of E, and @®” is the n-fold tensor product of @ by 
itself; so that 


pe" (x1, .-5Xn) = O(x1) + O(Xn) (A.6.5) 
for all (x1,...,X%») € E”. 
Reading Equation (A.6.2) in reverse order (that is, from right to left), with 
(F, w) := (E,@), we see that for all n € NU{0}, 


&E,9) = &(E.9) (A.6.6) 
where 
EE.) = S(E.@)*** FE.9) (A.6.7) 
=-’Vfvraea=r=—w—_—_-——’ 


n times 


stands for the space of products of n elements of &(g¢ 9). The space zo) is some- 
what analogous to the classic Fock space (representing the interactions of n different 
particles, for every n > 0 and hence, of countable many particles), of broad use in 
quantum mechanics and quantum field theory. (See, e.g., [GliJaf, ItzZube, ReeSim1, 
Wein1—2]. Furthermore, essentially by construction, </(E,@) is not only a vector 
space but also an algebra (over C). In fact, it is a unital, abelian algebra (with unit 
1, the constant DTI identically equal to 1). 

We can now introduce the class of tamed, stable, extended DTIs (tamed SEDTIs, 
in short), as follows. Given a fixed pair (E, @) as above and a fixed nowhere vanish- 
ing entire function p, we say that h is a stable, extended DTI of type I (associated 
with (E, @) and p) if 

h:=p"-f, (A.6.8) 


for some n € NU {0} and f € &z¢9). We denote by a Behe the resulting class of 
SEDTIs of type I. (Compare with Definition A.4.5 above.) 

Similarly, 4 := p”- g is called an SEDTI (a stable EDTI) of type IL if g(s) = f(r~*) 
for some n € NU {0}, f € Fz,9) and r € (0,1). In that case, g is said to be a DTI 
of type II, (as in Definition A.4.5 above) and h is called an SEDTI of type I, for 


that value of r € (0, 1). (Compare with Definition A.4.5.) We denote by a p the 


'7 By definition, 1 is the constant DTI equal to 1 and &(E°, p®°) :=C-1~C. 
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resulting class of SEDTIs of class I. (Of course, much as in Definition A.4.5, an 
SEDTI is either an SEDTI of type I or an SEDTI of type I. It is implicitly assumed 
that we are only talking here about SEDTIs associated with a fixed pair (E,@) and 
a function p.) 

Theorem A.6.2. Each of ee and Pcs for a given r € (0,1), is a unital 
algebra (over C). 


Proof. This follows at once from the definitions and the fact that %g »), defined by 
Equation (A.6.4), is itself a unital algebra (over C). 


Example A.6.3. As we have seen in Example A.5.5, for the function defined by 
h(s) := 1/(1—2-3~*) on the open right half-plane U := {Res > 0}, we have that 
he Fe xcs with E := (—d,1+6), where 6 > 0 is fixed and g(x) := d(x,A) for 
all x € E, and where A is the ternary Cantor set. Note that p(x) < max{6, 1/6} for 
allx € E. 


We still assume implicitly that the pair (E, @) and the function p are fixed. We are 
now able to extend the definition of equivalence ~ so that it becomes an equivalence 
relation on SEDTIs of type I. We do not formally state the definition since it suffices 
to substitute SEDTI of type I for EDTI of type I, in the statement of Definition A.5.1 
(for the equivalence relation ~ on the set of EDTIs). 

This equivalence relation is probably sufficient for all the applications of interest 
in the present theory. In practice, when we write h; ~ hz, the function /; (in the 
present counterpart of Definition A.5.1) is a (tamed) fractal zeta function. Recall 
from Proposition A.2.4 that essentially without loss of generality, all fractal zeta 
functions encountered in the theory can be assumed to be tamed. 


Furthermore, in many cases, h2 (also in the counterpart of Definition A.5.1) is 
an SEDTI of type II,, for some r € (0, 1) (also associated with (E,@) and p). More 
specifically, it will be an SEDTI of the following form (for a given r € (0, 1)): 


ho :=p"sg, (A.6.9) 


for some n € NU {0}, g(s) := f(r*) and 


f(s) a5 Or (A.6.10) 


where P; is an arbitrary polynomial (i.e., P; € C[X]). Here, we let E := [1,+.), 
(x) := 1/x for all x € E, and use the fact that according to Theorem A.3.2 and 


Corollary A.3.3, 


F(s):= _ where Pe C{X], (A.6.11) 


'8 Clearly, the coefficients a; can be replaced by 1, since they can be absorbed into the definition 
of the polynomials P;. 
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coincides with the following tamed DTI: 


F(s) = Cen on (s), (A.6.12) 


where E” := E x --- x E and ® := 9" with n := deg P, so that f(s) € En gen). 
With the aforementioned choice of E and 9, the pair (E,@) is universal for all 
polynomials P and furthermore, the integer n depends only on the degree n. 
In closing, we note that the space of the SEDTIs 2 of the form (A.6.9), with f 
as in (A.6.10), n € NU{O}, J EN, a; € C and P; € C[X] arbitrary (but for a fixed 
p and with E := [1,+¢°) and (x) := 1/x for all x € E, as above) is a subalgebra of 


the algebra Ge *) of stable EDTIs of type II.. 
Similary, the ee of SEDTIs of the form kp = p” f, where f is as in (A.6.10), 


n€NU{0},J EN, a; € C and P; € C[X] arbitrary Ga for a fixed p and still with 
E :=[1,+¢¢) and @(x) := 1/x for all x € E), is a subalgebra of the algebra gna 
of stable EDTIs of type I. 


Remark A.6.4. Note that for each j € N, 


1 

, = CEN" u,)? (A.6.13) 
where n; := deg P; is as above, and the measure (1; depends on j; more precisely, [; 
depends on the zeros of P; counted according to their multiplicities (that is, viewed 
as a multi-set). (See Theorem A.3.2 and, especially, Corollary A.3.3 along with 


Equations (A.3.3) and (A.3.4).) It follows that 1/P; belongs to oon gen): Therefore, 
, as given by (A.6.10), belongs to ./ W) and so, g belongs to .&/ @) . Consequently, 
g y g (E,@) & g (E,@) q y 


hz belongs to a as claimed. 


Remark A.6.5. cotnctly speaking, when working with the above SEDTIs (i.e., the 
element of Bir = Op Pe of type II, one cannot use, in general, the above extension of 
Definition A.5.1. (See, however, the end of the second paragraph of this remark for 
a way of viewing a subclass of these SEDTIs as SEDTIs of type I.) The same is not 
true for the above SEDTIs of type I (i.e., the elements of Hz.9),p)" 

Another class of SEDTIs of type I of interest in this context consists of functions 
hy of the form hy = p” f, where n € NU {0} and f is given by 


J 


a; 
a : —; (A.6.14) 
j=l (ay oe by a pe -(Am,j = bin,j?m,j) 


with J €N, and for j= 1,...,J,a@; € C, while fork =1,...,mj, ag, j, bg, ; are nonzero 
complex numbers, and rz; € (0,1). (See Theorem A.5.4 above.) The class of all 
such SEDTIs of type I constitutes an algebra. If, furthermore, we assume that rj, ; = 
r, where r € (0, 1) is a fixed base, then we obtain a subalgbra of this aforementioned 
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algebra. If, in addition, we allow some of the coefficients a;; to be equal to zero 
(which can be easily accommodated), one then obtains the exact same algebra as 
Fig o)p (with (E,@) and p as in Remark A.6.4 and the text preceding it), which 
can therefore also be viewed as an algebra of SEDTIs of type I, but for different 
choices of (E,@) (thanks to Proposition A.5.3 and Theorem A.5.4, combined with 
Theorem A.2.1 and Corollary A.2.2). 

A possible alternative way of dealing with this latter issue and, more generally, 
with EDTIs and SEDTIs of type II,, for a fixed r € (0,1), would be to make the 
change of variable z := r* much as in the theory of zeta functions of varieties over 
finite fields (see, e.g, [ParsSh1], [Lap-vFr3] or [Lap6, Appendix B] and the many 
relevant references therein) or of geometric zeta functions of lattice self-similar frac- 
tal strings (see [Lap-vFr3, Chapters 2 and 3]). In many cases of interest, we could 
work with power series in this new variable z and consider their radii of convergence 
(instead of the abscissae of convergence of the original EDTIs or SEDTIs of type 
II). By necessity of concision, however, we will not consider this possibility here. 


In closing this appendix, we mention that in certain current and, likely, future 
applications of the theory of fractal zeta functions developed in this book (and in 
[LapRaZul-8]), we will need to deal with situations in which it is no longer the 
case that both of the functions f and g are DTIs (as in Definition 2.1.69 of Section 
2.1.5), or even, EDTIs (as in Definition A.6.6 of Section A.5). Typically, f will be 
a tamed DTI or more generally, a tamed EDTI, with a suitable meromorphic exten- 
sion, whereas g will only be a meromorphic function in an appropriate domain. In 
that more general situation, we propose to use the following definition (Definition 
A.6.6), which is a suitable modification of Definition A.5.1 (and, a fortiori, of Def- 
inition 2.1.69). Strictly speaking, it no longer gives rise to an equivalence relation 
(since f and g now belong to different classes of functions), but in this new sense, 
the statement that f a g still captures appropriately the idea according to which 
“f is asymptotic to g”. 

The situation is very analogous, in spirit, to the evaluation of the “leading part” 
(g = g(s), in the present case) of a function (f = f(s), here) in the theory of asymp- 
totic expansions. In that situation, the “leading part” g belongs to a scale of typical 
functions (describing the possible asymptotic behaviors of the function f in the 
given asymptotic limit). 


Definition A.6.6. (Asymptotic equivalence). Let f be a tamed EDTI of type I and 
let g be a meromorphic function, both defined and assumed to be meromorphic on 
a connected open subset U of C containing the closed right half-plane IT(f) := 
{Res > D(f)}. Then, the function f is said to be asymptotically equivalent to g and 


we write f “~~ g if the following two conditions (i)—(ii) are satisfied: 
(i) The abscissa of (absolute) convergence of f and the abscissa of holomor- 


phic continutation of g coincide: D( f) = Dpoi(g) (and is a real number); call D this 
common value;!? 


and 


‘9 Note that this implies that IT(f) = #(g) = {Res > D}; so that g is holomorphic on {Res > D} 
and therefore, does not have any poles in this open right half-plane. 
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(ii) The poles of f and g located on the convergence critical line of f, which 
is also the holomorphy critical line of g, coincide and have the same multiplicities. 
More succinctly, and with the notation specified in Equation (A.6.16) below (com- 
pare with Equation (A.5.1) in Definition A.5.1 above), we have 


asym def, 
~ 8 


f => D(f)=Dhoi(g) (ER) and Pc(f)= Penoi(g), (A-6.15) 


where the latter equality hold between multisets. Here, we let 


Pcwo(g) = {@ € U : @ isa pole of g and Re@ = Dpoi(g)}. (A.6.16) 


Remark A.6.7. Observe that if g is assumed to be a tamed EDTI, Definition A.6.6 
may differ, in general, from its counterpart stated in Definition A.5.1 (or in Defini- 
tion 2.1.69 in the special case when g is a tamed DTI). (That is, in general f i g 
does not imply that f ~ g, and conversely.) Indeed, recall that there are many DTIs 
(and, a fortiori, EDTIs) g for which Dpoi(g) < D(g).° Therefore, strictly speaking, 
Definition A.6.6 does not extend Definition 2.1.69 or even Definition A.5.1. How- 
ever, this should not cause any problem in practice and seems to provide us with 
additional flexibility in the actual and potential applications of the theory. 


20 There are also many fractal zeta functions g for which Dhoi(g) = D(g) (€ R); see, for exam- 
ple, part (c) of Theorems 2.1.11, 2.2.11 and 4.1.7 (also, part (ii) of Corollary 4.1.10), along with 
Theorem 2.1.55 and Corollary 2.1.61. 


Appendix B 
Local Distance Zeta Functions 


Abstract In this appendix, we briefly discuss a topic which should be much further 
expanded in future work, because of its potential connections with the fractal tube 
formulas of Chapter 5 and their yet to be established local versions, in the general 
setting of this monograph. More specifically, we propose a notion of local zeta func- 
tion (and the associated notion of local complex dimensions) adapted to our work. 
We also illustrate these notions by means of a concrete example. 


Key words: local distance zeta function. 


In this appendix, we briefly discuss a topic which should be much further expanded 
in future work, because of its potential connections with the fractal tube formulas 
of Chapter 5 and their yet to be established local versions, in the general setting of 
this monograph. (The attentive reader will recognize some analogies with our earlier 
discussion of relative fractal sprays in Section 4.2.1; see especially, Theorem 4.1.44 
and Remark 4.1.45.) 


Definition B.0.1. (Local distance zeta function). Let A be an arbitrary bounded 
Borel subset of R", where 5 > 0 is fixed. Then, its local distance zeta function Za 
is given by the family of relative distance zeta functions {C4 9 : Q © #}, where 
Q runs through the class 4 = &(Azg) of Borel subsets of Ag. Note that up to now, 
relative distance zeta functions were only considered for open subsets Q of RY, but 
there is no reason not to assume 2 to be an arbitrary Borel subset of Ag. 


Remark B.0.2. Later on (in Definition B.0.5), we will refine and revisit Defini- 
tion B.0.1. Indeed, we will then define and view Z,, the local distance zeta func- 
tion of A, as a suitable zeta function-valued complex Borel measure. See Defini- 
tion B.0.5, along with Corollary B.0.4 which fully justifies it. 


Theorem B.0.3. Let A C RY be bounded. Let {Qj}7_| be an arbitrary Borel parti- 
tion of Q€ B (i.e. Q) € B forall j > 1, QIN Qe =O for j Fk and Q = UF, Q)). 
Then, for all s € C with s > dimgA, we have that 
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where the series is absolutely convergent (and hence, convergent) in C, and in the 
special case where s is real, is a series with nonnegative terms having a finite sum. 


Proof. This is an immediate consequence of Theorem 4.1.44 and Remark 4.1.45, in 
the special case where A; =A for all j > 1 (in the notation of that theorem).! The fact 
that now, the sets Q; are Borel (rather than open) subsets of Ag (or, more precisely, 
of some 6-neighborhood A; of A) does not affect the proof in any way. Finally, note 
that clearly, dimgA > dimg(A,Q), provided Q C Ag for some 6 > 0. 


Corollary B.0.4. Let A C R™ be an arbitrary bounded set, and let Py denote the 
half-plane {Res > dimgA} of holomorphic convergence of 64.9. Then, the map 


QEBR Ca. E Hol(P,, ) 


is a Hol(P4)-valued complex Borel measure, where Hol(P4) denotes the space of 
holomorphic functions equipped with the topology of local uniform convergence on 
P, (i.e., uniform convergence on all the compact subsets of Ps). 


Proof. It suffices to double-check that in the conclusion of Theorem B.0.3 (i.e., in 
Equation (B.0.1)), the convergence holds not only pointwise for Res > dimgA but 
also locally uniformly on Py. To easily verify this, it also clearly suffices to show that 
the series in (B.0.1) converges uniformly on vertical strips of the form B > Res > 
a > dimgA, where a, B € R are otherwise arbitrary. If we assume, without loss of 
generality, that 6 < 1, this last claim follows from the following computation, valid 
for all s € C in a strip of the above type (and for p,g € N, with q > p): 


¥ 


J=P 


C4,0; (s)) = > 
i=P 


| a(s.A) dy 

Q) 
q 

<¥ | d(x,A)Reo% dx (B.0.2) 
q 

< > | d(x,A)%-" dx +0 as p,q ~™, 


since @& > dimgA and by Theorem 4.1.44, the numerical series (of nonnegative 
terms) 


ee ) 


converges (to €4,.9(@)) and therefore satisfies the Cauchy criterion. It follows that 
the series of holomorphic functions Y_, CA,Q; satisfies the Cauchy criterion for 


' Note that still in the notation of Theorem 4.1.44, condition (4.1.52) is then automatically satisfied. 
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uniform convergence in the strip {a < Res < B}, as desired. Consequently, it is 
also convergent in that strip, and hence, locally uniformly convergent on Py. 


As was suggested in Remark B.0.2, we can now use Corollary B.0.4 to give 
a more satisfactory definition of the notion of local distance zeta function in our 
context. 


Definition B.0.5. (Local distance zeta function, revisited). Let A be a bounded sub- 
set of R. Then the zeta function-valued complex Borel measure on Ag, for some 
fixed 6 > 0, obtained in Corollary B.0.4, is called the local distance zeta function of 
A and is denoted by Za. 


Let us now assume that Q is a fixed Borel subset of R% (not necessarily of 
finite volume) and x € Q. Our aim is to consider the fractal properties of Q near 
x, using relative zeta functions. To this end, we consider the local distance zeta 
function of Q at x, defined as the zeta function of the relative fractal drum (A := 
B,(x),By+5(x)NQ), where 6 > 0 is fixed: 


6.a(s) = i d(y,B,(x))* dy. (B.0.3) 
By. (x)NQ 


Note that B,.5(x) is the 6-neighborhood of A := B,(x). Furthermore, we assume 
that |Q| > 0, since otherwise C,9(s) = 0 for all s € C such that Res > N. 
The local tube zeta function of the set Q at x € Q is defined by 


es 6 
Cx,Q(x) = [ pal Gldt (B.0.4) 


Example B.0.6. Let us consider the case when Q := R%. Since R% is homogeneous 
and translation invariant, it is clear that the local complex dimensions of R% (gener- 
ated by the local distance zeta function C, pw (s)) do not depend on x (as well as on r 
and 6). In light of Equation (B.0.3), the local distance zeta function of RY computed 
at x = 0 is then obtained as follows (for any fixed r > 0 and 6 > 0): 


= a s-Nq 
Goan) = fog (lay 


r+6 
= Nay | (op —r)’ Np''do 


5 

_ s—N N-1 

=Nov | rp" (t+r)° dt (B.0.5) 
6 N =| 

=Non | eS (* )etrar 
0 imo \ * 


pkge-k 


N-1 N-1 
=Noy ¥ ( ) . 
= k s—k 
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By analytic continuation, we deduce that Co.RN can be meromorphically continued 
to all of C and that, for all s € C, 


kgek 
Corn (s) = Now > ae ') —— (B.0.6) 


Therefore, the set of local complex dimensions of R”, generated by the local dis- 
tance zeta function, is given by 


dimj,,R” = {0,1,...,N—1}. (B.0.7) 
Furthermore, we have res(¢y pv ,k) = N@y Cie for eachk € {0,1,...,N—1}. 


Similarly, for A := B,(0)° = R¥ \ Br(0) and 6 € (0,r), we obtain that 


fonts) = Caa0(s)= fo (bbe Nay 


= Now fal hr BN ep (B.0.8) 
=f" oY (r—1)N—at = ss (je. 
= k s—-N—-k+1 


Upon analytic continuation, we conclude that Cp pw (s) can be meromorphically con- 
tinued to all of C and that 


N-1 /y_ 4 cae 5s-N+k+1 
Co.RN (s) =F py ( k ) fa es ee (B.0.9) 


for all s € C. It then follows, much as above, that the set of complex dimensions 
generated by the local distance — function (with respect to A := B,(0)°) is again 
given by dimj,,R” = {0,1,...,N—1}. 


On the other hand, by using Equation (B.0.4), we deduce after a short computa- 
tion that 


6 5 
Co | HN-°-11B. (x) Q|dt = i: HN-ley (rt) dt 
: 0 


=o (A) fr t*-! dt = oy ae = ‘ 


for all s € C such that Res > N. In light of the principle of analytic continuation, we 
conclude that ¢, pw (s) can be meromorphically continued to all of C and that 


(B.0.10) 


s—k 
C.rv(s) )=on > (T = (B.0.11) 
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for all s € C. Therefore, the set of complex dimensions generated by the local tube 
zeta function ¢, pw(s) is given by 


dimj,,R™ = {0,1,...,N}. (B.0.12) 


(See also [LapRaZu7, Exercise 5.22].) Remarkably, this result is, of course, in com- 
plete agreement with what one would expect, intuitively. It therefore seems to indi- 
cate that the local tube zeta function C, gw (s) is a more suitable tool for the compu- 
tation of local complex dimensions than the local distance zeta function ¢, pw(s). 


Appendix C 


Distance Zeta Functions and Principal Complex 
Dimensions of RFDs 


Abstract In this appendix, we review in a table form some of the basic relative 
fractal drums (A,Q) in R% appearing in this monograph, as well as the associated 
relative distance zeta functions: 


€4.a(s) = f alx,a) Mak. 


For a given relative fractal drum, we also indicate the corresponding set of principal 
complex dimensions dimpc(A, Q). Recall that this set is defined as the set of poles 
of 4.0 located on the critical line {Res = dimg(A,Q)}, provided there exists a 
meromophic extension of ¢4.9 to a connected open neighborhood of the critical 
line (this assumption is fulfilled for all relative fractal drums in the table): 


dimpc (A, Q) = AAA, Q). 


Key words: relative fractal drum (RFD), relative distance zeta function, basic 
RFDs, complex dimensions of RFDs. 


In this appendix, we review some of the basic relative fractal drums (A,Q) in RY 
appearing in this monograph (see Table C.1), as well as the associated relative dis- 
tance zeta functions: 


C4.a(s) i= [ d(x,ay Nae. 


For a given relative fractal drum, we also indicate the corresponding set of prin- 
cipal complex dimensions dimpc(A,@). Recall that this set is defined as the set of 
poles of C4 ¢ located on the critical line {Res = dimg(A, Q)}, provided there exists 
a meromophic extension of 4 Q to a connected open neighborhood of the critical 
line (this assumption is fulfilled for all relative fractal drums in the table): 


dimpc (A, Q) = AAA, Q). 
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For some of the relative fractal drums listed in Table C.1 we have to impose a 
number of natural conditions, but we do not mention them explicitly. For example, 
in the case of the generalized Cantor set A = C (m4) viewed as the relative fractal 
drum with respect to the unit interval Q = (0, 1), the constant m is assumed to be an 
integer larger than | and ais a positive real number such that a < 1/m; see Definition 
3.1.1 on page 186. 

In order to save space, we have used the self-explanatory symbols A for an equi- 
lateral triangle, Hi for the square (both viewed as subsets of R?), and A and LJ for 
their respective boundaries. Furthermore, any angle @ is expressed in radians and is 
assumed to be contained in the interval [0,27]. 

By Sector(0,@,5), we mean a planar sector with vertex at the origin 0 € R?, of 
radius 6 > 0 and opening angle 0: 


Sector(0,0,5) = {(r,9) €R*:0<r<6,0<@< 0} CBs5(0). 
Here, we have denoted by (7, @) the polar coordinates of a point in the plane. 


Remark C.0.1. In the case of the Sierpiriski 3-gasket appearing in Table C.1 above 
(see also Example 4.2.26 on page 294-303), the relative Minkowski dimension D = 
2 has multiplicity two (as a pole of ¢4.q), whereas all the other complex dimensions 
are simple. 


Remark C.0.2. The set of complex dimensions generated by the local tube zeta func- 
tion ¢, pw(s) is given by dimjyc RY = {0,1,...,N}; see Equation (B.0.12) at the end 
of Appendix B and the discussion preceding it. 
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RY A Q 64.0 (s) dimpc(A,Q) 
6° 
R {0} (0,5) = 0 
és 
R {(0,0)} B3((0,0)) on 0 
és 
R? {(0,0)} Sector(0, 6,5) md 0 
RN {0} Bs(0) Now > 0 
. 8 z/4 ; 
R? vertices of Hl m= (0,1) ae :) cos *@d@ 0 
Ss Jo 
Nal (N= 1\ (=1)N-J-} 
RY 0B3(0) Bs(0) Nays >) ( . _— N-1 
p. 128 mays a 
R c0/3) (0,1) —— logs2+ 7 “iz 
the ternary Cantor set, p. 105 a) = 
C(m.a) j 5-1 ‘ 
—ma —ma ua 
R_ generalized Cantor set, p. 188 0,1 ( ) - log, ;,m+ ——1Z 
m>2, 0<a<1/m ( 2(m ~ 1) s(1 -_ ma’) Ms log(1/a) 
ya - 7a 7 —a\s 1 
R {7*:j20} (0.1) Y= 1-4) — 
a-string, p. 151 i 
R? {(0,0)} fqonecOiiocyess) : lta 
: ee eee s-Q@ s-a-l 
p. 256 oe(0,1) 
s—1 
R2 (0,a) x {0} (0,a) x (0,68) ao : 1 
equilateral triangle (V3)! ays 
2 = : oe 
R A=0(A) a of side a 0 (5) 1 
p. 292 
R2 = a(m) m= (0,4) : (5) 1 
, s(s—1)\2 


p. 206 
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(The table is continued from the preceding page.) 


RY A Q b4.a(s) dimpc(A,Q) 


fractal nest of center type: 


— 2 
R? .Q):r=k", keEN B,((0,0 ~ Skiers — 
{(n@) ir } 1((0,0)) 2 ise 
a € (0,1), p. 224 
fractal nest of outer type: © 
R? {(,9):r=1-k*, KEN} Bi ((0,0)) ~ Ses) eet 
a > 0, p. 227 k=l 1+o 
geometric (@, 8 )-chirp: 
RB? UJ{-/B} x (0,4-%/8) (0,1) eyes gu ite 
pa i= 1+B 
0<a<f8,p. 229 
2 dette ie ‘ 1 20. 
R Sierpinski carpet unit square Mi - log; 8+ ——1Z 
35—8 log3 
p. 204 
2 Fiescieepign ® ‘ F 1 T. 
R Sierpifiski gasket equilateral triangle 3 log, 3+ peo 
p. 208 A of side 1 7 
R3 inhomogeneous 3-gasket _ tetrahedron (3-simplex) : | cai i 
. . 7 (s—2)(2°—4) " jog2 
pp. 294-303 
RN inhomogeneous N-gasket N-simplex ~ won N-1 
s—(N— 
N > 4, pp. 294-303 
RN Sierpitiski N-carpet N-cube (0, 1)% ——— log, (3% —1)+ ay, 
: 3° — (3N —1) 3 log3 
N > 1, pp. 294-303 
R2 {(0,0)}  {(x,9) € (0,1) x R:0<y<x%} [ (252) aeey l-a<0 
p. 262 ai 7 


R? {(0,0)}  {(x,y)€ 0,1) xR:0<y<e/*} [2+ tavay = 
p. 265 


Table C.1 Table of relative distance zeta functions of some relative fractal drums. All undeter- 
mined constants (for example, a, b, 6, etc.) appearing in the table are asumed to be positive. 
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bi-Lipschitz, 36 
multiplicatively periodic, 157 
of slow decay to zero, 544 
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of slow growth to infinity, 544 
periodic, 157, 160, 161, 
165, 166, 172, 173, 179, 187, 198, 
355, 364, 378, 541, 555-557, 569 
transcendentally quasiperiodic, 374 
of infinite order, 374 


G 
gamma function, xxxv, 40, 

156, 324, 393, 415,472 
gauge function, 22,25, 29, 63, 156, 

222, 224, 239, 297-303, 310, 

317,382, 352,355,389, 

473, 475,478, 502,509, 534, 544, 

545, 544-545, 549, 550, 552, 

556, 559, 560, 564, 569, 575 

of a bounded subset A of RY, 545 
gauge function h, 25 
gauge Minkowski measurability, 478, 

502 
gauge relative Minkowski content 

M”(A,Q,h), see also 

h-Minkowski content, 297, 352, 

475,509, 544,544, 549 
Gel’ fond—Schneider theorem, 192, 

196, 197 
generalized Bernoulli polynomial, 472 
generalized Cantor set, 20, 172 

lacunarity, 117 
with one parameter, C (a) | 105, 

115, 116, 131, 360, 369 

with two parameters, C (ma) 

187, 373, 378, 379, 384, 388 
generalized fractal string, 248 
generalized function, 429 
generalized two-parameter Cantor 

string, 191 
generator 

of a fractal nest, 228 
of a fractal spray, 214, 222 
of a relative fractal spray, 273 
of a self-similar spray or tiling, 282, 
525, 526 
monophase, 513, 524, 530-532 
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pluriphase, 468, 514, 
524,525, 331,332 
generic nonlattice self-similar string, 
500 
geometric and spectral densities of 
states of a fractal string, 437 
geometric chirp, 229-234, 346 
unbounded, 344, 345, 509 
geometric counting function, 69 
geometric density of (volume) states of 
an RFD (A, Q), 431, 437 
geometric inversion of a subset A of RY, 
347 
geometric oscillations, 318,515, 
SLT, 519, 323, 574,373 
of leading order, 499 
geometric realization 2 = U"_,1; of a 
fractal string &, 87,92, 144, 318, 
467, 469, 485, 521 
as an RFD, 144, 485,491 
canonical, 88, 92,93, 144, 318 
geometric representation Ay of a fractal 
string 2 
canonical, 89 
geometric zeta function, see also 
Dirichlet series (and integrals), 
see also fractal zeta function 
of a fractal string, Cy, 22, 45, 87, 
94,99, 105, 116, 145, 151, 
153, 159, 165, 167-169, 268, 
321,547, 570-572 
connection with the spectral zeta 
function, 321 
of the a-string, 151 
uniqueness, 75 
of a generalized fractal string, ¢,, 248 
golden mean, 489 
grand Lebesgue space, 218 


H 

h-Minkowski content, 297, 310, 
317,475,478, 517,522, 545 

h-Minkowski measurable set, 297, 310, 
317, 318,. 352, 353-355, 
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473, 478, 517, 522,523,534, 545, 
564, 565, 569 
h-Minkowski nondegenerate, 222, 478, 
545, 565 
Haar measure, 118, 178, 589 
Hadamard theorem, 70 
half-plane of 
(absolute) convergence, IT(f), 21, 
56,58, 69,77, 85, 100, 121, 332 
of a tamed DTI, 579 
holomorphic continuation, #(f), 
21, 56,64, 65,72, 85,94, 332 
meromorphic continuation, Mer(/), 
85,85, 169, 172,367, 560 
half-plane of convergence, 579 
harmonic (or Riemann) string, 
L = (j-')js1, 145 
harmonic function, 22 1—222 
Hausdorff 
dimension, xiii, 100, 
186, 187,221, 222 
measure, 54, 142, 225,269 
metric, 109,117, 188, 367 
Hausdorff metric, 26 
heat semigroup, 327 
history of fractal dimensions, 3, 
546-552 
Holder continuity, 258, 556 
Holder’s inequality, 217,219 
holomorphic natural boundary, see 
natural boundary (holomorphic) 
holomorphicity, 57,58, 81, 82, 
85, 88-90, 94, 96-98, 100, 
103, 104, 113, 119, 121, 142, 
146, 169, 171, 174, 176, 189, 
218-220, 222, 238, 249, 250, 
258, 261,262, 268, 269, 345, 
366, 384, 558 
of H(s) = fe f(s.) du (1), 82 
of Dirichlet-type integrals 
Co(s) = Se @(x)'du(2), 81 
of fractal zeta functions, ¢ y, 75 
holomorphy critical line, see critical line 
of holomorphic continuation, 94 
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homogeneity 
of Minkowski contents 
of a bounded set A, 35, 542 
of a relative fractal drum (A,Q), 
377 
of the oscillatory amplitude of a set, 
542 
hyperfractal, 22,246, 350, 382, 
386, 499, 559-561 
maximal, 29, 65, 86, 120, 246, 336, 
350, 373, 377, 384,386, 559,576 
in Euclidean space R", 389 
strong, 65, 386, 560 


I 
IFS, see iterated function system, 308 
incomplete beta function, 404 
infinitesimal shift, 549 
co-quasiperiodic, see quasiperiodic (of 
infinite order) 
inhomogeneous 
Sierpinski 
N-gasket RFD in RY, 296 
N-gasket in RY, 294, 296 
inhomogeneous (or nonhomogeneous) 
set, 109, 298,550 
self-affine, 26, 109 
self-similar, 109,291, 550 
inner €-neighborhood of dQ, ice., 
(0Q)eNQ, 92 
inner boundary of a fractal string, 234 
inner Minkowski dimension (of a fractal 
drum), 87, 250,331, 343 
inradius of the open set G, 513 
integer complex dimensions (or integer 
dimensions), 530, 563 
intrinsic oscillations of fractals, xiii, 
6,23, 515,517,520 
intrinsic volumes of A, 409 
inverse spectral problem for fractal 
strings, 547-549 
isolated singularity, 36, 38, 282 
essential, 37, 214,215, 281, 282, 
288, 289 
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pole, 37,101, 114,115, 119, 
125, 126, 145, 148, 152, 156, 
165, 170,171, 177,191 
removable, 36 
isometry of RY, 291 
iterated function system or IFS, 308 
iterated logarithm, 560 
iterated relative fractal spray, 279 


J 
Jacobian, 232 
Julia set, 29, 96, 343, 559, 562,575 


K 
Kleinian group, 29,559,560, 575 
Koch (or von Koch) 

curve, 343, 537,559 

drum, 562 

snowflake curve, 343,537, 559 
Koch tiling, 515 


L 

A-sprayable relative fractal drum, 285 

lacunarity, 117,542 

Landau’s theorem, 176 

languid relative fractal drum, see also 
d-languid, 412, 413, 414, 423, 
429, 431, 436, 439, 444-446, 
449, 450, 461-464, 
467, 468, 471-473, 478, 485, 486, 
506, 512,533 

strongly, 412, 413, 

413,414, 418,419, 421, 424, 
426, 427, 434-436, 
444-451, 461,462, 465, 468, 470, 
480-482, 485-490, 493, 498, 504, 
513-515, 518,519, 521,532 

languidity, 96,412, 413,414, 418, 
423, 444-446, 449, 461, 462, 
464, 465, 467, 471, 472, 488, 
504, 506,512, 533 

strong, 413,414, 435, 444-447, 

462, 470, 482, 485, 488, 515, 
518, 519, 521, 532 
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languidity conditions, 96, 412, 
413,414,418, 444-446, 461, 462, 
464, 467, 471, 506, 512,533 
strong, 413, 444-447, 482, 
488, 504,515, 518,519,521 
languidity exponent, 413,414, 421, 
424,429, 445-447, 461, 462, 
465, 470-472, 514,532 
Laplace operator, 87, 319, 
326-328, 337, 562 
lattice case, see self-similar 
lattice self-similar set, 549, 566, 
568, 569, 572 
Minkowski nonmeasurable, 547 
lattice self-similar string, see 
self-similar fractal string 
lattice self-similar tiling, see 
self-similar tiling 
Laurent expansion, 37,353,354, 357 
leading symbol of the quadratic form, 
339 
Lebesgue dominated convergence 
theorem, 63, 82, 102, 
264, 265, 402, 418 
Lebesgue nonmeasurable sets, 66 
Lebesgue-Stieltjes integral, 54 
Lévy process, 560 
limit “big oh” 
O(t'F) as t + +e, 146 
O(t°)) ast > 0+, 544 
O(t™) ast > OF, 155 
limit capacity, see box dimension 
limit Lebesgue space, L*) (As), 217 
limit set 
of a Fuchsian group, 29, 
559, 560, 575 
of a Kleinian group, 29 
local distance zeta function, Z,4, 605 
local measure, 578 
local tube formulas, 410 


M 
Mandelbrot set, 29,96, 222,559, 560, 
562,575 
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maximal hyperfractal, see also 
hyperfractal, 386, 576 
in Euclidean space RY, 389 
Weierstrass—Mandelbrot nowhere 
differentiable function, 560 
maximally degenerate 
relative fractal drum, 559 
set, 550 
mean width, 409 
measure density condition, 344 
Mellin inversion, 416 
Mellin transform, 72,248, 332, 416, 
437 
Mellin zeta function, 
458, 464 
Menger sponge, 537,559 
meromorphic extension 
of relative fractal zeta functions, 
253,294, 293,353,355 
of spectral zeta functions, 325 
of the Cahen function, 146 
of the distance zeta function, €, 
Minkowski measurable case, 167 
Minkowski nonmeasurable case, 
167 
of the geometric zeta function, Cv 
Minkowski measurable case, 168 
Minkowski nonmeasurable case, 
168 
of the perturbed Dirichlet zeta 
function, 149, 150, 153 
of the perturbed Riemann zeta 
function, 145, 146, 148 
of the relative tube zeta function, 
Ca.Q 
Minkowski measurable case, 
353-355, 357 
Minkowski nonmeasurable case, 
355 _ 
of the tube zeta function, C4 
Minkowski measurable case, 154 
Minkowski nonmeasurable case, 
157 
meromorphic function, 38 


a 24, 399, 
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meromorphy critical line, see critical 
line of meromorphic continuation, 
85 
metric measure space, see also spaces 
of homogeneous type, 571-572 
midfractal case, 548 
Minkowski 
content, 31 
strong, 466 
weak, 466 
degenerate 
relative fractal drum, 351 
set, 32,222, 224, 540, 
540, 543-547 
dimension, see box dimension 
measurable 
distributionally, 465 
relative fractal drum, 250, 353 
set, 33,53, 114, 123, 154, 
166, 170, 178, 541, 545, 547, 
549, 557, 566 
strongly, 466 
weakly, 465 
nondegenerate 
relative fractal drum, 249, 255, 377 
set, 6,32, 114, 157, 159, 
164, 177, 222, 239, 540, 
540, 541,543, 545,547,551, 561 
strongly, 466 
weakly, 466 
nonmeasurable 
relative fractal drum, 355 
set, 157, 166, 168,355, 541 
Minkowski content, .#?(A), 30, 32, 
44,112,115, 123, 130, 131, 
152, 153, 156, 170, 519, 520, 
536, 542, 546, 547,551, 568,569 
lower (A), 31 
upper .@/*? (A), 30 
and residues, 154, 157, 166 
average, M” (A), 177-184 
lower, M? (A), 178 
upper, .@*?(A), 178 
relative, .@?(A,Q), 247, 249, 253, 
208, 908; 327,. 333,391, 352, 
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358, 377, 397, 452-456, 464, 
466, 471,473, 475, 480, 
497, 498, 502, 507,510, 525, 
536, 549, 550 
gauge, .@?(A,Q,h), 297, 352,509 
strong, 466 
weak, 466 
Minkowski degenerate, 25, 32, 297, 
303, 473, 478, 502, 508, 509, 
517,522, 540, 544-546, 550, 569 
set, 547 
Minkowski dimension, see box 
dimension 
Minkowski dimension history, 546-552 
Minkowski measurability criterion for 
fractal strings, 547-548 
Minkowski measurability in dimension 
d, 536 
Minkowski measurable, see 
Minkowski / measurable 
Minkowski nondegeneracy in 
dimension d, 536 
Minkowski nondegenerate 
RFD, 249, 253, 255, 297, 303, 
333, 377,442, 460, 466, 473, 
478, 484, 495, 532,551,561, 569 
set, 6,29, 32,34, 48,51, 114, 
123, 143, 157, 164, 177, 222, 
239, 540, 541,545, 547, 
551,565,568 
in dimension d, 536 
Minkowski nonmeasurable, see 
Minkowski / nonmeasurable 
Minkowski-Bouligand dimension, see 
box dimension 
Mobius function, 70 
Mobius inversion formula, 71 
Mobius transformation, 558 
monophase generator (of a fractal 
spray), 513,524, 530-532 
Moran equation, 211,213, 
287, 288, 299, 523,532,562 
complexified, 468,513, 533 
multifractal zeta function, 551 
multinomial coefficient, 283 
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multiple string, 234-235 
multiplicatively periodic function, 157 
multiset (a set with multiplicities), 41, 
69, 98, 103, 209, 210, 274, 
280, 282, 283, 285, 290, 302, 
348, 368, 394, 399, 443, 460, 
486, 487, 501, 513,563 


N 

n-quasiperiodic, see quasiperiodic (of 
finite order) 

natural boundary, 282 

natural boundary (holomorphic), 38, 
39,558 

natural boundary (meromorphic), 39, 
246, 373, 381, 388 

partial, 22,29, 39,39, 65,215, 222, 

353, 386-389, 499, 575 

natural boundary conditions, 338 

natural boundary(meromorphic), 246 

negative box dimension, 262 

Neumann boundary conditions, 319, 
334, 335, 338, 342-344, 576 

Neumann problem, 320, 336 

non-Minkowski measurable set, 
541-542 

non-quasiperiodic set, 544 

nonarithmetic set, 195, 197,556 

nonconstant set, see non-Minkowski 
measurable set 

nondegenerate set, see also 
Minkowski / nondegenerate 

nonfractal, 500 

nonhomogeneous self-similar (or self 
affine) set, see inhomogeneous set 

nonisolated singularity, 22, 38, 86, 
197, 246, 336, 350, 377, 382, 
384, 386-388, 558,559 

nonlattice case, see self-similar 

nonlattice self-similar set, 154,547, 
566, 568,569, 571,572 

nonlattice self-similar string, see 
self-similar string 

nonperiodic set, 543 

nonquasiperiodic set, 542 
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nonremovable singularity, 125, 381 

nonsprayable RFD (dQ, Qo), 273 

normalized Minkowski content, 
156,558 


O 
open problems, 555-574 
open set condition, 523,524, 525, 562, 
564 
optimality of an estimate 
involving pdimpA + ms 219 
involving dimg(A, Q), 250 
involving dimgA, 57, 99,119, 121 
involving the tube function, 473, 476 
order O(t®)) as t > OF, 155 
order or(A, Q) of RFD (A, Q), 475 
order of quasiperiodicity 
of a bounded fractal string, 383 
of a fractal set, 542 
equal to 2, 195 
finite, 194, 198 
of a fractal string 
equal to 2, 203 
of a function 
finite, 193 
infinite, 374 
of a relative fractal drum 
finite, 375 
infinite, 375, 377 
OSC, see open set condition 
oscillation of a function at a point, 
OSC, f, 160 
oscillations (and complex dimensions), 
xli-xiii, 6-7 
oscillatory amplitude, am(A), 541 
of a generalized Cantor set 
C m.d) 188 
of a generalized Cantor set 
c®, 131 
oscillatory period, p(A,p), 7, 541 
of a generalized Cantor set 
Cc, 105 
c(™-4), 188, 191 
of a lattice self-similar set, 566 
of the Cantor set c(t/3), 105 
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of the Sierpiriski gasket, 293 
of the ternary Cantor set C (1/ 3), 163 
oscillatory quasiperiods, 367 


P 
partial domain of meromorphy, see 
domain of meromorphy (partial) 
partial natural boundary, see natural 
boundary (meromorphic) 
pentagasket tiling, 515,537 
perfect set, 187 
periodic set, 158,541, 543,549, 
555-558 
Perron’s theorem, 72 
perturbed Riemann 
fractal string, 145, 148 
zeta function, 145 
plex, Qy.o, 295 
pluriphase generator (of a fractal spray), 
468, 514, 524, 525,531,532, 562 
Pochhammer symbol, 415 
pole (of a function), see also simple 
pole, 37,101, 114, 115,119, 
125, 126, 145, 148, 152, 156, 
165,170, (71, 177,191,253, 
263, 264, 269, 547 
pole of a set, 546 
positive reach of a closed set, 359 
power law, 25, 63,389, 473, 478 
principal complex dimensions, dimpc A, 
95, 96, 158, 191, 195, 198 
of a relative fractal drum, 
dimpc (A, Q), 29, 248, 253, 256, 
265,277,293, 305,361,553, 570 
principal spectral complex dimensions 
of, 554 
principle of analytic continuation, 
39, 60, 75,95, 113, 146, 159, 169, 
254, 269, 362 
principle of reflection, 60, 159 


quasicircle, 343 

quasidisk, 343 

quasifrequencies of a relative fractal 
drum, 383 
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quasiperiodic 
fractal string 
algebraically (of finite order), 201 
algebraically (of infinite order), 383 
of infinite order, 383 
transcendentally (of finite order), 
201 
transcendentally (of infinite order), 
383, 384 
function, 193 
algebraically (of finite order), 193 
algebraically (of infinite order), 
375 
infinitely, 374 
transcendentally, 193, 374, 379, 
542 
transcendentally (of finite order), 
197 
transcendentally (of infinite order), 
374 
relative fractal drum, 375, 
377, 380-384 
algebraically, 375 
algebraically (of finite order), 375 
algebraically (of infinite order), 375 
transcendentally, 375, 
377, 380-384 
transcendentally (of infinite order), 
375, 384 
set, 544 
algebraically, 193, 542,543, 555 
algebraically (of finite order), 
193, 542 
algebraically (of infinite order), 542 
transcendentally, 193, 
194, 195, 197, 198, 542, 
543, 544, 555 
transcendentally (of finite order), 
192, 193,194, 195, 197, 198, 
201, 542 
transcendentally (of infinite order), 
384, 542 
co-quasiperiodic, see quasiperiodic (of 
infinite order) 
n-quasiperiodic, see quasiperiodic (of 
finite order) 
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quasiperiods, 193, 196, 197,367, 
373, 379, 381 
algebraically incommensurable, 197, 
373, 376, 383 
infinitely many, 373, 383 
Quermassintegrals of A, 409 


R 
Rademacher’s theorem, 54 
random fractal 
set, 560 
maximally hyperfractal, 388 
string, 388,551, 560 
zeta function, 388, 560 
random zeta function, 560 
ratio list of a self-similar spray, 282 
rationally independent 
sequence of real numbers, 373 
set of real numbers, 373 
reach of a closed set, 359 
reality principle, 159 
rectifiable set, 258 
region, see domain 
relative N-plex, (0 Quy 0, Qn), 296 
relative distance zeta function, 64 9, 
100, 247 
relative fractal drum (RFD), (A,Q), 8, 
247 
Cantor graph, 480, 496-502, 560 
cone property of, 260 
flatness of, 266 
fractal spray, 273-279 
frequencies of, 321 
geometric equivalence, 552 
maximally degenerate, 559 
Minkowski measurable, 250 
Minkowski nondegenerate, 249 
quasifrequencies of, 383 
self-similar, 290 
Sierpinski, 275 
spectral zeta function of, Cf 9, 321 
spectrum of, o(A,Q), 321 
relative fractal spray, 
Spray(Qo, (A;), (bj)), 273-279 
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relative Mellin zeta function, Cree 
24, 399, 458 
relative Minkowski content, .“#/?(A,Q), 
247, 249, 351, 377, 397, 
471, 473,475, 550 
relative shell zeta function, oA. Q> 
24, 440, 441, 443-446, 
449, 461,467, 573 
relative Sierpinski 
carpet, 303-308, 399, 408, 480, 492 
gasket, 293-303, 306, 319, 399, 408, 
410, 480, 492, 495, 534 
relative tube function, 408 7 
relative tube zeta function, C4 9, 350 
removable singularity, 36, 126, 161, 
380, 381, 389 
renewal theorem, 535, 565 
residues and Minkowski contents, 154, 
157, 158, 166-168, 175, 179, 228, 
253, 356, 442, 453,455, 460, 510 
RED, see relative fractal drum 
Riemann 
curve, 559 
hypothesis, 30,70, 539, 547-549, 
352 
asymmetric reformulation, 549 
geometric and spectral 
reformulation, 547 
sphere, 38, 38, 389 
sing, 4 = (j—") i, 145 
surface, 559 
zeros, 548,551 
zeta function, Cr, 70, 145, 
152, 321,547 
and inverse spectral problems, 
548-549 
Riemann—Lebesgue lemma, 162 
Riemannian manifold, 328 


S 
scaling complex dimensions, 288, 
298, 410, 469, 487,487, 513, 530, 
563, 568 
visible, 487, 513 
scaling properties of 
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distance zeta functions 
of bounded sets, 101 
generalized Cantor sets, C (m.a) 378 
Minkowski contents of bounded sets, 
35, 542 
relative distace zeta functions, 12 
relative distance zeta functions, 267, 
269 
relative fractal drums (A, Q), 377 
relative Minkowski contents, 377 
spectra of relative fractal drums, 322 
spectral zeta functions, 322 
tube zeta functions 
of bounded sets, 130 
of relative fractal drums, 378 
scaling sequence of a self-similar spray, 
283 
scaling zeta function, Ce, 469, 
488, 513, 530 
Schwartz distribution, 429 
screen, 40,95, 97, 282, 288, 
386-388, 411, 422-426, 435, 
438, 439,444, 446-448, 450, 
463-468, 470-475, 
477, 478, 480-482, 
485, 486, 490, 491, 499, 504, 506, 
508-515, 518,519, 521,533, 534, 
573,575 
truncated, 418, 419, 421, 
424, 425, 433 
SEDTI (stable, extended DTT), 599 
segment condition, 343 
self-similar 
attractor, 575 
drum, 290, 562 
fractal, 165 
fractal string, 165,470, 541,547,549 
Minkowski measurable, 547 
Minkowski nonmeasurable, 547 
lattice case, 165,470, 482,549, 556, 
568, 569, 571,572 
nonlattice case, 571,572 
RFD, 290, 523 
set, 158, 187,547, 567 
complex dimensions, 567, 568 
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fractal string, 571 
fractal tube formula, 572 
inhomogeneous, 109, 291,550 
lattice, 566 
Minkowski nondegenerate, 568 
nonlattice, 566, 568 
stochastically, 575 
tubular zeta function, 572 
spray, 283, 305, 523 
tiling, 283, 294, 305,523,551, 
566, 567 
compatibility condition, 527 
complex dimensions, 567 
generator of, 526 
self-similar identity, 285 
self-similarity, ix, 18, 29, 30, 109, 

109, 154, 156, 158, 165, 294, 

541,547, 549-551,556, 560, 562, 

564-567, 569, 571,572,575 

sets 
inhomogeneous self-similar, 

109, 109, 291,298, 550 
Lebesgue nonmeasurable, 66 
Minkowski 

degenerate, 32, 222,224 
measurable, 33, 46,53, 114, 

123, 130, 132, 152-154, 156, 

159, 166, 168-170, 172, 178, 225, 

541, 545,547-551, 557,561 

nondegenerate, 32, 48, 114, 123, 
143, 157,159, 164, 177, 222, 
239, 545 

nonmeasurable, 33, 116, 157-159, 

164, 166, 168, 172, 175, 

541-543, 547 
non-quasiperiodic, 544 
nonarithmetic, 195, 556 
nonperiodic, 541 
of positive reach, 359, 411,481,573 
perfect, 187 
quasiperiodic, 542, 544 

algebraically, 543, 544 
algebraically (of finite order), 194 
of finite order, 194 

transcendentally, 544 
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transcendentally (of finite order), 
194 
transcendentally, with infinitely 
many quasiperiods, 373 
rectifiable, 258 
self-similar, 547 
lattice, 566 
nonlattice, 549, 566 
surface nondegenerate, 143 
sets of positive reach, see sets / of 
positive reach 
shell A; 5 of A, 440 
shell zeta function, see relative shell 
zeta function 
relative, C4 9, 24, 440 
shift properties of fractal zeta functions, 
140 
Sierpinski 
carpet, 48, 49,51, 107, 166, 204, 614 
dual, 206 
relative, 303-308 
cave, 108 
gasket, 208, 275, 614 
relative, 293-303 
N-carpet in RY, 306, 306-308, 408, 
493,495,614 
N-gasket in RY, 298, 299 
inhomogeneous, 296, 
296, 308, 524, 532,534,565, 614 
relative fractal drum (or relative 
fractal spray), 275,290, 294, 301, 
308, 311,492, 532,534 
similarity dimension, 287, 298, 
523, 562 
of an RFD (A,Q), 290 
of fractal string, 469 
simple pole, 37,90, 101, 114, 115, 
119, 125, 126, 145, 148, 152, 
156, 165, 170, 171, 177, 
191, 263, 264, 269, 464, 488, 547 
residue, 37, 101, 114, 116, 123, 
125, 127, 129, 132, 148, 149, 
151, 153,154, 158, 159, 167, 
179, 191, 204, 209, 228, 253, 
269, 294, 313, 325, 340, 341, 
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3353, 358, 379, 392, 395, 398, 
421, 426, 427, 431, 435, 436, 
439, 441-443, 447, 449, 451, 
453,455,459, 462, 480, 481, 
483, 486, 490, 498, 507, 510, 
520, 521, 530, 331 
simplex, Qy, 295 
singular dimension of a space of 
functions, s-dim X, 220 
singular set of a function, Sing f, 221 
singularity, 36 
isolated, 36 
essential, 37, 214,215, 281, 282, 
288, 289 
nonremovable, 125, 381 
pole, see also pole (of a function), 
see also simple pole, 37 
removable, 36 
nonisolated, 38, 197, 382 
skeleton of a fractal spray, 273 
Smale horseshoe map, 140 
Sobolev embedding, 221 
Sobolev norm, 319 
Sobolev space 
H)(R%) := w!?(R%), 343 
H}(Q) := W!7(Q), 338 
Hy (Qa) := Wy" (Qa), 319 
WP (Q), 221 
space of distributions, 434 
space of homogeneous type, 571 
spectral counting function, see counting 
function, 326 
spectral operator, 548, 549 
invertibility, 548, 549 
truncated, 548 
spectral problem for fractal strings 
direct, 547, 552 
inverse, 547-549, 552 
(ISP) p, 548 
spectral zeta function, 344 
of a fractal string, C%, 321 
of a relative fractal drum, 321 
of an open set, Cy, , 325 
spectrum 
of a fractal string &, 548 
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of a relative fractal drum, o(A,Q), 
321, 322 
scaling property, 322 
of the Dirichlet eigenvalue problem, 
320 
spray, see fractal spray 
square-free product of prime numbers, 
fp! 
stalactite of A, 48, 106, 107, 110,272 
stalagmite of A, 48, 107, 108, 111 
starshaped set, 228 
Steiner-like (set), 410 
Steiner tube formula, 15,359, 
408, 410, 573 
Steiner’s curvatures, 359,573 
stochastically self-similar set, 575 
string chirp, 234-235 
strip-like set, 285 
strong hyperfractal, 386 
strong Minkowski content, 466 
strongly d-languid relative fractal drum, 
445 
strongly degenerate set, 544, 
544, 550, 556 
strongly languid relative fractal drum, 
413 
subcritical oscillations, 498 
subcriticality index of an RFD (A,Q), 
500 
subcritically fractal, 314,389, 499, 
500, 501 
possibly, 500 
strictly, 314,316, 500, 500,501,519, 
521 
support 
of a sequence, supp (e), 374 
of an integer, supp m, 374 
surface area, 409 
surface zeta function, C4(-,0), 142 
swarming, 240 
sequence, 241 


T 
table of some basic relative fractal 
drums, 613-614 
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Takagi curve, 559 
tamed DTI, 76, 579 
Tauberian theorem, 24,328, 332, 
452 
tensor product of fractal strings, 
L, ® Ly, 274 
tensor product, (0 Qo, Qo) ® L, 273 
ternary Cantor set, C (1/ 3) 104 
tetrahedral gasket, 294 
the Cantor curve, see devil’s staircase 
tiling, see also self-similar / tiling 
tilings, 18, 23, 305, 408, 468, 
514, 515, 523-528, 565-567, 572, 
574 
torus relative fractal drum, 357 
total curvatures of A, 409 
total length of a fractal string, 41 
transcendental number, 192-198, 200, 
203 
transcendentally quasiperiodic 
bounded fractal string 
of infinite order, 383, 384 
function, 379 
of finite order, 193, 197, 200 
of infinite order, 374 
relative fractal drum, 377, 380-383 
of finite order, 375 
of infinite order, 375 
set, 542, 544 
of finite order, 194, 197 
of infinite order, 384 
Tricot’s formula, 227, 230 
for unbounded chirps, 346 
truncated screen, 418, 419, 421, 
424, 425, 433 
truncated visible complex dimensions, 
418 
truncated window, 418, 419, 420, 423 
tube formula, 417 
tube formula (fractal), see fractal tube 
formula 
tube function, 33,119, 154, 164, 165, 
168 
of a fractal string, 201 
relative, 350, 353, 408 
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tube zeta function, ae see also 
(generalized) Dirichlet integral, 
118, 159, 161, 163, 166, 
168, 172, 178 
holomorphicity, 119, 121 
meromorphic extension 
for Minkowski measurable set A, 
154 
for Minkowski nonmeasurable set 
A, 157 
for self-similar set A, 567 
of Minkowski measurable sets, 154 
of Minkowski nonmeasurable sets, 
157 
poles of, 154, 158, 560, 567, 569, 
ke fe) 
relative, bs a, 350 
Laurent expansion of, 353, 356 
Minkowski measurable case, 353 
Minkowski nonmeasurable case, 
355 
poles of, 353, 355 
residues, 123,154, 156, 158, 162, 
178, 568 
scaling property 
for relative fractal drums, 378 
of a bounded set, 130 
of a relative fractal drum, 267 
tubular zeta function, see tube zeta 
function, 514 
tubular zeta functions, 572 
2-string, 234 


U 
unbounded chirp, 112 
unbounded geometric chirp, 345, 509 
unbounded set at infinity, 443 
uniformly elliptic self-adjoint operator, 
344 
union 
of fractal strings, |_|; 2}, 368 
of relative fractal drums, 
7-1 (Aj,.2)), 360 
union of relative fractal drums, 270 
disjoint, 271 
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uniqueness of geometric zeta function 
Cv, 75 

universal pair (E,@) for all 
polynomials, 601 

universally sprayable relative fractal 
drum, 285 

upper box (or Minkowski) dimension, 
see box (or Minkowski) 
dimension / upper, dimgA 


Vv 
visible complex dimensions, 97 
truncated, 418 


WwW 
weak equivalence of DTFs, f ~ g, 
134 
weak Minkowski content, 466 
weakly degenerate set, 544, 
544, 545,549,550, 556 
constant, 545 
nonconstant, 545 
weakly singular functions, f € L*)(As), 
217 
Weierstrass curve, 559 
Weierstrass function, 560 
Weierstrass—Mandelbrot nowhere 
differentiable function, 560, 575 
weight function, 217 
weighted 
distance zeta function, C4(-,w), 
216-221 
relative distance zeta function, 
CA Gwe 570 
string, 238 
Weyl’s curvatures, 359 
Weyl’s law, 324, 326 
Weyl—Berry conjecture (modified), 326, 
547 
Wiener (probability) measure, 560 
Wiener-—Pitt Tauberian theorem, 24, 
452, 452 
window, 40, 95, 95-97, 100, 102, 
126, 143,211, 216, 248, 288, 
351,386, 411,414, 418, 426, 427, 
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432,449, 461, 462, 475, 
485, 486, 490, 499, 508, 510, 
312,513 

truncated, 418, 420, 423 


Z 

zero-pole cancellations, 211,213, 
287, 288, 403, 405, 507 

zeta function, see fractal zeta function, 
see also arithmetic (or 
number-theoretic) zeta function, 
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see also Dirichlet (integrals or series), 
see also distance zeta function, see also 
geometric zeta function, see also 
Mellin zeta function, see also random 
zeta function, see also relative shell 
zeta function, see also Riemann zeta 
function, see also scaling zeta function, 
see also spectral zeta function, see also 
tube zeta function, see also tubular zeta 
function 

zigzagging fractals, 240-244 


